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Abstract. This paper presents an improved Laplacian smoothing approach 
(ILSA) to optimize surface meshes while maintaining the essential 
characteristics of the discrete surfaces. The approach first detects feature nodes 
of a mesh using a simple method, and then moves its adjustable or free node to 
a new position, which is found by first computing an optimal displacement of 
the node and then projecting it back to the original discrete surface. The optimal 
displacement is initially computed by the ILSA, and then adjusted iteratively by 
solving a constrained optimization problem with a quadratic penalty approach 
in order to avoid inverted elements. Several examples are presented to illustrate 
its capability of improving the quality of triangular surface meshes. 

Keywords: Laplacian smoothing, surface mesh optimization, quadratic penalty 
approach. 

1   Introduction 

Surface triangulations are used in a wide range of applications (e.g. computer 
graphics, numerical simulations, etc.). For finite element methods, the quality of 
surface meshes is of paramount importance, because it influences greatly the ability of 
mesh generation algorithms for generating qualified solid meshes. Since surface 
meshes define external and internal boundaries of computational domains where 
boundary conditions are imposed, and thus they also influence the accuracy of 
numerical simulations. 

Mesh modification and vertex repositioning are two main methods for optimizing 
surface meshes [1, 2]. While mesh modification methods change the topology of the 
mesh, the vertex repositioning, also termed as mesh smoothing, redistributes the 
vertices without changing its connectivity. This paper only focuses on smoothing 
techniques for surface mesh quality improvement. 

Despite their popularity in optimizing 2D and 3D meshes [3, 4], smoothing 
methods for surface meshes present significant challenges due to additional geometric 
constraints, e.g. minimizing changes in the discrete surface characteristics such as 
discrete normals and curvature. When improving surface mesh quality by vertex 
repositioning, changes in the surface properties can usually maintained small by 
keeping the vertex movements small and by constraining the vertices to a smooth 
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surface underlying the mesh or to the original discrete surface. One approach 
commonly used to constrain nodes to the underlying smooth surface is to reposition 
each vertex in a locally derived tangent plane and then to pull the vertex back to the 
smooth surface [1, 5]. Another one is to reposition them in a 2D parameterization of 
the surface and then to map them back to the physical space [6, 7]. 

In this paper, an improved Laplacian smoothing approach (ILSA) is presented to 
enhance the quality of a surface mesh without sacrificing its essential surface 
characteristics. The enhancement is achieved through an iterative process in which 
each adjustable or free node of the mesh is moved to a new position that is on the 
adjacent elements of the node. This new position is found by first computing an 
optimal displacement of the node and then projecting it back to the original discrete 
surface. The optimal displacement is initially obtained by the ILSA, and then adjusted 
iteratively by solving a constrained optimization problem with a quadratic penalty 
approach in order to avoid inverted elements. 

2   Outline of the Smoothing Procedure 

The notations used in the paper are as follows. Let ( , , )T V E F=  be a surface mesh, 

where V  denotes the set of vertices of the mesh, E  the set of edges and F  the set of 
triangular faces. if , ie  and iv  represents the ' thi  face, edge and vertex of the mesh 

respectively. ( )A b  denotes the set of all entities of type A  connected to or contained 

in entity b , e.g., ( )iV f  is the set of vertices of face if  and ( )F iv  is the set of faces 

connected to vertex iv , which is also regarded as the local mesh at iv  determined by 

these faces. We also use | |S  to denote the number of elements of a set S . 

The procedure begins with a simple method to classify the vertices of the mesh into 
four types: boundary node, corner node, ridge node and smooth node. The first two 
types of vertices are fixed during the smoothing process for feature preservation and 
the last two are referred to as adjustable nodes.  More sophisticated algorithms for 
detecting salient features such as crest lines on discrete surfaces can be adopted [8]. 
Then in an iterative manner, a small optimal displacement is computed for each 
adjustable node using the ILSA, which accounts for some geometric factors. 
Moreover, for each smooth node its optimal displacement is adjusted by solving a 
constrained optimization problem so as to avoid inverted elements. Finally, all those 
redistributed vertices are projected back to the original discrete surface. The complete 
procedure is outlined as Algo. 1, of which the algorithmic parameters will be 
explained later. 

3   Classifying the Vertices 

The boundary nodes, if they exist, can be identified by examining the boundary edges 
that have only one adjacent element. For each interior node iv , let | ( ) |m F= iv , we 

first evaluate its discrete normal by solving the following linear equations 
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.=Ax 1  (1) 

where A  is an 3m×  matrix whose rows are the unit normals of ( )F iv , and 

(1,1,...,1)t=1  is a vector of length m . Since A  may be over- or under-determined, 

the solution is in least squares sense and we solve it by the singular value 
decomposition (SVD) method [9]. 

Algo. 1. The smoothing procedure.     

  Set the algorithmic parameters: max_global_iter_num, 
max_smooth_iter_num , relax1, relax2, μ , wl , wa ; 

  Classify the vertices of the mesh into 4 types; 

  Initialize the smoothed mesh newT  as the original mesh oriT ;  

  for : 1step =  to max_global_iter_num do  //global iteration  

Compute the normal of each vertex of newT ; 

Compute the optimal displacement of each ridge node of newT ; 

Compute the initial displacement of each smooth node of newT ;

Adjust the displacement of each smooth node in order to avoid
inverted elements; 

Project the redistributed position of each adjustable node back
to the original mesh oriT , denote this new mesh as '

newT ; 

Update newT  as '
newT  

  end for 

  Set the final optimized mesh as newT .  

The length of the resulting vertex normal has a geometric interpretation as an indicator 
of singularity of iv . Let ( )jf F∈ iv , 1 | ( ) |j F≤ ≤ iv , jfN( )  the unit normal of jf  and 

( ) =iN v x  the unknown vertex normal. The equation corresponding to jf  in Eq. (1) is  

 ( )g | | cos ( ( ), ) 1 .j jf f= ∠ =N x x N x  (2) 

Now it is obvious that, for some solution x  of (1), the angles between x  and 
( )jfN , 1 | ( ) |j F≤ ≤ iv , would be approximately equal. Roughly speaking, if the 

local mesh ( )F iv  is flat, the angles would be small, otherwise they would be large, 

consequently the length of the resulting vertex normal would be short and long, and 
the vertex will be regarded as a smooth node and a ridge node, respectively. 

The ridge nodes will be further examined to determine whether they are corner 
nodes or not. Let ie  be an edge formed by two ridge nodes, if the bilateral angle 
between two faces attached to ie  is below a threshold angle ( 8 / 9π  in our algorithm), 
these two nodes are said to be attached-sharp nodes of each other. If the number of 
such nodes of a ridge node is not equal to two, this node is identified as a corner node. 
The geometric interpretation of the classification is self-evident. 
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4   Repositioning the Adjustable Vertices 

4.1   Computing Displacements by the ILSA  

In each global iteration of Algo. 1, the ILSA is employed to compute the initial 
optimal displacements for both ridge and smooth nodes. The procedure for treating 
these two types of nodes is similar. The major difference lies in that smooth nodes 
take all their adjacent nodes’ effect into account, while ridge nodes consider only the 
effect of their two attached-sharp nodes. Algo. 2 illustrates the details. 

Here if iv  is a ridge node, then 2n =  and { , 1,2}j =jv  are two attached-sharp 

nodes of iv , otherwise | ( ) |n V= iv  and ( )V∈ j iv v . ( )jd v  is the current dis-

placement of jv . Such treatment of ridge nodes tries to prevent the crest lines on 

surface meshes from disappearing. The adjusting vector vec  takes the lengths of 
adjacent edges into consideration in order to obtain a smoother result. 

4.2   Adjusting Displacements by a Quadratic Penalty Approach 

Unfortunately, Laplacian smoothing for 2D mesh may produce invalid elements. 
When used for surface meshes, there are still possibilities of forming abnormal 
elements. To compensate for this, we adjust the displacement iteratively for each 
smooth node by solving a constrained optimization problem.  

The idea originates in the minimal surface theory in differential geometry. Minimal 
surfaces are of zero mean curvature. Their physical interpretation is that surface 
tension tries to make the surface as “taut” as possible. That is, the surface should have 
the least surface area among all surfaces satisfying certain constraints like having 
fixed boundaries [10]. Every soap film is a physical model of a minimal surface. This 
motivates us, for the local mesh ( )F iv  at a smooth node iv , to move iv  to minimize 

the overall area of the elements of ( )F iv  in order to make this local mesh “taut” and 

thus to avoid invalid elements as much as possible. This new position '
iv  is also softly 

constrained to be on a plane by a quadratic penalty approach.  
Let ( )cur id v  and ( )iN v  be the current displacement and the discrete normal of iv  

respectively. Initially ( )cur id v  is the result from Algo. 2. Let x  be the new pending 

position of iv  and ( )new = −i id v x v  the new adjusting displacement. Suppose 

( )V∈j iv v , 1 1,  | ( ) |j n n V≤ ≤ + = iv  are the vertices surrounding iv  in circular 

sequence and =n+1 1v v . ( , , )s 1 2 3v v v  represents the area of the triangle Δ 1 2 3v v v . 

Now the optimization problem can be formulated as follows 

 min ( ) subject to  ( ) 0g c   =
x

x x  (3) 

 
where 

        2 2

1 1

1
( ) | | ( , , )

n n

ij
j j

g wl wa s
n

β
= =

= − +∑ ∑j j j+1x x v x v v                      (4) 



322 L. Chen et al. 

Algo. 2. ILSA for adjustable nodes.   

  Initialize the vertex displacement ( )id v  of each 

adjustable node iv  of n ewT  as the Laplacian  

coordinate of iv : 
1

1
( ) :

n

jn =

= −∑i j id v v v ; 

  for : = 1k  to m a x_ sm oo th _ iter_ nu m   do 

    for each adjustable node iv   do 

      Compute a vector vec : 
1

1
: ( )

n

ij
jS

α
=

= ∑ jv ec d v ,  

where 
1

n

ij
j

S α
=

= ∑  and 
1

( , )
ij

d is t
α

= i jv v  is the distance 

between iv  and jv ; 

      Update ( )id v : ( ) : (1 ) ( )rela x1 rela x1= − ⋅ + ⋅i id v d v vec ;  

    end for 

    if <condition> then  // e.g. smooth enough 

      break the iteration; 

    end if 

  end for 
 

and 

 
2

( )g ( )      ( )
( ) .

( )g ( ) | ( ) |       ( )

new cur

cur new cur cur

if
c

if

=⎧⎪= ⎨
− ≠⎪⎩

i i i

i i i i

N v d v d v 0
x

d v d v d v d v 0
 (5)     

Here wl  and wa  are two algorithmic parameters and 1 ( , , )ij sβ = i j j+1v v v . It can be 

observed that the constraint ( ) 0c =x  is used to penalize the deviation of x  from a 

plane. When ( )cur =id v 0 , it is the tangent plane at iv , otherwise it is the plane 

vertical to ( )cur id v  and passing through the node ( )cur+i iv d v . In other words, it 

tries to constrain x  to be on the current smoothed discrete surface. It is also observed 
from Eq. (4) that we include another term related to the length | |− jx v  and we use 

the square of area instead of area itself for simplicity. The area of a triangle can be 
calculated by a cross product ( , , ) | ( ) ( ) | 2s = − × −1 2 3 2 1 3 1v v v v v v v . The quadratic 

penalty function ( ; )Q μx  for problem (3) is 

 21
( ; ) ( ) ( )Q g cμ

μ
= +x x x  (6) 
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Algo. 3. Adjusting vertex displacement by a quadratic penalty 
approach. 

  for : =1k  to max_smooth_iter_num   do 

for each smooth node iv  do 

      Compute the adjusting displacement ( )new id v  by solving problem(3)

      Update the displacement: ( ) : ( ) (1 ) ( )cur new currelax2 relax2= ⋅ + − ⋅i i id v d v d v  

      if <condition> //e.g. tiny change of vertex displacements 

break the iteration; 

end if 

end for 

 end for 
 

where 0μ >  is the penalty parameter. Since ( ; )Q μx  is a quadratic function, its 

minimization can be obtained by solving a linear system, for which we again use the 
SVD method. This procedure of adjusting vertex displacement is given in Algo. 3. 

4.3   Projecting the New Position Back to the Original Mesh 

Once the final displacement of each adjustable node is available, the next step is to 
project the new position of the node back to the original discrete surface to form an 
optimized mesh. It is assumed that the displacement is so small that the new position 
of a node is near its original position. Thus, the projection can be confined to be on 
the two attached-ridge edges and the adjacent elements of the original node for ridge 
and smooth nodes, respectively. 

5   Experimental Results 

Two examples are presented to show the capability of our method. The aspect ratio is 
used to measure the quality of the elements.  

The first example is a surface mesh defined on a single NURBS patch. The 
minimal and average aspect ratios of the original (resp. optimized) mesh are 0.09 and 
0.81 (resp. 0.39 and 0.89). 

The second example which is obtained from the Large Geometric Model Archives 
at Georgia Institute of Technology, is a famous scanned object named horse. The 
original mesh has 96966 triangles and 48485 nodes, and its average aspect ratio is 
0.71, which has increased to 0.82 for the optimized counterpart. Note that the poor 
quality of the original mesh in several parts of the neck of the horse in Fig. 1(a) whose 
optimized result is given in Fig. 1(b). The details of horses’ ears of both initial and 
optimized meshes have also shown that our surface smoothing procedure is capable of 
preserving sharp features. 
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(a) 

 
(b) 

Fig. 1. Details of the neck of the horse for the initial (a) and optimized (b) meshes 

6   Conclusion and Future Work 

We have proposed an improved Laplacian smoothing approach for optimizing surface 
meshes. The nodes of an optimized mesh are kept on the initial mesh to avoid the 
shrinkage problem. A simple but effective procedure is also suggested to identify the 
feature points of a mesh in order to preserve its essential characteristics. Furthermore, 
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to avoid the formation of inverted elements, we adjust the initial displacements by 
solving a constrained optimization problem with a quadratic penalty method. 

In the future, this smoothing technique will be integrated into a surface remesher. 
A global and non-iterative Laplacian smoothing approach with feature preservation 
for surface meshes is also under investigation. 
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