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Abstract. The work is devoted to a problem of statistical robustness of deciding 
functions, or risk estimation. By risk we mean some measure of decision func-
tion prediction quality, for example, an error probability. For the case of dis-
crete “independent” variable the dependence of average risk on empirical risk 
for the “worst” distribution (“strategies of nature”) is obtained. The result gives 
exact value of empirical risk bias that allows evaluating an accuracy of Vapnik–
Chervonenkis risk estimations. To find a distribution providing maximum of 
empirical risk bias one need to solve an optimization problem on function 
space. The problem being very complicate in general case appears to be solv-
able when the “independent” feature is a space of isolated points. The space has 
low practical use but it allows scaling well-known estimations by Vapnik and 
Chervonenkis. Such scaling appears to be available for linear decision func-
tions. 

1   Introduction 

There is well known fact that decision function quality being evaluated by the training 
sample appears much better than its real quality. To get true risk estimation in data 
mining one uses a testing sample or moving test. But these methods have some disad-
vantages. The first one decreases a volume of sample available for building a decision 
function. The second one takes extra computational resources and is unable to esti-
mate risk dispersion. 

So one need a method that allows estimating a risk by training sample directly, i. e. 
by an empirical risk. This requires estimating first an empirical risk bias. 

The problem was solved by Vapnik and Chervonenkis [1]. They introduced a con-
cept of capacity (growth function) of a decision rules set. This approach is quite pow-
erful, but provides pessimistic decision quality estimations. Obtained bias estimation 
is very rough, because of performed by authors replacement of a probability of a sum 
of compatible events by the sum of its probabilities. 

The goal of this paper is to evaluate an accuracy of these estimations. We shall find 
out how far they are off by considering a case of discrete feature that allows obtaining 
an exact value of empirical risk bias. 
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2   Problem Definition 

Let X – an “independent” variable values space, Y – a goal space of forecasting val-
ues, and C – a set of probabilistic measures on YXD ×= . A measure Cc ∈  will be 

[ ]DPc . The set C contains all the measures for those a conditional measure [ ]xYPc  

exists Xx ∈∀ . 
Hereinafter square parentheses will hold a set on which -algebra of subsets the 

measure assigned, but parentheses — the measure of the set (probability of event). 
A deciding function is a correspondence YXf →: . 
For the determination of deciding functions quality we need to assign a function of 

losses: [ )∞→ ,0: 2YL . 
By a risk we shall understand an average loss: 

( ) ( )( ) [ ]∫= DdPxfyLfcR c,, . 

Another form is: 
( ) ( ) [ ]XdPfcRfcR cx∫= ,, , where ( ) ( )( ) [ ]∫= xYdPxfyLfcR cx ,, . 

For building a deciding function there is a random independent sample  

( ){ }NiDyxv ii
c ,1, =∈=  from distribution [ ]DPc  used. 

An empirical risk will mean a sample risk estimation: ( ) ( )( )∑
=

=
N

i

ii
N

xfyLfvR
1

1 ,,
~

. 

For the all practically used algorithms building deciding functions an empirical risk 
appears a biased risk estimation, being always lowered, as far as algorithms minimize 
an empirical risk. 

So, estimating this bias is actual. 
Enter indications: 

( ) ( )vQfcERQcF ,,, = ,      ( ) ( )vQfcREQcF ,,
~

,
~ = . 

Here { } { }fvQ →:  is an algorithm building deciding functions, and vQf ,  – a de-

ciding function built on the sample v by algorithm Q. 
Expectation is calculated over the all samples of volume N. 
Introduce an extreme bias function: 

( ) ( ) 000
~~ˆ~
FFFFS QQ −= , (1) 

where ( )
( )

( )QcFFF
FQcFc

Q ,sup
~ˆ

0
~

,
~

:
0

=
= . 

One of the results of this work consists in finding the dependency ( )0
~
FSQ  for the 

multinomial case when X is discrete and Q minimizes an empirical risk in each 
Xx ∈ . 



782      Victor Mikhailovich Nedel’ko 

3   Discrete Case 

Let X be discrete, i. e. X = {1,…,n}. 

Then ( ) ( )( )∑
=

=
n

x
xxx xfRpfcR

1
,, ξ , where ( ) ( )( ) [ ]∫= xYdPxfyLvR cvxxx x

,,ξ  – a 

conditional risk in the point x, ( )xPp cx = , xξ  – a short indication of conditional 

measure [ ]xYPc , ( ){ }xxvyxv iii
x =∈= , , ( )xf

xv  – a decision built on sub-

sample vx. 

Let the deciding function minimize an empirical risk: ( ) ( )x
Yy

v vyLxf ,
~

minarg*

∈
= , 

( ) ( )∑=
xv

i

x
x yyL

v
vyL ,

1
,

~
. 

Determine values which average risks depend on: 

( ) ( ) ( )∑
=

==
n

x
xxxv pFfcERQcF

1

* ,,, ξ , where ( ) ( )( )xfERppF
xvxxxxxx

*,, ξξ = . 

Similarly: 

( ) ( ) ( )∑
=

==
n

x
xxxvN

pFfvLEQcF
1

*1 ,
~

,
~

,
~ ξ , where ( ) ( )( )xfvLEpF

xvxxxxx
*,

~
, =ξ . 

Introduce the function 

( )
( )

( )xxx
FpF

xxx pFFpF

xxxxx

ξ
ξξ

,sup
~

,ˆ
0~

,
~

:

0

=
= . 

Now 

( ) ( )∑
=

=
n

x
xxxQ FpFFF

1

0
0

~
,ˆmax

~ˆ , (2) 

where maximum is taken over the all xp  and 0~
xF , nx ,1=  with restrictions: 0≥xp , 

0
~0 ≥xF , 1

1
=∑

=

n

x
xp , 0

1

0 ~~
RF

n

x
x =∑

=
. 

Initial extreme problem is rather simplified, being split into two parts: finding 

( )0~
,ˆ

xxx FpF  and finding the maximum of function on the simple area of Euclid space. 

Function ( )0~
,ˆ

xxx FpF  may be easily approximated by calculation on a grid. 
However it is impossible to solve a problem (2) directly by digital methods, be-

cause the dimensionality of space on that the maximization is performed is 2n where 
n may be great (twenty and the more). 

4   Deciding the Extreme Problem 

Let’s reformulate a problem (2) in abstract indications: 
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( )
xz

n

x

xz max
1

→Φ∑
=

, (3) 

( )x
m

xx zzz ,...,1= , 0≥x
jz , 1

1
=∑

=

n

x

x
jz , mj ,1= . 

In (2) Φ  corresponds to xF̂ , m = 2, x
x pz =1 , 

0

0

~

~

2 F

Fx xz = . 

Suppose a space of values of vector xz  to be made discrete: { }lx ttz ,...,1∈ . 
Then problem (3) now may be put in the equivalent form: 

( )
i

l

i

iit
κ

κ max
1

→Φ∑
=

, (4) 

0≥iκ , 1
1

=∑
=

l

i

ii
jt κ , mj ,1= , 1

1
=∑

=

l

i

iκ , where { }l
l

i ,0=∈ νκ ν . 

Solve a problem without the last restriction on iκ . 
This is a linear programming problem with a decision in a vertex of values area. 

This means that only m+1 of iκ -s may be nonzero. 

Now it is easy to show that the effect of discreteness iκ  restriction has an influence 

like 
l
m  and one may neglect it. 

As far as the conclusion on the number of nonzero iκ -s does not depend on the 

step of sampling a space of vector xz  values, the result may be propagated to the 
initial problem. 
Theorem 1. Decision of problem (3) includes not more then m+1 different vectors. 

Thereby the dimensionality of space on which maximizing is performed decreases 
to m (m + 1). 

Applying to the problem (2) this comprises 6, and problem may be easily solved 
numerically. 

5   Results 

Offered method allows finding a dependency ( )0
~
FSQ  by any parameters n and N. 

However there is the most illustrative and suitable for the comparison with other 

approaches the asymptotic case: 
n
N = M = const, ∞→N , ∞→n . 

This asymptotic approximation is wholly acceptable already by n = 10, herewith it 
has only one input parameter M. 

For illustrations consider a problem of categorization (two classes). 

The loss function is: ( )




′≠
′=

=′
yy

yy
yyL

,1

,0
, . 
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Now we are to calculate an accuracy of Vapnik–Chervonenkis evaluations for the 
considered case of discrete X, as far as we have found an exact dependency of average 
risk on the empirical risk for the “worst” strategy of nature. 
 

 

Fig. 1. The exact dependency of supreme risk bias on empirical risk and its estimations are 
shown by different M. Solid line shows difference between expected misclassification error and 
empirical risk, the difference maximized over the all distributions providing expected empirical 

risk 0
~
F . 

For ( )0
~
FS  in [1] there is reported an estimation ( ) τ=′ 0

~
FSV , as well as an im-

proved estimation: ( ) 











++=′

2
02

0

~
2

11
~

τ
τ F

FSV , where  asymptotically tends to 

M ′2

2ln
, ( )MeMM −−=′ 1 . 

On figure 1 for the case of two classes by different M there are drawn the depend-

ency ( )0
~
FS  and its estimation ( )0

~
FSV . Plots demonstrate significant greatness of the 

last. Note that the accuracy of Vapnik–Chervonenkis estimation falls since the sample 
size (parameter M) decreases. 

By M � 1 the “worst” distribution (that provides maximal bias) is uniform on X and 
the results obtained is consistent with results for multinomial case reported in [2] 
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(table 3.7). By M > 1 and restricted 0
~
F  the “worst” distribution is not uniform on X 

and this fact is new. 
The third line on graphs (straight) presents a variant of dependency obtained by 

Byesian approach, based on assuming the uniform distribution on strategies of nature 
[3,5]. 

In work [5] there is reported the result: ( )
2

~
21~ 0

0 +
−=

M

F
FSB . 

It may be a surprised fact that ( )0
~
FS  on the significant interval appears to be 

greatly less than ( )0
~
FSB , though Byesian approach implies an averaging by the all 

nature strategies of nature, but our approach — the choice of the worst c. 

6   Linear Decision Functions 

Let us compare risk bias values obtained for discrete case with bias for linear decision 
functions. 

For simplifying there was considered uniform distribution on features for both 
classes. For such c misclassification probability equals to 0.5 for every decision func-
tion, but empirical risk appears to be much lower. 

We can evaluate an accuracy of Vapnik-Chervonenkis risk estimations for the case 
of discrete X, as far as we know an exact dependency of average risk on the empirical 
risk for the “worst” strategy of nature (distribution). 

On fig. 2 for the case of two classes and discrete X there are drawn the dependency  

( ) ( )UcFMS
~

5.0 −=  and its estimation ( )
MV MS ′=

2
2ln  by Vapnik and Chervonen-

kis. Here ( )UcF
~

 – expected empirical risk by uniform distribution; 
n
N = M = const, 

∞→N , ∞→n ; ( )MeMM −−=′ 1  is sample size divided by VC-capacity of deci-

sion functions class in discrete case. Note that the uniform distribution on D provides 

maximum of empirical risk bias since we put no restrictions on 0
~
F . 

 

 

Fig. 2. Risk bias and VC–estimation. Discrete case, ER = 0.5. 
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Fig. 3. Risk biases for multinomial and linear decision functions. 

Graphics demonstrate significant greatness of 
Vapnik-Chervonenkis estimation.  

To find a dependence S(M) for linear deciding 
functions in X = [0,1]d a statistical modeling was 
used. By the modeling there was for each combina-
tion of parameters a hundred of samples drawn 
from uniform distribution on D, for each sample the 
best linear classifier built by exhaustive search. 

A table shows the result of modeling. Here d – 
features space X dimensionality, N – sample size, 

C2log

N
M =′  – sample size divided by VC-capacity 

of linear functions class (C is a total number of 
possible decision assignments to sample points by 
using linear decision functions), S – risk bias. 

The same results are shown (by markers) on 
fig. 3 in comparison with S(M’) for discrete case 
(solid line). 

Obtained results show that bias dependence on 
M’ for linear functions is close to dependence for 
discrete (multinomial) case. 

7   Conclusion 

For the considered case of a discrete feature the 
exact maximum of empirical risk bias have been 
obtained. The comparison conducted shows that 
risk estimations by Vapnik and Chervonenkis may 
increase an expected risk up to several times from 
its true maximum. This means that these estima-
tions may be essentially improved. 
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Obtained improvement is applyable also for continuous space, e.g. linear decision 
functions. 

Practical use of the result consists in that one can apply obtained scaling of VC-
estimations to real tasks. The results obtained for multinomial case may be propagated 
on continuous one by using VC-capacity of decision function class instead of n. 

The work is supported by RFBR, grant 04-01-00858-a. 
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