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Abstract. In Mathematical Morphology, the reconstruction of images
from markers has proven to be useful in morphological filtering and im-
age segmentation. This work investigates the utilization of a criterion
in the reconstruction process, whose utilization in the problem of the
image reconstruction from an image marker has been partially treated
elsewhere. This work further investigates this idea and extends it to the
problem of image reconstruction from labelled markers. In the binary
case, this allows us to compute the modified influence zones associated
to the set of labelled markers. A significant difference with the usual case
(i.e., the “normal” influence zones) is that we generally do not obtain a
whole partition of the space, because the criterion added to the recon-
struction process causes that some points or pixels are not recovered. In
addition, in this paper we consider the gray-level case, and we use the
reconstruction with criterion to separate regions from a non-binary input
image. This input image is considered as a topographic relief (similarly
as in a normal watershed); however, the flooding mechanism is modified
by the reconstruction criterion. The benefit is that we can control to
some extent how the flooding proceeds and, therefore, how image region
shapes are recovered.

Keywords: Mathematical Morphology, segmentation, flat zones, la-
belled markers, reconstruction with criterion.

1 Introduction

In Mathematical Morphology [10] [11] [14] [6] [9], the use of reconstruction algo-
rithms has been successfully used in the stages of image processing and analysis.
Filters by reconstruction [12] [2] [11] [8] [3] [4] [13] have become powerful tools
that enable us to eliminate undesirable features without practically affecting
desirable ones. These filters are computed by reconstructing a reference image
f from a marker image g, and they preserve well the shapes of the marked
structures.

A new type of transformations - known as transformations with reconstruc-
tion criterion - are derived from filters by reconstruction. A modification of the
reconstruction process, in particular the inclusion of a criterion, allows us to
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control the shape of some structures while preserving contours and the struc-
tures of interest. The main feature of these transformations is that they enable
us to obtain intermediate results between the standard morphological opening
(or, respectively, closing) and the opening (resp., closing) by reconstruction, and
some of their inconveniences can be avoided.

These filters by reconstruction with criterion have been partially treated
in [15] [17]. In this paper, we will study the application of the reconstruction
criterion to the problem of the reconstruction of an input image from labelled
markers (or connected components). In the binary case, we will discuss the main
differences that exist with respect to the “non-criterion” case, and we will study
how to compute the modified influence zones. As will be discussed, some points
are not recovered in the reconstruction process, and the criterion used modifies
ultimately the influence zones shapes. In addition, we will apply these ideas
to the gray-level case, in which case the reconstruction criterion provides some
control about how the “flooding” of the topographical relief constituted by the
input image (using terms normally employed in the watershed transformation
method) proceeds. As expected from the binary case discussion, not all pixels of
the input image will belong to the computed regions, since the criterion causes,
in certain situations, that some pixels are not reached by the reconstruction
mechanism.

Section 2 discusses some aspects of filters by reconstruction with criterion.
Section 3 considers the problem of image reconstruction (with criterion) using
labelled markers in both the binary case (Section 3.2) and the gray level case
(Section 3.3), where differences with the normal reconstruction (i.e., where no
criterion is employed) will be highlighted.

2 Openings and Closings with Reconstruction Criterion

The process to build these types of transformations involves the use of a ref-
erence image and a marker image. Thus, a reconstruction process of a marker
image inside a reference image is made (as is the case in transformations by
reconstruction), but a reconstruction criterion is taken into account [15] [17].

Let f and g be the reference and marker image respectively. We will consider
the next propagation criteria:

f ∧ γλδ(1)(g) and f ∨ ϕλε(1)(g) (1)

the first for the opening case, and the second for the closing case. Note: γλ and
ϕλ denote, respectively, an opening and a closing of index λ (which defines the
structuring element size) and δ(1) and ε(1) symbolize the elementary dilation
and erosion, respectively (which, for example, employ a 3× 3 square structuring
element using 8-connectivity). We will refer in the following expressions only to
the opening case (dual expressions will apply also to the closing case).

Let us remember that, in the opening by reconstruction, the operation used
is f ∧ δ(1)(g), which is the geodesic dilation. In our case, the opening γλ plays
the special role of propagation criterion. We have the following inequality:

g < γλδ(1)(g) < δ(1)(g) (2)
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since γλ is an anti-extensive operator. For λ = 0, we have expression g <
γλδ(1)(g) = δ(1)(g). That is, the propagation process of marker g is realized
in the same way as in the opening by reconstruction. However, if λ ≥ 1, al-
though inequality γλδ(1)(g) < δ(1)(g) holds (since γλ is anti-extensive), inequality
g ≤ γλδ(1)(g) is not necessarily true.

In the case of the opening by reconstruction, when the marker is given by
a morphological opening g = γµ(f) instead of the erosion function g = εµ(f),
we can obtain the same result (assuming the structuring element contains the
center).

Specifically, when the marker image is given by g = γµ(f), for λ ≤ µ + 1,
the output images of successive iterations of the operation γλδ(1) are similar to
those generated by the successive iterations of δ(1). However, the reconstruction
process changes when the reference image f is used. It is possible to appreciate
the propagation criterion given by γλ if we iterate the operator σ

(1)
λ,f

(
γµ(f)

)
=

f ∧ γλδ(1)

(
γµ(f)

)
until idempotence to obtain the opening with reconstruction

criterion γ̂λ,µ (and, in a similar way, for operator ϕ̂λ,µ):

γ̂λ,µ(f) = lim
n→∞ σ

(n)
λ,f

(
γµ(f)

)
= σ

(1)
λ,fσ

(1)
λ,f · · ·σ(1)

λ,f

(
γµ(f)

)
︸ ︷︷ ︸

until idempotence

. (3)

In this case, the reference image modifies the reconstruction process of suc-
cessive iterations of γλδ(1), where the opening γλ restricts the reconstruction to
some regions of the reference image f.

There are inclusion relationships between the flat zones obtained at the out-
put of the opening (and, respectively, closing) with reconstruction criteria and
those at the output of classical opening (respectively, closing) by reconstruction.
I.e., each flat zone of the output of an opening with reconstruction criterion
is included in a flat zone of the output of the corresponding opening by re-
construction. In fact, there are inclusion relationships between those filters and
morphological openings and closings (without reconstruction).

Thus, using a non-connected opening as a marker we can establish a flat zone
inclusion relationship. One extreme would be the case of the non-connected open-
ing (used as the marker), and the other extreme would be the case of the classical
opening by reconstruction. Between those cases we would find the gradation con-
stituted by the family of the opening with reconstruction criteria, whose criterion
allows us to control the reconstruction of flat zones and the resulting inclusion
relationships.

Figure 1 and 2 illustrate this. The example in Figure 1 shows the gradation
that can be obtained with the opening with reconstruction criteria, whose out-
puts appear as intermediate results between those of the non-connected filters
and of the filters by reconstruction. In the binary case (Figure 2), we can see
how we can control the flat zone extension and, if we desire it, separate certain
regions in some cases.
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(a) (b) (c)

(d) (e)

Fig. 1. (a) Morphological opening γµ with µ = 2; (b) opening by reconstruction γ̃µ

with µ = 2; (c) opening with reconstruction criteria γ̂λ,µ using µ = 2, λ = 1; (d) γ̂λ,µ

using µ = 2, λ = 2; and (e) γ̂λ,µ using µ = 2, λ = 3.

3 Reconstruction with Criterion from Labelled Markers

In this section we will discuss the reconstruction with criterion from labelled
markers. First, we will consider the binary case where we will discuss the com-
putation of influence zones associated with the markers. Afterwards we will apply
these concepts to the gray-level image case.

3.1 General Definitions

We will consider only digital images in the following. A gray-level image can be
represented by a function f : D → L, where D is a subset of Z2 and L is a
subset of Z (Z denotes the set of integers).

A section of f at level i is a set Xi(f) defined as: Xi(f) = {x ∈ D : f(x) ≥ i}.
In the same way, we may define the set Zi(f) as: Zi(f) = {x ∈ D : f(x) ≤ i}. We
have clearly Xi(f) = �(Zi+1(f)), where � denotes the complementation operator.

Let M be a set of D. For every point y of M , we will denote the distance
function of y to complementary set �(M) as:

∀y ∈ M, d(y) = dist(y, �(M)) (4)

where dist(y, �(M)) is the shortest distance between y and a point of �(M).
Let X ⊂ D be a set, and x, y two points of X. We define the geodesic distance

dX(x, y) between x and y as the length of the shortest path (if any) included in
X and linking x and y.
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(a) (b) (c)

(d) (e)

Fig. 2. (a) Original Image; (b) opening with reconstruction criteria γ̂λ,µ using µ = 5,
λ = 2; (c)γ̂λ,µ using µ = 5, λ = 3; (d)γ̂λ,µ using µ = 5, λ = 4; and (e) γ̂λ,µ using µ = 5,
λ = 5.

Suppose now that M is composed of n connected components (markers) Mi.
The geodesic zone of influence zX(Mi) of marker Mi is the set of points of X
located at a finite geodesic distance from Mi that are closer to Mi than to any
other marker Mj :

zX(Mi) = {x ∈ X : dX(x, Mi) finite, ∀j 	= i, dX(x, Mi) < dX(x, Mj)}. (5)

The boundaries between the various zones of influence constitute the geodesic
skeleton by zones of influence (SKIZ) of M in X. We can write:

IZX(M) = ∪
i

zX(Mi). (6)

and:
SKIZX(M) = X / IZX(M). (7)

where / stands for the set subtraction.

3.2 Binary Case: Geodesic Distance Modification

Let CX(x, y) denote the set of paths that link x and y. Such a set can be the
empty set, in particular if x and y belong to connected disjoint components of
X. We can write the geodesic distance as:

dX(x, y) = ∧ {�(f), f ∈ CX(x, y)}. (8)

dX(x, y) = ∞ if CX(x, y) = ∅. (9)

where � is the length of path of points (number of points).
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Suppose now that we apply an opening with reconstruction criterion γ̂λ,g

(expression (3)) to image X. We will modify the geodesic distance dX(x, y)
expressions indicated above, and we will use instead DX(x, y), which is defined
next:

DX(x, y) = ∧ {�(f), f ∈ Cγ̂λ,g(X)(x, y)}. (10)
DX(x, y) = ∞ if Cγ̂λ,g(X)(x, y) = ∅. (11)

Note that, instead of paths included in X, we are considering paths included
in the filter output γ̂λ,g(X).

(a) (b)

(c) (d)

Fig. 3. Shortest path differences.

Figure 3 illustrates the DX(x, y) concept. Figure 3(a) and 3(b) display the
usual case and the shortest path between a pair of points x and y that belong
to X. Figure 3(c) visualizes the filter output γ̂λ,g(X), and Figure 3(d) displays
the shortest path between x and y that is included in γ̂λ,g(X). Note that, in this
case, dX(x, y) is quite different from DX(x, y).

Now we will consider the problem of computing the influence zones associated
to a set of markers. The following expression will define the new ẑX(Mi) influence
zone of marker Mi:

ẑX(Mi) = {x ∈ γ̂λ,g(X) : DX(x, Mi) finite, ∀j 	= i, DX(x, Mi) < DX(x, Mj)}.
(12)

where g = ∪
i

Mi.

The following figures illustrate the computation of ẑX(Mi). Figure 4(a) dis-
plays an input set with two markers M1 and M2. Figure 4(b) and 4(c) display,
respectively, the influence zones of M1 and M2, considering there is only one
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(a) (b)

(c) (d)

Fig. 4. Modified influence zones.

marker (M1 or M2). Figure 4(d) displays the influence zones of both markers.
Note that there are some (a few) points at the right corner in Figure 4(d) that
do not belong to any influence zones, but that belong to the influence zones
in Figure 4(b) or 4(c). The reason is that there are some pixels that belong to
γ̂λ,g(X) when g = M1 or g = M2, but not when g = M1 ∪ M2.

3.3 Gray-Level Case

In this section, we will apply previous concepts to the gray-level case. The input
image will be considered as a topographic relief that is flooded (using terms
normally used in the watershed method [5] [7] [16] [1]). We will discuss next the
expressions of this modified flooding process, which proceeds level by level.

Let the marker image Mj be a gray-level image composed of labelled markers
mk at time j, where mk is a connected component with label k, where k ∈
{1, ..., N}, and N is the number of markers. In Mj , background pixels (those
that do not belong to a labelled marker) has an intensity value of 0. The initial
marker image M0 is composed of the set of all the minima of the original image
f . Then, the next sequence operation compute the boundary image B (B is
a binary image where boundary pixels will have zero intensity value and the
rest of them will have the maximum value MaxValue of the images under
consideration).1

Initialize counters: i=0, j=1
Initialize Boundary Image B: B(x)=MaxValue ∀ pixel x

1 For example, for two byte-per-pixel images, this value is equal to 65535.
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For all levels i of f do

Ti(f) =
{

MaxValue ∀x : f(x) ≤ i
0 otherwise

Do
Mj = (γλδ(1)(Mj−1) ∧ Ti(f)) ∨ Mj−1 /∗ image marker update ∗/

for (k = 1, k ≤ N) do
for all border pixels p of mk do

if ∃p′ ∈ NG(p) so that Mj(p′) > 0 and Mj(p′) 	= k

B(p′) = 0 /∗ p’ is labelled as a boundary pixel ∗/
Mj = Mj ∧ B

j = j + 1
While idempotence is not reached in Mj .
i=i+1

where NG(p) is the set of neighbors of a pixel p. Note that the inf operation
“Mj = Mj ∧ B” is necessary to prevent the mixing of different markers.

At the end of the process, the boundaries are the separations of the modified
catchment basins. Nevertheless, note that some pixels may not be flooded (as
discussed in Section 3.2 for the binary case), because of the added reconstruction
criteria.

The suggested reconstruction criterion γλδ(1)(Mj−1), introduced by the
transformations described in Section 3, allows us to have some flexibility to sep-
arate flat or connected zones, limiting the immersion process to certain zones.

In Figure 5, we show an application of this modified flooding transformation
for particle extraction in a medical gray-level images. Figure 5(a) displays an
input image, and Figure 5(b) show the markers highlighted in white over the
original (note that the background marker is also displayed). If we only want
to segment the marked cells as unique regions, the watershed transformation
will not be the most suitable option, because the flooding process will recover
all overlapping components (including the small particle at the upper-left corner
joined by a thin structure that, in this case, is desired to be extracted separately)
as is showed in Figure 5(c).

Figure 5(d) visualizes the image region recovered by the transformation pre-
sented above. As we can see, the reconstruction criterion added can prevent the
undesired mixing of overlapping particles (as is the case of the particle at the
upper-left corner). Note that, in this case, pixels that are not assigned to the
particle markers will be ultimately flooded by the background marker.

3.4 Conclusion

This paper has investigated the utilization of a criterion in the reconstruction
process and has applied it to the problem of image reconstruction from labelled
markers. In the binary case, we have studied the differences that exist in the
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(a) (b)

(c) (d)

Fig. 5. (a) Original Image; (b) markers used (displayed in white) over the original
image; (c) result of a watershed; and (d) result of modified flooding with γ̂λ,g (where
λ is equal to 5).

computation of the influence zones of each connected component of the marker.
As discussed, it is possible that some pixels do not belong to any influence zone
because of the added criterion. Then, the gray-level case has been considered,
and a modified flooding process arises that can be used to segment regions of
interest with additional flexibility. We have shown a medical image example in
which the modified flooding process permits to separate overlapping particles.
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