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Abstract. To preserve appearance attributes in a 3D model, a novel mesh sim-
plification is proposed in this work based on the Quadric Error Metric (QEM). 
We make use of half-edge collapse method for mesh simplification and modify 
the QEM to solve the break between different texture coordinates. After analyz-
ing several cases of the collapsing operation, a new formula on the cost of edge 
contraction is obtained to eliminate aberrances. Experimental results demon-
strate that compared with other state-of-the-art techniques our algorithm can 
achieve satisfactory efficiency with desirable geometry and feature-preserving.  
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1   Introduction 

With booming of the Internet, 3D graphic visualization data composed by triangular 
meshes become one of the key media of network-based applications [1]. Due to the 
flexibility of geometric modeling operation and high rendering speed, triangular 
meshes are widely used for surface representation. Consequently, how to store, 
transmit and render large volumes of graphics data efficiently has become one of the 
most critical issues. Level-of-detail (LoD) techniques were introduced to solve this 
problem by decreasing object complexity and create a series of multi-resolution mod-
els for rendering [2]. Up to the present, lots of mesh simplification algorithms for 
LoD approximation have been developed. [3] shows an extensive review and com-
parison of these techniques. 

Recently, edge collapse, the basis of many mesh compression algorithms [4-6], has 
become one of the most popular operations for simplifying models by iteratively 
contracting edges. However, as a simplified version of edge collapse, half-edge col-
lapse operation can achieve similar results as other vertex placement schemes with no 
new points generated [7], contributing to saving storage, reducing bandwidth from 
RAM to GPU, and accelerating compression. So we choose it as the topological op-
erator in this work and write a pair contraction as vs  vt (vs is the starting point and vt 
is the terminal point). 

However, a common issue for edge collapse and half-edge collapse is how to choose 
the collapsing edge. When Hoppe first introduced the concept of Progressive Mesh 
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(PM) [4] to represent triangular meshes based on edge collapsing and vertex splitting 
transformations, he minimized an energy function [8] for the selection. Progressive 
Meshes always generate accurate results, but as the expensive optimization procedure 
and the global error metric used in PM require much long time for contraction, it is 
unsuitable for practical applications. 
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Fig. 1. Half-edge collapsing operation Fig. 2. Six faces constituting the emerald model 

 
The Quadric Error Metric (QEM) [5] proposed by Garland and Heckbert is a sur-

face simplification algorithm which can produce high quality approximations of po-
lygonal models at a high speed. The method makes use of matrix and achieves a 
trade-off between fidelity and efficiency. Kobbelt et al. [7] advanced a greedy algo-
rithm based on QEM, which is one of the fastest mesh simplification methods for all 
algorithms developed so far. Even though QEM is a local error control method, the 
simplified meshes are usually as accurate as those produced by other global error 
control algorithms [1]. 

In practice, besides geometric features, meshes also hold material properties such 
as color values, normals and texture coordinates. In [9] Garland improved QEM to 
accommodate mesh decimation to preserve appearance attributes. Subsequently, 
Hoppe proposed a method based on QEM to deal with material properties which 
saves more storage [10]. However, both are based on the precondition that the values 
of material properties vary continuously over the surface. Yet it is not always the 
case. In this work, we develop a new mesh simplification algorithm based on QEM 
framework aiming at preserving textural discontinuities. A priority queue of the can-
didate edges keyed on the collapse cost is created to determine the quality of the ap-
proximations, and the essential issue is how to compute the costs. Beforehand we 
define a sharp edge [11] between discontinuity texture coordinates as a textural seam 
with the points on it as seam-points whilst the others as internal points. We formulate 
the cost of contraction and define the values of penalties for feature-preserving. Ex-
perimental results showed that for models with textural seams, our method can 
achieve a comparable efficiency with QEM and even a better result than PM. 

2   Feature-Preserving Process 

As the quality of the resulting model mainly depends on the collapse cost, different 
methods have been developed to find a good formula to compute it. But hardly can 
they achieve an ideal result in the case of meshes with textural seams as the Emerald 
model with six faces in Fig. 2. We have found a method based on iterative edge  
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contraction and the Quadric Error Metric to decimate the Emerald model at different 
levels of detail and preserve its discrete properties. 

2.1   Overview of QEM 

A triangle can define a plane: nT v+ d = 0, where n = [a b c]T is the unit normal vector 
of the plane with a2 + b2 + c2 = 1. A given plane’s error quadric defined in the QEM 
scheme 8 is Q = (A, b, c) = (nnT, dn, d2). 

Then the square distance from any point v to the plane can be represented by the 
error quadric Q(v) = D2(v) = vTAv + 2bTv + c. 

After pair contraction, the quadric of the new point is the sum of two old vertices’ 
quadrics 8. As half-edge collapse doesn’t generate new point, it can be inferred that if 
Q(vs ) > Q(vt), the result point is vt, otherwise it is vs. The cost of contraction is 
Cost(vs, vt) = (Qs + Qt)vt. 

2.2   Analysis of Discrete Properties 

As a vertex may have different attributes in different triangles, [12] proposed an in-
termediate abstraction called wedge to represent a set of vertex-adjacent corners 
whose attributes are the same. A vertex of the mesh is partitioned into a set of one or 
more wedges, and per wedge contains one or more face corners. 

For meshes with textural seams, texture coordinates of internal points are continuous, 
and each of them corresponds to only one wedge. But a seam-point is probably parti-
tioned into two or more wedges. After decimation, the potential changes in texture coor-
dinate of a vertex will incur the appearance distortion. As a result, Garland 10 and Hoppe 
4 took the appearance attributes into account when computing the contracting cost. 

Most applications revealed that if two points of a collapsing pair (vs, vt) are internal 
points, appearance distortion caused by contraction is less distinct than geometric 
errors. It is advised to follow the traditional QEM algorithm for this occasion, i.e. the 
appearance attributes won’t be taken into account. 

 

Fig. 3. Textural distribution of original Emerald model and modified Emerald model 

Other than that occasion, we conclude three cases according to the type of vs and vt. 
Case 1: vs is a seam-point and vt is an internal point (see Fig. 3(a)) with two seams 

(vl, vs) and (vs, vr). After a half-edge collapse operation, vs is collapsed to vt and two 
incident triangles (vl, vs, vt) and (vs, vr, vt) vanish. However, the modified model in 
Fig. 3(b) leads to explicit textural distortion. 

If we release the restriction of half-edge collapse and introduce new wedges (in this 
instance, the texture coordinate of vt is replaced by that of vs), the texture is preserved 
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yet with seams disappearing (see Fig. 3(c)). It shall cause errors if the seams are sur-
face boundaries. 

Hereby, this kind of vertex pair should be collapsed as late as possible. So the basic 
QEM formula is rewritten: 
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where Dist(vs, vt) = (Qs +Qt) vt. The penalty α Dist(vs, vt) to postpone this kind of col-
lapse operations. 

Case 2: vs is an internal point and vt is a seam-point. After collapsing, the seam-
point is fixed. In this case, we must find a proper wedge for replacement to eliminate 
distortion. According to the geometric structure, the wedges of v3, vt and vs are con-
tinuous as they share one triangle (see Fig. 4(a)). So w0 is continuous to ws and can be 
chosen to replace ws. 

 

Fig. 4. (a) Half-edge collapsing from an internal point to a seam point; (b) Half-edge collapsing 
from a seam point to a seam point; (c) vs and vt on two different seams (d) Half-edge collapsing 
from a crossing point to a seam point 

Case 3: Both vs and vt are seam-points. This occasion is much more complex so we 
classify it into four sub-cases. 

In the first sub-case, the two vertices are exactly on the same seam as shown in 
Fig.4(b), and the primary issue, the same as Case 2, is how to choose a proper wedge 
for replacement. From Fig. 4(b), we know that w0 and w2 are continuous, while w1 and 
w3 are continuous. Then w2 will replace w0 and w3 will replace w1. 

In the second sub-case, vs and vt are on two different seams yet edge (vs, vt) isn’t a 
seam (see Fig.4(c)). As no proper wedge could be found to replace w0 in triangle  
(vs, va, vc), textural feature of seam va - vs - vb may be distorted. So we evaluate a 
higher cost for this kind of collapsing edges and amend Formula (1) as: 
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and β Dist(vs, vt). 
As for the third sub-case, we firstly define a vertex on two or more different seams 

as a crossing point. In Fig. 4(d), vs is a crossing point on two seam: vb - vs - vt and va - 
vs - vr. vs are partitioned into four different wedges as w0, w1, w2 and w3, while vt holds 
two wedges as w4 and w5. Among these wedges, there are two continuous pair (w2, 
w4) and (w3, w5). After collapsing operation, w2 is replaced by w4. Since w3 is unaf-
fected, it won’t be processed. However, suitable wedges cannot be found to replace w0 
and w1 in the removed triangles (va, vb, vs) and (vb, vr, vs) possibly leading to textural 
aberrance. So we alter the Formula (2) to back off these illegal operations: 
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Just as α and β, γ Dist(vs, vt). 
The forth sub-case is similar to the third one with the terminal point being a cross-

ing point. Still referring to Fig. 4(d), w4 and w5 in the affected triangles can be prop-
erly replaced by w2 and w3 respectively. Then the corresponding cost is the same as 
that of collapsing an internal-point pair. 

2.3   Values of Penalties 

From the conclusion in last section, we know that α, β and γ must be large enough so 
that the costs of collapse edges yielding material distortion are larger than those of 
others. Consequently we will specify value for each penalty. 

Firstly we discuss the value of α in Formula (1). It can be easily concluded that 
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where HEC(Mn) is a set of all the legal edges in Mn. Dist(vi, vj) is the basic geometric 
error whose expression is  
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Tri(v) is a set of all the incident triangles of v, Area(t) is the area of triangle t acting 
as a weigh for Dist(v, t) - the distance from vertex v to triangle t. Experiences indicate 
that by and large, Dist(vi, vj) is smaller than double value of Dist(vs, vt). Therefore we 
simplify the rule as Cost(vs ,vt)≥2*Dist(vs ,vt). 

As IsSeam(vs, vt ) = 1 brings on Cost(vs, vt ) = Dist(vs, vt) + α., we can be obtained 
α≥Dist(vs ,vt). 
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Suppose l, w and h are length, width and height respectively of the bounding box 
of a grid, it is clearly that the distance of any two points on a grid won't be larger than 

the root of l2 + w2 + h2. Defining 2 2 2Max l w h= + + , we modify the formula as: 
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where TriArea= Area( )
( )

t
t Tri Vs

∑
∈

.  

Since α (= (TriArea( )+TriArea( ))MaxDist v vs ti ) is much larger than Dist(vs, vt), then 

Cost(vs, vt)≥2*Dist(vs, vt)≥Dist(vi, vj) ((vi, vj) represents a majority of vertex pairs). 
This restriction can only assure that the value of Cost(vs, vt) can be larger than most 

elements in HEC(Mn) but not the whole set, as (vi, vj) isn’t any two points on triangu-
lar meshes but merely represents a majority of edges. There may exist some collapse 
operations that won’t cause appearance distortion though their decimation costs are 
larger than Cost(vs, vt). However we must evaluate a high cost for them since those 
operations can give rise to geometric errors to worsen visual quality. The experimen-
tal results proved it as well. 

β is added to back off the collapse operations between two seam-points. The result-
ing geometric errors are similar to those caused by the operations from a seam-point to 
an internal point, so we can simply define β=α. The value of γ should be higher as 2α 
because appearance attributes of a crossing point are more distinct than those of others. 

The final formula of the cost is: 
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(5) 

where (TriArea( )+TriArea( ))MaxDist v vs tα = i . The value of MaxDist is pre-calculated 

as it depends on the bounding box of a gird. For the arbitrary model, TriArea(v) is the 
total area of all the incident triangles of v. After a collapse operation, all the triangles 
meeting at vs are integrated into the entire set of triangles of vt: 

TriArea( )_ =TriArea( )+TriArea( )_v new v v oldt s t . 

3   Implementation 

The inputs of the algorithm are VertexData and IndexData: the former is a sequence 
of wedges denoting the attributes of per vertex in a grid model; the latter consists of 
wedges’ indices for each triangle.  
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We introduce three temporary data structure: PMVertex, PMWedge and PMTrian-
gle to simplify the implementation of the algorithm. 

PMVertex contains attributes of a vertex (see in Fig. 5). cost and to are the key 
properties of the preferred collapsing edge with the lowest cost among all candidates. 

 

Fig. 5. Structure of PMVertex 

PMWedge indicates a wedge represented as (realIndex, vertex), where realIndex is 
the index of current wedge and vertex is a PMVertex to memorize the corresponding 
vertex. 

PMTriangle is a triangle with a triplet of wedges: (w0, w1, w2). Its elements are 
three wedges of a triangle anti-clockwise. 

Before the main algorithm is executed, VertexData and IndexData will be con-
verted to temporary structures at first which means that the actual inputs are three 
sequences of PMVertex, PMWedge and PMTriangle as vertices, wedges and triangles. 

In each iterative process, we first select the vertex u with lowest cost from the ver-
tices, and collapse from u to u.to. The iterative procedure will be continued until the 
required resolution is reached. To simplify the selecting operation, we adopt the func-
tion in 11 to place all the vertex pairs in a heap keyed on cost with the minimum cost 
pair at the top. Time complexity will decrease from O(n) from O(lgn). 

The collapsing operation {u  v} is abstracted to seven steps:1. save neighbors of 
u as affected PMVertex for recomputing; 2. classify the relevant triangles of u into 
two sets: removal–the triangles to be removed; replacement–the triangles to be re-
placed; 3. find a proper substitute for the replacement’s wedge; 4. remove the removal 
set and delete the vertices of those triangles from their neighborhood; 5. substitute the 
PMWedges in replacement; 6. update quadrics and areas of incident triangles of u by 
adding them into those of v respectively; 7. recompute collapse cost for the affected 
PMVertex and update the heap. The modified Triangles can be regarded as the output. 
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4   Experimental Results 

To verify the efficiency of the proposed simplification algorithm, we apply it to sev-
eral ore models, and make a comparison with the PM operation and the original QEM 
algorithm. We performed the algorithm on an Intel Pentium IV with 2.94 GHz proc-
essor and 1 GB of memory. 

The performances that we have obtained when building our multi-resolution struc-
ture from the full resolution mesh are presented in Table 1. Obviously our method is 
much more rapid than the PM operation. In [3] it reached a conclusion that QEM 
keeps ahead in speed compared with other algorithms, and as our method’s speed is 
not far slower than it, it can be verified that the speed of the proposed algorithm is 
moderately outstanding. 

Table 1. Multi-resolution construction time 

Running Time (millisecond) Mesh Vertex Triangles 
Our method PM QEM 

Emerald 2502 5000 66 754 31 
Agate 25002 50000 793 7484 496 
Cyrtospirifer 
rudkiensis 

30861 61718 952 9210 629 

 
Compared the results obtained by our simplification algorithm with those gener-

ated by the other two techniques, we can assess the quality of the modified meshes. 
The comparison has been done using the publicly available Metro tool [13], which 
measures surface deviation and is thus biased towards simplification algorithms 
which use that criterion to guide compression. Fig. 6 summarizes the results derived 
from the Emerald model. Our method obtains results comparable to those of PM and  
 

 

Fig. 6. Maximum and mean geometric error of Emerald 
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even better than PM for the mean error. As we processed the textural seams of the 
model, distinct errors are likely to be generated on these sharp edges. On the contrary, 
the PM algorithm left these edges unsettled. Then in the max errors of our method 
larger than those of PM. [3] has verified that the precision of QEM is impressive in 
the case with meshes without open boundaries. As the ore models are just without 
open boundaries, QEM surely achieves more accurate results. 

Fig. 7 compares textural errors obtained on the Emerald model by our algorithm 
and the PM operation. Only from several certain angles with the resolution from 2000 
to 500, our method produced more textural errors than that of PM. It is also because 
that only our method processed the textural seams. Thus from some angles the ex-
posed seams lead to larger errors. For other cases especially ranging from 500 trian-
gles to 12 triangles, our method achieved an apparently higher fidelity. 

The visual quality of the approximations is illustrated in Fig. 8. The original mod-
els on the left have full resolution with 5000, 50000 and 61718 triangles respectively. 
The modified models to the right have 1000 and 150 triangles respectively. 

  

Fig. 7. Mean textural error Fig. 8. Sequence of approximations of the 
Emerald, Agate and Cyrtospirifer rud-
kiensis 

5   Conclusion and Future Work 

The general algorithm outlined so far can produce high fidelity approximations in 
relatively short amounts of time. We take QEM as the measurement to maintain the 
efficiency. Proper penalties are imposed on the computation on the cost of edge con-
traction to postpone distortion on material properties. Visual errors thereby can be 
avoided. Moreover, rendering system can deal with the input data structure directly 
for speeding-up as the proposed algorithm is based on half-edge collapsing operation 
without new vertex created. 

However, according to the experimental results it will take more than one second 
to simplify a meshes model with initially 60,000 faces, which cannot meet the re-
quirement of many applications. As mesh simplification is a one-off process, we can 
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record the relevant information throughout the algorithm, and make use of it to re-
build all the multi-resolution models during real-time rendering. In our future work, 
we will introduce a data structure to store multi-resolution models and develop an 
algorithm to rebuild those polygonal models from the data structure inversely. 
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