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Abstract. In this paper it is shown that there is a difference in local
fractal dimension between imaged glandular tissue, supporting tissue and
muscle tissue based on an assessment from a mammogram. By estimat-
ing the density difference at four different local dimensions (2.06, 2.33,
2.48, 2.70) from 142 mammograms we can define a measure and by using
this measure we are able to distinguish between the tissue types. A ROC-
analysis gives us an area under the curve-value of 0.9998 for separating
glandular tissue from muscular tissue and 0.9405 for separating glandular
tissue from supporting tissue. To some extent we can say that the mea-
sured difference in fractal properties is due to different fractal properties
of the unprojected tissue. For example, to a large extent muscle tissue
seems to have different fractal properties than glandular or supportive
tissue. However, a large variance in the local dimension densities makes
it difficult to make proper use of the proposed measure for segmentation
purposes.

1 Introduction

It has been put forward that knowledge regarding properties of tissue can be
assessed by estimating the fractal properties of an image, or more specifically
an x-ray image, of the tissue [1,2]. The results have been hard to reproduce by
other researchers [3,4,5] and the approach has been rightfully questioned.

We have, however, shown [6] that by estimating the box dimension (or any
equivalent measure of fractal dimension) for a projected set, bounds for the
dimension of the unprojected set can be imposed. From a theoretical point of
view this tells us that information regarding the three dimensional object, e.g. the
tissue composition of the breast, might be found by performing fractal analysis
of an image, e.g. on a mammogram. This is of course encouraging, but it still
remains to be shown if we are able to exploit this theoretical advance in practice.

The aims of this paper are to evaluate whether it is possible to use fractal
analysis of x-ray images (mammograms) to classify them into tissue types and
to draw conclusions regarding the fractal properties of the depicted object (the
breast).
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In [3] an attempt to differentiate tumor from healthy tissue using different
fractal properties was carried out. The conclusion was that fractal properties
might be useful for segmentation within an image, but it is not possible to
compare fractal properties between images. In [1] the authors match the fractal
dimension to Wolfe-grades [7] thus enabling a predictability on the probability
of breast cancer. In [2] fractal geometry was used to describe the pathology of
tumors but the approach was questioned in [8]. It has been argued that fractal
properties alone are not sufficient for effective texture segmentation, thus it is
quite common to use fractal features as part of feature vectors in texture clas-
sification [9,10]. However, we aim at investigating the correspondence between
the property of the projected image and the properties of the unprojected organ
and pure texture approaches are of little interest for us. Our work differ from
all of the above since we make use of knowledge of the imaging system when
estimating fractal properties from an image in order to gain knowledge of the
structures that generated the image.

The paper is organized as follows; In section 1.1 some mathematical back-
ground to fractal geometry is given. In section 1.2 a brief description of mammog-
raphy and mammographic imaging is given. In section 2 the method is accounted
for and in section 3 the data set used is described. The results are presented in
section 4, the results are discussed in section 5 and conclusions are drawn in
section 6.

1.1 Fractal Geometry and Some New Projective Properties of
Fractals

Fractal geometry has been put forward as being suitable for analyzing irregular
sets and one of the most used measure of fractality is the fractal dimension. In
the literature it is not always clear what is meant by fractal dimension but the
most frequent interpretation seems to be that the fractal dimension is identical
to the Box-dimension as defined in equation (1)1 We let Nε(F ) be the smallest
number of sets of a diameter smaller than ε that is needed to cover the set F .
The Box-dimension is then defined as

dimB(F ) = lim
ε→0

log Nε(F )
− log ε

. (1)

Since we aim at applying an estimate of the Box-dimension on a digital (discrete)
image we have to modify equation (1) slightly. The reason for this is, of course,
that we cannot let ε → 0 since ε ≥ Δ where Δ is the pixel size. The solution is
to rewrite equation (1) according to

logNε(F ) + log ε · dimB(F ) + h(ε) = 0 (2)

where h(ε) is assumed to be approximately constant.
1 From a mathematical point of view the Box-dimension is a simplification of the

dimensionality concept, since the dimension should be based on a measure to be
interesting. Examples of such dimensions are the Hausdorff and Packing dimensions.
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Equation (2) shows that there is a linear relationship between log ε and
log Nε(F ) where dimB(F ) is the constant of proportionality. Thus, the box di-
mension dimB(F ) is found as the slope of a straight line fitted to the points
{(log εi, log Nεi(F ))}N

i=1, where ε1 < ε2 < · · · < εN ≤ w1. The fitting of the line
to the points is done in a least square sense. The upper boundary w1 is defined
in section 2.

As an extension of work in [6] we have proved that

dimB(F ) ≤ dimB(F) ≤ 12 · dimB(F )
12 − dimB(F )

(3)

for almost all directions of projection. In equation (3), F ⊂ R
2 × R is the pro-

jection2 of a set F ⊂ R
3 × R . In fact, we can show that it is not possible to find

tighter bounds than the ones presented in equation (3). By using equation (3)
we find bounds for the dimension of the unprojected set (for instance the breast)
by estimating the Box-dimension of the projected set (for instance the mammo-
gram). By using the upper and lower bounds from equation (3) it is possible
to establish the required difference in box-dimensions for us to be able to say
anything regarding the difference in the original set. This is illustrated in Fig.
1. Furthermore, by using equation (3) and an estimated dimension dimB(F ) we
can find an interval of dimensions for which we cannot exclude the possibility
that the fractal properties of the projected volumes do overlap. This interval is
given by

IF =
[
max

(
0,

12 · dimB(F )
12 + dimB(F )

)
, min

(
3,

12 · dimB(F )
12 − dimB(F )

)]
. (4)

By using IF we can make assertions like: If dimB(F2) /∈ IF1 then dimB(F2) �=
dimB(F1). The reverse is not true, i.e. if dimB(F2) ∈ IF1 we cannot conclude
that dimB(F1) = dimB(F2).

There are many versions of the Box-dimension that differ in what type of
covering sets are used and how they are allowed to be arranged etc. In the
continuous case they all have identical mathematical properties [11] while this
is not necessarily the case in the discrete case, a fact that many users of fractal
geometry do not seem to be aware of.

We denote a method for estimating a fractal dimension as an estimator and in
[12,13] we have evaluated the performance of a substantial number of estimators
of intensity images. Based on these results we have picked the method most suit-
able for determining the local dimension. This was determined to be a method
known as the probability method [14] with some modifications. The modifica-
tions consists mainly of performing the calculations in local neighbourhoods of a
maximal size w1 × w1. The estimated local dimensions are then averaged over a
neighborhood of size w2×w2. A third parameter, scale, is the number of discrete
intensity levels used in the calculations. That is, the original m levels of intensity
are linearly mapped to scale levels.

2 We have shown this for parallel, central and realistic x-ray projection.
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Fig. 1. (a) A schematic illustration of the projective setting used in mammography. A
volume Fi is projected down to an area Fi. (b) The relationship between an estimated
fractal dimension dimB(F ) from a projection of a set and the upper boundary (dash-
dotted line) and the lower boundary (dotted line) of the original, unprojected set
dimB(F) as given by equation (3).

1.2 Mammography

As mentioned earlier, we have used mammography as the domain for our study.
A mammogram is an x-ray image of breast tissue and since the difference in
contrast between tissue types (glandular tissue, fat tissue and supporting tissue)
is very low the technical requirements imposed on a mammographic system are
very hard.

The reasons for using mammograms for a study of this kind are two-fold.
Firstly, a thorough fractal analysis requires rather high resolution and contrast
and we have shown in [15] that of the more popular medical modalities, mam-
mography is the most suitable one for fractal analysis. Since part of our aim is to
evaluate the usefulness for fractal geometry as a method for segmentation it is
important to know that the data we apply it to are as good as possible. Secondly,
the proper method to use for the segmentation of mammograms into tissue types
is an open research question and, furthermore, the relative proportion of dense
tissue can be mapped to a probability of risk for developing tumours [7].

2 Method

Given an image F : D → {0, . . . , m − 1} we use an estimator to calculate an
image of the same size but the intensity at each spatial point corresponds to the
local fractal dimension. We denote this image Floc : D → [0, . . . , 3]. In our data,
see section 3, we have binary markings Mk ⊂ D corresponding to an anatomical
feature M given by expert k. Let Floc[M ] denote the local dimensions at the
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(a) Mammogram with calibration surfaces (b) Local dimensions

Fig. 2. Examples of a mammogram and its local dimensions. The calibration is only
carried out once and the calibration surfaces can be dismissed after completing the
calibration.

spatial coordinates given in M and let Hloc[M ] denote the histogram over these
dimensions. The hypothesis is that the estimated distributions Hloc[Mk] and
Hloc[Nk] differ if M �= N . It is also of interest to see if there is a difference
between the domain experts, that is if Hloc[Mk] and Hloc[M l] if k �= l.

Optimal values for the three parameters (w1, w2 and scale) that control the
performance of the estimator were found by a simple optimization procedure. We
inserted patches into the mammogram with known fractal properties, Fig. 2(a).
The four patches to the left of the mammogram were generated by approximating
a fractal Brownian motion [16] and have from the top dimensions of 2.1, 2.3, 2.5
and 2.7 respectively. We also added patches with a plane (dimension 2), points
(dimension 0) and lines (dimension 1) to the right of the mammogram. The
points and lines were not used in the optimization of parameters.

By using the calibration areas we could determine what sets of parameters
that yield a linear mapping between estimated dimension and true dimension.
The initial parameter space contains three discrete parameters and it is possible
to impose upper and lower boundaries for each parameter and thus we have
a finite number of parameter combinations to try out. A coarse discretization
of the parameter space allowed us to determine where in the space the optimal
parameter combinations were situated. Within this area an exhaustive search was
carried out yielding the chosen parameter values. The optimization of parameters
was only performed on the calibration patches in Fig. 2. The actual mammogram
did not take part in this process.

Next we calculated an Floc version for every mammogram in our database.
For each Floc we extracted Hloc[Mk], ∀M, k and used these for further analyses.
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Fig. 3. A distribution over local fractal dimensions (Hloc[Gland], Hloc[Pect],
Hloc[Supp]). The peaks dimloc = 2.060 ± 0.03, dimloc = 2.335 ± 0.03, dimloc =
2.485 ± 0.03 and dimloc = 2.700 ± 0.03 have been marked.

3 Data

The mammograms used in this study are randomly selected from the MIAS-
database (8 bit, 1024× 1024 images). Three domain experts were asked to mark
the pectoralis muscle, the mamilla, the breast border and the glandular disc
on the images. In total we have used 142 different mammograms and we have
3 ·142 different markings of regions. In this paper ”Gland” denotes the glandular
tissue, ”Pect” denotes the pectoral muscle and ”Supp” denotes the supporting
tissue (including fat) that surrounds the glandular tissue. Each image in the
MIAS-database is adjusted to be of square size, and since a mammogram is
rectangular we always have empty black areas to the left and right of the actual
mammogram. In these areas we inserted the calibration patches described in
section 2. Thus we did not alter any mammographic information when adding
the patches. The mammograms where all adjusted so that the pectoral muscle
is to the left in the image, but no other preprocessing took place.

4 Results

For D = {1, . . . , 1024} × {1, . . . , 1024} images with intensity levels L =
{0, . . . , 255} the optimal set of parameters was found to be w1 = 47, w2 = 5 and
scale = 51. Using these parameters an Floc was calculated for each image in our
database, and Hloc[Mk] were extracted from each Floc.

The accumulated distributions Hloc[M ] are shown in Fig. 3 (based on 142
images) and here we clearly see that there is a difference in the relative shape



98 F. Georgsson, S. Jansson, and C. Olsén

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
0

5

10

15

20

25

30
Gland.:0.248
Pect.:0.0213
Supp.:0.0423
t1: −0.174
t2: 0.0218

Fig. 4. Distributions over ρ-values for glandular tissue, muscle tissue and supportive
tissue as calculated from 142 images. Optimal segmentation is obtained by thresholding
at ρ1 = −0.174 and ρ2 = 0.0218 yielding an lowest combined probability of misclassi-
fication P (err|Gland) = 0.248, P (err|Pect) = 0.0213 and P (err|Supp) = 0.0423.

of the distributions, specially between the pectoral muscle vs. glandular and
supportive tissue. The pectoral muscle has clear peaks at dimloc = 2.060 and
dimloc = 2.485 whilst glandular and supportive tissue have peaks at dimloc =
2.335 and dimloc = 2.700. The peaks were estimated to have a width of 2δ = 0.06.
We define a measure

ϕ�(x) =

∑
|�−x|<δ Hloc[·](x)∑

x Hloc[·](x)

and calculate

ρ = [ϕ2.060(x) ϕ2.335(x) ϕ2.485(x) ϕ2.700(x)]T . (5)

The vector ρ describes the relative density in the histogram at each of the
identified peaks. Since we have observed that glandular tissue has peaks at the
second (dimloc = 2.485) and fourth (dimloc = 2.700) values we project the vector
ρ onto the base vector b = [−1 1 − 1 1]T with the inner product

ρ = bT ρ. (6)

It is easily shown that the value of ρ will be in the −1 to 1 interval, where a value
of 1 corresponds to a histogram with all observed data at dimloc = 2.485 and/or
dimloc = 2.700. A value of -1 corresponds to a histogram with all observed data
at dimloc = 2.060 and/or dimloc = 2.485.

By calculating ρ for all 142 images we are able to estimate a distribution
p(ρ) for different tissue types. In Fig. 4 we can see p(ρ) given the three tissue
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Fig. 5. Receiver operating characteristic (ROC) curve for using the measure to differ-
entiate tissue types when using ground truth from a specific domain expert (F)

types. The optimal, in the sense least probability for misclassification, thresholds
are ρ1 = −0.174 and ρ2 = 0.0218. The thresholds were found by a simple
linear search of ρ (exhaustive). The discriminating power obtainable by using
equations (5) and (6) is illustrated in Fig. 5 where we can see receiver operating
characteristic for the tissue types. The performance differs slightly depending
on what expert we used for the ground truth markings, see Table 1. The best
Az values (area under the ROC-curve) obtained for separating tissue types were
0.9998 for glandular vs. pectoralis, 0.9915 for supporting tissue vs. pectoralis
and 0.9405 for glandular tissue vs. supporting tissue.

5 Discussion

Based on the ROC-curves from the p(ρ) data (Fig. 5) we conclude that by using
the local fractal dimension it is possible to separate tissue types. The ROC
analyses are based on accumulated data from all 142 images but to be useful for
segmentation, we have to use an estimate Ĥloc[·] from a neighbourhood in Floc.
It turns out that the variance is quite substantial which makes it rather difficult
use the local density distribution. Thus equations (5) and (6) are not necessarily
useful for segmentation purposed.

We have observed that there is a significant peak at about dimension 2, see
Fig. 3. To some extent this can be explained by over and under exposure of
the images. Similarly it seems that fractal analysis is very good at detecting
film scratches and other artifacts. Both these observations are interesting, but
since mammography as a modality slowly is going digital, where problems with
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Table 1. Intra variance amongst domain experts regarding the area under the ROC-
curve

Expert Area under ROC-curve
Gland. vs. Pect Gland vs. Supp Supp vs. Pect

A 0.9995 0.8463 0.9994
C 0.9983 0.8874 0.9882
F 0.9998 0.9405 0.9915
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Fig. 6. Enlarged part of the normalised histograms for Hloc[Glandk], Hloc[Pectk] and
Hloc[Suppk], k ∈ {A, C, F}. The observable intra variance is very low for the pectoral
muscle and the highest intra variance is found in the supportive tissue.

exposure and film scratches are significantly smaller, it is not deemed interesting
to investigate this further.

By making use of equation (3) we can say that the structures yielding local
dimensions of dimloc = 2.060 and dimloc = 2.485 must have different dimen-
sions in three dimensions. We cannot say the same for dimloc = 2.335 and
dimloc = 2.700. Thus we conclude that muscle tissue has slightly different frac-
tal properties than glandular tissue and supportive tissue. The difference could
to some extent be explained by the fact that the muscle quite often is under
exposed in the images.

From Fig. 4 it appears that supporting tissue and glandular tissue have more
in common than muscle tissue and any other two tissue types. This might be
explained by the fact that glandular tissue and supportive tissue to a larger
extent are projected on top of each other. That is, within each projective cone,
see Fig. 1 (a) there are both tissue types.

In Fig. 6 we can observe the intra variance amongst the domain experts.
Although the observed difference is relatively low it will give rise to a significant
difference in the area under the ROC curve values, see Table 1.
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6 Conclusion

We conclude that there is a difference in local fractal dimension estimated by
the box dimension from a mammogram. To part, we can say that this difference
is due to difference in the dimension of the three dimensional unprojected tissue.
However, the high variance of the local density function of the local dimension
makes it difficult to make use of this difference in tissue segmentation.
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