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Abstract. We present large deformation diffeomorphic metric curve
mapping (LDDMM-Curve) for registering cortical hemispheres. We
showed global cortical hemisphere matching and evaluated the mapping
accuracy in five subregions of the cortex in fourteen MRI scans.

1 Introduction

Computational algorithms have been developed to compare anatomical shape
and functions of the brain in subjects with and without neuropsychiatric disease
using high-resolution magnetic resonance (MR) imaging datasets. The most pop-
ular approach for making such comparisons is to first spatially normalize brain
structures and carry functions (e.g. cortical thickness, functional response) us-
ing atlas coordinates, and then to perform hypothesis testing in the atlas. We
call this approach an extrinsic analysis since it depends on the relation between
individual brains and the atlas. This is a powerful approach allowing us to study
a large number of populations. Due to high variability of the brain anatomy
across subjects, the spatial normalization becomes a crucial step because its ac-
curacy directly influences statistical testing being inferred. Therefore, there has
been great emphasis by groups on the study of the brain coordinates via vector
mapping.

Cortical hemisphere registration driven by sulcal and gyral curves has been
paid a great attention since sulci and gyri preserve the sulco-gyral pattern of
the cortex. Specially, the brain is functionally partitioned by the sulci whose
variability has been shown relative to clinical stages (e.g [1]). Compared to land-
mark points, the sulcal and gyral curves are one-dimensional higher manifolds
and partially incorporate the geometry of the cortex. As comparing with image
mapping based on intensity, the sulcal and gyral curves indirectly incorporate
the intensity information since they lie at the boundary of the gray and white
matters or gray matter and cerebrospinal fluid (CSF). And these curves also in-
corporate anatomical labeling information that is missing in the intensity-based
image matching methods. As comparing with mappings of images and cortical
surfaces, the vector mapping of the curves has less computation as well as itself
has its own valuable clinical applications. However, due to high variability of
brain structures across subjects, a desirable curve matching algorithm for brain
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registration has to be able to handle cases, for instance, the initial and ending
points of two curves do not necessarily correspond to the same structures and
one curve can be a part of the other.

Our group has focused on a diffeomorphic metric mapping of anatomical coor-
dinates in the setting of Large Deformation Diffeomorphic Metric Mapping (LD-
DMM). The basic diffeomorphic metric mapping approach provides one-to-one,
smooth with smooth inverse transformations acting on the ambient space. Thus,
connected sets remain connected, disjoint sets remain disjoint, and the smooth-
ness of features such as curves and surfaces is preserved. Specially, it places the
set of anatomical shapes into a metric space for understanding anatomical struc-
tures across subjects. The LDDMM approach has been adapted to landmarks,
images, and tensors [2,3,4].

We present the LDDMM-Curve mapping algorithm for registering cortical
hemisphere. We show that such a mapping approach does not require exact
correspondence information in the sense that paired curves on two anatomies
can be represented by unequal number of points and one can be partial of the
other or partially overlap with the other. We applied this approach to fourteen
MRI datasets and evaluated them in five subregions of the cortex.

2 Large Deformation Diffeomorphic Metric Curve
Mapping (LDDMM-Curve)

2.1 Vector-Valued Measure and Its Norm

Since a curve is a geometric object, it cannot be uniquely reconstructed based
on the locations of a set of points. We consider that our curve embedded in R

3 is
a one-dimensional manifold in the sense that the local region of every point on
the curve is equivalent to a line which can be uniquely defined by this point and
the tangent vector at this location. In our curve mapping setting, we incorporate
both the location information of points and their tangent vectors.

Assume curve C is discretized into a sequence of points x = (xi)n
i=1. If xn =

x1, then curve C is closed. We thus approximate curve C by a sequence of
points and tangent vectors, C = (cx,i, τx,i)n

i=1, where cx,i = xi+1+xi

2 is the center
of two sequent points and τx,i = xi+1 − xi is the tangent vector at cx,i. One
can associate curve C with a specific measure μC given by sum of vector-valued
Diracs, μC =

∑n−1
i=1 τx,iδcx,i such that μC acts on the smooth vector w in the

form of (μC |w) =
∑n−1

i=1 τx,i · w. Its norm is defined as

‖μC‖2
W ∗ = ‖

n−1∑

i=1

τx,iδcx,i‖2
W ∗ =

n−1∑

i=1

n−1∑

j=1

kW (cx,i, cx,j) τx,i · τx,j, (1)

where kW is the kernel in a reproducing kernel Hilbert space W of smooth
vectors and W ∗ is the dual of W . The theoretical derivation of this norm can be
found elsewhere [5]. Roughly, the more rounded the curve is, the higher energy
it possesses, since flat shaped parts of the curve tend to vanish.
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We assume that curves C and S are discretized by point sequences x = (xi)n
i=1

and y = (yj)m
j=1, the sequence of transformed points z = (φ(xi))n

i=1 gives a
discretization of the deformed curve φ · C. The closeness of φ · C and S can be
quantified via the norm of the difference between their measures in Hilbert space
W ∗, a matching functional D(φ · C, S), given by

D(φ · C, S) = ‖
n−1∑

i=1

τz,iδcz,i −
m−1∑

j=1

τy,jδcy,j ‖2
W ∗ , (2)

which is explicitly

D(φ · C, S) =
n−1∑

i=1

n−1∑

j=1

kW (cz,i, cz,j)τz,i · τz,j − 2
n−1∑

i=1

m−1∑

j=1

kW (cz,i, cy,j)τz,i · τy,j

+
m−1∑

i=1

m−1∑

j=1

kW (cy,i, cy,j)τy,i · τy,j . (3)

The first and last terms are intrinsic energies of the two curves. The middle
term gives penalty to mismatching between tangent vectors of S and those of
φ(C). The explicit form of D(φ · C, S) suggests that it does not require equal
number of points on the two curves. One can be a part of the other or partially
overlapped with the other. Optimal matching between curves will be defined via
minimization of a functional composed of the matching term D and optionally
a regularization term to guarantee smoothness of the transformations. Next we
need to propose a model for deformation maps φ.

2.2 Variational Formulation of the LDDMM-Curve Mapping

We assume that shapes can be generated one from the other via a flow of dif-
feomorphisms, solutions of ordinary differential equations φ̇t = vt(φt), t ∈ [0, 1]
with φ0 = id the identity map, and associated vector fields vt, t ∈ [0, 1]. We
compute pairs C, S, such that there exists a diffeomorphism φ transforming one
to the other φ1 ·C = S at time t = 1. The metric distance between shapes is the
length of the geodesic curves φt · C, t ∈ [0, 1] through the shape space generated
from C connecting to S. The metric between two shape C, S takes the form

ρ(C, S)2 = inf
vt:φ̇t=vt(φt),φ0=id

∫ 1

0
‖vt‖2

V dt such that φ1 · C = S . (4)

where vt ∈ V , a Hilbert space of smooth vector fields with norm ‖ · ‖V . In
practice, the metric ρ and the diffeomorphic correspondence φ = φ1 between the
pair of curves (C, S) is calculated via a variational formulation of the “inexact
matching problem”. We associate for each pair of curves (C, S), a norm-squared
cost D(φ1 · C, S); then the variational problem requires minimization of the
functional

J(vt) = inf
vt:φ̇t=vt(φt),φ0=id

γ

∫ 1

0
‖vt‖2

V dt +
P∑

p=1

D(φ1 · C(p), S(p)) , (5)
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where D(φ1 · C(p), S(p)) is given in (3) for the pth pair of curves {C(p), S(p)}.
P indicates the number of paired curves considered in the mapping. For the
simplicity of notation.

To ensure that the resulting solutions to (5) are diffeomorphisms, vt must
belong to a space, V , of regular vector fields [6,7], for t ∈ [0, 1] with

∫ 1
0 ‖vt‖V dt <

∞. We model V as Hilbert space with an associated kernel function kV . Define
the trajectories xi(t) := φt(xi) for i = 1, . . . , n. Then the general solution to this
variational problem can be written in the form of

vt(x) =
n∑

i=1

kV (xi(t), x)αi(t) , (6)

where αi(t) are referred to as momentum vectors, which are analogous to the
momentum in fluid mechanics. These momentum vectors can be computed from
trajectories xi(t) by solving the system of linear equations

dxi(t)
dt

=
n∑

j=1

kV (xj(t), xi(t))αj(t), i = 1, . . . , n. (7)

2.3 Spline Interpolation of Deformation

Assume x to be a point on a cortical surface. We would like to apply the defor-
mation on x based on v̂t found from the LDDMM-Curve mapping. Starting from
any arbitrary state v̂t of the time-dependant vector fields, let us find the optimal
vector fields vt that keep trajectories xi(t) = φt(xi), where xi is a point on curve
C in (5), unchanged. This is a classical interpolation problem in a Hilbert space
setting, which finds vector fields that minimize the V -norm and satisfy for each
time t and each 1 ≤ i ≤ n the constraint vt(xi(t)) = ẋi(t) where xi(t) are the
fixed trajectories. The solution to this interpolation is expressed as a linear com-
bination of spline vector fields involving the kernel operator kV as given in (6)
and its associated trajectory can be computed by (7). The spline interpolation
of deformation in space of V guarantee diffeomorphism.

3 Experiments

3.1 Subjects, MRI Acquisition, and Data Processing

Fourteen subjects were randomly selected from schizophrenia and bipolar dis-
order studies in the Division of Psychiatric Neuroimaging at Johns Hopkins
University School of Medicine. MRI scans were acquired using 1.5 T scanner
and MPRAGE sequence (repetition time = 13.40 ms, echo time = 4.6 ms, flip
angle = 20◦, number of acquisition = 1, matrix 256 × 256) with 1 mm3 isotropic
resolution across the entire cranium.

The cortical surfaces at the boundary between the gray matter and white
matter were generated by freesurfer [8]. Sulcal curves are well observed in the
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cortical surface. We delineated six sulcal curves and five brain outline curves on
each cortical surface via a semi-automated method [9]. As shown in Figure 1, the
six curves include three of them in the lateral view, the superior frontal sulcus,
the central sulcus, the Sylvian fissure, and three in the medial view, the sulcus
on the top of corpus callosum, the parieto-occipital fissure, and the calcarine
sulcus. These six sulcal curves are selected because they are either the sulci
segmenting the brain into functional distinct regions or major sulci in the brain
lobe. The five brain outline curves are labeled from the inferior to the superior
and from the posterior to the anterior as numbered in Figure 1(B). To define
each curve, we manually selected a pair of starting and ending points and then
the dynamic programming procedure automatically tracked the curve between
the two points along the sulcus (for six sulcal curves) or the gyrus (for five
brain outlines) [9]. During the LDDMM-Curve mapping, the eleven curves of one
subject were chosen as template curves to map to target curves of other surfaces
via the LDDMM-Curve algorithm. Finally, the optimal deformation was applied
for transforming the cortical surfaces back to the template surface coordinates.
In our experiments, kernels of kV (x, y) and kW (x, y) were radial with the form

e−
|y−x|2

σ2 id, where id is a 3 × 3 identity matrix. σV and σW represent the kernel
sizes of kV and kW , respectively. They were experimentally adjusted as σV = 100
and σW = 5.
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Fig. 1. Panels (A,B) respectively show a surface in the lateral and medial views. Panel
(C,D) shows another example. Six sulci and five brain outlines are labeled on each
surface.

3.2 Examples

Figure 2 illustrates two cortical surfaces deformed to the template surface coor-
dinates via the LDDMM-Curve mapping algorithm. The template surface is in
yellow and the two surfaces to be deformed are in green. The top rows of pan-
els (A,B) indicate that the green surfaces are roughly in the same orientation as
the yellow template surface before the mapping. However, the superior region and
occipital lobe on the green surfaces are clearly not aligned with those on the tem-
plate. Moreover, the sulco-gyral patterns are mismatched between the green and
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yellow template surfaces. We illustrate the mapped green surfaces superimposed
with the template surface in the bottom rows of panels (A,B). Clearly, the overall
structure of the green surfaces are well deformed to the shape of the template.

Before Mapping

After Mapping

LATERAL VIEW MEDIAL VIEW

Before Mapping

After Mapping

A.
B.

LATERAL VIEW MEDIAL VIEW

Fig. 2. Panels (A,B) respectively show one example of mapping surfaces using curves.
The template surface is in yellow, while the other surfaces are in green. The top row of
each panel illustrates the template superimposed with the target before the mapping;
the bottom row shows after the mapping. The left and right columns are respectively
show the lateral and medial views of the cortical surfaces.

3.3 Evaluation of the Mapping

There are two ways to evaluate the spatial normalization procedure, including
measurements quantifying the mismatching of two objects as a direct evalua-
tion method [10] as well as shape classification and group analysis of functional
responses, e.g. [11] as an indirect evaluation method. We validate our mapping
results via the direct evaluation method. We calculate the cumulative distribu-
tion of distances between the deformed targets and the template to quantify
their closeness. We call this as surface distance graph from surface T to surface
S, defined as the percentage of vertices on a template surface T having the dis-
tance to a surface S less than d mm. Let vsi and vti respectively be vertices on
surfaces S and T . The distance of vti to S is defined by dti = minvsi

∈S ‖vsi −vti‖,
where ‖ · ‖ is the Euclidean distance in R3. The surface distance graph is the
cumulative distribution of dti . Since this measurement is sensitive to the folding
structure, we chose five subregions of the cortex containing major sulci to be
evaluated, as shown in Figure 3(A,B).

Panels (C-G) of Figure 3 shows the surface distance graphs for five subre-
gions of the cortex that respectively contain the superior frontal sulcus, the
central sulcus, the sylvian fissure, the calcarine sulcus, as well as the parieto-
occipital fissure. The black curves are surface distance graphs corresponding to
each individual original surface; the red curve is the average graph among them.
Similarly, the gray curves are surface distance graphs corresponding to each in-
dividual deformed surface; the green curve is the average graph among them.
These five panels show that the mean average surface distance graph after the
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Fig. 3. Panels (A,B) respectively show the lateral and medial views of the template sur-
face with colored subregions of the cortex. Panels (C-G) show surface distance graphs
for each subregion of the cortex with gray lines corresponding to the deformed surfaces
and black lines associated with the original surfaces. The red and green lines are the
mean surface distance graphs before and after the mapping.

mapping is shifted to the top of one before the mapping, which indicates that
these five structures were driven to the place close to their corresponding loca-
tions on the template. Compared to the spread of the surface distance graphs
among the original surface, the graphs become much close to each other after the
mapping, which suggests the removal of anatomical variation across subjects.

4 Conclusion

We present the LDDMM-Curve mapping algorithm in the discrete case to map-
ping multiple pairs of curves for cortical hemisphere registration. The relevant
approach has been developed for dealing with geometric objects of surfaces in
the LDDMM setting [12]. Both the LDDMM curve and surface mappings rep-
resent geometric curves or surfaces as vector-valued measure whose norm serves
as a matching functional in the LDDMM variational formulation. Both of the
approaches are powerful tools for brain registration. However, one deals with
curve configuration and the other handles surface configuration. Compared to
the surface mapping approach, the curve mapping has its own advantage of less
computation. And also the selection of curves is often supervised and provides
additional labeling information. The choice of the mapping algorithms depends
on the interest of applications. For instance, to differentiate functional activa-
tions on the two banks of a sulcus, the LDDMM-Curve mapping would be a
better choice since the LDDMM-Surface mapping does not incorporate anatom-
ical label information.

Several curve mapping algorithms exist for the brain registration [13,1], which
require the intermediate spherical step of deforming the cortex to a spherical
representation. However, this intermediate step itself introduces a large distor-
tion that does not consistently appear across subjects. Such mapping induced
distortion can result in significant loss of power in extraction of structural infor-
mation. In addition to that, the deformation may not be directly applied to the
natural image space. However, our approach does not require an intermediate
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spherical representation of the brain and directly works on the natural coordi-
nates of curves, which potentially provide better matching.
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(eds.) IPMI 1999. LNCS, vol. 1613, pp. 182–195. Springer, Heidelberg (1999)

http://www.cis.jhu.edu

	Cortical Hemisphere Registration Via Large Deformation Diffeomorphic Metric Curve Mapping
	Introduction
	Large Deformation Diffeomorphic Metric Curve Mapping (LDDMM-Curve)
	Vector-Valued Measure and Its Norm
	Variational Formulation of the LDDMM-Curve Mapping
	Spline Interpolation of Deformation

	Experiments
	Subjects, MRI Acquisition, and Data Processing
	Examples
	Evaluation of the Mapping

	Conclusion



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




