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Abstract. A semi-analytical approach, combining the features of ana-
lytical and numerical computations, is proposed. Separating the linear
and nonlinear parts of equations of motion, the harmonic balance method
and computer algebra have been synthesized for obtaining analytical so-
lutions of the nonlinear part, whereas the linear part was solved by the
numerical methods. On the basis of this technique, the numerical inves-
tigation of abrasive treatment process dynamics has been performed and
regimes ensuring the most effective treatment process determined.

1 Introduction

Mechanical systems exhibiting impacts, so-called impact oscillators in the Eng-
lish literature at the present time, or vibro-impact systems in the Russian lit-
erature, are strongly nonlinear or piecewise linear, due to sudden changes in
velocities of vibrating bodies at the instant of impact or friction forces when the
velocity of motion changes its polarity. Their practical significance is consider-
able and the investigation of the motion of such systems was begun about fifty
years ago [7].

Several methods of the theoretical analysis were developed and different mod-
els of impacts were presented [1,6,7]. The method of “fitting” which uses the
Newton restitution coefficient seems to be most important. It is accurate and
applicable under the assumption that the time during an impact is negligible. It
can solve certain assumed periodic impact motion and its stability, but this pro-
cedure can be realized in the explicit form only for simple mechanical systems,
simple types of periodic motion, and for undamped impactless motion.

As usual, the solution method must correlate with the type of motion equa-
tions and concurrently with the character of the initial mechanic system. The
harmonic balance method was chosen for the investigation of a vibratory abrasive
treatment process [2,8] as it is easily applied to systems where calculations are
made by computer algebra methods and, in this case, considerably less computer
memory is needed than by other methods [3]. As a result, we obtain a nonlin-
ear algebra equation system with many very short expressions. So it is possible
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and expedient to process the results by numerical methods. The analytic cal-
culation system VIBRAN is extremely effective in this case. Since an adequate
method for solving the motion equation of dynamically complicated systems has
to contain a large amount of analytic as well as numerical calculations, there
must be a strong program connection among them. The analytic calculation
system VIBRAN was selected in order to ensure this connection [3].The system
is designed to generate subroutines in FORTRAN, to select and reject excessive
operations while generating programs in accordance with analytic expressions.
Besides, this system stands out by flexibility of input-output and the unique
means for operations with sparse matrices.

2 Implementation of Computer Algebra

Consider the system of s degrees of freedom with the Lagrangian function [5]:

L = L(qi, q̇i, t) (i = 1, 2, ...s), (1)

where L is the Lagrangian function, qi, q̇i, t are generalized coordinates and
velocities of the system and time; s is the number of degrees of freedom.

The equations of motion of such a system are [4]:

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= Fqi. (2)

These equations can be divided into the linear and nonlinear parts by formal
replacements L = LL + LN and Fqi = FLi + FNi. The equations of motion may
now be expressed in the form:(

d

dt

(
∂LL

∂q̇i

)
− ∂LL

∂qi
− FLi

)
+

(
d

dt

(
∂LN

∂q̇i

)
− ∂LN

∂qi
− FNi

)
= 0, (3)

where Fqi, FNi, FLi are generalized force, nonlinear (polynomial with respect to
generalized coordinates and periodical or Fourier expansion of time) and linear
parts; and LN , LL are nonlinear and linear parts of the Lagrangian function,
respectively.

The linear part can be formalized for numerical analysis without difficulty and
we used special VIBRAN programs to analyze the nonlinear part of the system.
The proposed method provides shorter expressions for analytical computation
and allows the analysis of systems of higher order. After some well-known per-
turbations, the equations of motion can be rewritten in the matrix form:

[M ]{q̈} + [B]{q̇} + [C]{q} = {H(q, q̇, t)} + {f(t)}, (4)

where f(t) is the periodic function; H(q, q̇, t) is the nonlinear part of a system,
calculated by a special VIBRAN program.

Solution of the abovementioned system can be expressed using the harmonic
balance method in the form [3,4]:

{q} = {A0} + {A1} cos (ωt) + {A2} sin (ωt) + ..., (5)
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where {Ai} are the unknown vectors that can be found by the nonlinear algebraic
equations.

According to the harmonic balance method, these equations for the first three
vector coefficients in the matrix form are:

[U ] {A} − {f} − {H(A)} = {0} , (6)

where fi are coefficients of Fourier expansion of the function f(t). Analogously,
equations for other harmonics could be found by the VIBRAN program. The
expressions of Hi and their derivatives required are expressed in closed form
using computer algebra techniques by the FORTRAN code generation proce-
dure. Special modifications were made to the terms with dry friction, and the
integration procedure was developed by the Malkin method [7].

3 Application of Abrasive Treatment Process Dynamics
in the Investigation

The new method for the treatment of miniature ring-shaped details was proposed
in [8], where the internal surface of the detail is treated as well as an external
one. During the vibratory treatment process the working medium particles are
constantly striking each other. As a result, slight scratches and crater-shaped
crevasses occur on the surface of treated details that form the surface micro-
relief. In this way, abrasive friction and impacts on the treated details perform
the treatment process.

The equations of motion describe the dynamics of a vibratory abrasive treat-
ment process [5]:

⎧⎨
⎩

m1ẍ1 + bẋ1 + bk(ẋ1 − ẋa) + (c + c1)x1

= cξ(t) − Fm(x1) − F1sign(ẋ1 − ẋa) + bξ̇(t),
maẍa + bẋa + bk(ẋa − ẋ1) + cxa = cξ(t) + F2sign(ẋ1 − ẋa) + bξ̇(t).

(7)

where m1 is the mass of components treated; ma is the mass of abrasive par-
ticles; the load mechanical properties are evaluated by elasticity c and working
medium resistance b; F1, F2 are forces of dry friction between a component and
abrasive; bk is viscosity resistance; the elasticity of magnetic field is evaluated by
a stiffness coefficient c1, the detail was additionally excited by generating a vari-
able component of magnetic field Fm(x1). Its stiffness properties were obtained
experimentally by the least squares method.

The kinematics excitation of a loaded vessel is ξ(t) = A sin ωt.
Analytic expressions obtained according to the VIBRAN program conclude

the part of analytic calculations of H(A) [3]. The corresponding derivatives are
very simple and there are only 25 nonzero terms.

All the properties complying with the dynamic pattern of the process are
investigated in the numerical way and the program itself is composed in the
FORTRAN language. For this reason, in order to calculate the factors of ana-
lytic expressions and their partial derivatives, two FORTRAN subroutines have
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been generated: one for compiling a dictionary and another for calculating the
expressions themselves. Besides, the program, created by applying the harmonic
balance method for systems of differential equations in addition to the equations
where amplitudes and constant components are found, also presents equation
derivatives from unknown quantities. In this case, one or some criteria of further
numerical parameter optimization may be calculated.

4 Conclusions

On the basis of solving nonlinear differential equations by a harmonic balance
method and synthesis of the analytic calculation system VIBRAN, the investiga-
tion method of nonlinear systems with a dry friction effect has been created. This
method combines the advantages of analytic calculation methods and computer
algebra. They are a compound of the principle of parallel analytic-numerical cal-
culation, where analytic rearrangements are applied only to the nonlinear part
of the system, while concurrently the linear part of the system could be easily
solved in the numerical way. The proposed method provides shorter expressions
for analytic computation and allows the analysis of systems of higher order.
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