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Abstract. This paper presents a novel segmentation-based approach for
fiber-tract extraction in diffusion-tensor (DT) images. Typical tractog-
raphy methods, incorporating thresholds on fractional anisotropy and
fiber curvature to terminate tracking, can face serious problems aris-
ing from partial voluming and noise. For these reasons, tractography
often fails to extract thin tracts with sharp changes in orientation, e.g.
the cingulum. Unlike tractography—which disregards the information in
the tensors that were previously tracked—the proposed method extracts
the cingulum by exploiting the statistical coherence of tensors in the
entire structure. Moreover, the proposed segmentation-based method al-
lows fuzzy class memberships to optimally extract information within
partial-volumed voxels. Unlike typical fuzzy-segmentation schemes em-
ploying Gaussian models that are biased towards ellipsoidal clusters, the
proposed method models the manifolds underlying the classes by incor-
porating nonparametric data-driven statistical models. Furthermore, it
exploits the nonparametric model to capture the spatial continuity and
structure of the fiber bundle. The results on real DT images demonstrate
that the proposed method extracts the cingulum bundle significantly
more accurately as compared to tractography.

1 Introduction

Diffusion tensor (DT) magnetic resonance (MR) imaging allows us to differ-
entiate the cerebral white/gray-matter structures such as the corpus callosum,
thalamic nuclei, cingulum, etc. Extraction of these structures is of key interest in
clinical studies concerning schizophrenia, Parkinson’s disease, and Alzheimer’s
disease [1,2,3,4,5]. The driving clinical application for this paper is to investigate
whether there are changes in the anterior cingulum in cocaine users that are
associated with decreased gray-matter concentration in the same region [6].

The efficacy of tract-extraction methods on DT images can be severely lim-
ited by noise and partial-voluming artifacts. For instance, tractography meth-
ods often fails to extract the cingulum [3,4]—a thin tract that undergoes sharp
changes in orientation and severe partial-volume contamination from the highly-
anisotropic corpus callosum and the highly-isotropic ventricles lying adjacent
to it (Figure 1). Tractography methods, which incorporate thresholds on the
fractional anisotropy (FA) and fiber curvature to terminate tracking, can also
consistently underestimate the size of fiber bundles [7].
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Alternative approaches for extracting structures from DT images rely on seg-
mentation approaches. Unlike tractography that disregards the information in
the tensors that were previously tracked, segmentation approaches exploit the
coherence of tensors in the entire structure of interest. Moreover, segmenta-
tion methods that allow fuzzy class memberships optimally extract information
within partial-volumed voxels—crisp segmentations incorrectly account for this
information towards the representation of a single class. In these ways, segmen-
tation schemes can be more robust to DT-image artifacts.

Previous work in DTI segmentation employs Gaussian models that may not
effectively model the tensor statistics because they are inherently biased to-
wards ellipsoidal clusters. Fundamental anatomical characteristics of fiber bun-
dles make fibers change their orientation significantly, e.g. cingulum (Figure 1),
as they connect different structures. Thus, tensors in fiber bundles inherently
lie on manifolds that do not conform to Gaussian models that are characterized
by the mean. For instance, tensors in U-shaped/C-shaped bundles, that include
tensors which start and end at similar orientations, must lie on a closed manifold.

This paper makes several contributions. It proposes a novel scheme based on
fuzzy segmentation for extracting fiber bundles, e.g. cingulum, relying on a non-
parametric statistical framework. The proposed method does not impose strong
parametric tensor models, but adapts its models to arbitrary tensor probability
density functions (PDFs), and the underlying manifolds, in data-driven ways.
It extends the nonparametric model to capture the spatial continuity and struc-
ture of the fiber bundle. The fuzzy framework optimally extracts information
from partial-volumed voxels. Results on real DT images show that the proposed
method extracts the cingulum significantly more accurately than tractography.

2 Related Work

Typical methods for crisp and fuzzy segmentation [8,9,10] rely on representing
each class by only a single point in the feature space (the class mean) and mea-
sure class membership based on the Euclidean/Mahalanobis distance to the class
mean. Such approaches, however, (a) bias the segmentation towards ellipsoidal
clusters in feature space and (b) do not yield themselves easily in capturing
the spatial structure of the fiber bundle in the image. Nonparametric modeling
approaches for crisp structural-MR segmentation [11,12] address the concern in
(a), but not in (b). The proposed method: (i) generalizes class representation in
fuzzy methods to the manifold underlying the class, (ii) extends a data-driven
nonparametric scheme to adaptively infer the spatial structure of the fiber bun-
dle in the image, and (iii) extracts information from partial-volumed tensors in
a principled manner by incorporating fuzzy class memberships.

Segmentation methods entail quantifying distances between tensors that re-
spect the group structure of the Riemannian DT space [13,14,1,15]. Lenglet et
al. [1] use an affine-invariant Riemannian metric and model each class by a single
Gaussian. Wang and Vemuri [2] use a piecewise-smooth Mumford-Shah frame-
work to capture the spatial variations in tensors across a bundle. In contrast,
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the proposed method relies on nonparametric models and optimally extracts
information from partial-volumed voxels using fuzzy class memberships.

The extraction of the cingulum tract, a key component of the limbic system
that is relevant to memory and emotion, holds significance in many clinical stud-
ies relating to schizophrenia. Gong et al. [4] employ tractography to extract the
cingulum bundle to study the left-right asymmetry in the structure. Their trac-
tography results, however, clearly shows fibers “leaking” out of the cingulum.
Concha et al. [3], acknowledging the impracticality of tractography for cingulum
extraction, divide the cingulum into 3 parts (anterior, superior, descending) and
perform tractography independently in each of these parts. In each part, they in-
clude tracts that pass through manually-selected regions-of-interest in the start,
middle, and end of the part. The proposed method, on the other hand, extracts
the cingulum in a simple, systematic, and optimal manner.

3 Nonparametric Statistical Diffusion-Tensor Modeling

This section describes the statistical formulation underlying the proposed non-
parametric modeling technique. It starts by describing a generic kernel-based
modeling scheme, that is independent of the particular metric associated with
the Riemannian space. It then presents an appropriate tensor metric to consid-
erably simplify the scheme, from a practical viewpoint, while maintaining the
mathematical soundness of the framework.

We use kernel-based nonparametric PDF estimation based on a Parzen-window
scheme in Riemannian space. For DT data, the kernel functions are smooth func-
tions of the Riemannian geodesic distance on the tensor manifold. The mathemat-
ical expression for the Parzen-window tensor-PDF estimate is consistent with the
expression of the usual (Euclidean)PDFestimate—it also relies on the intuitive no-
tion of a kernel function having the largest value at the datum and monotonically-
decreasing values with increasing distance from the datum. In the Riemannian
case, each datum is the intrinsic mean of the associated kernel for sufficiently small
bandwidths. We now describe this scheme.

Let M be a compact Riemannian manifold without boundary, of dimension
D, with an associated metric-tensor g. The metric tensor induces an inner prod-
uct on the manifold that generates the geodesic distance function dg(·, ·) be-
tween two entities on M. Let Z be a random variable on the probability space
(Ω, A, P ) that takes values in M. Let {z1, z2, . . . , zn}, where each zi ∈ M,
be an independently-drawn and identically-distributed random sample derived
from the PDF P (Z). Let K(Z) be a nonnegative and sufficiently-smooth kernel
function. Then, the consistent nonparametric PDF estimate is [16]:

P̂ (z) =
1
N

N∑

i=1

1
θzi(z)

1
σD

K

(
dg(z, zi)

σ

)
, (1)

where σ is the bandwidth associated with the kernel and θa(b) is the quotient
of the canonical measure of the Riemannian metric exp∗

ag on Ta(M) by the
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Lebesgue measure of the Euclidean structure ga on Ta(M). We choose K(·) as
the standard-Normal PDF: K(β) = (1/(2π)D/2) exp(−β2/2).

To evaluate the probability at any one point z we need to, in general, com-
pute θzi(z) separately for all the points zi in the Parzen-window sample. This
can become cumbersome, depending on the particular Riemannian tensor metric
employed. The recently-proposed Log-Euclidean metric [14], in contrast to the
affine-invariant Riemannian metric [13,1,15], induces a Riemannian space having
zero curvature by mapping the DT space of 3×3 symmetric positive-definite ma-
trices in an isomorphic, diffeomorphic, and isometric manner to the associated
Euclidean vector space of 3×3 symmetric matrices. This mapping is precisely the
matrix logarithm (denoted logM ), i.e. dg(z, zi) =‖ logM (z) − logM (zi) ‖Frobenius

and θzi(z) = 1. The Parzen-window PDF estimate then simplifies to P̂ (z) =
(1/N)

∑N
i=1 G(z; zi, σ), where G(z; zi, σ) is a multidimensional isotropic Gaus-

sian (mean zi and variance along each dimension σ2) in the Riemannian space
with dg(·, ·) as the geodesic distance measure. Essentially, this scheme maps the
diffusion tensors, using the matrix logarithm, to a Euclidean space and, in turn,
computes probabilities using standard Parzen-window estimation in that space.

4 Fuzzy Segmentation with Manifold-Based Models

This section proposes a fuzzy-segmentation framework for fiber-tract extraction.
It extracts tracts by iteratively optimizing an information-theoretic objective
function and relying on nonparametric class models.

Our goal is to segment the image into C different classes (c = 1, 2, . . . , C). For
extracting a single fiber bundle, C = 2. These classes are distinguished by their
respective PDFs {Pc(·)}c∈C . The segmentation problem is, in a way, equivalent
to that of deducing these PDFs.

Voxels in a fuzzy-segmentation framework can be members of more than one
class—a standard notion in fuzzy set theory that does not constrain entities to
belong to one set alone. We incorporate this notion using the fuzzy-membership
functions that we define next. Consider C random variables {Fc : M → �}c∈C
that give a class-membership value for each element z ∈ M belonging to class c.
For all voxels t and all classes c, we want 0 ≤ Fc(zt) ≤ 1 and

∑C
c=1 Fc(zt) = 1.

Under these constraints, we define the optimal fuzzy segmentation as:

argmax
{Fc(·)}C

c=1

C∑

c=1

( ∫

M
Fc(z)Pc(z) log Pc(z)dz − α

∫

M
Fc(z) log Fc(z)dz

)
. (2)

The first term of the energy in (2) is a modified Shannon’s entropy that allows
each observation z ∈ M to contribute some amount to the entropy of every class
c that is proportional to its membership in class c—partial-volumed voxels would
contribute to the descriptions of multiple classes. α is a user-controlled parameter
that controls the degree of fuzziness/softness imposed on the segmentation.

The method of Lagrange multipliers—and the short-hand terms Fct and Pct

for Fc(zt) and Pc(zt), respectively—gives the objective function as:
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J =
C∑

c=1

∑

t∈T

[
Fct log Pct − αFct log Fct

]
+

∑

t∈T
λt

[
C∑

c=1

Fct − 1

]
, (3)

where {λt}t∈T is the set of Lagrange multipliers.
The proposed method modifies the nonparametric statistical model in [16] so

as to exploit the prior information that the tract is a spatially-continuous entity
in the image-coordinate space and, subsequently, to infer the spatial structure
of the tract. We do this by augmenting the tensor-valued feature space by the
3D-coordinate space of the voxels. To include spatial information, we define
the probabilities by Pct as: Pct = (1/|Sc|)

∑
s∈Sc

G(zt; μcs, σc)G(t; νcs, ρc), where
the tensors {μcs}s∈Sc , voxel locations {νcs}s∈Sc , and bandwidths σc and ρc to-
gether model the PDF for class c in the augmented feature space < M, T >.
This PDF captures: the manifold(s) underlying the tensor data in the tract, the
variability of the tensors around the manifold(s), and the spatial continuity of
the tract. For all classes, σc is a penalized maximum-likelihood estimate for the
Parzen-window PDF of the entire image zt∈T [17]. We use ρc = 1.

We need to maximize J with respect to Fct, μcs, νcs, and λt. Solving the
Karush-Kuhn-Tucker (KKT) necessary conditions for optimality gives the up-
date for the fuzzy memberships Fct(∀s ∈ Sc, ∀c = 1, 2, . . . , C) as:

Fct =

(
Pct

)1/α

∑C
c=1

(
Pct

)1/α
. (4)

Observe that, as expected, a large probability Pct for voxel t to be in class c
produces a correspondingly larger membership value Fct of that voxel in class
c. α → ∞ implies Fct → 1/|C|; a completely fuzzy segmentation. For α → 0,
Fct → 1 if class c with the largest Pct; otherwise Fct → 0.

The updates for the class parameter μcs(∀s ∈ Sc, ∀c = 1, 2, . . . , C) are:

μcs =

∑
t∈T Fct

G(zt;μcs,σc)G(t;νcs,ρc)
Pct

zt
∑

t∈T Fct
G(zt;μcs,σc)G(t;νcs,ρc)

Pct

; νcs =

∑
t∈T Fct

G(zt;μcs,σc)G(t;νcs,ρc)
Pct

t
∑

t∈T Fct
G(zt;μcs,σc)G(t;νcs,ρc)

Pct

where the updated parameters μcs and νcs are weighted averages of the tensors zt

and voxel locations t, respectively. Observe that the weights take values between
0 and 1. The implementation is numerically stable because by construction,
0 ≤ Fct ≤ 1 and 0 ≤ G(zt; μcs, σc)G(t; νcs, ρc)/Pct ≤ 1. For the application in
this paper, the iterative optimization method took about 4 iterations to converge;
each iteration taking about 5 minutes using unoptimized Matlab code.

5 Results, Validation, and Discussion

We obtain real DT images: 128×128×40 voxels; voxel size 1.7×1.7×3 mm; single-
shot spin-echo diffusion-weighted echo-planar imaging; 12 images per subject; 12
isotropically-distributed diffusion-encoding directions (b=1000 s/mm2).
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(a1) (b1) (c1) (d)

(a2) (b2) (c2) (e)

Fig. 1. The extracted cingulum, seen as the white background in the glyph-based
color-coded DT visualization (sagittal slices), using: (a1)-(c1) tractography, and (a2)-
(c2) proposed fuzzy-segmentation-based approach (white ⇒ fuzzy membership value
Fct = 1, black ⇒ Fct = 0, gray ⇒ 0 < Fct < 1). (d) A manual segmentation (crisp) for
the slice in (b1) or (b2) superimposed on the DT image. (e) An initialization (1 slice
only; slice in (b1)or (b2)) for the segmentation superimposed on the DT image.

For extracting each cingulum in the brain, we obtained an initial (crisp) seg-
mentation, on just a single sagittal slice of the cingulum, by thresholding tensors
that: (i) have high FA (to separate white matter from the rest of the brain) and
(ii) are orientated along anterior-posterior or inferior-superior directions. We
manually remove voxels in the initialization (one slice) that clearly belonged to
other far-off tracts, e.g. the fornix lying inferior to the corpus callosum [3].

Figure 1(a)–(c) shows the results of a standard tractography technique for the
tract extraction using two regions-of-interest in the superior part of the cingulum.
It is clear that tractography fails to extract the cingulum—a thin tract with
sharp changes in orientation. On the other hand, Figure 1(d)–(f) shows that the
proposed fuzzy segmentation approach—that exploits the statistical coherence of
tensors in the entire structure—performs significantly better. Figure 2 shows the
result, on another real DT image. For validation and quantitative comparison,
we obtain two manual (crisp) segmentations by using interactive software to
delineate color-coded scalar FA images—the color at each voxel is derived from
the orientation of the tensor at that voxel. The Dice overlap metrics (averaged

(a) (b) (c) (d)

Fig. 2. The extracted cingulum in axial slices (inferior → superior) using: (a),(c) trac-
tography, and (b),(d) proposed fuzzy-segmentation-based approach
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(a) (b) (c) (d) (e)

Fig. 3. Effect of partial voluming on tractography: (a)-(e) show regions near the
cingulum/corpus-callosum interface in consecutive axial slices (inferior → superior)

over the two manual segmentations) for these two DT images were: (i) 0.63 and
0.60 for the proposed method (after thresholding the fuzzy membership values
Fct with a value of 0.5) and (ii) 0.32 and 0.33 for tractography.

Figure 3 shows enlarged axial views of the tractography result near the inter-
face of the corpus callosum (red) and the cingulum (green). Significant partial
voluming in this region, worsened by the low inter-axial-slice resolution, leads
to a change in the orientation of the cingulum tensors. Thus, many cingulum
tensors are no longer aligned with the direction of the cingulum tract, but rather
have deviated orientations (brown) towards the orientation of the corpus callo-
sum. Such phenomena cause fiber tracking, which uses thresholds on FA and
curvature, to either: (i) wander far away from the desired cingulum tract, e.g.
Figure 2(a)-(b), (loose thresholds) or (ii) terminate prematurely (conservative
thresholds). In addition to this inherent trade-off, tractography suffers because
it relies solely on the orientation of the current tensor and ignores the infor-
mation in the tensors that were previously tracked. The proposed method—by
optimally exploiting the information contained in all the tensor values, locations,
and partial-volumed voxels in a unified framework—extracts the cingulum with
significantly higher accuracy. Future work includes better quantification of the
improvements obtained with the proposed method.
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