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Abstract. In this paper, we compare performance of novel neural network based
algorithm for Boolean factor analysis with several dimension reduction techniques
as a tool for feature extraction. Compared are namely singular value decompo-
sition, semi-discrete decomposition and non-negative matrix factorization algo-
rithms, including some cluster analysis methods as well. Even if the mainly men-
tioned methods are linear, it is interesting to compare them with neural network
based Boolean factor analysis, because they are well elaborated. Second reason for
this is to show basic differences between Boolean and linear case. So called bars
problem is used as the benchmark. Set of artificial signals generated as a Boolean
sum of given number of bars is analyzed by these methods. Resulting images show
that Boolean factor analysis is upmost suitable method for this kind of data.

1 Introduction

In order to perform object recognition (no mater which one) it is necessary to learn rep-
resentations of the underlying characteristic components. Such components correspond
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to objects, object-parts, or features. An image usually contains a number of different
objects, parts, or features and these components can occur in different configurations to
form many distinct images. Identifying the underlying components which are combined
to form images is thus essential for learning the perceptual representations necessary for
performing object recognition.

There exists many attempts that could be used for this reason. In this paper we con-
centrate on neural network based algorithm for Boolean factor analysis and compare it
with some recently used dimension reduction techniques for automatic feature extrac-
tion. Here we empirically investigate their performance.

How does the brain form a useful representation of its environment? That is ques-
tion that was behind the development of neural network based methods for dimension
reduction. Among those neural network based Boolean factor analysis, see Frolov at al.
[1,2], and Földiáks network [3] fall.

The comparison of linear approaches [4,5,6,7,8] capable to find an approximate so-
lution of the Boolean factor analysis task with our attempt [2], if only for the reason
they are fast and well elaborated, is very interesting. The most popular linear method
is the singular value decomposition which was already successfully used for automatic
feature extraction. However singular value decomposition is not suitable for huge data
collections and is computationally expensive, so other methods of dimension reduction
were proposed. Here we apply semi-discrete decomposition as example. As the data
matrix has all elements non-negative, a new method called non-negative matrix factor-
ization is applied as well.

However, for the sake of finding an hidden structure in the images data statistical
methods used very often in the past are still good choice, mainly different algorithms
for cluster analysis, perhaps in conjunction with a some data visualization methods.

The bars problem (and its variations) is a benchmark task for the learning of in-
dependent image features [3]. The collection, the base vectors can be interpreted as
images, describing some common characteristics of several input signals. These base
vectors are often called eigenfaces in the case of face recognition task, see M. Turk and
A. Pentland [9].

The rest of this paper is organized as follows. The second section explains the di-
mension reduction method used in this study. Then in the section three we describe
experimental results, and finally in the section four we made some conclusions.

2 Dimension Reduction

We used the three promising linear methods of dimension reduction for our comparison
with Boolean factor analysis – singular value decomposition, semi-discrete decompo-
sition, non-negative matrix factorization and two statistical clustering methods. All of
them are briefly described bellow.

2.1 Neural Network Boolean Factor Analysis

Neural network Boolean Factor Analysis (NBFA) is a powerful method for revealing
the information redundancy of high dimensional binary signals [2]. It allows to express
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every signal (vector of variables) from binary data matrix A of observations as super-
position of binary factors:

A =
L∨

l=1

Slf
l, (1)

where Sl is a component of factor scores and f l is a vector of factor loadings and ∨
denotes Boolean summation (0 ∨ 0 = 0, 1 ∨ 0 = 1, 0 ∨ 1 = 1, 1 ∨ 1 = 1). If we mark
Boolean matrix multiplication by the symbol �, then we can express approximation of
data matrix A in matrix notation

Ak � F � S (2)

where S is the matrix of factor scores and F is the matrix of factor loadings. The Boolean
factor analysis implies that components of original signals, factor loadings and factor
scores are binary values.

Optimal solution of Ak decomposition according to (2) by brute force search is NP-
hard problem and as such is not suitable for high dimensional data. On other side the
classical linear methods could not take into account non-linearity of Boolean summa-
tion and therefore are inadequate for this task.

2.2 Singular Value Decomposition

Singular Value Decomposition (SVD), see M. Berry, S. Dumais, and T. Letsche [5], is
an algebraic extension of classical vector model. It is similar to the PCA method, which
was originally used for the generation of eigenfaces. Informally, SVD discovers signif-
icant properties and represents the images as linear combinations of the base vectors.
Moreover, the base vectors are ordered according to their significance for the recon-
structed image, which allows us to consider only the first k base vectors as important
(the remaining ones are interpreted as ”noise” and discarded). Furthermore, SVD is of-
ten referred to as more successful in recall when compared to querying whole image
vectors (M. Berry, S. Dumais, and T. Letsche [5]).

Formally, we decompose the matrix of images A by singular value decomposition,
calculating singular values and singular vectors of A.

We have matrix A, which is an n × m rank-r matrix (where m ≥ n without loss
of generality) and values σ1, . . . , σr are calculated from eigenvalues of matrix AAT

as σi =
√

λi. Based on them, we can calculate column-orthonormal matrices U =
(u1, . . . , un) and V = (v1, . . . , vn), where UT U = In a V T V = Im, and a diagonal
matrix Σ = diag(σ1, . . . , σn), where σi > 0 for i ≤ r, σi ≥ σi+1 and σr+1 = · · · =
σn = 0.

The decomposition
A = UΣV T (3)

is called singular decomposition of matrix A and the numbers σ1, . . . , σr are singular
values of the matrix A. Columns of U (or V ) are called left (or right) singular vectors
of matrix A.

Now we have a decomposition of the original matrix of images A. We get r nonzero
singular numbers, where r is the rank of the original matrix A. Because the singular
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values usually fall quickly, we can take only k greatest singular values with the cor-
responding singular vector coordinates and create a k-reduced singular decomposition
of A.

Let us have k (0 < k < r) and singular value decomposition of A

A = UΣV T ≈ Ak = (UkU0)
�

Σk 0
0 Σ0

��
V T

k

V T
0

�
(4)

We call Ak = UkΣkV T
k a k-reduced singular value decomposition (rank-k SVD).

Instead of the Ak matrix, a matrix of image vectors in reduced space Dk = ΣkV T
k is

used in SVD as the representation of image collection. The image vectors (columns in
Dk) are now represented as points in k-dimensional space (the feature-space). represent
the matrices Uk, Σk, V T

k .
Rank-k SVD is the best rank-k approximation of the original matrix A. This means

that any other decomposition will increase the approximation error, calculated as a sum
of squares (Frobenius norm) of error matrix B = A−Ak. However, it does not implicate
that we could not obtain better precision and recall values with a different approximation.

Once computed, SVD reflects only the decomposition of original matrix of images.
If several hundreds of images have to be added to existing decomposition (folding-
in), the decomposition may become inaccurate. Because the recalculation of SVD is
expensive, so it is impossible to recalculate SVD every time images are inserted. The
SVD-Updating is a partial solution, but since the error slightly increases with inserted
images. If the updates happen frequently, the recalculation of SVD may be needed soon
or later.

2.3 Semi-discrete Decomposition

Semi-Discrete Decomposition (SDD) is one of other SVD based methods, proposed re-
cently for text retrieval in (T. G. Kolda and D. P. O’Leary [8]). As mentioned earlier, the
rank-k SVD method (called truncated SVD by authors of semi-discrete decomposition)
produces dense matrices U and V , so the resulting required storage may be even larger
than the one needed by the original term-by-document matrix A.

To improve the required storage size and query time, the semi-discrete decomposi-
tion was defined as

A ≈ Ak = XkDkY T
k , (5)

where each coordinate of Xk and Yk is constrained to have entries from the set ϕ =
{−1, 0, 1}, and the matrix Dk is a diagonal matrix with positive coordinates.

The SDD does not reproduce A exactly, even if k = n, but it uses very little storage
with respect to the observed accuracy of the approximation. A rank-k SDD (although
from mathematical standpoint it is a sum on rank-1 matrices) requires the storage of
k(m + n) values from the set {−1, 0, 1} and k scalars. The scalars need to be only
single precision because the algorithm is self-correcting. The SDD approximation is
formed iteratively.

The optimal choice of the triplets (xi, di, yi) for given k can be determined using
greedy algorithm, based on the residual Rk = A − Ak−1 (where A0 is a zero matrix).
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2.4 Non-negative Matrix Factorization

The Non-negative Matrix Factorization (NMF)method calculates an approximation of
the matrix A as a product of two matrices, W and H . The matrices are usually pre-filled
with random values (or H is initialized to zero and W is randomly generated). During
the calculation the values in W and H stay positive. The approximation of matrix A,
matrix Ak , can be calculated as Ak = WH .

The original NMF method tries to minimize the Frobenius norm of the difference
between A and A′

k using
min
W,H

||V − WH ||2F (6)

as the criterion in the minimization problem.
Recently, a new method was proposed in (M. W. Spratling [10]), where the con-

strained least squares problem is solved

min
Hj

{||Vj − WHj ||22 − λ||Hj ||22} (7)

as the criterion in the minimization problem. This approach gives yields better results
for sparse matrices.

Unlike in SVD, the base vectors are not ordered from the most general one and we
have to calculate the decomposition for each value of k separately.

2.5 Statistical Clustering Methods

To set our method in more global context we applied cluster analysis, too. The clustering
methods help to reveal groups of similar features, it means typical parts of images.
However, obtaining disjunctive clusters is a problem of the usage of traditional hard
clustering. We have chosen two most promising techniques available in recent statistical
packages – hierarchical agglomerative algorithm and two-step cluster analysis.

A hierarchical agglomerative algorithm (HAA) starts with each feature in a group of
its own. Then it merges clusters until only one large cluster remains which includes all
features. The user must choose dissimilarity or similarity measure and agglomerative
procedure. At the first step, when each feature represents its own cluster, the dissimilar-
ity between two features is defined by the chosen dissimilarity measure. However, once
several features have been linked together, we need a linkage or amalgamation rule to
determine when two clusters are sufficiently similar to be linked together. Several link-
age rules have been proposed. For example, the distance between two different clusters
can be determined by the greatest distance between two features in the clusters (com-
plete linkage method – CL), or average distance between all pairs of objects in the two
clusters (average linkage between groups – ALBG). Hierarchical clustering is based on
the proximity matrix (dissimilarities for all pairs of features) and it is independent on
the order of features.

For binary data (one for the black point and zero for the white point), we can choose
for example Jaccard and Ochiai (cosine) similarity measures of two features. The for-
mer can be expressed as SJ = a

a+b+c where a is the number of the common occurrences
of ones and b+c is the number of pairs in which one value is one and the second is zero.
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The latter can be expressed as SO =
√

a
a+b · a

a+c . The further clustering techniques

mentioned above are suitable for large data files but they are independent on the order
of features.

In two-step cluster analysis (TSCA), the features are arranged into sub-clusters,
known as cluster features (CF), first. These cluster features are then clustered into k
groups, using a traditional hierarchical clustering procedure. A cluster feature repre-
sents a set of summary statistics on a subset of the data. The algorithm consists of two
phases. In the first one, an initial CF tree is built (a multi-level compression of the data
that tries to preserve the inherent clustering structure of the data). In the second one, an
arbitrary clustering algorithm is used to cluster the leaf nodes of the CF tree. Advan-
tage of this method is its ability to work with larger data sets; disadvantage then, is its
sensitivity to the order of the objects (features in our case). In the implementation in the
SPSS system, the log-likelihood distance is proposed.

This distance between clusters a and b is

d(a, b) = ζa + ζb − ζ<a,b>

where < a, b > denotes a cluster created by joining objects from clusters a and b, and

ξg = −mg

n∑

i=1

Hgi ,

where mg is the number of features in the gth cluster, n is the number of images and
Hgi is an entropy

Hgi = −
2∑

u=1

mgiu

mg
ln

mgiu

mg
,

where mgi1 is the number of zeros and mgi2 is the number of ones.

3 Experimental Results

For testing of above mentioned methods, we used generic collection of 1600 32 × 32
black-and-white images containing different combinationas of horizontal and vertical
lines (bars). The probabilities of bars to occur in images were the same and equal to
10/64, i.e. images contain 10 bars in average. An example of several images from
generated collection is shown in Figure 1a.

For the first view on image structures, we applied traditional cluster analysis. We
clustered 1024 (32 × 32) positions into 64 and 32 clusters. The problem of the use of
traditional cluster analysis consists in that we obtain disjunctive clusters. So we can find
only parts of horizontal or vertical bars respectively.

We applied HAA and TSCA algorithms in the SPSS system. The problem of the
the latter consists in that it is dependent on the order of features. We used two different
orders; in the second one the images from 1001 to 1009 were placed between the images
100 and 101 for example.
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(a) (b) (c)

Fig. 1. Several bars from generated collection (a) First 64 base images of bars for SVD method
(b) First 64 factors for original NMF method (c)

For hierarchical cluster analysis, we tried to use different similarity measures. We
found that linkage methods have more influence to the results of clustering than simi-
larity measures. We used Jaccard and Ochiai (cosine) similarity measures suitable for
asymmetric binary attributes. We found both as suitable methods for the identification
of the bars or their parts. For 64 clusters, the differences were only in a few assignments
of positions by ALBG and CL methods with Jaccard and Ochiai measures.

The figures illustrate the application of some of these techniques for 64 and 32 clus-
ters. Figure 2a,b show results of ALBG method with Jaccard measure. Figure 2a for 32
clusters and Figure 2b for 64 clusters. In the case of 32 clusters, we found 32 horizontal
bars (see Figure 2c) by TSCA method for the second order of features.

Many of tested methods were able to generate a set of base images or factors, which
should ideally record all possible bar positions. However, not all methods were truly
successful in this.

With SVD, we obtain classic singular vectors, the most general being among the
first. The first few are shown in Figure 1b. We can se, that the bars are not separated and
different shades of gray appear.

The NMF methods yield different results. The original NMF method, based on the
adjustment of random matrices W and H provides hardly-recognizable images even for

(a) (b) (c)

Fig. 2. ALBG Jaccard – 32 clusters (a) ALBG Jaccard – 64 clusters (b) TSCA – 32 clusters (c)
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(a) (b) (c)

Fig. 3. First 64 factors for GD-CLS NMF method (a) First 64 base vectors for SDD method (b)
First 64 base vectors for NBFA method (c)

k = 100 and 1000 iterations (we used 100 iterations for other experiments). Moreover,
these base images still contain significant salt and pepper noise and have a bad contrast.
The factors are shown in Figure 1c. We must also note, that the NMF decomposition
will yield slightly different results each time it is run, because the matrix(es) are pre-
filled with random values.

The GD-CLS modification of NMF method (proposed in [7]) tries to improve the de-
composition by calculating the constrained least squares problem. This leads to a better
overall quality, however, the decomposition really depends on the pre-filled random
matrix H . The result is shown in Figure 3a.

The SDD method differs slightly from previous methods, since each factor contains
only values {−1, 0, 1}. Gray in the factors shown in Figure 3b represents 0; −1 and 1
are represented with black and white respectively.

The base vectors in Figure 3b can be divided into three categories:

1. Base vectors containing only one bar.
2. Base vectors containing one horizontal and one vertical bar.
3. Other base vectors, containing several bars and in some cases even noise.

Finally, we made decomposition of images into binary vectors by Boolean factor
analysis method proposed in [11]. The factor search was performed under assumption
that the number of ones in factor is not less than 5 and not greater than 200. Since
the images are obtained by Boolean summation of binary bars, it is not surprising, that
NBFA is able to reconstruct all bars as base vectors, providing an ideal solution, as we
can see in Figure 3c.

4 Conclusion

In this paper, we have compared several dimension reduction and clustering methods
on bars collection. NBFA perfectly found basis (factors) from which the all learning
pictures can be reconstructed. It is because factor analysis is looking for hidden depen-
dencies among observed data. On the other side reason for 100% success resides also
in this, that there was no noise superposed on the input data.

Cluster analysis is focused on finding original factors from which images were gen-
erated. Applied clustering methods were quite successful in finding these factors. The
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problem consists in created disjunctive clusters. So, only some bars or their parts were
revealed. However, from the general view on 64 clusters, it is obvious, that images are
compounded from vertical and horizontal bars (lines). By two-step cluster analysis 32
horizontal lines were revealed by clustering to 32 clusters.

The SVD method may also be used, but the results are not as good as in the case
of NBFA. The SVD and NMF methods yield slightly worse results, since they are not
focused on binary data.
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