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Abstract. This paper introduces a method for the digital naive plane
recognition problem. This method is a revision of a previous one. It is
the only method which guarantees an O(n log D) time complexity in the
worst-case, where (D − 1) represents the size of a bounding box that
encloses the points, and which is very efficient in practice. The presented
approach consists in determining if a set of n points in Z

3 corresponds
to a piece of digital naive hyperplane in �4 log9/5 D� + 10 iterations in
the worst case. Each iteration performs n dot products. The method
determines whether a set of 106 voxels corresponds to a piece of a digital
plane in ten iterations in the average which is five times less than the
upper bound. In addition, the approach succeeds in reducing the digital
naive plane recognition problem in Z

3 to a feasibility problem on a two-
dimensional convex function. This method is especially fitted when the
set of points is dense in the bounding box, i.e. when D = O(

√
n).

Keywords: Digital naive plane recognition, convex optimization, feasi-
bility problem, quasi linear time complexity, chord’s algorithm.

1 Introduction

Digital naive plane recognition is a deeply studied problem in digital geometry
(see a review in [1]). It consists in determining whether a set of n points in Z

d

is a piece of a digital naive plane or not. The method presented in this paper
is a revision of the algorithm proposed by Buzer in [3]. Both algorithms achieve
a quasi linear worst-case time complexity for the three-dimensional recognition
problem but the new one is more efficient in practice and achieves an O(n log D)
time complexity. The result can be extended without difficulty to the recognition
of digital planes of fixed thickness.

The approaches used in recognition are usually based on linear programming
[2,9,14], convex hulls and geometrical methods [4,5,12,16], combinatorial opti-
mization [4,5,6,7,13,16] or the evenness property [15]. The methods based on lin-
ear programming can be separated into two groups. The first group [2,14] relies
on the optimal result obtained by Megiddo [9]. However, even if the approaches
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in this group achieve an optimal linear time complexity, the resulting algorithms
are too complex to be used in practice. The second group is based on efficient lin-
ear programming techniques like the simplex algorithm but their worst-case time
complexity is too high in practice. Methods that partially traverse the convex
hull of the chords’ space of a given set of points do not override this problem. For
example, the chord’s algorithm [7] processes 106 voxels in about ten traversals
of the point set. Nevertheless, this technique exhibits an O(n7) time complexity.
All of the previous methods do not combine both efficiency in practice and a
low worst-case time complexity. Buzer proposes in [3] an O(n log2 D) worst-case
time complexity algorithm which recognizes a digital naive plane of 106 voxels in
Z

3 in about 360 iterations, where (D − 1) represents the size of a bounding box
that encloses the points. This paper presents a revision of this algorithm that
achieves an O(n log D) worst-case time complexity and that recognizes a digital
naive plane of 106 voxels in Z

3 in about 10 iterations. These two last approaches
reduce the digital naive plane recognition in Z

d into a feasibility problem on a
(d−1)-dimensional convex function. Thus, for the three-dimensional recognition
problem, we only need to manage two parameters and so we can apply planar
geometrical techniques to determine whether the two-dimensional solution space
is empty. To solve the feasibility problem, the presented approach uses a prop-
erty of the center of gravity whereas the previous method combines Megiddo
oracle and one-dimensional binary search. This main change improves the time
complexity and decreases the number of iterations of the algorithm.

In Sect. 2, we introduce some useful notations and definitions. In Sect. 3, we
present how the recognition problem in Z

d can be transformed into a feasibility
problem on a (d − 1)-dimensional convex function. Then, we focus on the three-
dimensional recognition problem. In Sect. 4, we describe the solution space of the
feasibility problem. Then, we sketch the algorithm and analyze its complexity in
Sect. 5. Finally, in the last section, we describe some enhancements in order to
improve the efficiency of our method and we present some experimental results
compared to the fastest known algorithm. Note that Sect. 3 is already existing
in the previous paper but we recall it for presentation convenience. The bounds
in Sect. 4 are enhanced. Finally, the algorithm design is mostly new.

2 Definitions and Notations

Definition 1. An digital plane is defined by PN,μ,ω = {p ∈ Z
d|μ ≤ N · p <

μ + ω} where N = (N1, . . . , Nd) denotes the normal vector in Z
d such that

gcd(N1, . . . , Nd) is equal to one and where ω denotes the arithmetic thickness.
When ω = ||N ||∞ = max1≤i≤d |Ni| we obtain a naive plane . When ω =
∑d

i=1 |Ni|, we obtain a standard plane.

In this paper, we only consider the case where the digital hyperplanes in Z
d are

a function from (x1, . . . , xd−1) to Z. Other cases can be deduced by symmetry.
Consequently, we consider that ||N ||∞ is equal to |Nd|. Moreover, we can suppose
w.l.o.g. that Nd is a positive value.
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Remark 1. In this paper, the expression S = {p1, . . . , pn} denotes the set of
n points in Z

d we study. Moreover, we always use the notation (x1, . . . , xd) to
denote the coordinates of a point x in a d-dimensional space.

We study the digital naive plane recognition problem. This problem consists in
determining whether S corresponds to a subset of a digital naive plane. For this,
we want to find a vector N = (N1, . . . , Nd) in Z

d such that gcd(N1, . . . , Nd) = 1
and such that μ ≤ N · pi < μ + ||N ||∞, 1 ≤ i ≤ n.

3 Feasibility Problem

In this section, we show that recognizing a digital naive plane in Z
d is equivalent

to solving a feasibility problem on a (d − 1)-dimensional convex function.

3.1 Introduction

Proposition 1. If there exists γ ∈ R and N ′ ∈ R
d such that ||N ′||∞ = 1 and

such that γ ≤ N ′ · pi < γ + 1, 1 ≤ i ≤ n, then S corresponds to a piece of a
digital naive plane.

As a result of this first proposition, we can allow us to consider only normal
vectors N = (N1, . . . , Nd) such that ||N ||∞ = 1. From the assumptions made in
Sec. 2, we consider that Nd is equal to one.

Definition 2. For u ∈ R
d−1, the symbol Nu denotes the vector (u1, . . . , ud−1, 1).

We define the function hS(u) from R
d−1 to R

+ that computes the distance,
relative to the d-th axis, between the two supporting hyperplanes of normal vector
Nu that enclose all the points of S (see [1]). The value hS(u) is equal to:

hS(u) = max
1≤i≤n

(Nu · pi) − min
1≤i≤n

(Nu · pi) (1)

From Prop. 1, if there exists a vector u such that hS(u) is strictly less than one
then S is a piece of a digital naive plane. As a result, to solve the recognition
problem, we try to find a vector u ∈ R

d−1 such that ||u||∞ ≤ 1 and such that
hS(u) < 1.

Property 1. hS(u) is a convex function.

Proof. Let Nu denote a normal vector associated with the value u ∈ R
d−1.

Consider the function gi(u) = Nu · pi. This function is an affine function and it
is also convex. Thus, the maximum of the functions (gi)1≤i≤n is convex too. The
function hS(u) can be rewritten as max1≤i≤n(Nu · pi)+max1≤i≤n(−Nu · pi). By
the same logic, this expression is also a convex function. Since the sum of two
convex functions is convex, we deduce that hS is convex.

In conclusion, to solve the three-dimensional recognition problem, we study the
two-dimensional convex function hS(u) : [−1, 1]2 → R

+. If there exists a point u
in [−1, 1]2 such that the value of hS(u) is strictly less than one, we can conclude
that S is a piece of a digital plane. As a result, our recognition problem is
equivalent to a feasibility problem on hS .
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Fig. 2. A subgradient of hS

3.2 Subgradient Computation

We first recall that a subgradient g ∈ R
d of a convex function f : R

d → R at the
point x satisfies: for any x′ ∈ R

d, f(x′) − f(x) ≥ g · (x′ − x). The subgradient
indicates the steepest descent of the function f at x.

In order to solve the feasibility problem in R
d−1, we have to determine how to

compute a subgradient of the convex function hS . For a given value u ∈ R
d−1,

we only have to traverse the set of points S in order to compute the value hS(u).
This implies that the computation of hS(u) has a linear time complexity. Relative
to the definition of hS, we know that hS(u) is equal to max1≤i≤n(Nu · pi) −
min1≤i≤n(Nu · pi). As a result, there exist two points pi and pj associated with
the max and the min expressions (see Fig. 1). Therefore, hS(u) = Nu · (pi − pj).
Let T denote the set of points {pi, pj}. As T is included in S we have: ∀v ∈
R

d−1, hT (v) ≤ hS(v).
The value of hT (v) is equal to:

hT (v) = |Nv · pi − Nv · pj| = |Nv · (pi − pj)| (2)

and it follows:

hT (v) = |Nv−u+u · (pi − pj)|
= |Nu · (pi − pj) + (v − u) · projRd−1 (pi − pj)|
= |hT (u) + (v − u) · projRd−1(pi − pj)|

By definition of the absolute value, we obtain:

∀v ∈ R
d−1, hS(v) ≥ hT (v) ≥ hT (u) + (v − u) · projRd−1(pi − pj) (3)

We recall that hS(u) = hT (u) and so it follows:

∀v ∈ R
d−1, hS(v) ≥ hS(u) + (v − u) · projRd−1(pi − pj) (4)

We can now conclude that the expression projRd−1(pi − pj) is a subgradient
of hS at the point u (see Fig. 2). This value corresponds to the projection of the
vector pipj in the R

d−1 space. This means that the first d−1 components of the
vector pipj are sufficient to locally determine the variation of the function hS .
When we evaluate hS(u), we indirectly deduce the two points pi and pj . Thus,
in constant time, we determine one of its subgradients.

In the next section, we study the solution space of the feasibility problem.
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4 Studying the Solution Space

From now on, we focus on the three-dimensional recognition problem.
Let F denote the solution space of the feasibility problem. The set F is convex

and it corresponds to the points u in [−1, 1]2 that satisfy hS(u) < 1. We show
afterwards that if the set F is not empty, then it contains a square of side length
1/(2D3) where D denotes the size of a bounding box including S. This property
allows us to restrict the search space to a regular grid of step 1/(2D3) on [−1, 1]2.

We suppose that the set S lies in a bounding box of size D − 1 and that
the origin is located at the center of the bounding box. Thus, any point pi of
S satisfies ||pi||∞ ≤ D/2 for 1 ≤ i ≤ n and any vector k whose endpoints
correspond to two points of S satisfies:

||k||∞ ≤ D − 1 (5)

Considering the convex hull of the set S, we know that there exist two support-
ing planes of normal vector N = (N1, N2, N3) such that hS((N1/N3, N2/N3)) is
minimal for S and such that these two planes are supported by four vertices of
the convex hull (see [4]). From [12], N corresponds to the cross product of two
vectors supported by the given vertices. Therefore, there exist two vectors k and
k′ in S such that N is equal to k ∧ k′. From (5), we have ||N ||∞ < 2D2 and in
particular:

N3 < 2D2 (6)

From Def. 1, if S corresponds to a digital naive plane then for all (x1, x2, x3)
in S, N satisfies μ ≤ N1x1 + N2x2 + N3x3 ≤ μ + N3 − 1. Let (N ′

1, N
′
2) denote

the vector (N1/N3, N2/N3), (N ′
1, N

′
2) belongs to the solution space and we have:

∀(x1, x2, x3) ∈ S, μ′ ≤ N ′
1x1 + N ′

2x2 + x3 ≤ μ′ + 1 − 1/N3 (7)

We want to find an upper bound for the positive real value Δ such that the
vector (NΔ1, NΔ2) = (N ′

1 ± Δ, N ′
2 ± Δ) belongs to the solution space too. From

(5) and (7), the following inequalities hold:

∀(x1, x2, x3) ∈ S, μ′ − DΔ ≤ NΔ1x1 + NΔ2x2 + x3 ≤ μ′ + 1 − 1/N3 + DΔ (8)

This is equivalent to:

∀(x1, x2, x3) ∈ S, μ′ −DΔ ≤ NΔ1x1 +NΔ2x2 +x3 ≤ μ′ −DΔ+1+2DΔ−1/N3
(9)

From Prop. 1 and (9), we deduce that the expression 2DΔ − 1/N3 is strictly
negative and so:

Δ < 1/(2DN3) (10)

It follows from (6) and (10) that:

Δ ≤ 1/(4D3) (11)

As a result, we can restrict the search space to a regular grid G of step
2Δ = 1/(2D3) on [−1, 1]2. Indeed, for any normal vector N = (N1, N2, N3)
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such that hS((N1/N3, N2/N3)) < 1 and such that N3 < 2D2, there exists a
square centered on (N1/N3, N2/N3) in the search space corresponding to the
solutions u such that hS(u) < 1. If F is not empty there exists such a vector
N = (N1, N2, N3) and its corresponding square contains a grid point. If none of
the sampled values corresponds to a solution of the feasibility problem then the
solution space is empty. This step size is improved relative to the one proposed
in [3].

5 Algorithm Design

To solve convex optimization problems, we compute the minimum value of a
convex function f . For this, we could use gradient descent methods. Using this
technique, we approach the minimum of the function by moving iteratively in
the direction of the steepest descent. At the i-th iteration, the gradient ∇(xi) of
f at the point xi is computed. By definition of the gradient, there exists a value
τi such that f(xi) is less than f(xi + τi∇(xi)). Thus, the point xi+1 is equal to:

xi+1 = xi + τi∇(xi) (12)

However, we cannot easily apply such algorithms. In fact, if we want to use exact
numerical computation, the value of τi and consequently the value of xi must
be represented by rational numbers. From (12), the size of the numerator and
denominator of xi would increase at each iteration and so this would significantly
slow down the calculation. Our method evades this problem.

5.1 Sketching the Method

We briefly introduce our method. Let us call a valid cut on the search space a
cut by an half-plane which preserves all the feasible solutions. Our algorithm
consists in recursively applying valid cuts on the search space in order to reduce
it. We ensure that each cut eliminates at least a constant fraction of the current
search space. Thus, our algorithm solves the problem in a logarithmic number
of iterations. After each cut, we transform the remaining search space into the
equivalent convex polygon whose vertices are supported by the grid. When the
search space is reduced to one point, our problem is solved. In the following, we
give details on the main steps of our algorithm.

Valid Cuts. At each iteration, we compute the value of the function hS at
a given point u. If hS(u) is strictly less than one, then u is a feasible solution
and the problem is solved. Otherwise, we cut the search space. The cut passes
through u and it is orthogonal to the subgradient at this point. By definition of
the subgradient, it follows that any grid point u′ eliminated by the cut satisfies
hS(u′) ≥ 1. As this point does not correspond to a feasible solution, we can
conclude that each cut is a valid cut.
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Computing the Current Point. At each iteration, we compute the value
of the function hS at the center of gravity C of the search space R. We recall
that the center of gravity of a polygon is equivalent to its centroid (also called
barycenter). We compute its coordinates in linear time relative to the number
of vertices of the polygon.

The following proposition ensures the efficiency of our algorithm (see [10]).
Proposition 2. Let K denote a convex body in the plane, let C denote its center
of gravity, then each half-plane supported by C contains between 4

9 and 5
9 of the

area of K.

This means that each cut passing through the center of gravity of the search
space eliminates at least 4

9 of its area. Thus, at most 5
9 of the area of the search

space is kept. From [10], we know that this ratio is optimal in the two-dimensional
case. We can notice that it is very close to the ratio 1

2 of the binary search.

Search Space after a Cut. We want to avoid that the numerator and the
denominator of the rational numbers we use increase at each iteration. Thus, we
describe the search space as a convex polygon whose vertices are supported by
the grid. Let Ri and R′

i denote the search space respectively before and after
the cut at the i-th iteration. Let Ri denote the largest polygon included in Ri

whose vertices are included in Ri ∩ G. By definition of Ri, no grid point can lie
in Ri\Ri. As we are looking for a solution on the grid, we set Ri+1 at Ri. For
this, we use Harvey’s algorithm (see [8]).

Complexity Analysis. At each iteration, as long as no solution is found, we
produce a valid cut passing through the center of gravity of the current search
space. Let Ai denote the area of the search space Ri. From Prop. 2 the area of
R′

i is less or equal to 5/9Ai. We set Ri+1 at the largest convex polygon included
in R′

i whose vertices are supported by the grid. Clearly, the area of Ri+1 is less
or equal to the area of R′

i. As a result, we have Ai+1 ≤ 5/9Ai and consequently
we have: Ai ≤ (5/9)iA0.

Figure 3 shows an example of a cut on a search space Ri passing through C.
We notice that the area of the search space Ri+1 is less or equal to the 5/9 of
the area of the search space Ri.

When the area of the search space is equal to zero, it means that it is reduced
to a single point or to a straight line segment. If the search space is reduced to
one point, the problem is solved in linear time. Otherwise, the center of gravity
is replaced by the middle of the straight line segment. Thus, the ratio of each
cut becomes 1/2 and the problem is solved in log2 D iterations. As a result, we
can conclude that our algorithm makes O(log A0) iterations in the worst case,
where A0 denotes the area of the initial search space.

Proposition 3. The algorithm admits an upper bounds for the number of iter-
ations relative to A0:


log 9
5

A0 + log 9
5

2� + 3
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(b) The reduced search space Ri+1 of
area 7.5 (7.5 ≤ 5

9 ∗ 19).

Fig. 3. Cut of Ri passing through the center of gravity C

Proof. While the search space Ri contains at least three grid points, we apply a
cut and then the area of Ri+1 is less or equal to 5/9Ai. Let Ii denote the number
of interior grid points of Ri. Let Bi denote the number of boundary grid points
of Ri. Thanks to Pick’s theorem (see [11]) and as Ri corresponds to a polygon
whose vertices are grid points, we can claim that Ai = Ii +Bi/2−1. As a result,
the following inequality always holds: Ii + Bi ≤ 2Ai + 2. Then, to determine
the maximum number of iterations k used to reduce the search space to two
points, we just have to solve: 2Ak + 2 < 3 which is equivalent to 2(5/9)kA0 < 3.
It follows that the maximum value for k is log9/5 A0 + log9/5 2. As k must be
an integer value, we fix it at: 
log9/5 A0 + log9/5 2� + 1. Finally, when only two
points remain, we have to evaluate them in two iterations. Note that when the
search space is reduced to one straight line segment each cut has a ratio of 1/2
which do not increase the upper bound.

At each iteration, we generate a cut and we compute the largest convex polygon
with integer vertices included in the new search space. The vertices of the convex
we determine are located in an area delineated by the straight line of the cut and
two straight lines supported by edges of the search space. To determine this new
search space, we use Harvey’s algorithm (see [8]) which runs in logarithmic time
relative to the coordinates of the normal vector of these three straight lines. As
the normal vector of the straight line of the cut corresponds to a subgradient,
from (5) we know that its coordinates do not exceed O(D). Moreover, according
to the step size of the grid (see Sect. 4), the coordinates of the two other normal
vectors do not exceed O(D3). As a result, this computation runs in O(log D)
time. As the number of cuts does not exceed O(log D) and as each cuts adds
O(log D) new vertices, the computation of the center of gravity of the search
space runs in O(log2 D) time. Moreover, from Def. 2, we know that the evaluation
of the function hS requires n dot products. In conclusion, as O(log2 D) and
O(log D) can be neglected relative to O(n) (considering that D ≈

√
n), each cut

runs in O(n) time in the worst case which implies the O(n log D) time complexity
of our algorithm.



354 E. Charrier and L. Buzer

We can sum up the algorithm as follows:

ALGORITHM FOR THE FEASIBILITY PROBLEM:
0 Ri ← [−1, 1]2 ∩ G i ← 1
1 WHILE NumberOfIntegerPoints(Ri) > 1
2 Ci ← CenterOfGravity(Ri)
3 IF hS(Ci) < 1
4 return TRUE
5 ELSE
6 sgi ←SubGradient(Ci)
7 R′

i ←Cut(Ri, Ci, sgi)
8 Ri+1 ← IntegerConvexHull(R′

i)
9 i ← i + 1
10 IF NumberOfIntegerPoints(Ri) = 0
11 return FALSE
12 ELSE
13 return hS(Ri) < 1

6 Improving Performance and Experimental Results

In this section, we describe some modifications already introduced in [3] that
improve the performance of our method in practice. These improvements are
used in the program of our algorithm.

6.1 Initial Step

Starting with a search space equal to [−1, 1] × [−1, 1] is often awkward. As
we assume that the set of points is contained in a bounding box of size D,
then we can claim that some points lie on the borders. Let P1(−D/2, y, z1) and
P2(D/2, y, z2) denote two of these. They provide one constraint on the solution
space. As they belong to a digital naive plane of normal N(α, β, 1), we have:
γ′ ≤ N · (−D/2, y, z1) < γ′ + 1 and γ′ ≤ N · (D/2, y, z2) < γ′ + 1. We infer
that: |N · (D, 0, z2 −z1)| < 1. Thus, we can deduce the following upper and lower
bound for α:

z1 − z2

D
− 1

D
< α <

z1 − z2

D
+

1
D

(13)

In the same way, we can determine an upper and a lower bound for β. So, the
side length of the search domain is divided by D. This stage only requires a
simple traversal of the set of points in order to find the extreme ones.

6.2 Improving Valid Cuts

We previously show that the knowledge of the subgradient allows us to reject
one part of the search domain relative to the point x. Nevertheless, we do not use
all of the available information. In fact, when we compute the value of hS(x),
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we determine two points pi = (xi, yi, zi) and pj = (xj , yj , zj) of S such that
hS(x) = |Nx · (pi − pj)|. Let T denote the set {pi, pj}. We have:

∀x′ ∈ R
d−1, hS(x′) ≥ hT (x′) (14)

As a result, we can restrict the search space to the vectors x′ = (α, β) which
satisfy |Nx′ · (pi − pj)| < 1. By definition of the absolute value, the inequality
|Nx′ ·(pi−pj)| < 1 is equivalent to Nx′ ·(pi−pj) < 1 and −Nx′ ·(pi−pj) < 1. Thus,
if the value of hS(x) is strictly less than one, the problem is solved. Otherwise,
we reduce the search space by applying two valid cuts. Let ∇hS(x) denote the
subgradient of hS at the point x, the two cuts are defined by the two following
inequalities (see Fig. 4 for an example):

∇hS(x) · (α, β) < 1 − (zi − zj) (15)

−∇hS(x) · (α, β) < 1 − (zj − zi) (16)
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β
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F

Ri+1

Fig. 4. The search space is reduced by a strip that contains the solution space

6.3 Experimental Results

As the fastest algorithm we know for the recognition problem is the chords’ al-
gorithm (see [7]), we compare our optimized algorithm to it. We test the two
algorithms with several sets of points which correspond to a piece of a digital
plane or not. As the chords’ algorithm computes at each iteration n scalar prod-
ucts as our algorithm, we just compare their average number of iterations. Table
1 shows the experimental results. We recall that D denotes the size of a bound-
ing box including the set of points S. To simplify the table, we call our method
COBA algorithm (Convex Optimization Based Algorithm). Thanks to Prop. 3,
we compute the upper bound of the number of iterations for each D whether
we consider the full grid or the reduced grid introduced in Sect. 6.1. The exper-
imental results show that our algorithm makes less iterations than the chords’
algorithm in the average when the set of points is dense in the bounding box.
Moreover, our algorithm makes about five times less iterations in the mean than
the worst case upper bound. We have to develop our algorithm using optimal
big integer operations to provide computation times in the future.
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D =
√

n 5 10 100 300 1000
Number of tries 100 100 100 100 20

Upper Bound full grid A0 = (4D3 + 1)2 25 32 55 67 79
reduced grid A0 = (4D2 + 1)2 19 24 40 47 55

DP Chords’ algorithm 4.80 6.03 9.85 10.75 11.85
COBA algorithm 2.75 4.15 7.67 9.06 9.75

NDP Chords’ algorithm 3.17 2.72 2.51 2.56 2.55
COBA algorithm 2.01 2.01 2.00 2.00 2.00

Table 1. Experimental results for digital planes (DP) and non digital planes (NDP),
the experimental values correspond to the average number of iterations

7 Conclusion

We describe a different approach for the digital naive plane recognition problem.
We show how to transform the recognition process in Z

3 into a feasibility problem
on a two-dimensional convex function. This convex function corresponds to the
vertical distance between two parallel planes that enclose the points and whose
slopes relative to the axis are the parameters of the function. We show how to
evaluate this function and how to obtain one of its subgradients in linear time. As
the search domain is planar and digital, we apply simple geometrical techniques
in order to reduce its size until we find a feasible solution. Moreover, we choose
to cut the search space at its center of gravity which ensures a logarithmic
number of iterations. This version of our algorithm achieves an O(n log D) time
complexity in the worst-case. We present different modifications to speed up the
optimization stage. The experimental result we obtain shows that our algorithm
recognizes a digital plane of 106 voxels in about ten iterations. These results
imply that our algorithm makes less iterations in the average than the chords’
algorithm when the set of points is dense. Our algorithm has been designed
to be efficient in practice and especially when the set of points is dense in the
bounding box. This is the only method known to the authors that achieves a
O(n log D) worst-case time complexity and that is efficient in practice. We show
that the recognition problem in Z

d can be transformed into a feasibility problem
in Z

d−1 for all dimensions. Nevertheless, some steps of our algorithm uses planar
geometrical methods whose extension in higher dimension is not obvious. We are
not able yet to extend our method in any dimension.

The authors thank the reviewers for their helpful comments.
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