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Abstract. We give an overview of the main ideas and tools that have been employed in uncertain geometry. We show how several recognition problems in computer vision can be translated into combinatorial optimization problems that involve intersection hypergraphs, and how we can obtain approximate solutions for
these problems when we replace the hypergraphs by intersection graphs. The statistical properties of these graphs are important when we design algorithms for the
extraction of geometric primitives from images. We illustrate the use of uncertain
geometry with examples involving the detection of circles and the computation of
transformations between images.

1

Introduction

The computation of the uncertainty of geometric primitives and transformations is an
important problem in computer vision. In the classical approach, the uncertainty of
geometric parameters is estimated by statistical analysis. This approach has the disadvantage, however, that the computation soon becomes too complicated unless one
introduces simplifying, but often unrealistic assumptions with regard to the statistical
model, e.g. that uncertainty can be represented by uncertainty ellipsoids.
Since a purely statistical approach has many shortcomings, other methods have been
proposed. The way in which geometric uncertainty has been modeled and handled,
however, depends very much on the field of application. Several methods are aimed at
obtaining numerical robustness in geometric modeling: robust geometric computation
[32], interval geometry [16,17], rounded geometry [19]. One of the prototype problems in
this field is the robust intersection of line segments [32]. Also in robotics and mechanical
design there is a need to deal with impreciseness. The models proposed there include
the use of finite precision arithmetic [12], the use of probability density functions [5, 6],
and the use of tolerance zones for mechanical parts [7].
When the application is the extraction of geometric primitives and relationships,
uncertainty involves more than numerical errors. Some ad-hoc approaches have been
quite successful. Lowe as well as Nacken introduce significance measures for geometric
relations, e.g. a function that measures how far two line segments are from being collinear
[11,13]. A recurring problem, however, is that such a function does not necessarily satisfy
the basic rules of geometry, such as the transitivity of collinearity [13]. In this paper we
advocate a more uniform approach to geometric uncertainty, consisting of one common
methodology applied to many geometric problems, which also takes care of transitivity
and other properties [29].
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This paper gives an overview of the main ideas and tools that have been employed
in uncertain geometry. Positional and geometric uncertainty is modeled by polytopes
instead of ellipsoids. Such an approach has several advantages. First, in applications regarding positional or geometric uncertainty, polytopes can give a much better idea about
the shape of the uncertainty region. Second, when using polytopes to capture uncertainty,
many recognition problems in computer vision can be reformulated as either convex or
combinatorial optimization problems for which standard algorithms are known. The paper also mentions more recent work on geometric transformations, where the positions
of the points are not precisely known, a topic inspired by registration problems in image
processing.
Section 2 describes how geometric uncertainty is modeled in this paper. The advantages of the approach become clear in Section 3 in which we translate the extraction of
geometric primitives into a combinatorial optimization problem involving hypergraphs.
Section 4 describes how intersection hypergraphs can be replaced by intersection graphs.
The statistical properties of intersection graphs are the subject of Section 5.

2

Modeling Geometric Uncertainty

What are the geometric problems that must be solved in computer vision, and for which
of these problems uncertainty is an important issue? Uncertainty is almost unavoidable
in one of the most common tasks in computer vision, i.e. when we extract geometric
primitives from real digital images, look for relations between these primitives, or look
for geometric transformations between points or primitives. The positional uncertainty
of the extracted features has several causes: distortion by lenses, which, when measured
in terms of pixels actually gets larger when the resolution of a digital camera gets better,
the positional error made by a feature detector, or the geometric imperfectness of the real
world, i.e. straight edges are not perfectly straight, round objects do not form perfect
circles, hand-drawn figures are loosely drawn.
Another kind of uncertainty is due to the misclassification of features. A feature
detector may report features that are not really there (false positives), may fail to report
features (false negatives), or in the best case return a likelihood measure for the presence
of a feature. Feature classification errors are mainly caused by noise and illumination
conditions, combined with the often ill-posed nature of feature detection, in particular
when we want to detect features characterized by high intensity variations. Therefore,
while extracting geometric primitives from an image we must cope with different kinds
of uncertainty at different stages of the process.
The examples used most often to illustrate the concepts of uncertain geometry are
digitized straight lines and planes [24, 27, 25, 26, 29, 28]. Two less-known applications
are circles and transformations.
Example 1. Circles. Suppose we don’t know the exact location of the center (a, b) and
radius r of a circle in an image, but we are given a set Si of image points (xj , yj ) that
lie inside the circle, and a set So of image points (xk , yk ) that lie outside a circle, as
shown in Figure 1. What is known about the position of the center (a, b) of the circle?
The parameters a, b and r must satisfy
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Fig. 1. Uncertainty region for circle centers. The gray dots represent the points that must lie
outside each circle; the black dots must lie inside

(xj − a)2 + (yj − b)2 < r2 ,
r2 < (xk − a)2 + (yk − b)2

(1)
(2)

for all (xj , yj ) ∈ Si and (xk , yk ) ∈ So . Such a solution exists if and only if
(xj − a)2 + (yj − b)2 < (xk − a)2 + (yk − b)2

(3)

for all possible point pairs (xj , yj ) ∈ Si and (xk , yk ) ∈ So . Or equivalently, we must
have
2a(xk − xj ) + 2b(yk − yj ) < xk 2 − xj 2 + yk 2 − yj 2 ,

(4)

which determines a half-plane bounded by the perpendicular bisector of the points
(xj , yj ) and (xk , yk ). The intersection of all half-planes determines the uncertainty
region C of the center, which is also shown in Figure 1, together with one of the circles
that separates Si and So and has its center (+) in C. Likewise we can compute an uncertainty interval for the radius of the circles separating Si and So . The upper bound for
this interval is the radius of the largest circle with center in C and not containing any
point of So . The lower bound is the radius of the smallest circle with center in C and
containing all points of Si .
Example 2. Uncertainty of geometric transformations. Here we want to model geometric transformations for which the position of the image points is not known precisely.
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More specifically, to model the uncertainty of the image (x , y  ) of a point p = (x, y) in
R2 , we define the uncertainty region R as a convex polygon bounded by n halfplanes,
r1 x + s1 y  ≥ 1
r2 x + s2 y  ≥ 1

(5)

...




rn x + sn y ≥ 1
in the x y  -plane. We let T (p, R) denote the set of all transformations T that map p into
the uncertainty region R. In this example we restrict ourselves to affine transformations,
defined as
x = ax + by + e
y  = cx + dy + f

(6)

with (x , y  ) as image-point, (x, y) as source-point and the 6 parameters of the transformation: a, . . . , f . Then the uncertainty of the transformations T (p, R) : p → R can be
described as a convex polyhedron in 6 dimensions (one dimension for each transformation parameter) by substituting the equations of (6) in (5), yielding
r1 (ax + by + e) + s1 (cx + dy + f ) ≥ 1

(7)

r2 (ax + by + e) + s2 (cx + dy + f ) ≥ 1
...
rn (ax + by + e) + sn (cx + dy + f ) ≥ 1.
The notion of an uncertainty transformation can be extended to sets of points: let S
be a finite set of points pi ∈ R2 , R a collection of subsets Rj of R2 , and f a mapping
that assigns each point in S to its corresponding subset in R, then T (S, R, f ) denotes
the set of all affine transformations that map each point pi into the set Rj = f (pi ).
Clearly, we have T (S, R, f ) = ∩i T (pi , f (pi )). Thus T (S, R, f ) is a convex polytope
in a 6 dimensional space.
Once a transformation polytope T has been determined, we can use it to find the
image of all other points by uncertain transformations [20]. To be precise, let p be a
point not in S and T a given polytope, then we let R(p, T ) denote the uncertainty
region resulting from mapping p by the transformations in T ; that is, R(p, T ) = {q ∈
R2 : q = T (p) for some T ∈ T }. One can show that R(p, T ) is the convex hull
of the points Tk (p) where the transformations Tk denote the vertices of the polytope
T [20]. Figure 2 shows how three points p1 , p2 , p3 and their image regions R1 , R2 , R3
restrict the set of possible transformations to the transformation uncertainty polytope
T = ∩i=1,... ,3 T (pi , Ri ), which consists of all transformations that map pi into Ri , for
i = 1, . . . , 3. With T we can compute the uncertainty region R(q, T ) for any point q in
the plane. Some of these regions are shown in Figure 2.
Examples 1 and 2 involve inequalities that are linear. Unfortunately, this is not always
true, even in the case of a straightforward generalization of Example 2.
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Fig. 2. The uncertainty regions R(p, T ) for a number of points where the transformation uncertainty polytope has been determined by (pi , Ri ) for i = 1, . . . , 3. The size of the uncertainty
regions varies with the position of the point q

Example 3. Uncertain source and image points. Here we consider transformations where
the positions of the source points as well as the positions the image points are uncertain. If we define the uncertainty region of the image point by inequalities of the
form ri x + si y  ≥ 1, the uncertainty of the source point by inequalities of the form
pj x + qj y ≥ 1 and the affine transformation as in (6), then the parameters of the transformation satisfy a system of inequalities of the form
ri (ax + by + e) + si (cx + dy + f ) ≥ 1
pj x + q j y ≥ 1

(8)
(9)

in which the unknowns a, . . . , f, x, y appear in a non-linear form (i.e. the product ax).

3

Turning Geometry into Combinatorial Optimization

Although, as illustrated in Example 3, we cannot always describe uncertainty in terms
linear inequalities, Examples 1 and 2, and the work done on digital lines and planes,
show that it is possible for many geometric problems. When positional uncertainty
is formulated in terms of linear inequalities, the detection of a geometric primitive
becomes a problem in convex optimization. For example, to find a minimal number of
line segments covering as much points as possible we must find the smallest partitioning
of a system such that each subsystem has a solution [27]. Is there a general method to
solve such problems? One approach is to attack the problem directly e.g. by applying
the simplex algorithm to the system, or if necessary to a large number of its subsystems.
A more fruitful approach, however, is to employ Helly’s Theorem which turns a linear
optimization problem into a combinatorial optimization problem. Helly’s Theorem can
be stated as follows [9, 14, 18]:
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Theorem 1 (Helly). Let F be a family of convex subsets of Rd with at least d + 1
elements. If F satisfies the following two conditions:
1. the intersection of any d + 1 sets in F is non-empty,
2. F is finite or all elements of F are compact,
then the intersection of all the elements in F is non-empty.
Helly’s Theorem can be immediately applied to the examples of the previous section.
Example 4. A theorem on circles. Let Si and So be defined as in Example 1. Each
inequality in (4) defines a convex set in the ab-parameter plane. According to Helly’s
Theorem the finite system (4) will have a solution if and only if each 3-inequality
subsystem of (4) has a solution. The results is an elegant property: the given sets Si and
So can be separated by a circle if and only if each 3-point subset of Si can be separated
from each 3-point subset of So by a circle.
The property derived in Example 4 is similar to the numerous properties that have
been proven for digital straight lines and digital planes, of which the chord property is
the most well-known [15]. Although establishing such properties is challenging from a
mathematical viewpoint, in computer vision the interesting step is to use Helly’s Theorem
to reformulate detection problems as combinatorial problems.
Example 5. Circle Detection. We are given two arbitrary sets Si and So of points in
the plane that, as in Example 1, must lie either inside or outside a circle. In this example, however, the given sets are not necessarily separable by a circle. To determine the
maximal subset of each set, such that the two subsets can be separated by a circle we
first write down the system with |Si | × |So | inequalities as in (4). Next, we construct a
3-uniform intersection hypergraph H with |Si | × |So | vertices, where each vertex corresponds to one of the inequalities. The hyperedges of H are formed by the triples of
vertices that correspond to those 3-inequality subsystems of (4) that have a solution. The
largest complete 3-uniform subhypergraph in H corresponds to the subsets S1 ⊆ Si ,
S2 ⊆ So such that S1 and S2 can be separated by a circle, and |S1 | + |S2 | is maximal.
A further extension of the detection problem is the grouping problem, where multiple
instances of a geometric primitive must be grouped according to some criterion, e.g. size.
Example 6. Grouping Circles of Similar Size. We are given a collection of sets S k of
points, where the points of each set S k have been partitioned into a set Sik of points
that must lie inside a circle, and a set of points Sok that lie outside it. Then, for each set
S k we can determine the uncertainty interval for the radius of the circles that contain
the inside points and exclude the outside points. According to Helly’s Theorem, if the
interval graph of the radii contains a clique of size N , then there are N circles with a
common radius corresponding to the sets S k represented by the vertices of the clique.
Thus the interval graph can be used to extract the largest clique of circles that have the
same radius, or likewise the graph can be used to partition the circles by a minimum
clique covering algorithm into a minimal number of groups so that each group consists
of circles that have a similar radius.
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The reformulation of a geometric problem as a combinatorial problem has even more
advantages, because it becomes easier to add other criteria, for example, the requirement
that the points inside a circle should not be too far apart from each other.
Example 7. Additional Constraints for Circles. When we look for a circle that separates
the maximum number of points, as in Example 5, we may exclude circles whose inside
points are too far apart from each other. To be precise, if we have a circle C then we may
require that for each point p ∈ Si lying inside C there is at least one other point q ∈ Si
lying inside C such that the distance between p and q is less than a given threshold. This
can be modeled by a graph G whose vertices represent the points in Si , and in which
two vertices are adjacent when the corresponding points lie close enough to each other.
The additional constraint states that a circle is only accepted when the vertices that lie
inside it form a connected component of the graph G.
In Example 4 Helly’s original theorem was used to derive a property for circles
in images. Helly’s Theorem has been the subject of further extensions and variations.
Danzer et al and Hadwiger et al give extensive overviews of what was known in 1963
[4,8]. More recent advances can be found in [1,2,3,10,23,30], a recent overview in [31].
Some examples in which Helly’s extensions are used in uncertain geometry are given
in [24]. The application of Helly’s Theorem to geometric transformations is described
in [20, 21, 22]. Interval graphs have also been used to extract groups of parallel line
segments from images [25, 26, 29].

4

Intersection Graphs as Approximations for Intersection
Hypergraphs

Only in R1 the application of Helly’s Theorem leads to intersection graphs. In Rd ,
d > 1, it leads to hypergraphs. Examples illustrating why intersection graphs are not
sufficient for d > 1 are easy to find. In R2 the three edges of a triangle are convex
sets. Each pair of edges has a non-empty intersection at a corner, the intersection of the
three edges, however, is empty. Likewise, in 3-dimensional space a tetrahedron has four
2-dimensional sides. For each triple of sides there is a non-empty intersection at a corner
point, but the intersection of the four sides is empty.
In detection problems, however, not only the correctness of the result but also the
computational effort needed to obtain a result matters. Even though an intersection graph
may give wrong information about common intersections of sets, it may still be useful
as long as we can verify afterwards whether an intersection is non-empty. A maximum
clique in an intersection graph may not correspond to a non-empty intersection. If the
non-emptiness is easy to verify, however, and if the probability of false information is
low, then the worst that can happen is that one must try the second largest clique. In fact,
by using new types of intersection graphs we can improve the chance that a clique in an
intersection graph corresponds to a non-empty intersection of sets, even in Rd , d > 1.
The general idea is the following. Let H be a 3-uniform intersection hypergraph, with
N vertices vi each representing a set Si , and a set of hyperedges {vi , vj , vk } such that
Si ∩Sj ∩Sk = ∅. We construct a graph G with N (N −1)/2 vertices denoted as vi vj . The
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(a)
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Fig. 3. Image (a) shows the feature points detected in the reference image, while the feature points
detected for the second, transformed test image are depicted in image (b)

edges of G consist of all vertex pairs {vi vj , vk vl } satisfying Si ∩ Sj ∩ Sk ∩ Sl = ∅. The
motivation to replace H by G is as follows. Suppose we find a clique in this graph with N
vertices vi vj , vk vl , . . . , vm vn . For each edge {vi vj , vk vl } we have Si ∩Sj ∩Sk ∩Sl = ∅
and therefore Si ∩ Sj ∩ Sk = ∅, . . . , Sj ∩ Sk ∩ Sl = ∅ for the four combinations of three
sets in a collection of four. Since the clique has N (N − 1)/2 edges this implies that
for the collection C = {Si , Sj , . . . , Sn } there are at least 4N (N − 1)/2 intersections
among the 2N (2N − 1)(2N − 2)/6 possible intersections of 3 arbitrary sets in C that
are known to have a non-empty intersection. That is, the ratio of triples that have been
verified to the total amount of triples is 6(N − 1)/((2N − 1)(2N − 2)). This means
that if one finds a clique in G for which N is not too large, there is a good chance that
it also corresponds to a clique in the hypergraph H.
Example 8. Intersection Graphs for Geometric Transformations. We illustrate the use
of intersection graphs for transformations. Consider the transformation polytopes of a
transformation of the form
x = ax + e
y  = dy + f,

(10)

that is a transformation limited to a scaling and translation.
These transformations can be used to solve registration problems. Figure 3 shows an
example where in two similar images points have been marked as feature points by a feature detector [22]. We must find a transformation that maps the left image upon the right
image as good as possible. Maximal bounds are known for the transformation parameters, i.e. 0.9 ≤ a, b ≤ 1.1, and −20 ≤ e, f ≤ 20. We also know that the feature detector
is not completely accurate, that is even after adequate scaling and translation, a feature
point in the second image may still be displaced a few pixels from the corresponding
feature point in the first image.
To find the best transformation we proceed as follows. Let Tg denote the polytope
defined by the inequalities 0.9 ≤ a, b ≤ 1.1, and −20 ≤ e, f ≤ 20. We select a small
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Fig. 4. In image (a), the uncertainty regions are centered on a subset of source feature points (+)
projected in the test image with the image feature points (•). All candidate feature image points
are located within these regions. The intersection graph for situation (a) is shown in (b)

number of randomly selected feature points pi in the first image (source points), marked
by crosses in Figure 4(a). Around each source point we place a large rectangle Ri defined
by Ri = R(pi , Tg ). Next we construct a graph G whose vertices correspond to the image
points qij that are located inside the regions Ri . Around each point qij we define a small
rectangle Qij (only a few pixels wide) which takes into account the displacement error
made by the feature detector. We compute the polytopes Tij = Tg ∩ T (pi , Qij ) as well
as the graph G shown in Figure 4(b) which is the intersection graph of the polytopes Tij .
Although G is an intersection graph, the existence of an edge in G corresponds to a nonempty intersection of three polytopes (not two), that is, Tg ∩T (pi , Qij )∩T (pk , Qkl ) = ∅.
Therefore, as practice shows, a clique in G corresponds almost always to a non-empty
transformation polytope, containing transformations that map all the feature points in
the clique from the first to the second image.
Intersection graphs were also used as a replacement for 3-uniform hypergraphs to
find and group collinear and concurrent line segments [28, 27].

5

Statistical Properties of Intersection Graphs

Real images obey statistical laws. It is almost impossible, however, to estimate the probability density function of, say, the lengths of line segments in a typical indoor scene.
Nonetheless, we know for example that parallelism occurs often in real scenes and that the
uncertainness of parallel relations in a digital image is mostly due to the impreciseness of
the image formation process. Thus, because of transitivity, a graph representing parallel
relationships in a digitized image will resemble a collection of disjoint cliques, provided
the image data are sufficiently good. More generally, the graphs (and hypergraphs) that
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appear in uncertain geometry are far from being random graphs. This has important
consequences from a computational viewpoint, since many combinatorial optimization
problems are NP-complete. With standard algorithms it will take much computational
effort to find a maximum clique in a large random graph (> 50 vertices). However, intersection graphs (or hypergraphs) are not random and we can use the statistical properties
of the graphs to design an efficient clique finding algorithm.
Example 9. Maximum clique for geometric transformations. For geometric transformations, the intersection graph G as constructed in Example 8 usually contains a single
large clique, to which some additional vertices are loosely connected. That is, there is
a subset of vertices that have large degree forming a clique, and additional vertices that
have low degree. Furthermore, the intersection graph is also known to be a r-partite
graph. This results in a considerable speed up for the maximum clique algorithm, since
it must only look at subgraphs that contain at most one vertex of each subset in the
partition.
This leads to the following algorithm. First, we use Turan’s Theorem to compute a
lower bound bl for the maximum clique size. According to Turan’s Theorem a graph with
n vertices and without a clique of size p, p > 1 can have at most (1 − 1/(p − 1))n2 /2
edges. Thus we can compute a lower bound for the size of the maximum clique given
n and the number of edges |E|. Furthermore, we can improve this lower bound by
eliminating one by one the vertices of minimal degree from the graph G and recalculating
the minimal clique size for each subgraph. Next, we derive an upper bound bu for the
maximum clique size. Let d1 , d2 , . . . , dm be the ordered, decreasing degree sequence
of the graph G. Then an upper bound is given by the maximum value of the index k
such that dk ≥ (k − 1), since for a clique of size k we need at least k vertices of degree
di ≥ k − 1.
We then look at all the subgraphs of order bl of G, and we verify whether they are
cliques. Finally, if bu > bl , we try to extend each of this cliques by adding one vertex at
a time. Note that the difference bu − bl is a good indication of the computational effort
that will be needed to find a maximum clique. If the difference between bl and bu is too
large (typically > 2), then the graph G is not what we expect and the feature points are
not well chosen.
Likewise, in [27] graphs replaced hypergraphs to find collinear line segments. An
algorithm based on simplicial elimination orderings was used to find clique coverings
of graphs. The method works because the line segment configurations for which cliques
do not correspond to non-empty intersections are very rare, and can easily be detected.

6

Conclusion

This paper describes a methodology, which has been applied to several recognition and
detection problems in computer vision. Broadly speaking it can be summarized as follows. Linear inequalities are used to model positional and parametric uncertainty. Next,
Helly’s Theorem is used to reformulate a problem about inequalities as a combinatorial
problem involving intersection hypergraphs, to which other combinatorial constraints
can be added also in the form of graphs. Finally, to approximate the hypergraph optimiza-
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tion problem, we replace it by a graph optimization problem, and we use the statistics
of the graph to select a good detection or grouping algorithm.
What are the limitations of this approach? First, not every form of positional or
parametric uncertainty can be modeled by linear inequalities, as Example 3 shows.
Nonetheless, the research done on lines, planes and transformations proves that at least
some important geometric problems can be solved this way. Second, one possible limitation is the occurrence of hypergraphs as well as NP-complete optimization problems.
In practice, however, this has not been an important issue yet. For every case in which
this methodology was tried it has always been possible to design efficient heuristic algorithms. What are the benefits of the approach? Applications in computer vision show that
it is beneficial to have a more precise model for uncertainty than the ad-hoc approaches
that are often taken. Modeling uncertainty by convex sets is certainly an improvement
when compared to the use of uncertainty ellipsoids, while keeping computational complexity still acceptable.
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