Image Inpainting by Cooling and Heating
David Gustavsson1 , Kim S. Pedersen2 , and Mads Nielsen2
1
IT University of Copenhagen
Rued Langgaards Vej 7, DK-2300 Copenhagen S,Denmark
davidgsson@itu.dk
2
DIKU, University of Copenhagen
Universitetsparken 1, DK-2100 Copenhagen Ø, Denmark
{kimstp,madsn}@diku.dk

Abstract. We discuss a method suitable for inpainting both large scale
geometric structures and stochastic texture components. We use the wellknown FRAME model for inpainting. We introduce a temperature term
in the learnt FRAME Gibbs distribution. By using a fast cooling scheme
a MAP-like solution is found that can reconstruct the geometric structure. In a second step a heating scheme is used that reconstruct the
stochastic texture. Both steps in the reconstruction process are necessary, and contribute in two very diﬀerent ways to the appearance of the
reconstruction.
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1

Introduction

Image inpainting concerns the problem of reconstruction of the image contents
inside a region Ω with unknown or damaged contents. We assume that Ω is a
subset of the image domain D ⊆ IR2 , Ω ⊂ D and we will for this paper assume
that D form a discrete lattice. The reconstruction is based on the available surrounding image content. Some algorithms have reported excellent performance
for pure geometric structures (see e.g. [1] for a review of such methods), while
others have reported excellent performance for pure textures (e.g. [2,3,4]), but
only few methods [5] achieve good results on both types of structures.
The variational approaches have been shown to be very successful for geometric structures but have a tendency to produce a too smooth solution without
ﬁne scale texture (See [1] for a review). Bertalmio et al [5] propose a combined
method in which the image is decomposed into a structure part and a texture
part, and diﬀerent methods are used for ﬁlling the diﬀerent parts. The structure part is reconstructed using a variational method and the texture part is
reconstructed by image patch pasting.
Synthesis of a texture and inpainting of a texture seem to be, more or less,
identical problems, however they are not. In [6] we propose a two step method
for inpainting based on Zhu, Wu and Mumford’s stochastic FRAME model (Filters, Random ﬁelds and Maximum Entropy) [7,8]. Using FRAME naively for
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inpainting does not produce good results and more sophisticated strategies are
needed and in [6] we propose such a strategy. By adding a temperature term T
to the learnt Gibbs distribution and sampling from it using two diﬀerent temperatures, both the geometric and the texture component can be reconstructed. In
a ﬁrst step, the geometric structure is reconstructed by sampling using a cooled
- i.e. using a small ﬁxed T - distribution. In a second step, the stochastic texture
component is added by sampling from a heated - i.e. using a large ﬁxed T distribution.
Ideally we want to use the MAP solution of the FRAME model to reconstruct geometric structure of the damaged region Ω. In [6] we use a ﬁxed low
temperature to ﬁnd a MAP-Like solution in order to reconstruct the geometric
structure. To ﬁnd the exact MAP-solution one must use the time consuming simulated annealing approach such as described by Geman and Geman [9]. However
to reconstruct the missing contents of the region Ω, the true MAP solution may
not be needed. Instead a solution which is close to the MAP solution may provide
visually good enough results. In this paper we propose a fast cooling scheme that
reconstruct the geometric structure and approaches the MAP solution. Another
approach is to use the solution produced by the Iterated Conditional Modes
(ICM) algorithm (see e.g. [10]) for reconstruction of the geometric structure.
Finding the ICM solution is much faster than our fast cooling scheme, however
it often fails to reconstruct the geometric structure. This is among other things
caused by the ICM solutions strong dependence on the initialisation of the algorithm. We compare experimentally the fast cooling solution with the ICM
solution.
To reconstruct the stochastic texture component the Gibbs distribution is
heated. By heating the Gibbs distribution more stochastic texture structures
will be reconstructed without destroying the geometric structure that was reconstructed in the cooling step. In [6] we use a ﬁxed temperature to ﬁnd a
solution including the texture component. Here we introduce a gradual heating
scheme.
The paper has the following structure. In section 2 FRAME is reviewed, in
section 2.1 ﬁlter selection is discussed and in section 2.2 we explain how FRAME
is used for reconstruction. Inpainting using FRAME is treated in section 3. In
section 3.1 a temperature term is added to the Gibbs distribution, the ICM
solution and fast cooling solution is discussed in sections 3.2 and 3.3. Adding
the texture component by heating the distribution is discussed in section 3.4.
In section 4 experimental results are presented and in section 5 conclusion are
drawn and future work is discussed.

2

Review of FRAME

FRAME is a well known method for analysing and reproducing textures [8,7].
FRAME can also be thought of as a general image model under the assumptions that the image distribution is stationary. FRAME constructs a probability
distribution p(I) for a texture from observed sample images.
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Given a set of ﬁlters F α (I) one computes the histogram of the ﬁlter responses
H with respect to the ﬁlter α. The ﬁlter histograms are estimates of marginal
distributions of the full probability distribution p(I). Given the marginal distributions for the sample images one wants to ﬁnd all distributions that have
the same expected marginal distributions, and among those ﬁnd the distribution
with maximum entropy, i.e. by applying the maximum entropy principle. This
distribution is the least committed distribution fulﬁlling the constraints given
by the marginal distributions. This is a constrained optimisation problem that
can be solved using Lagrange multipliers. The solution is
α

p(I) =


1
α
exp{−
λα
i Hi }
Z(Λ)
α
i

(1)

Here i is the number of histogram bins in H α for the ﬁlter α and Λ = {λα
i } are
the Lagrange multipliers which gives information on how the diﬀerent values for
the ﬁlter α should be distributed. The relation between λα :s for diﬀerent ﬁlters
F α gives information on how the ﬁlters are weighted relative to each other.
An Algorithm for ﬁnding the distribution and Λ can be found in [7]. FRAME
is a generative model and given the distribution p(I) for a texture it can be used
for inference (analysis) and synthesis.
2.1

The Choice of Filter Bank

We have used three types of ﬁlters in our experiments: The delta ﬁlter, the
power of Gabor ﬁlters and Scale Space derivative ﬁlters. The delta, Scale Space
derivative and Gabor ﬁlters are linear ﬁlters, hence F α (I) = I ∗ F α , where ∗
denotes convolution. The power of the Gabor ﬁlter is the squared magnitude
applied to the linear Gabor ﬁlter.
The Filters F α are:
– Delta ﬁlter - given by the Dirac delta δ(x) which simply returns the intensity
at the ﬁlter position.
– the power of Gabor ﬁlters - deﬁned by | I ∗ Gσ e−iωx |2 , where i2 = −1. Here
5π 3π 7π
we use 8 orientations, ω = 0, π4 , π2 , 3π
4 , π, 4 , 2 , 4 and 2 scales σ = 1, 4, in
total 16 Gabor ﬁlters have been used.
σ
– Scale space derivatives - using 3 scales σ = 0.1, 1, 3 and 6 derivatives Gσ , ∂G
∂x ,
∂Gσ ∂ 2 Gσ ∂ 2 Gσ ∂ 2 Gσ
∂y , ∂x2 , ∂y 2 , ∂x∂y .
For both the Gabor and scale space derivative ﬁlters the Gaussian aperture
function Gσ with standard deviation σ deﬁning the spatial scale is used,
 2

1
x + y2
Gσ (x, y) =
exp
−
.
2πσ 2
2σ 2
Which and how many ﬁlters should be used have a large inﬂuence on the
type of image that can be modelled. The ﬁlters must catch the important visual
appearance of the image at diﬀerent scales. The support of the ﬁlters determines
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a Markov neighbourhood. Small ﬁlters add ﬁne scale properties of the image,
while large ﬁlters add coarse scale properties of the image. Hence to model
properties at diﬀerent scales, diﬀerent ﬁlter sizes must be used. The drawback
of using large ﬁlters is that the computation time increases with the ﬁlter size.
On the other hand large ﬁlters must be used to catch coarse scale dependencies
in the image.
Gabor ﬁlters are orientation sensitive and have been used for analysing textures in a number of papers and are in general suitable for textures (e.g. [11,12]).
By carefully selecting the orientation ω and the scale σ, structures with diﬀerent
orientations and scales will be captured.
It is well known from scale space theory that scale space derivative ﬁlters
capture structures at diﬀerent scales. By increasing σ in the Gaussian kernel,
ﬁner details are suppressed, while coarse structures are enhanced. By using the
full scale-space both ﬁne and coarse scale structures will be captured [13].
2.2

Sampling

Once the distribution p(I) is learnt, it is possible to use a Gibbs sampler to
synthesise images from p(I). I is initialised randomly (or in some other way
based on prior knowledge). Then a site (x, y)i ∈ D is randomly picked and
the intensity Ii = I((x, y)i ) at (x, y)i is updated according to the conditional
distribution [14,10]
(2)
p(Ii |I−i )
where the notation I−i denotes the set of intensities at the set of sites {(x, y)−i } =
D\(x, y)i . Hence p(Ii |I−i ) is the probability for the diﬀerent intensities in site
(x, y)i given the intensities in the rest of the image. Because of the equivalence
between Gibbs distributions and Markov Random Fields given a neighbourhood
system N (the Hammersley-Cliﬀord theorem, see e.g. [10]), we can make the
simpliﬁcation
(3)
p(Ii |I−i ) = p(Ii |INi )
where Ni ⊂ D\(x, y)i is the neighbourhood of (x, y)i . In the FRAME model,
the neighbourhood system N is deﬁned by the extend of the ﬁlters F α .
By sampling from the conditional distribution in (3), I will be a sample from
the distribution p(I).

3

Using FRAME for Inpainting

We can use FRAME for inpainting by ﬁrst constructing a model p(I) of the
image, e.g. by learning from the non-damaged part of the image, D\Ω. We then
use the learnt model p(I) to sample new content inside the damaged region Ω.
This is done by only updating sites in Ω. A site (x, y)i ∈ Ω is randomly picked
and updated by sampling from the conditional distribution given in (3). If the
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site (x, y)i is close (in terms of ﬁlter size) to the boundary ∂Ω of the damaged
region, then the ﬁlters get support from both sites inside and outside Ω. The sites
outside Ω are known and ﬁxed, and are boundary conditions for the inpainting.
We therefore include a small band region around Ω in the computation of the
histograms H α . Another option would have been to use the whole image I to
compute the histogram H α , however this has the downside that the eﬀect of
updates inside Ω on the histograms are dependent on the the relative size ratio
between ω and D, causing a slow convergence rate for small Ω.
3.1

Adding a Temperature Term β =

1
T

Sampling from the distribution p(I) using a Gibbs sampler does not easily enforce
the large scale geometric structure in the image. By using the Gibbs sampler one
will get a sample from the distribution, this includes both the stochastic and the
geometric structure of the image, however the stochastic structure will dominate
the result.
Adding an inverse temperature term β = T1 to the distribution gives
p(I) =


1
α
exp{−β
λα
i Hi } .
Z(Λ)
α
i

(4)

In [6] we proposed a two step method to reconstruct both the geometric and
stochastic part of the missing region Ω:
1. Cooling: By sampling from (4) using a ﬁxed small temperature T value,
structures with high probability will be reconstructed, while structures with
low probability will be suppressed. In this step large geometric structures
will be reconstructed based on the model p(I).
2. Heating: By sampling from (4) using a ﬁxed temperature T ≈ 1, the texture
component of the image will be reconstructed based on the model p(I).
In the ﬁrst step the geometric structure is reconstructed by ﬁnding a smooth
MAP-like solution and in the second step the texture component is reconstructed
by adding it to the large scale geometry.
In this paper we propose a novel variation of the above discussed method.
We consider two cooling schemes and a gradual heating scheme which can be
considered as the inverse of simulated annealing.
3.2

Cooling - The ICM Solution

Finding the MAP solution by simulated annealing is very time consuming. One
alternative method is the Iterated Conditional Modes (ICM) algorithm. By letting T → 0 (or equivalently letting β → ∞) the conditional distribution (3) will
become a point distribution. In each step of the Gibbs sampling one will set the
new intensity for a site (x, y)i to
Iinew = arg max p(Ii | INi ) .
Ii

(5)
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Fig. 1. From top left to bottom right: a) the image containing a damaged region b)
the ICM solution c) the fast cooling solution d) adding texture on top of the fast
cooling solution by heating the distribution e) total variation (TV) solution and f) the
reconstructed region in context (can you ﬁnd it?)

This is a site-wise MAP solution (i.e. in each site and in each step the most
likely intensity will be selected). This site-wise greedy strategy is not guaranteed to ﬁnd the global MAP solution for the full image. The ICM solution is
similar but not identical to the high β sampling step described in [6]. The ICM
solution depends on initialisation of the unknown region Ω. Here we initialise by
sampling pixel values identically and independent from a uniform distribution
on the intensity range.
3.3

Cooling - Fast Cooling Solution

The MAP solution for the inpainting is the most likely reconstruction given the
known part of the image D\Ω,
I MAP = arg

max

Ii ∀(x,y)i ∈Ω

p(I | I(D\Ω), Λ) .

(6)

Simulated annealing can be used for ﬁnding the MAP solution. Replacing β
in (4) with an increasing (decreasing) sequence βn called a cooling (heating)
scheme. Using simulated annealing one starts to sample using a high temperature T and slowly cooling down the distribution (4) by letting T → 0. If βn
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is increasing slowly enough and letting n → ∞ then simulated annealing will
ﬁnd the MAP solution ( see e.g. [9,10,14]). Unfortunately simulated annealing
is very time consuming.
To reconstruct Ω, the true MAP solution may not be needed, instead a solution which is close to the MAP solution may be enough. We therefore adopt
a fast cooling scheme, that does not guarantee the MAP solution. The goal is
to reconstruct the geometric structure of the image and suppress the stochastic
texture.
The fast cooling scheme used in this paper is deﬁned as (in terms of β)
βn+1 = C + · βn

(7)

where C + > 1.0 and β0 = 0.5.
3.4

Heating - Adding Texture

The geometric structures of the image will be reconstructed by sampling using
the cooling scheme. Unfortunately the visual appearance will be too smooth,
and the stochastic part of the image needs to be added.
The stochastic part should be added in such a way that it does not destroy
the large scale geometric part reconstructed in the previous step. This is done by
sampling from the distribution (4) using a heating scheme similar to the cooling
scheme presented in previous section and using the solution from the cooling
scheme as initialisation.
The heating scheme in this paper is
βn+1 = C − · βn

(8)

where C − < 1.0 and β0 = 25.
By using a decreasing βn , value ﬁner details in the texture will be reproduced,
while coarser details in the texture will be suppressed.

4

Results

Learning the FRAME model p(I) is computational expensive, therefore only
small image patches have been used. Even for small image patches the optimisation times are at least a few days. After the FRAME model has been learnt,
inpainting can be done relatively fast if Ω is not to large.
The dynamic range of the images have been decreased to 11 intensity levels
for computational reasons. The images that have been selected includes both
large scale geometric structures as well as texture.
The delta ﬁlter, 16 Gabor ﬁlters and 18 scale space derivative ﬁlters have been
used in all experiments and 11 histogram bins have been used for all ﬁlters (see
section 2.1 for a discussion).

598

D. Gustavsson, K.S. Pedersen, and M. Nielsen

Fig. 2. From top left to bottom right: a) the image containing a damaged region b)
the ICM solution c) the fast cooling solution d) adding texture on top of the fast
cooling solution by heating the distribution e) total variation (TV) solution and f) the
reconstructed region in context (can you ﬁnd it?)

In the cooling scheme (7), we use β0 = 0.5, C + = 1.2 and the stopping
criterion βn > 25 in all experiments. In the heating scheme (8), we use β0 =
25,C − = 0.8 and the stopping criterion βn < 1.0.
Each ﬁgure contains an unknown region Ω of size 30 × 30 that should be
reconstructed. Figure 1 contains corduroy images, ﬁgure 2 contains birch bark
images and ﬁgure 3 wood images. Each ﬁgure contains the original image with
the damaged region Ω with initial noise, the ICM and fast cooling solutions and
the solution of a total variation (TV) based approach [1] for comparison.
The ICM solution reconstruct the geometric structure in the corduroy, but
fails to reconstruct the geometric structure in both the birch and the wood images. This is due to the local update strategy of ICM, which makes it very sensitive to initial conditions. If ICM starts to produce wrong large scale geometric
structures it will never recover.
The fast cooling solution on the other hand seem to reconstruct the geometric
structure in all examples and does an even better job than the ICM solution for
the corduroy image. The fast cooling solutions are smooth and have suppressed
the stochastic textures. Because of the failure of ICM we only include results on
heating based on the fast cooling solution.
The results - image d) - after the heating are less smooth Ω’s, but it is still
smoother than I\Ω. The total variation (TV) approach produce a too smooth
solution even if strong geometric structures are present in all example.
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Fig. 3. From top left to bottom right: a) the image containing a damaged region
b) the ICM solution c) the fast cooling solution d) adding texture on top of the fast
cooling solution by heating the distribution e) total variation (TV) solution and f) the
reconstructed region in context (can you ﬁnd it?)

5

Conclusion

Using FRAME to learn a probability distribution for a type of images gives
a Gibbs distribution. The boundary condition makes it hard to use the learnt
Gibbs distribution as it is for inpainting; it does not enforce large scale geometric
structures strongly enough. By using a fast cooling scheme a MAP-like solution
is found that reconstruct the geometric structure. Unfortunately this solution is
too smooth and does not contain the stochastic texture. The stochastic texture
component can be reproduced by sampling using a heating scheme. The heating
scheme adds the stochastic texture component to the reconstruction and decrease
the smoothness of the reconstruction based on the fast cooling solution.
A possible continuation of this approach is to replace the MAP-like step with
a partial diﬀerential equation based method and a natural choice is the Gibbs
Reaction And Diﬀusion Equations (GRADE) [15,16], which are build on the
FRAME model.
We decompose an image into a geometric component and a stochastic component and use the decomposition for inpainting. This is related to Meyer’s
[17,18] image decomposition into a smooth component and a oscillating component (belonging to diﬀerent function spaces). We ﬁnd it interesting to explore
this theoretic connection with variational approaches.
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