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Abstract. This paper proposes and compares methods for designing
hierarchical 2D meshes for representation of object-based video and hierarchical 3D meshes for 3D objects used in telemedicine and multimedia
applications. The same approach has been applied both in 2D and 3D but
with diﬀerent constraints. This representation consists of a hierarchy of
Delaunay meshes, obtained by recursive simpliﬁcation of the initial ﬁne
level-of-detail mesh geometry. There is no guarantee of an optimal mesh
in 3D that uses a speciﬁc given set of node points whereas in 2D it is
guaranteed that there is a unique 2D Delaunay mesh which uses all the
node points for a speciﬁc set. To solve this problem an optimized alpha
value is used in 3D Delaunay triangulation in the proposed algorithm.
Mesh simpliﬁcation entails removal of mesh nodes to reduce the level
of detail. The selection of nodes to be removed is achieved by associating a cost with each mesh node. The Delaunay topology constraint on
each mesh level not only helps to design meshes with desired geometric
properties, but also enables eﬃcient compression of the mesh data for
multimedia applications.

1

Introduction

Dynamic mesh representation of video objects has recently been proposed for
object-based video coding (by warped motion compensation), storage (e.g. video
database query by motion) and manipulation (e.g. video animation). A 2D triangular mesh is initially designed on the ﬁrst video object plane of a video object
sequence, and subsequently tracked by motion estimation techniques. Hence,
a 2D dynamic mesh compactly represents the shape and motion of a video
object. We have recently proposed a hierarchical mesh-based representation of
object-based video [1]. Hierarchical mesh representation has attracted attention
recently, because it provides rendering at various level of detail (quality scalability), and allows progressive/scalable transmission of the mesh geometry and
motion. Also, the hierarchical representation leads to improved motion trackE. Andres et al. (Eds.): DGCI 2005, LNCS 3429, pp. 45–55, 2005.
c Springer-Verlag Berlin Heidelberg 2005
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ing performance [1]. This paper discusses optimal hierarchical construction of
content-based 2D and 3D dynamic meshes.
A hierarchy of ﬁne-to-coarse meshes can be obtained by repeated removal of
some detail information from an initial mesh. A 2D mesh partitions the image
domain into triangular patches, the vertices of which are referred to as node
points. The straight-line segments between node points are referred to as edges.
The degree of a node is the number of incident edges to the node. In the initial ﬁne level-of-detail mesh design, node points are placed at salient edge and
corner points of the boundary and interior of a video object plane. The number
of nodes in the initial mesh can be found using the number of points detected
by a corner detection algorithm. The initial mesh topology is constructed using constrained Delaunay triangulation of the node points, where the boundary
edge segments serve as constraints. The Delaunay property of the initial mesh
is preserved during mesh simpliﬁcation by the constraint that only non-adjacent
nodes can be removed, i.e., removed nodes must form an independent set. Each
removed node leaves a hole in the mesh which is retriangulated using the Delaunay criterion.
Three-dimensional (3-D) polygonal meshes have been popular in computer
graphics to describe the geometry (structure) of world objects. They have been
employed to view objects from diﬀerent angles and/or to render photorealistic
synthetic images by texture mapping [2]. Three-dimensional meshes are an elementary building block of the Virtual Reality Modeling Language (VRML), a
standard for storing and interacting with graphics objects and virtual worlds
over the World Wide Web.
Hierarchical representation of 3D meshes have attracted attention because
it: 1) provides rendering at various levels of detail (quality scalability); 2) allows
progressive/scalable transmission or storage of the object geometry and motion
information. Scalability means that terminals of diﬀerent complexity can extract
data of diﬀerent quality levels from this single bit stream. Hierarchical representation of 3-D meshes has been addressed in computer graphics for adaptive levelof-detail (LOD) rendering of 3-D objects. A wavelet-based multiresolution mesh
approximation was proposed in [3, 4, 5]. Meshes of tetrahedra have many applications, including interpolation, rendering, compression, and numerical methods
such as the ﬁnite element method. Most such applications demand more than
just a triangulation of the object or domain being rendered or simulated. To
ensure accurate results, the tetrahedra must be “well-shaped”, having small aspect ratios or bounds on their smallest and largest angles [6]. In this paper, we
propose a new hierarchy of 3D Delaunay meshes and we only remove vertices in
the ﬁne to coarse design strategy. We do not reposition vertices nor edges which
increase eﬃcient use of bandwidth when compared to other methods mentioned
so far.
In Section 2 and 3, algorithms for 2D/3D mesh simpliﬁcation with their
proper design parameters respectively are explained. In Section 4, experimental
results for proposed decimation algorithms and conclusions are given.
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Two Dimensional Hierarchical Mesh Representation
and Design

A hierarchy of ﬁne to coarse level meshes M is deﬁned, with  = 0, 1, . . . , L − 1,
where each coarser level mesh is obtained by removal of some detail information
from the ﬁner level mesh. Thus, a hierarchical decomposition of the mesh data
into L levels is obtained, consisting of a base level and L − 1 enhancement levels,
suitable for progressive transmission of a 2D dynamic mesh. The base level mesh
contains a coarse version ML−1 of the original mesh, while each enhancement
level contains detail information such that ﬁner versions ML−2 , . . . , M0 of the
mesh can be reconstructed, where M0 is the original mesh. Hierarchical mesh
representation and mesh simpliﬁcation have been addressed in computer graphics
for adaptive level-of-detail rendering of 3D objects. Hierarchical mesh modeling
of video has been addressed previously in the context of uniform topology only.
2.1

Delaunay Hierarchy

Here, the decomposition of the initial mesh is restricted such that each mesh M
reconstructed at level  has Delaunay topology. Thus, no topology data has to
be encoded on any level of the decomposition. Only mesh node locations need
to be encoded.
A simpliﬁcation step starts by removing an independent set of nodes from
the mesh at a certain level. An independent set of nodes is a set of nodes among
which no two nodes are connected to each other by an edge. Edges that are
incident to a removed node are removed as well. Each removed node of the mesh
leaves a hole in the mesh which is to be retriangulated using the Delaunay criterion. It has been noted by de Berg et al. [7] that, after locally retriangulating
the areas around removed independent nodes, the global triangulation remains
Delaunay. The nodes that were removed in this step form the detail information
to be encoded in an enhancement layer. This removal step is iterated a number
of times, thus deﬁning L versions of the mesh from ﬁne to coarse. This strategy leads to a well-deﬁned hierarchy of triangles and Delaunay meshes for all
levels  = 0, . . . , L − 1, in which part of the topology is preserved going from
one hierarchical level to the next. The approach represents the middle ground
between enforcing a strict triangular hierarchy as one extreme, and ignoring
topology preservation completely by picking nodes to be removed freely as the
other extreme. It is naturally desirable to retain important nodes while going
from one level to the next, such that essential mesh features are not removed. In
this paper, we determine the importance of a node adaptively using image-based
and shape-based criteria. The nodes on a 2D mesh boundary, convey essential
object shape information.
2.2

Removal of Mesh Boundary Nodes

A sequential simpliﬁcation algorithm is used to remove boundary nodes going
from one hierarchy level to the next. The algorithm uses a distance parameter
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Dmax to control the error in the polygonal boundary shape, which is increased
from level to level. A candidate approximating edge segment, or chord, is drawn
between an initial boundary node point and another node point, the chord node.
Initially, the chord node is the second node on the boundary with respect to the
initial node. For each node between the initial boundary node and the chord
node, the distance d from the candidate node to the chord is computed and
compared to Dmax . If d is smaller than Dmax for all candidate node points,
the next node on the boundary becomes the new chord node and a new chord is
drawn. If d is greater than or equal to Dmax for one or more candidate nodes, the
candidate node with maximum distance d is retained and all nodes between this
node and the initial node become removable nodes. The node that is retained
becomes the initial node in the next step. Note that only an independent subset
of the removable nodes is actually removed, so as to conform to the hierarchy
discussed in the previous subsection. These steps are repeated until all nodes on
the boundary have been processed.
2.3

Removal of Mesh Interior Nodes

The set of interior nodes to be removed while going from one hierarchy level to
the next can be determined using both spatial and temporal image-based criteria.
That is, one desires to retain nodes with locally important motion activity, as
well as nodes that are salient in terms of “edgeness” and “cornerness” measures.
The following measure of the saliency of node n is used:
2

2

pn )| + |Iy (
pn )| + Γ (
pn )
Cn = |Ix (

(1)

where pn (xn , yn ) is the location of node n, Ix (
pn ) and Iy (
pn ) are partial derivapn ) is the response of a corner detector
tives of the intensity image at pn , and Γ (
at pn , based on a non-linear measure of similarity between the image intensities
in a neighborhood around pn . Here, the intensity image refers to the initial VOP
of the video object from which the mesh was derived. Using this importance measure, interior nodes are removed using an iterative greedy algorithm. Initially,
all nodes that were connected directly to a removed boundary node are marked.
Then, during each iteration, the unmarked node with the smallest value of the
importance measure is removed and all nodes connected directly to this node are
marked. Repeat until there are no more unmarked nodes. Note that the marking
of nodes ensures that the nodes that are removed form an independent set. We
allow a node to be removed only if its degree (number of incident edges) is at
most 6. One can still ensure that a certain percentage of nodes will be removed.

3
3.1

Three Dimensional Hierarchical Mesh Representation
and Design
Initial Fine Detail Mesh

The 3D Delaunay triangulation is deﬁned as the triangulation that satisﬁes the
Delaunay criterion for n-dimensional simplexes (in this case n=3 and the sim-
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plexes are tetrahedra). This criterion states that a circumsphere of each simplex
in a triangulation contains only the n+1 deﬁning points of the simplex. It has
been proven that two dimensional Delaunay triangulation satisﬁes an “optimal”
triangulation, but in 3D Delaunay triangulation the situation is not so, since a
measurement for optimality in 3D is not agreed on in the literature.
Computation of the “α” Parameter. A graph can be deﬁned as G = (V, E).
Here V is the set of vertices, V={v0 , v1 , ... , v1 , ... , vv−1 }, and E is the set of
edges, E={e0 , e1 , . . . , ei , . . . , eE−1 }. The α parameter used in the 3-D Delaunay tetrahedralization tool speciﬁes the radius of the circumsphere of each
tetrahedron. Only tetrahedrons lying within this circumsphere are allowed. If
the α value is zero, the output of the tetrahedralizator is a convex hull. Usually
the output is a tetrahedral mesh, but if α distance value is not to be set as
zero, then output data consists of tetrahedra, triangles, edges, and vertices lying
within the α radius. Optimal α value has to be computed in order to get a good
approximation of the original image. The average tetrahedron edge length (le )
of the convex hull is used in the proposed decimation method to determine this
optimal value. Although the convex hull may contain edges of large length when
connecting end nodes of the volume data, experiments show that the average
edge length gives us a proper α value. In fact, to preserve all tetrahedra present
in the 3-D mesh, maximum circumradius of them has to be used to determine
α value, which in practice is expressed as average value when convex hull is employed. Again these “ill-conditioned” tetrahedra force us to choose average edge
length instead of circumradius in α value determination.
When used a global α, some regions in the mesh, as pointed in Figure 3 (a),
(c), (e) cannot be ﬁlled. The reason is that, an optimal Delaunay triangulation in
3D using all given node points cannot be guaranteed 3D which is diﬀerent from
2D case [6, 7]. These vertices cannot be located in the spheres by using global
α value in the Delaunay triangulation topology. There may be non connected
regions since α value does not guarantee a connected mesh. The α variable in the
local Delaunay topology, is obtained by vertex density value calculated by scanning the number of neighbours of a vertex in a region. Optimization is realized
consecutively by bounding the alpha variable with a minimum and maximum
value. Region with a density of vertices with constrained Delaunay triangulation, and the boundaries of these regions are kept and after the application of
the same process for other density value regions, these regions boundaries are
connected. So, generally a Delaunay mesh is formed by connected submeshes
which are constrained Delaunay triangulated.
Boundary Extraction Algorithm. The boundary extraction algorithm for
3-D images represented by the Delaunay tetrahedralization, uses the sum of the
solid angles at every vertex to determine whether the vertex is on the boundary
or not. The solid angle at the vertex vi of the tetrahedron T (v0, v1, v2, v3 ) is
deﬁned to be the surface area formed by projecting each point of the face not
containing vi to the unit sphere centered at vi . For each tetrahedron, the solid
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angle at each vertex is calculated. A vertex is said to be on the boundary, if the
sum of the solid angles of every tetrahedron the vertex belongs to at this node,
is less than the surface area of a unit sphere, 4π. If the sum of the solid angles
equals 4π, the vertex has to be in the interior of the image. It is obvious from
the deﬁnition of the solid angle of a tetrahedron, that there is no possibility
for the sum of the solid angles to be greater than the surface area of the unit
sphere, provided that the tetrahedrons do not intersect. The solid angle (Ψ ) of
a tetrahedron is as:
(Θe1 e2 : dihedral angle at edge e1 e2 )

ΨA = (ΘAB ) + (ΘAC ) + (ΘAD ) − π (2)

where the dihedral angle (Θ) at the edge eAB is the angle between the intersection
of the two faces containing the edge eAB and a plane perpendicular to this edge:
ΘAB = π − | arccos(faceABC • faceABD )|

(3)

A sequential simpliﬁcation algorithm is again used as in 2D case for 3D too
to remove boundary vertices going from one hierarchy level to the next.
Mesh Interior Simplification. Importance function assigns an importance
value for each vertex in the mesh. If the vertex is an important vertex that
should not be removed, his importance value is also large.The importance (IP 1 )
value for an interior node is deﬁned as the ratio of the sum of its neighbors’
tetrahedral volume to its tetrahedron volume. This IP 1 stress on the connectivity of the mesh and try to retain detailed regions’ vertices of the volume data.
Degree(n) is criterion of the connectivity of relevant vertex vn . It represents
how many edges are connected to the vertex. It is obvious that more smaller
the volume(n) and more larger the sum of volume(i) is more higher the importance value of relevant vertex because small volume represents a more detailed
region and vertex in this region is more important. The interior vertex remove
algorithm is a simple Greedy-type algorithm that removes the vertex having the
smallest importance value among the unprocessed ones, and keeps its neighbor
vertices.
The importance value for an interior vertex, is deﬁned as the multiplication
of his degree with the ratio of the total volume of the tetrahedrons formed by its
neighbors to its own volume. If the volume of a tetrahedron related to a vertex,
is smaller then the volumes of the tetrahedrons related to its neighbors, this
means that this vertex contains a detail
neighbors−1


IP (n) = Degree(n) ∗

volume(i)

i=1

volume(n)

information and removing will be deletion of this detail information.

(4)
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Experimental Results and Conclusions
Results for Design of 2D Meshes

Initial ﬁne level-of-detail content-based meshes were designed on initial Bream
and Akiyo video object planes, as illustrated in Figure 1 (a) and Figure 2 (a)
respectively. These ﬁne level-of-detail meshes contain 165 nodes and 210 nodes,
respectively. Successively coarser level-of-detail meshes, obtained using the simpliﬁcation methods are illustrated in Figure 1 (b), (c), (d) and (e) for Bream,

(a)

(b)

(d)

(c)

(e)

Fig. 1. (a) Illustrates six node layers of the original Bream mesh used in mesh simpliﬁcation, by successive empty and ﬁlled squares. In (b), (c), (d) and (e), the hierarchical
mesh for four consecutive levels of Bream is shown overlaid onto the original video
object plane, where empty square symbols indicate the boundary nodes that will be
removed at that hierarchy level and ﬁlled squares indicate the interior nodes to be
removed at that level
Table 1. Number of removed boundary nodes and number of removed interior nodes
at each level of the mesh hierarchy for the initial Bream video object plane
Hier. level
1
2
3
4

D max
0.8997
1.6246
1.8342
2.0613

# rem. boundary # rem. interior
8
18
10
14
6
11
0
7
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Table 2. Number of removed boundary nodes and number of removed interior nodes
at each level of the mesh hierarchy for the initial Akiyo video object plane
Hier. Level
1
2
3

(a)

D max
0.4662
1.3083
3.3609

# rem. boundary # rem. interior
4
32
6
23
6
19

(b)

(c)

(d)

Fig. 2. (a) Illustrates six node layers of the original Akiyo mesh used in mesh simpliﬁcation, by successive empty and ﬁlled squares. In (b), (c) and (d), the hierarchical mesh
for three consecutive levels of Akiyo is shown overlaid onto the original video object
plane, where empty square symbols indicate the boundary nodes that will be removed
at that hierarchy level and ﬁlled squares indicate the interior nodes to be removed at
that level

and in Figure 2 (b), (c) and (d) for Akiyo. The number of nodes removed from
the boundary and from the interior of each 2D mesh at all hierarchy levels are
summarized in Tables 1 and 2, for the Bream and Akiyo sequences, respectively.
4.2

Results for Design of 3D Meshes

Experimental results related to boundary and interior vertex simpliﬁcation are
given for “Cat” and “Engine” data. The proposed algorithm works in general for
volume data but it can also provide successful results for surface data in terms
of minimized number of vertices for a good mesh quality. Boundary node simpliﬁcation is accomplished for Dmax = 2.0 for “Cat”. “Cat” data has a boundary
consisted of concave and convex regions so its boundary has to be processed
carefully for its global shape information. That is why a low Dmax value is chosen for “Cat”. The stopping criterion is such that no more removed vertices on
its boundary is applied. Global α value and IP are used for “Engine” and “Cat”
in Figures 3-5. As seen from Figure 3, there are some gaps (nonconnected regions) at the output the rendered object. To get rid of this, local α values are
used as in Figure 3-5 with IP calculation. Although number of vertices are very
small in Figure 4 and 5, good results in terms of visual information and node
simpliﬁcation are obtained as given in Table 3 and 4 where two test results are
also added.
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(f)
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(d)

Fig. 3. “Results for 3D Delaunay meshes using global α are given in (a), (c), (e) and
for 3D Delaunay meshes using local α s are given in (b), (d), (f) respectively for “Cat”,
“Engine”, “Mannequin” data

Mesh quality criteria can be provided by a “Volume Test” and an “Angle
Test”: First, ratio of inner radius (r ) to outer (R) one for a tetrahedron cannot
∼
pass 1/3. In a sliver r → 0 and R → ∞, thus 3r
R = 0. Using this ratio as a
mesh quality measure, we can say that this mesh performance criterion is between 0 and 1. By calculating this ratio for each tetrahedron and taking the
average value, we can determine the overall quality of the mesh at hand. This
is called a “Volume Test”. Second, absolute value of the deviation of each angle
of each triangle in the 3D mesh from 60 is calculated. Average of the deviation angles of all triangles in the 3D mesh is taken and “Angle Test” is thus
calculated.
For both 2D and 3D hierarchical meshed only vertices have to be known,
triangles are determined by Delaunay triangulation. The main diﬃculty with
Delaunay triangulation in 3D is that its optimality is not proven. An optimal
choice of alpha value controls this problem. In the proposed method, one only
needs the vertices so a high transmission rate is possible for both 2D and 3D
applications. Removal of maximum number of independent vertices will then
provide high compression ratios by preserving mesh and thus rendered object
quality.
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(a)

(b)

(c)

(d)

Fig. 4. (a) Original “Engine”graphics model with 426 vertices -3D Delaunay Mesh 0
(b) 3D Delaunay Mesh 1 hierarchy level 1 with 366 vertices (c) 3D Delaunay Mesh
2 hierarchy level 2, with 291 vertices (d) 3D Delaunay Mesh 3 hierarchy level 3 with
235 vertices

(a)

(b)

Fig. 5. (a) Original graphics model ”Cat” with 328 vertices,-3D Delaunay Mesh 0 (b)
3D Delaunay Mesh 3 hierarchy level 3 with 238 vertices
Table 3. Performance of the hierarchical design algorithm for “Engine” data as given
in Figure 4 with IP calculation and local α values (V: vertices, B.V.: Boundary vertices)

Original
Hierarchy Level 1
Hierarchy Level 3
Hierarchy Level 5

V
426
366
291
235

B.V.
189
161
153
144

Volume Test
0.419
0.419
0.437
0.462

Angle Test
24.04
23.85
22.92
22.09

Table 4. Performance of the hierarchical design algorithm for “Cat” data as given in
Figure 5 with IP calculation and local α values (V: vertices, B.V.: Boundary vertices)

Original
Hierarchy Level 1
Hierarchy Level 2

V
328
268
238

B.V.
149
120
120

Volume Test
0.284
0.284
0.294

Angle Test
28.02
27.91
27.45
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Table 5. Local α values for “Engine” and “Cat” data for diﬀerent hierarchy levels
(E:Engine, C:Cat, i :level i)
E 0
0.78
1.34
1.33
1.23
0.95
1.03
1.13
0.86

E 1
0.81
1.37
1.36
1.25
0.96
0.88
1.15
1.05

E 3
0.87
1.48
0.98
1.11
1.24
1.39

E 5
1.08
0.94
1.60
1.44
1.25

C 0
0.11
0.18
0.16
0.12
0.15
0.14
0.18
0.15
0.17
0.12
0.13

C 1
0.12
0.13
0.19
0.19
0.17
0.12
0.16
0.17
0.14
0.15
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