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Abstract. A numerical method for obtaining a crystalline flow from
a given polygon is presented. A crystalline flow is a discrete version of
a classical curvature flow. In a crystalline flow, a given polygon evolves,
and it remains polygonal through the evolving process. Each facet moves
keeping its normal direction, and the normal velocity is determined by
the length of the facet. In some cases, a set of new facets sprout out at
the very beginning of the evolving process. The facet length is governed
by a system of singular ordinary differential equations. The proposed
method solves the system of ODEs, and obtain the length of each new
facet, systematically. Experimental results show that the method obtains
a crystalline flow from a given polygon successfully.

1 Introduction

An evolution based multi-scale analysis plays an important role to characterize
a contour figure in an image[1][2]. A family of evolving contours that is called a
curvature flow is used for this analysis. In the flow, every point in the contour
moves toward the normal direction of the contour with the velocity V determined
by the curvature κ at each position. As a given contour evolves, its shape changes.
Observing the change, those methods extract shape features of a given contour.
The flow given by setting V = κ is called the curve shortening flow, which is
widely used for the multi-scale analysis[3][4][5][6].

For the computation of the curve shortening flow, there have been proposed
several methods. For those methods, the representation of a contour figure is
quite important, since each of those methods represents the smoothly evolving
curve discretely. For example, the Gaussian-based method[3] represents an evolv-
ing contour figure by a set of points that are equally spaced in the contour. The
coordinates of the ith point is represented as (x(i∆), y(i∆)) where ∆ denotes
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the interval between adjacent points. The method iterates two processes: (1)
smoothing both x(·) and y(·) with a small scale Gaussian filter, and (2) resam-
pling the resulted contour at equal intervals after the smoothing. The resampling
process is needed because the arc length changes as the contour evolves. This
method can obtain the curvature flow without computing the curvature. On the
other hand, the resampling process deforms the shape of the represented contour
figure slightly at each iteration step. In addition, the interval ∆ changes at each
iteration because ∆ must aliquot of the total peripheral length, but it is not
realizable.

A level set method[7][8][9] is a powerful tool for obtaining a curvature flow.
It is widely used. The method represents an evolving interface as the zero level
set of a higher dimensional function φ. For example, an evolving contour in a
x-y plane is represented as the zero level set of the evolving function φ(x, y; t).
This method needs no arc length parameter along the contour. For obtaining
the curvature flow, we only need to solve the level set equation φt + κ|∇φ| = 0.
In the computation, the function φ is discretely represented on fixed pixels, and
finite difference operators are used for computing the spatial derivatives. The
operators’ width is usually two or three pixels. If there is a small part in the
evolving contour that is comparable to the operators’ width, then, the computed
values do not approximate well the spatial derivatives.

In [10] and [11], a crystalline flow is proposed. The crystalline flow is a special
family of evolving polygons. It can be regarded as a discrete version of a classical
curvature flow. A given contour figure in an image can be often interpreted as a
polygon. In the evolving process of the crystalline flow, a given polygon remains
polygonal through the evolving process. Each facet moves keeping its normal
direction. The velocity is determined by the non-local curvature, which depends
on the length of the facet. Polygons are well represented in a discrete manner.
Different from a classical curvature flow, it is not difficult to compute the non-
local curvature correctly, and to obtain the crystalline flow if an appropriate
initial polygon is given. The crystalline flow proposed in [10] and [11] restricts
initial polygonal contour.

In [12] and [13], a level set formulation was extended to handle some family of
non-local curvature flow including a crystalline flow. Any polygon can be given as
an initial contour of a crystalline flow by a level set formulation proposed in [12]
and [13]. In some cases, new facets sprout out at corners of a given polygon, at the
very beginning of the evolving process. Once new facets sprout out, then, no new
facet sprout out any more, and the number of facets decreases monotonically,
as time increases. Recently, a system of singular ordinary differential equations
of facet length has been studied to handle new facets sprouting out[14]. In this
article, we present a numerical method for solving the system of ODEs and for
obtaining a crystalline flow from a given polygon. The length of each new facet is
systematically calculated. The proposed method enables to use any simple and
convex polygon as the Wulff shape, which determines the nonlocal curvature of
each facet.



A Computation of a Crystalline Flow 467

2 Crystalline Flow

2.1 Weighted Curvature Flow

First, we recall the notion of the weighted curvature. Let γ be a continuous,
convex function on R2 which is positively homogeneous of degree one, i.e.,
γ(λp) = λγ(p) for all p ∈ R2, λ > 0. Assume that γ(p) > 0 for p �= 0. For
a moment assume that γ is smooth (except the origin). For an oriented curve S
with the orientation n, which is a unit normal, we call Λγ(n) = −div(ξ(n)) the
weighted curvature of S in the direction of n, where ξ = ∇γ. We note that the
weighted curvature of S is the first variation of I(S) with respect to a variation
of the area enclosed by S; here I(S) is defined by

I(S) =
∫

S

γ(n)ds, (1)

where ds denotes the line element; I(S) is called the interfacial energy with an
interfacial energy density γ. We recall that the Wulff shape defined by

Wγ = ∩
|m|=1

{x ∈ R2; x · m ≤ γ(m)}

is the unique minimizer of I(S) among all S whose enclosed area is the same
as Wγ (see e.g. [15]). If γ(p) = |p|, then Λγ is the usual curvature, and Wγ is
nothing but a unit disk. For any γ the weighted curvature of ∂Wγ always equals
−1, so Wγ plays the role of a unit disk for the usual curvature.

We consider a motion of an evolving curve Γt governed by the anisotropic
curvature flow equation of the form

V = Λγ(n) (2)

on Γt, where V denotes the normal velocity of {Γt} in the direction of n. When
γ(p) = |p|, equation (2) becomes the curve shortening equation.

There are several methods to track evolution of Γt; one of a typical method
is the level-set method (see [7], [8], [9], [16]). If γ is C2 except the origin, global
unique solvability for (2) is established by [9] (see also [17]). However, when γ
has corners, conventional notion of a solution including viscosity solutions does
not apply to (2).

If Frank diagram of γ:

Frankγ = {p ∈ R2; γ(p) ≤ 1}
is a convex polygon, γ is called a crystalline energy (density), and a notion of
solution for (2) is proposed by [10] and [11] independently by restricting {Γt} as
a special family of evolving polygonal curves called admissible. Even for more
general γ with corners not necessarily crystalline energy, the level-set approach
for (2) and more general equations is successfully extended by [13] (see also
[12]), although the problem has nonlocal nature. They introduced a new notion
of solution consistent with that in [10] and [11], and proved the global unique
solvability at least for a general initial simple curve (not necessarily admissible).
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2.2 Crystalline Flow

Here and hereafter we assume that γ is a crystalline energy, i.e., Frank γ is
a convex M -polygon. In this section we introduce an evolving polygonal curve
called a crystalline flow governed by (2). To track such an evolving polygon, we
shall derive a system of ordinary differential equations (ODEs) for the length of
sides (facets) of the polygon. For this purpose we need to prepare several notions.

Let qi (i = 1, . . . ,M) be vertices of Frankγ. We call a simple polygonal curve
S as an essentially admissible crystal if the outward unit normal vector m and
m̂ of any adjacent segments (facets) of S satisfy

(1 − λ)m + λm̂

|(1 − λ)m + λm̂| �∈ N (3)

for any λ ∈ (0, 1), where N = {qi/|qi|; i = 1, . . . ,M}. Let J be a time in-
terval. We say that a family of polygon {S(t)}t∈J is an essentially admissible
evolving crystal if S(t) is an essentially admissible crystal for all t ∈ J and each
corner moves continuously differentiably in time. These conditions imply that
the orientation of each facet is preserved in J . By definition S(t) is of the form
S(t) = ∪r

j=1 Sj(t) where Sj(t) is a maximal, nontrivial, closed segment and its
orientation is nj . Here we number facets clockwise. Then we obtain a transport
equation for Lj(t) which is the length of Sj(t):

dLj(t)
dt

= (cotψj + cotψj+1)Vj − 1
sinψj

Vj−1 − 1
sinψj+1

Vj+1 (4)

for j = 1, . . . , r; index j is considered modulo r. Here ψj = θj − θj−1 (modulo
2π ) with nj = (cos θj , sin θj), and Vj denotes the normal velocity of Sj(t) in the
direction of nj .

We say that an essentially admissible crystal {S(t)}t∈J is a γ-regular flow of
(2) if

Vj(t) = χj∆(nj)/Lj(t) (5)

for j = 1, 2, . . . , r. Here ∆(m̂) = γ̃′(θ̂ + 0) − γ̃′(θ̂ − 0) with m̂ = (cos θ̂, sin θ̂)
and γ̃(θ) = γ(cos θ, sin θ). We note that ∆(m̂) is the length of facet of Wγ

with outward normal m̂ if m̂ ∈ N , otherwise ∆(m̂) = 0. The quantity χj is
called a transition number, and takes +1 (resp.−1) if the j-th facet is concave
(resp. convex) in the direction of nj , otherwise χj = 0. We call the quantity
Λj ≡ χj∆(nj)/Lj(t) as a nonlocal weighted curvature of the j-th facet with
respect to γ. (We use the convention that 1/Lj(t) = 0 if Lj(t) = ∞.) Thus we
get a system of ODEs (4) and (5) for Lj(t)’s. For a moment we assume that S(0)
is an essentially admissible closed curve.

A fundamental theory of ODE yields the (local in time) unique solvability of
(4) and (5). Unless S(t) shrinks to a point, self-intersects, or develops degenerate
pinching at most two consecutive facets with zero nonlocal weight curvatures may
disappear (i.e., the length of a facet tends to zero) at some time T∗. However,
S(T∗) remains essentially admissible, so that we can continue calculating the
ODE system (5),(6) for t > T∗ starting with initial data S(T∗) (see [11][12]).
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We say that {S(t)}t∈J is a crystalline flow with initial data S(0) , if there is
some t0 = 0 < t1 < t2 < · · · < tl, such that {S(t)}t∈Jh

is a γ-regular flow for
Jh = [th, th+1) with initial data S(th) (h = 0, 1, . . . , l − 1), and S(t) → S(th+1)
in the sense of the Hausdorff distance topology as t ↑ th+1 and some facets
disappear at th+1 (h = 0, 1, . . . , l − 2). By a similar argument as in [12], we see
that a crystalline flow {S(t)}t∈J starting with essentially admissible closed curve
S(0) shrinks to a point and does not intersect nor develop degenerate pinching.
A crystalline flow {S(t)}t∈J agrees with a solution by level-set approach for (2)
introduced in [13], by a similar argument as in [12]. The discussion in [12] is for
an admissible evolving crystal but it is easy to extend to an essentially admissible
evolving crystal. For convenience we recall the notion of an admissible evolving
crystal. An essentially admissible crystal S is called an admissible crystal if the
outward unit normal vector m of each segment of S belongs to N . We say
{S(t)}t∈J is an admissible evolving crystal if S(t) is an admissible crystal for
each t ∈ J .

2.3 General Polygonal Initial Curve

In the previous section we restricted an initial curve to an essentially admissible
crystals. Here we shall focus on a simple, closed, polygonal initial curve S(0),
which is not necessarily an essentially admissible crystal. In [13], it is shown that
there exists a unique level-set flow (solution) for (2) with a crystalline energy γ
starting with a general polygonal initial curve. However, it is not clear a priori
whether or not the solution is described by an ODE system, since new facets
whose orientation belongs to N are expected to be created instantaneously at
the place where the property (3) is violated on S(0). Moreover, it is not clear how
to solve the expected ODE system since it is singular at newly created facets. In
this section we give a heuristic argument to solve such a singular ODE system.

Let m and m̂ be the orientation of any adjacent facets Sj(0) and Sj+1(0) of
S(0). If

M ≡
{

(1 − λ)m + λm̂

|(1 − λ)m + λm̂| ∈ N ; 0 < λ < 1
}

is not the empty set, all facets (say, R1(t), . . . , Rn(t), numbered clockwisely)
with orientation in M is expected to be created between Sj(0) and Sj+1(0)
just after t = 0, so that the transition number of each Ri(t) is 1 (resp. −1) for
small t > 0 if the bounded polygon enclosed by S(0) is concave (resp. convex)
near Sj(0) ∩ Sj+1(0). By inserting these newly created facets, our solution S(t)
becomes essentially admissible instantaneously. This observation should be jus-
tified by approximating S(0) by essentially admissible crystals from inside and
from outside with comparison principle[13].

For a given initial polygon S(0) one is able to find the place, the orientation
and the transition number of the all facets that are expected to be newly created
at initial time. For later convenience, we shall re-number clockwisely all facets
of S(0) and all facets that are expected to be created at t = 0, i.e., the length
of a newly created facet equals 0 at t = 0. Then the expected ODE system for a
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simple, closed, polygonal initial curve S(0) again becomes (4) and (5); however,
the initial data Lj(0) may be 0. The ODE system is of the form

dLj(t)
dt

=
p̃j

Lj(t)
+

q̃j−1

Lj−1(t)
+

r̃j+1

Lj+1(t)
(6)

for j = 1, . . . , r′; index j is considered modulo r′. Here numbers p̃j , q̃j , r̃j are
determined uniquely by (4) and (5), since the transition number and the orien-
tation of a newly created facet are known.

To solve the equation (6) we consider Puiseux series

Lj(t) =
∞∑

k=0

ajkt
k/2, (7)

with real number ajk . Clearly, for j with Lj(0) = 0 the coefficient aj0 must
be zero. Suppose that n consecutive facets, say S1(t), . . . , Sn(t) are created at
t = 0, i.e. L1(0) = . . . = Ln(0) = 0 and L0(0), Ln+1(0) > 0. We plug (7)
into (6) and multiply t1/2 with the both sides of (6). Comparing both sides we
observe that all coefficients are determined. The first coefficients {aj1}n

j=1 have
a significant meaning. If the nonlocal curvature of S0(0) and Sn+1(0) equal zero,
then Lj(t) = aj1t

1/2 for j = 1, . . . , n exactly solves the ODE system (6) with
j = 1, . . . , n (as long as both S0(t) and Sn+1(t) exist), since it is decoupled from
the whole system (6) with j = 1, . . . , r′ by the fact q̃0 = 0 = r̃n+1. In this case
the solution {aj1}n

j=1 represents a selfsimilar expanding solution of the problem
in the next section.

2.4 Selfsimilar Expanding Solutions

Let {S(t)}t>0 be an essentially admissible evolving crystal of the form

S(t) =
n+1∪
j=0

Sj(t)

with nonparallel half lines S0(t) and Sn+1(t). We say that {S(t)}t>0 is selfsimilar
if there exists an essentially admissible crystal S∗ such that

S(t) = t1/2S∗ = {t1/2x; x ∈ S∗}, t > 0.

If {S(t)}t>0 solves (6), we call {S(t)}t>0 a selfsimilar expanding solution of
(2). By definition S(+0) = limt↓0 S(t) consists of two (nonparallel) half lines
emanated from the origin. We also observe that ∪n

j=1 Sj(t) is admissible for all
t > 0 and that the transition number of Sj(t) is independent of j = 1, . . . , n and
t > 0; it must be either −1 or +1. It turns out that {S(t)}t>0 is a selfsimilar
expanding solution if and only if the length Lj(t) of Sj(t) (j = 1, . . . , n) solves
the ODE system (6) for t > 0 and for j = 1, . . . , n with q̃0 = 0 = r̃n+1. Note that
aj1 of Lj(t) = aj1t

1/2 represents the length of j-th facet of S∗ for j = 1, . . . , n.
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Theorem For a given oriented closed cone C (with connected interior) there
exists a unique selfsimilar expanding solution S(t) such that S(+0) agrees
with the boundary of C (see [14]).

From ODE system (6) we see that this problem is equivalent to the unique
solvability of algebraic equation




an

an−1
an−2
...
a2
a1




= 2




p̃n q̃n−1
r̃n p̃n−1 q̃n−2 0

r̃n−1 p̃n−2 q̃n−3
. . . . . . . . .

0 r̃3 p̃2 q̃1
r̃2 p̃1







1/an

1/an−1
1/an−2
...
1/a2
1/a1




(8)

for aj = aj1(j = 1, 2, . . . , n). We solved this equation by a method of continuity
while we proved the uniqueness of a solution by a geometric observation[14].

3 Numerical Method for Obtaining a Crystalline Flow

In this section, we describe a numerical method for obtaining a crystalline flow
starting from a given polygon that is not necessarily an essentially admissible
crystal. For each adjacent facets with orientation m and m̂ of the initial poly-
gon, if M �= ∅ then all facets with orientation in M should newly sprout out
instantaneously, so that the given polygon becomes essentially admissible instan-
taneously. Once the polygon becomes essentially admissible, no new facet sprout
out and remains essentially admissible through the evolving process.

We calculate singular ODE system (4) and (5) by the Euler method. A special
treatment is necessary to get approximate length of newly created facets at first
time step ∆t. We take Lj(∆t) = aj

√
∆t for such facets, where aj is a numerical

solution of (8). To solve (8) numerically, as in [14] we rewrite (8) with αj = 1/aj :



1/αn

1/αn−1
...
1/α2
1/α1




= Hn




αn

αn−1
...
α2
α1



, where Hn =




pn qn−1
rn pn−1 qn−2 0

. . . . . . . . .
0 r3 p2 q1

r2 p1



, (9)

pj = 2p̃j , qj = 2q̃j , and rj = 2r̃j . We introduce extra parameter s ∈ [0, 1] by
replacing Hn by Kn(s) in (9).

Kn(s) =




pn sqn−1
srn pn−1 sqn−2 0

. . . . . . . . .
0 sr3 p2 sq1

sr2 p1



. (10)
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Evidently [1/αj(0)] = Kn(0)[αj(0)] can be easily solved: αj(0) = 1/√pj . Based
on [14], we calculate the numerical solution of (8) as follows.

1. Set αj = 1/√pj = 2[cotφj + cotφj+1]χj∆(nj) for initial values.
2. Apply the Newton-Rapson method to obtain the numerical solution of αj .
3. Calculate aj = 1/αj , and set Lj(∆t) = aj

√
∆t, where ∆t is the time interval.

Once new facets are inserted into a given polygon, then the length of each
facet Lj(i∆t) is calculated at each time step by the system of (4) and (5). Note
that Lj(t) = ajt

1/2 is the exact solution if the speeds of both facets bounding
newly created facets are zero.

4 Experimental Results

In the first experiment, we used a regular 16-polygon as the Wulff shape, and
a square as an initial contour. Let mi (i = 1, 2, · · · , 16) denote the outward
unit normals of the Wulff shape. We set that the arg mi = π − π(i− 1)/8 (the
facet number is counted clockwise). Let Fj denote the jth facet of the initial
contour, and nj (j = 1, 2, 3, 4) be the outward unit normal of Fj . Assume that
arg nj = π − π(j − 1)/2. Then, three new facets sprout out at each corner of
the square. For example, between F1 (arg n1 = π) and F2 (arg n2 = π/2) of the
given square, three facets sprout out of which normals are parallel to m2, m3,
and m4, respectively.

In order to obtain the quantities of aj , we solve next equations that corre-
spond to (8).


a3
a2
a1


 =


p q 0
q p q
0 q p





1/a3

1/a2
1/a1


 , where p =

4
tan(π/8)

and q = − 2
tan(π/8)

. (11)

Let α = 1/a1 = 1/a3 and β = 1/a2. The equation(11) can be solved analytically:
{
α = −1/2q(pβ − 1/β),
β = [(p2 + q2) +

√
(p2 + q2)2 − p2(p2 − 2q2)]/[p(p2 − 2q2)].

(12)

We can calculate the quantities of ajs using a1 = a3 = 1/α and a2 = 1/β. The
values p and q in (12) are known as shown in (11). The values are a1 = a3  1.68
and a2  1.29, respectively. Three facets sprout out with symmetric shape in
this case. It should be noted that the shape of the set of new facets are not
same with the shape of the corresponding part of the Wulff shape. In this case,
the middle facet is shorter than the neighbors, in spite that the Wulff shape is
regular.

Figure 2 shows some experimental results of crystalline flow. The initial con-
tour is common to all, but the Wulff shape is different. As described before, the
Wulff shape plays the role of a unit circle for a classical curve shortening flow.
Because the proposed method can obtain a crystalline flow from a non essen-
tially admissible crystal, any simple and convex polygon can be used for the
Wulff shape.
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Fig. 1. An example of the the Wulff shape and an initial contour. An analytic solution
can be calculated in this case. Three new facets are inserted at the beginning as shown
in the this figure. It should be noted that the middle facet is shorter than side ones.

Fig. 2. Examples of the crystalline flow. The initial contour is common to all, and is
shown in the second column. The Wulff shapes are shown at the left: (A) a regular
30-polygon, (B) a decagon two of which facets are longer than others, (C) a regular
pentagon, and (D) a 30-polygon each of which facet has the same length.

5 Conclusion

A numerical method for obtaining a crystalline flow from a given polygon that is
not essentially admissible is presented. The method enables to use any simple and
convex polygon for the Wulff shape, because a crystalline flow can be obtained
from any simple polygon even if it is not essentially admissible.

In many cases, a contour in an image is given as a polygon. For example, a
contour represented with a chain-code is a polygon that consists of short facets.
Because the nonlocal curvature Λγ is determined by the facet length, no ap-
proximation is needed for the calculation of the curvature. In addition, because
each facet moves with keeping its direction, it is not difficult to trace every facet
through the evolving process. We believe that those features of a crystalline flow
are useful for multi-scale contour figure analysis.
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