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Abstract. In this paper, we present an external calibration technique for typical 
multi-camera system. The technique is very handy in practice using a simple 
planar pattern. Based on homography, an efficient pair-wise estimation method 
is proposed to recover the rigid rotation and translation between neighboring 
cameras. By registering all these partial calibrated structures, complete calibra-
tion of the multi-camera system is accomplished. Experiments with both simu-
lated and real data show that accurate and stable calibration results can be 
achieved by the proposed method.  
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1   Introduction 

Virtual immersive environment usually requires multiple cameras distributed in a 
wide area, so as to capture scenes of considerable extent in large rooms or even out-
doors. A complete multi-camera calibration is an inevitable and important step to-
wards the efficient use of such systems.  

In recent years, many multi-camera calibration methods [1][2][3] have been devel-
oped based on factorization and global constraints. Usually the whole projection ma-
trix P is estimated instead of distinguishing intrinsic and extrinsic parameters. The 
method proposed in [2] relies on the planar pattern and assumes it to be visible to all 
cameras. Its applications are limited, e.g. unsuitable for wide baseline cases. Other 
approaches [3] using a laser pointer or virtual calibration object are more flexible, but 
usually involve elaborate feature detection and tracking, or have some particular re-
quirements in the scene captured.  

Some researchers [4][5][6] focus their efforts on the external camera calibration, 
where the intrinsic and distortion parameters are estimated beforehand and regarded 
as fixed. In [4], positions and orientations of the model planes relative to the camera 
are estimated by Zhang’s method [7]. Using this information, rigid transforms be-
tween two cameras are then determined through an arbitrarily chosen plane. Besides, 
a RANSAC procedure is applied to remove possible outliers. A more elaborate 
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approach is presented in [5], where virtual calibration object is used instead of the 
planar pattern. A structure-from-motion algorithm is employed to compute the rough 
pair-wise relationship between cameras. Global registration in a common coordinate 
system is then performed using a triangulation scheme iteratively. The method pro-
posed in [6] estimates the pair-wise relationship based on the epipolar geometry. 
Translation and rotation between two cameras are recovered by decomposing the 
associated essential matrix. 

In this paper, we present an external calibration method for typical multi-camera 
system designed for real-time 3D video acquisition. The technique is simple to use, 
only requiring the user to present the pattern to cameras in different locations and 
orientations. Generality in the camera position is offered, only reasonable overlap in 
FOV (field of view) between neighboring cameras is necessary.  

Based on homography, a robust pair-wise estimation method is proposed to recover 
the rotation and translation between cameras. Four different estimation algorithms are 
proposed, namely Linear, Two-step, Nonlinear and Three-step method. The four algo-
rithms impose the orthogonal constraint of rotation in different levels and accordingly 
achieve the calibration results with different accuracy and stability. To calibrate the 
multi-camera system, the proposed pair-wise calibration method is first applied to 
estimate the relative relationship between neighboring cameras. Then the complete 
external calibration is accomplished by registering all these partial calibrated struc-
tures. The validity of the proposed method is verified through experiments with both 
simulated and real data. 

2   Basic Equations from Homography 

Suppose two cameras capture a planar pattern simultaneously as shown in Fig. 1. 
Let ,  and ,  denote the projections of the same 3D point 
onto camera 1 and camera 2, and  , , 1  , , , 1   denote their 
homogeneous coordinates. The homography introduced by the plane is given by 

, (1) 

where ‘ ’ indicates equal up to scale, and H is the 3 3 homography matrix. 
Let C1 and C2 denote the coordinate system of camera 1 and camera 2, respec-

tively, and let   ,   denote their intrinsic matrices. R and t represent the rotation 
and translation from C1 to C2 as shown in Fig.1.  represents the planar pattern sur-
face with the plane normal /d  , where  is the unit vector in the direction of 
plane normal expressed in C1, and d  is the distance from the C1 origin to the plane 

. We then have λ · , (2) 

where λ is an unknown arbitrary scalar. 
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Fig. 1. Homography between two views 

2   Multi-camera Calibration Based on Pair-Wise Estimation 

In most multiview applications, the intrinsic and distortion parameters of cameras are 
fixed. Therefore it is reasonable to estimate these parameters for each camera inde-
pendently and elaborately, so as to achieve accurate and stable calibration. We apply 
Zhang’s method [7] to do the intrinsic calibration for each individual camera. Thus 
only the external calibration is necessary every time the cameras are moved and refo-
cused to capture new 3D video.  

Planar pattern such as a checkerboard is widely used in calibration due to its flexi-
bility and convenience. The main drawback of using the planar pattern lies in its in-
visibility to all cameras. However, we only use the planar pattern to estimate the rela-
tive relationship between two neighboring cameras. It is practical to make the pattern 
visible to both cameras, because in most multiview systems two neighboring cameras 
generally have sufficient common FOV. As for global registration, the transform from 
one camera to another can be easily computed by chaining those associated neighbor-
ing transforms together. It is argued that the chaining procedure is prone to errors. 
However, accurate and stable pair-wise calibration can benefit the accuracy of chain-
ing. Our experiments show that there is no obvious error accumulation during trans-
form chaining using the proposed pair-wise estimation method. 

An easy way to do the pair-wise (R, t) estimation is to utilize the single camera 
calibration results. Intrinsic calibration [7] can also recover the positions and orienta-
tions of the model planes relative to the camera, such as (R1, t1) and (R2, t2) in Fig. 1. 
Using this information, (R, t) between two cameras can be determined through an 
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arbitrarily chosen model plane. Ideally, (R, t) between cameras should be invariant 
irrespective of the plane through which they are computed. However in the presence 
of noise, the (R, t) estimates computed through different planes actually differ from 
each other. Simply combining these estimates is not robust and may lead to erroneous 
or unstable calibration results.  

Based on homography (2), we propose a robust pair-wise estimation method to re-
cover the relative relationship between two cameras. First, homography  is estimated 
by correspondence, and then follows the calculation of unknown scale  λ and plane 
normal n. Finally, (R, t) between two cameras can be estimated by four different 
algorithms: Linear, Two-step, Nonlinear and Three-step method. 

3.1   Homography Estimation 

With sufficient point correspondences, the homography matrix  can be computed 
based on (1). The algorithm described in [7] is applied to do the homography estima-
tion. As shown in Fig. 1, each image pair, one view from camera 1 and the other from 
camera 2, leads to a homography H. Suppose there are total P image pairs and then 
we can estimate P homographies  ( 1, 2, … , ) induced by different planes. 

 

Fig. 2. Geometry between the model plane and camera center 

3.2   Calculation of n and   

The plane normal n also varies with the moving pattern, thus P different stereo views 
lead to P different normals  ( 1, 2, … , ). To compute each plane normal w.r.t. 
the C1 coordinates system, we first use Zhang’s method [7] to estimate the plane 
position and orientation relative to C1, i.e. (R1, t1).  

Let’s express R1 by means of its column vectors   . As shown in 
Fig. 2, the third column vector  is a unit vector parallel to the plane normal, 
therefore  . The translation t1 is a vector connecting the C1 origin to a specific 
point on the plane . Since   is orthogonal to the plane  , the distance from C1 
origin to the plane can be computed by 
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d | | cos | || | cos · , (3) 

where  denotes the angle between  and  . 
Therefore the plane normal n can be calculated by  and t1 as 

d ·  (4) 

The collineation matrix ·  has an important property that its median sin-
gular value is equal to one [8]. This property can be used to compute the unknown 
scalar λ. Let’s define λ  , follow Eqn. (2) we have ·  (5) 

Let σ , σ , σ  denote the singular values of matrix   in descending order 
(σ σ σ 0). According to (5), matrix λ  has median singular 
value equal to one, thus we have λσ 1 (6) 

Note that matrix   ,   and  are known, so we can compute λ according to (6) 
and then recover the matrix . 

3.3   (R, t) Estimation 

3.3.1   Linear Method 
From Eqn. (5), we can derive the following linear equation (7), where vec(X) denotes 
the vectorization of matrix X formed by stacking the columns of X into a single col-
umn vector,  and  denote 3×3 and 9×9 identity matrices, respectively, and  
denotes the kronecker product. 

  vec vec  (7) 

As described earlier, each stereo view of the pattern can generate a homography  and a normal , and from each  the normalized matrix  can then be recov-
ered. As a set of  and  form an equation (7), by stacking P equations we have     vec vecvec  (8) 

Let D denote the left 9P×12 matrix and d denote the right 9P×1 matrix. The least-
squares solution to (8) is given by 
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vec  (9) 

Because of noise in data, the computed matrix R does not in general satisfy the or-
thogonal property of a rotation matrix. We need to solve the best orthogonal matrix  to approximate R. The method described in [7] is adopted here. 

However, the orthogonal approximation causes a severe problem here. (R, t) com-
puted by (9) is the best solution to equation (8) in the least square sense. After or-
thogonal approximation, the obtained ( , t) no longer fit this equation well and may 
lead to erroneous calibration results. Therefore it is necessary to impose the orthogo-
nal constraint  in the (R, t) estimation procedure so that the matrix R is as 
close to orthogonal as possible, consequently less deviation will be caused by 
orthogonal approximation from R to . 

3.3.2   Two-Step Method with Implicit Orthogonal Constraint 
In this section, we first derive an implicit constraint imposed in vector t based on 
homography and the orthogonal property of matrix R. Then a Two-step method is  
proposed to estimate the pair-wise (R, t), where the implicit orthogonal constraint is 
imposed leading to better calibration results compared with the linear method. 

Implicit Orthogonal Constraint 
Follow Eqn. (5) we have 

· , (10) 

where  ,  and   1, 2, 3  denote the three row vectors of G. 

As matrix R is orthogonal, the three row vectors  1, 2, 3  form an 
orthonormal basis of R3, i.e., we have 

  1 1 0                  , 1, 2, 3 ;    (11) 

Note that   1, 2, 3  , we then have 1 21 2          , 1, 2, 3 ;    (12) 
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By eliminating the terms involving n, we can derive the quadratic equation (13) 
with one unknown quantity  k t /t . Note that Eqn. (13) no longer involves the 
normal n, indicating less noise disturbance. 2 1 1 , 1, 2, 3 ;  (13) 

Two-Step Method 
The proposed Two-step method is based on the implicit orthogonal constraint derived 
above. At the first step, we gather P such equations as (13) corresponding to different 
G matrices and compose simultaneous quadratic equations. Solving this problem by 
least square metric, we can obtain the uniform ratio of the three elements of t vector : : 1: :  . Therefore, the original 3-DOF (Degree of Freedom) t vector 
is reduced to a single scale s as 1

 (14) 

Based on (14), we rewrite Eqn. (7) as (15). At the second step, we solve the simul-
taneous linear equations generated by stacking P such equations as (15). Once s is 
estimated, vector t is readily computed by (14). 

vec  vec 1   1   vec  (15) 

The Two-step method imposes the implicit orthogonal constraint (13) in the esti-
mation explicitly, while keeps the problem linear. (R, t) estimated by this method not 
only conform to the homography geometry, but also satisfy the orthogonal constraint 

 better. Still R is not perfectly orthogonal and further orthogonal approxima-
tion is necessary. However, less deviation will be induced by the approximation, 
because R is much closer to its corresponding orthogonal approximation .  

3.3.3   Nonlinear Method 
If we expect the estimated matrix R to be orthogonal without further orthogonal ap-
proximation, we should impose the constraint  explicitly in the estimation 
and it turns to be a constrained nonlinear optimization problem: 

R, t
min ∑ || · ||   subject to , (16) 

where the optimum is in the sense of the smallest sum of Frobenius norms. 
We may use the Lagrange Multiplier to solve the constrained problem, but a better 

choice is to utilize the angle-axis representation of rotation. As we know, in three 
dimensions a rotation can be defined by a single angle of rotation , and the direction 
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of a unit vector  ,  , , about which to rotate. Thus the rotation matrix  can 
be written as 

, 1 1 11 1 11 1 1  (17) 

Then we substitute this compact representation to the minimization term of (16), 
and solve the nonlinear problem with the Levenberg-Marquardt algorithm as imple-
mented in Minpack [9]. The required initial guess of (R, t) can be obtained either by 
the linear method or by the Two-step method. Experiment results show that matrix R 
estimated by the nonlinear method is already orthogonal, thus further orthogonal 
approximation is unnecessary, consequently avoiding the problem caused by it. 

3.3.4   Three-Step Method 
Although the nonlinear method is expected to achieve the best result, it is indeed 
time-consuming. Another choice is to make a reasonable trade-off, i.e., to develop a 
method that has much less computational complexity and meantime can achieve com-
parable performance. By good calibration result, we mean that the (R, t) should not 
only conform to the homography geometry, but also satisfy the orthogonal 
straint . Though we cannot obtain this kind of result completely by a linear 
method, it is possible to achieve a good (R, t) estimation with close performance 
through several linear optimization steps.  

As mentioned before, a rotation matrix in three dimensions can be represented by a 
unit vector  , ,  and an angle . According to Euler's rotation theorem, the 
3×3 rotation matrix R has one real eigenvalue equal to unity, and the unit vector   is 
the corresponding eigenvector, i.e. 

 (18) 

It follows from (5) and (18) that · ·  (19) 

If we know the matrix ,  ( 1, … , ) and t, vector  can be estimated by solving 
the linear equation (20), which is the accumulation of P such equations as (19).  ··  (20) 

According to Eckart-Young-Mirsky (EYM) theorem, the solution to Eqn. (20), in 
matrix form as , is the right singular vector of B associated with its smallest 
singular value. 
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To recover the rotation matrix, we further estimate the parameter  based on the 
rotation representation (21), where  indicates the 3×3 skew symmetric matrix corre-
sponding to . 1    (21) 

In order to guarantee a linear optimization, we estimate two parameters  and  instead of the single  and the constraint  1  is not imposed in 
the estimation. Experimental results show that the computed   and   basically 
satisfy this constraint. 

At this step, we may retain the original result of vector t, or we can refine it to-
gether with  and , while still keep the optimization problem a linear one. In 
order to achieve robust results, we choose the latter scheme to estimate ,  
and vector t together by linear equation (22), which is derived from (5) and (21) 

 (22) 

By stacking P such equations, we have  

 (23) 

Based on the above description, the Three-step method is outlined as follows: 

1. Use linear method or Two-step method to compute the initial estimation of t; 
2. Estimate vector  based on (20) with t fixed; 
3. Estimate parameters ,  and refine t together based on (23) with  fixed. 

With  ,  and  already known, the rotation matrix R can be recovered 
by (21). 

4   Experimental Results 

4.1   MPLD 

The mean point-line distance (MPLD) is used as the metric to evaluate the extrinsic 
calibration results. Suppose two cameras capture the same scene from different 
views, and a pair of images I1 and I2 is obtained. If the two cameras are calibrated 
both intrinsically and extrinsically, the associated fundamental matrix F can be 
recovered by (24). 

 (24) 
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expected, the nonlinear method achieves the best results in the sense of robustness 
against data noise. The Three-step method has very close performance and meantime 
much lower complexity. By our rough test on the PC with 1.83G Duo CPU and 1.5G 
RAM, the nonlinear (R, t) estimation procedure may take dozens of seconds, while by 
all the other algorithms the time-consuming keeps within 10ms. Both the nonlinear 
and Three-step methods are less sensitive to noise compared with Zhang_mean. 

4.3   Real Data 

Experiments are also performed using real data captured by our multi-camera system 
that consists of five Prosilica GC650C cameras with 8mm lens. The cameras are in-
dexed from 0 to 4 sequentially, thus there are total four neighboring pairs: (0-1), (1-2), 
(2-3) and (3-4). In the experiment, the five cameras are placed focusing on the same 
scene. The angle between the optical axes of two neighboring cameras is approxi-
mately 30 degree. Beforehand, intrinsic calibration was done to the five cameras indi-
vidually using Zhang’s method [7]. The proposed method is then applied to recover 
the extrinsic relationship among cameras. A checkerboard pattern with 9×12 corners 
is presented to the four camera pairs. For each pair, 30 different stereo views are cap-
tured. To verify the calibration results, another checkerboard with 6×9 corners is used 
and similarly 30 views are captured for each camera pair. Calibration is performed 
by different (R, t) estimation algorithms, while using the same training and testing 
images. As shown in Table 1, the experimental results of real data are similar to that 
of synthesized data. Both the nonlinear and Three-step method outperform the 
method Zhang_mean. Note that for all methods here, we do not apply any process-
ing to remove possible data outliers. Better results can be expected by adopting 
such procedure. 

Table 1. Results of pair-wise (R, t) estimation 

 
Camera 

Pairs 

MPLD (pixel) by different methods

Zhang_mean Linear Two-step Nonlinear Three-step 

0-1 0.0825 0.5297 0.0851 0.0781 0.0799 
1-2 0.0814 0.3526 0.2400 0.0655 0.0617 
2-3 0.0692 0.3359 0.0610 0.0488 0.0540 
3-4 0.0769 0.4112 0.1505 0.0654 0.0693 

Average 0.0775 0.4074 0.1342 0.0644 0.0662 

To investigate the error induced by transform chaining, we test the calibration re-
sults of camera pairs: (0-2), (0-3) and (0-4). (R, t) between these camera pairs are 
computed by chaining the (R, t) results across those neighboring pairs (0-1), (1-2), 
(2-3) and (3-4). As shown in Fig. 4, there is no obvious error accumulation during the 
(R, t) chaining procedure, especially when the pair-wise calibration results are suffi-
ciently accurate and stable, as estimated by the Three-step or nonlinear method. 
Clearly the calibration results can be further improved by using more robust registra-
tion method such as [6], rather than simple chaining here. 
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Fig. 4. Results of transform chaining 

5   Conclusion 

In this paper, we present a convenient and efficient method to calibrate the typical 
multi-camera system. Relative relationship between neighboring cameras is first re-
covered by the proposed pair-wise estimation method. Complete multi-camera cali-
bration is then accomplished by chaining these pair-wise estimates together. Four 
estimation algorithms are proposed based on homography. The linear method does 
not impose any constraint, thus leads to inaccurate calibration results due to the prob-
lem caused by orthogonal approximation. Better results are obtained by the Two-step 
method with the implicit orthogonal constraint imposed. The orthogonal constraint is 
fully imposed in the nonlinear method, which achieves the best calibration results in 
the sense of noise robustness. The Three-step method has very close performance to 
the nonlinear method, while has much lower computational complexity. Extra outlier 
removal and more robust registration method may further improve the accuracy and 
stability of the external calibration. 
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