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Abstract. We propose a hybrid algorithm – (Parallel Search Algorithm) between 
PSO and simplex methods to approximate optimal solution for the Geometric 
Constraint problems. Locally, simplex is extended to reduce the number of in-
feasible solutions while solution quality is improved with an operation order 
search. Globally, PSO is employed to gain parallelization while solution diver-
sity is maintained. Performance results on Geometric Constraint problems show 
that Parallel Search Algorithm outperforms existing techniques. 
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1   Introduction 

Geometric Constraints Solving (GCS) are at the heart of computer aided engineering 
applications, and also arise in many geometric modeling contexts such as virtual real-
ity, robotics, molecular modeling, teaching geometry, and so on. There are several 
approaches to solving the geometric constraint problem: the symbolic approach [1], the 
propagation approach [2], the graph analysis approach [3] and the numerical approach 
[4]. In solver based on the purely numerical approach, the geometric constraints be-
tween the geometric objects are expressed in the form of polynomial equations. The 
constraint problem is translated directly into a set of nonlinear equation and is solving 
using any of the available methods for solving nonlinear equation. The method most 
widely used is the well-know Newton-Raphson, [5] iteration. So the constraint problem 
can be transformed to an optimization problem. 

The optimization methods are usually subdivided into local and global techniques. 
The former seek the local minimum of an objective function, without ensuring that the 
solution individuated is also a global minimum. The local techniques need an initial 
approximation; form which the algorithm, through an iterative procedure, finds the op-
timal solution evaluating a certain number of times the objective function. The global 
techniques do not require initial approximations, since they explore all the space of 
variables seeking the minimum of the objective function. But in these areas the algorithm 
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may get into the local best solution because of its poor local searching capability. The 
Ref. [6] shows that using local optimization alone will produce inferior solutions in the 
target neighborhood. A common solution to this is the hybridization of a local search 
technique with a global search which is capable of spanning the search across different 
neighborhoods. As a try, a new hybrid optimization algorithm is introduced that inte-
grates the global techniques- particle swarm optimization and the local techniques- sim-
plex method in this paper.   

Particle Swarm Optimization (PSO) is a population based optimization technique 
inspired by models of swarm and flock behavior [7]. It differs from other approaches by 
the inclusion of a solution velocity. Particles are connected both temporally and spa-
tially to other particles in the population by two accelerations: each particle is attracted 
to its previous best position, and to the global best position attained by the swarm, 
where ‘best’ is quantified by the value of a state function at that position [8]. All par-
ticles follow the same behavior, quickly converging to a good local optimum of the 
problem. However, if the solution for the problem does not lie on a path between 
original particle positions and such a local optimum, then this convergence behavior 
prevents effective search for the global optimum. It may be argued that many of the 
particles are wasting computational effort in seeking to move in the same direction 
(towards the local optimum already discovered), whereas better results may be  
obtained if various particles explore other possible search directions. 

As such, we apply the Particle Swarm Optimization Algorithm (by) as it has been 
shown [9] to produce good results due to its ability to explore the search space of 
candidate solutions in parallel. However using PSO alone typically gives slow con-
vergence to the best possible solution as it lacks local information to determine the most 
promising search direction. Hence, in this paper, we propose a PSO-guided global 
search technique to speed up the rate of convergence while having the ability to escape 
from the local optimum through an extended Simplex search [10]. The Simplex search 
approximately finds a locally optimal solution to a problem with N variables when the 
objective function varies smoothly, and generates a new position by extrapolating 
behaviour of the objective function measured at each test point arranged as a simplex, 
then chooses to replace one of these test points with the new test point and so the  
algorithm progresses. 

In the new algorithm, optimization is not solely done with PSOs due to their slow 
convergence in the final stages of the minimization. The purpose of the PSO is to 
perform an exploration for an approximative surface in the close vicinity of the real 
target. Thereafter a local search by the greedy algorithm will be more efficient (than the 
PSO) for the surface extraction. This new approach has been successfully applied to 
GCS and our experiments show the efficiency and robustness of our algorithm. 

2   The Uses of Parallel Search in Solving Geometric Constraint 

2.1   The PSO Algorithm  

The Particle Swarm Optimization algorithm is optimization algorithm base on popu-
lation, where the population is now called a swarm and each individual is called a 
particle [11], explores a multidimensional real number search space, each particle’s 
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position define a potential solution to problem. In PSO algorithms, a particle decides 
where to move next, considering its own experience, which is the memory of its best 
past position, and the experience of its most successful neighbour. So, there is a need to 
maintain and update the particle’s previous best position (pBest) and the best position in 
the neighbourhood (gBest). There is also a velocity (Vid) associated with each dimension, 
which is an increment to be made, in each iteration, to the dimension associated 
(equation 1), thus making the particle change its position in the search space. 

Assuming that the search space is D-dimensional, N is the size of the population, 
then with particle i represented Xi = (xi1, xi2, …, xid). Each particle Xi also maintains a 
memory of its previous best position, Pi = (pi1, pi2, …, pid)[12], the best previously 
visited position of the i-th particle is denoted as pBest, at each iteration, the P vector of 
the particle with the best fitness in the local neighborhood, designated gBest. The ve-
locity of the i-th particle is represented as Vi = (vi1, vi2, …, vid), and its new position will 
be assigned according to the following two equations: 
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k
idx is the location vector, rand(), Rand() are two random numbers within the range 

[0, 1], ω  is the inertia weight; c1, c2 is as the cognitive and social learning rate [13], 
trade- off the move direction of the global best particle had local best particle, while a 
small one, the particle may be far away from the goal area, while a big one, may be lead 
to sharp move to the solution space, even move over, suitable c1, c2 can avoid getting in 
local best solution. Usually, gives: c1 = c2 = 2 [14], algorithm can be written as follow: 

step1. For each particle Initialise particle 
step2. For each particle calculate the fitness value 

If the fitness value is better than the best fitness 
value (pBest) in history 
Set current value as the new pBest 

step3. Choose the particle with the best fitness value of all the particles as the gBest 
For each particle 
Calculate particle velocity according Eq. 1 
Update particle position according Eq. 2 

while maximum iterations or minimum error criteria are not attained. 

2.2   Simplex Optimization Algorithm  

The Simplex Method is a zero-order deterministic method. It is suitable for the opti-
mization of multi-dimensional object functions (OF). It is robust, but the convergence 
is quite slow in comparison with other methods of the same kind. A simplex is the 
simplest geometrical entity - with a finite volume - built by means of n+1 points, in the 
n-dimensional space. According to the method, reflections, contractions, expansions 
and reductions are performed, aiming to replace the vertex where the function has the 
higher value (in minimisation problems) with a more favourable one [15].  
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The simplest step is to replace the worst point with a point reflectedt through the 
remaining N points considered as a plane. If this point is better than the best current 
point, then we can try stretching exponentially out along this line. On the other hand, if 
this new point isn't much better than the previous value then we are stepping across a 
valley, so we shrink the simplex towards the best point. 

Through a sequence of elementary geometric transformations, the initial simplex 
moves, expands, or contracts towards the minimum. At each step, the worst vertex with 

highest cost )(maxargmax xfx
sx∈

=  is replaced by one with smaller function value. 

At the beginning of each iteration, the worst vertex xmax is selected and the centroid 
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0 max )(1  is computed. Then depending on f(xr), we perform the 

following operations to obtain the new vertex xnew which replaces xmax [16]. 

• reflections  xr=(1+α)xmax-αxn 
• expansions  xe=(1-γ) xmax +γ xn  
• contractions  xc=(1-β) xmax+β xn 

2.3   The Uses of Parallel Search in Solving Geometric Constraint 

Generally, a geometric constraint problem can be first translated into a system of 
equations: 
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Then the problem is how to solve this system of equations F(X) = 0; where F= (f1; 
f2;…; fm)T : Rn →Rm is the equation vector and X=(x1; x2;…; xn)

T is the vector of un-
known variables. This system of equations can be solved iteratively by the New-
ton–Raphson method [17]. The iteration formula is Xk+1= Xk － J(Xk)

-1F(Xk), where 
J(Xk)is the Jacobi matrix of F(X)at point Xk. 

Unlike the other numerical methods, the optimization approach solves the system of 
equations F(X) by converting it into finding X at which the sum is minimal. 
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1
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It is obvious that F(X) = 0 has a real solution X* if and only if min F(X) is 0. The 
problem of solving a system of equations is thus converted into the problem of finding 
the minimum of a real multi-variate function. The problem now can be solved by 
various well-developed numerical optimization methods [18, 19, 20]. 

Since PSO methods are often trapped in local optima, we incorporated particle fil-
tering framework with the simplex search. We choose the pipelining hybrid approach 
for our hybrid model [21], applies local and global search sequentially, where one 
creates data for the other, as the optimal result produced by Simplex will depend highly 
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on the data, PSO will serve as a global search for the data, while the Simplex optimizes 
the given data efficiently. In this model, Simplex is applied to improve the local con-
vergence of individuals in the population, followed by pbest recombination to remove 
the local optima. 

The process of PS in the geometric constraint solving is described as follow:  

step1.  Initialize the colony; 
step2. Carry out iteration by the PSO, search the best individual pbest. If after some 

generations the best individual has not appeared, then turn to step 3. 
step3.  If after some steps search by simplex algorithm there is no better points than 

gbest, then stop; otherwise assuming to find a point p whose OF’s is better than 
pbest, then produce a colony including p, return step 2. 

step3 as follow: 
Let q0 be a starting point in simplex algorithm parameter space and let λi; i =1, . . . , n 

be a set of scales. Let ei; i=1, . . . , n be n orthogonal unit vectors in n-dimensional 
parameter space, let p0; . . . ; pn be (n+1) ordered points in n-dimensional parameter 
space such that their corresponding function values satisfy f0 ≤f1 ≤, . . .,≤fn, let 

nppbest
n

i i /
1
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=  be the centroid of the n best (smallest) points, let [pipj] be the 

n-dimensional Euclidean distance from pi to pj, let α, β, γ and σ, be the reflection, 
contraction, expansion, and shrinkage coefficient, respectively, and let T be the 
threshold for the stopping criterion. We use the standard choice for the coefficients: 
α=1, β=0.5, γ=2, σ=0.5, T=10-6. 

3.1 given q0 and λi, form the initial simplex as qi=q0+λiei, i=1,…, n, 
3.2 relabel the n+1 vertices as p0,…, pn with f(p0) ≤ f(p1) ≤…≤ f(pn), 
3.3 get a reflection point pr of pn by pr=(1+α)pbest-αpn where α=[prpbest]/[pnpbest] 

3.4.1 if f(pr) ≤f(p0), replace pn by pr and f(pn) by f(pr), get an expansion point  
      pe of pn by pe=(1-γ)pbest+γpn where γ=[pepbest]/[pnpbest]>1 
      If f(pe)<f(pn), replace pn by pe and f(pn) by f(pe). Go to step 3.5 

3.4.2 else if f(pr) ≥ f(pn-1), if f(pr) < f(pn) replace pn by pr and f(pn) by f(pr), 
      get a contraction point pc of pn by pc=(1-β) pbest+β pn, β=[pcpbest]/[pnpbest]<1 
      If f(pc) ≥ f(pn), shrink the simplex around the best vertex p0 by pi=(pi+p0) σ, 
      I≠0, else replace pn by pc and f(pn) by f(pc), go to step 3.5 

3.4.3 else replace pn by pr and f(pn) by f(pr) 

3.5 if Tnpfpf best

n

i i <−∑ =
)/)()(( 2

0
, stop else go to step 3.2 

Simplex search optimization algorithms are local optimization algorithms. Thus, for 
each (different) starting point, the optimization algorithm could converge to a different 
optimal solution. We constrain the parameter values to lie within a reasonable range 
and randomly choose six starting locations within this range. 

3   Application Instance 

The Fig. 1(b) is an auto-produce graph after some sizes of the Fig. 1(a) are modified by 
geometric constraints solver. From the above figures we can find out that once a user 
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defines a series of relations, the system will satisfy the constraints by selecting proper 
state after the parameters are modified. 

  

(a) (b) 

Fig. 1. (a) Design Instance (b) Solving Result 

3.1   CPU Time Comparison 

For purpose of comparison a set of algorithm were tested including PS, PSO, Simplex 
method solves this case. The population-based algorithms used a population of 64 
members. To allow direct comparison, in a given test case the same set of start points 
were used for each algorithm. Table 1 shows the same number of vars for each algo-
rithm on test case, and the time required obtaining that result. The time results shown 
for PS, PSO and SM are the generation counts at which the minimum result was ob-
tained, not the count for termination, which was fixed. For test case, the fastest time 
obtained by any algorithm, are highlighted. 

Table 1. CPU time comparison of SP, PSO and SM 

Algorithm 1 2 3 
 Num  

of  
vars 

Temporal/D Num 
of  

vars 

Temporal/D Num 
of  

vars 

Temporal/D 

PS 10 10 8 12 5 5 
PSO 10 14 8 19 5 16 
SM 10 37 8 39 5 26 

 
It may be noted form Table 1 that time effectively found the global minimum in this 

case; new algorithm achieved this result faster than other algorithm. It achieved results 
as good as, or better, than all over algorithms, and its rate of convergence was highly 
competitive. 
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3.2   Success Rate Comparison 

This experiment compares the efficiency of the PS algorithm to locate the known 
global optimum for GCS problem. We use PSO and SM as our basis for comparison, 
population initialization is done for 80 individuals. Our results are obtained using PS, 
PSO and SM. As seen in Table 2, PS has obtained the known global optima, a new 
global optima undiscovered by SM. Two other points are worth noting. Firstly, the low 
number of average generations required for PS can be explained by the fact that the 
PSO is to perform an exploration for an approximative surface. In comparison with PS, 
PSO produces inferior results. Hence, SM is more efficient (than the PSO) for the 
surface extraction. Secondly, a higher success rate is observed for PS. When PSO fails 
to produce an optimal solution, PS is able to complement this by location the opti-
mum’s basin through a global swarm search. Unlike PSO, it is less likely to be trapped 
in local optima, thus showing the efficiency of our simplex-based hybrid structure. 

Table 2. Result of comparison efficiency in locating global optima 

Algorithm Mbest Marg Rs Gavg 
PS 14 14 100 0.10 

PSO 11 11.3 70 6.71 
SM 12 13.8 0 0.00 

Mbest : best makespan obtained          Marg : average makespan obtained  
Rs : success of obtaining optimum(%)    Gavg : average generation to reach optimum 

 
The results show that the proposed algorithm is significantly higher than that ob-

tained using the PSO on the convergence speed and ability of searching for approxi-
mate global optimal solution for solving geometric constraint problem. 

4   Conclusions 

The aim of the reaserch activity was the application of local and global optimisation 
techniques both of the deterministic and the stochastic type to solve geometric constraint 
problem. In this paper, we presented a simple new Evolutionary Programming algorithm 
called Parallel Search for globalized PSO-based evolution with localized Simplex 
search. It combines by improvement of the latter with simplex search and removal of 
local optima through the parallelism of PSO. While PSO is insufficient alone to locate 
the global optima, a hybrid of the above methods demonstrates synergism. 

In this paper we have described a simple new Evolutionary Programming algorithm 
that utilizes concepts of PS. Tested on GCS problem, against PSO and SM, it has been 
demonstrated to exhibit superior performance. Examination of the results from the 
numerical experiments demonstrates population-based method PS and PSO, are com-
petitive against simplex method. Within the population-based methods, PS outper-
formed the PSO in finding the global minimum on geometric constraint problems. 

Acknowledgements. This research has been supported by National Nature Science 
Foundation of China. (Authorizing number: 60573182). 
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