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Abstract. High-quality mesh provides good rendering effects of virtual reality 
systems. In this paper a solid technique for generating triangle meshes opti-
mized for real-time rendering in virtual environments is proposed. Modified 
weighted Voronoi barycenter relaxation is used to improve the mesh geometry. 
A simulated annealing algorithm is presented for optimizing vertex connec tiv-
ity. The shape deviations are effectively prevented, and the boundaries and fea-
tures are well preserved. The advantage and robustness of this technique are 
verified by many examples. 

1   Introduction 

In virtual environments, the rendering quality of 3D models and scenes directly af-
fects the user evaluation. Currently the majority of virtual reality applications use 
triangle meshes as their fundamental modeling and rendering primitive. Such meshes 
can be the result of modeling software, or may come as an output of a scanning de-
vice, associated with reconstruction or computer vision algorithms. Their qualities 
are often not suited to high-quality real-time rendering. For instance, hardware ac-
celerated rendering techniques, such as triangle strips and triangle fans, require fairly 
regular meshes. Additionally, subdivision has become a prevalent technique for 
multiresolution rendering and modeling. Therefore meshes should also have good 
vertex connectivity. That is, the valance of a boundary vertex should be four, and  
the valance of any other vertex should equal to six. In this paper a solid technique  
for triangular mesh model optimization is proposed. The face geometry will be  
improved, and the vertex connectivity will be optimized. 

To improve the mesh quality, lots of previous algorithms [1]–[5] are based on 
global parameterization of the original mesh, and then a resampling of the parameter 
domain. Following this, the new triangulation is projected back into 3D space, result-
ing in an improved version of the original model. The main drawback of the global 
parameterization methods is the sensitivity of the result to the specific parameteriza-
tion used, and to the cut used to force models that are not isomorphic to a disk to be 
so. The alternative to global parameterization is to work directly on the surface and 
perform a series of local modifications on the mesh. The distortion caused by map-
ping a 3D mesh to a 2D parametric domain can be considerably reduced. Gotsman et 
al. used area-equalization [6] and local Lloyd method [7] for remeshing. Similarly, 
Vorsatz et al. [8] employed local weighted 2D umbrella operator to relocate vertices. 
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Inspired by these sophisticated algorithms, we give a solid technique of triangle 
model optimization, combining the advantages of previous works and improving their 
drawbacks. 

2   Triangle Face Quality Improvements 

2.1   Surface Energy 

Denote the input mesh model as M0, the output as M. To improve the triangle face 
geometry of M0, we relocate vertices on the model. Since face geometry is closed 
related to surface energy, we first define the energy of model surface. For every ver-
tex vi of M, we use the squared distance function ( )

ivf x  to define its energy: 
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where Si is a region around vi. ( )xρ  is the density function that will be defined in 

section 2.2. The surface energy of M is then given by 
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2.2   Vertex Density 

The density ρ is defined by Gaussian and mean curvature. Let v be any interior ver-

tex, 1 2 nv ,v , ,v  be the ordered neighboring vertices (1-ring) of v, as shown in Fig.1.  

 

Fig. 1. Notations of vertex v and its 1-ring 

We denote the edge connecting v and one of its neighbor vi as i ie v v= − , 
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1( )i ii n nβ −= ,ang  at an edge ie  is the angle between the normals of the adjacent 

triangles. The Gaussian curvature K and the mean curvature H with respect to the 
region S attributed to vertex v are then given by: 

1
2

( )
( )

n

iiK v
area S

π α
=

−
= ∑

                                              (3) 

i
1( )

4 ( )

n

ii
e

H v
area S

β
=

⋅
=

⋅
∑

                                              (4) 

where S is defined using barycentric region which is one third of the area of the trian-
gles adjacent to v. 

The density of vertex v is then given by: 

2( ) ( ) (1 ) ( )v K v H vρ μ μ= + −                                    (5) 

where μ is a positive weight factors less than unity. 

2.3   Vertex Relocation 

Improving the triangle geometry is to (1) relocation each vertex vi to a new position 
for a given region Si so that ( , )iE M v  is minimized; and (2) find an appropriate defi-

nition of Si for each vertex vi so that the global energy ( )E M  is minimized. 

For a certain region Si, let v∗ be the desired vertex position where ( , )iE M v  is mini-

mized. Since the second order differential of ( , )iE M v  is always positive, we have 
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That means ( , )iE M v  is minimized when vi is positioned to the centroid of Si with 

respect to the density function ( )xρ . As for the definition of Si, it has been proven by 

[9] that ( )E M  is minimized when Si is a Voronoi cell. 

Thus what to do is relocating each vertex to its centroid of Voronoi region with re-
spect to density function. First, a series of Delaunay edge swaps are applied on M to 
ensure the local Delaunay property of the mesh. For each vertex v, the sub-mesh only 
containing v, its 1-ring neighboring vertices v1, v2 ,..., vn, and the faces incident on v is  
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flatten onto a 2D parametric domain. Let p, p1, p2 ,..., pn  be the images of v, v1, v2 ,..., 
vn on the parametric planar. p is mapped to origin.   p1, p2 ,..., pn satisfy the conditions: 
the distance between p and its neighbors are the same as the corresponding distance in 
M, namely, || || || ||i ip p v v− = − . The angles of all triangles at p are proportional to 

the corresponding angles in M and sum to 2π . 
Then we construct the Voronoi cell of p with respect to the circumcenters of the 

triangles built from p and p1, p2 ,..., pn, and compute the centroid pnew of this cell with 
respect to an approximation of the density function specified over the original mesh. 
Here a problem must be handled. Since the Voronoi cell of a vertex may be concave 
polygon, pnew may be located outside of the polygon. In such situations, the illegal 
crossed edges will be produced. To avoid this problem, we calculate the “kernel” of 
this Voronoi cell, and compute the weighted mass barycenter of the kernel as pnew 
(Fig.2). Finally vertex v is updated by projecting pnew back to M. When such reloca-
tion is done for all vertices of M, a series of Delaunay edge swaps are applied. The 
alternation between Delaunay edge swaps and vertex relocation is repeated until the 
convergence, being declared when M does not change significantly, is achieved. 

 

  

(a) (b) 

Fig. 2. Crossed edges caused by concave Voronoi region (a) can be prevented by using "kernel" 
region (b) 

3   Connectivity Optimization 

Regulating connectivity means minimizing the global valance covariance function, 
2

( ) ( ) ( )opt
v M

D M d v d v
∈

= −∑                                    (7) 

where ( )d v  is the valance of vertex v, ( )optd v  is six if v is an interior vertex, and four 

on a boundary one. We propose a simulated annealing method to solve this optimiza-
tion problem. The method introduced by [4] is first employed on M to regularize the 
connectivity to be semi-regular. To every non-feature edge, an edge swap is per-
formed only if it reduces the local valence dispersion. For instance, as shown in Fig.3, 
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edge AB is swapped to CD if the squared sum of local valence 
2

{ , , , }
( ) ( )optv A B C D

d v d v
∈

−∑  is reduced after the swap operation.  

This newly processed mesh is used as the initial solution. With the objective func-
tion defined by (7) and a large enough control parameter (temperature) T, MonteCarlo 
iterations are applied to minimize D(M). Let m be the number of edges who have at 
least one irregular vertex as endpoint. We hold the value of T and randomly select k 
edges among them (k < m). Swap operations are then performed on these 
 

 

Fig. 3. Edge swap for local valence reduction 

edges. After this is done, the global change in energy ( ') ( )D D M D MΔ = −  is 

computed. If the change in energy is negative, 'M is arbitrarily accepted as new 
solution. If the change in energy is positive, then 'M  is accepted with the probabil-
ity given by the Boltzmann factor exp( / )D kT−Δ , where k is the Boltzmann con-

stant. This process is then repeated enough times until the reductions of D(M) become 
sufficiently discouraging with the current value of T. Then the control parameter T is 
decreased and the entire iterations are repeated. This repeats until a frozen state is 
achieved at 0T = , and the mesh M at this state is the final solution. The global mini-
mum or at least a good local minimum of D(M) can be achieved by this method.  

4   Shape Preservation 

In the previous optimization, only M is processed, and M0 is untouched as reference 
surface to preserve geometry shape. That is, in vertex relocation, each newly updated 
vertex will be projected back to M0. In the applications requiring exact approximation 
error (e.g. CAD), the method used in [6] can be employed to realize the projection. 
However we notice that in most of virtual environments, slight shape deviations from 
the original models can be acceptable as long as such deformations do not weaken the 
visual effects. Thus every vertex can be directly projected back into the tangent plane 
of original vertex.  

We also use a set of enabling criterions to evaluate and prevent the shape devia-
tions caused by edge swaps. Let triangle ABC and ABD, denoted as f1, f2, respectively,  
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be two faces sharing edge AB. The first intuitive criterion is the angle between the 
normal of f1 and f2:  

1 1 2( )n nθ = ,ang                                                        (8) 

which measures the flatness of polygon ABCD. The second criterion, proposed by 
[10], evaluates the gap between the original and modified surface: 

2 1 2,1 3
min ( , )i ij

i j
n nθ

≤ ≤ ≤ ≤
= ang                                              (9) 

where nij is the normal of the jth vertex on face fi. These two criterions are combined 
to control edge swap, namely, edge AB is swapped only if θ1, θ2 are below two prede-
termined thresholds θT1, θT2, respectively.  

The boundaries and features of models are specifically handled. We define three 
primitives: (1) feature-edges are the edges on boundaries or creases, (2) feature-
vertices are the endpoints of feature-edges, and (3) corner-vertices are those who have 
more than two adjacent feature-edges or explicitly selected by users. In optimization, 
feature-edges never get swapped; feature-vertices only move along the feature-edge 
directions; corner-vertices never get touched; and the Voronoi region of every vertex 
is truncated by feature-edges. 

5   Examples 

Some examples are shown in Fig.4-7. To measure the geometry quality of a mesh 
model, statistics are collected on the minimal and average angle of the triangles. For a 
high-quality mesh, the minimum of these values should be no less than 10o, and the 
average should be no less than 45o. As for the connectivity, the ratio of irregular verti-
ces is of importance. The statistics of the examples, given in Table 1, verify the validity 
of our technique. 
 

 

Table 1. Statistics of the optimized models 

Model Vertices Irreg Min∠ Avg∠ 
fist(oringinal) 4802 39.2% 0.70° 35.4° 
fist(optimized) 4923 5.45% 17.2° 51.8° 
head(original) 5989 24.9% 1.4° 30.1° 
head(optimized) 5892 3.57% 13.0° 46.3° 
wolf(original) 7228 64.7% 0.20° 29.6° 
wolf(optimized) 7123 15.2% 9.3° 49.6° 
Aphrodite(original) 32495 63.2% 0.90° 32.3° 
Aphrodite(optimized) 31248 14.4% 10.2° 50.1° 
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Fig. 4. Fist model optimization 

 
 

Fig. 5. Head model optimization 

 

 

Fig. 6. Wolf model optimization 
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Fig. 7. Aphrodite model optimization 

6   Conclusion 

In this paper a solid technique for generating triangle meshes optimized for real-time 
rendering in virtual environments is proposed. The triangle face geometry is improved 
and the vertex connectivity is optimized, with the geometry shape and features well 
preserved. We prove the validity of this method by many examples.  
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