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Abstract. This paper studied PCA mixture model in high dimensional
space. A novel EM learning approach by using perturbation was proposed
for the PCA mixture model. Experiments showed the novel perturbation
EM algorithm is more effective in learning PCA mixture model than an
existing constrained EM algorithm.

1 Introduction

In recent years, there has been increasing interest in PCA mixture model. Mix-
ture model provides a simple framework for modelling data complexity by a
weighted combination of component distributions [1, 2]. It has been widely used
in machine learning, image processing, and data mining due to its great flexi-
bility and power. However, since the component distributions in mixture model
are usually formalized to be probability density functions, there are limited ap-
plications to practical problems in high dimensional space.

As a variation of mixture model, PCA mixture model is proposed to use
principal component analysis (PCA) to express component distributions. The
idea of PCA mixture model is motivated by a mixture-of-experts technique that
models a non-linear distribution by a combination of local linear sub-models,
each with a relatively simple distribution [3, 4]. Hinton et al. [5] proposed a
PCA mixture model based on the reconstruction error. Tipping and Bishop de-
fined a mixture model for probabilistic principal component analyzers (PPCA),
whose parameters can be determined using an EM algorithm [6]. Recently, mix-
tures of probabilistic principal component analyzers was used to model data
that lies on or near a low dimensional manifold in a high dimensional observa-
tion space [7]. Kim et al. discussed the problem to select model order for PCA
mixture model [8].
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Expectation-maximization (EM) algorithm is a powerful algorithms for max-
imum likelihood (ML) or maximum a posterior (MAP) estimation in problems
with incomplete data, e.g., fitting a mixture model to observed data [9, 10]. The
EM algorithm provides iterative formulae for the estimation of the unknown
parameters of the mixture. The drawbacks of EM algorithm for a problem in
high dimensional space is that the mixing components are assumed to have
probability density functions in the data space. In practical problems, the mix-
ing components may only have probability density functions in low dimensional
manifolds.

In this paper, the EM algorithm for PCA Gaussian mixture model is stud-
ied. It is organized as follows. Section 2 gives an introduction to the Gaussian
mixture model. Section 3 proposes a new EM algorithm for PCA mixture model.
Experiments are performed in Section 4. Finally, conclusions are drawn in Sec-
tion 5.

2 The EM Algorithm for Gaussian Mixtures

A Gaussian mixture is defined as a combination of Gaussian densities. A Gaus-
sian density in a d-dimensional space, parameterized by its mean m ∈ �d and
d× d covariance matrix C, is defined by the density:

φ(x; θ) =
1

(2π)
d
2 |C| 12 exp{−

(x−m)tC−1(x−m)
2

}, (1)

where θ = (m,C).
A mixture of k Gaussian densities is then defined as:

fk(x) =
k∑

j=1

πjφ(x; θj), (2)

with
k∑

j=1

πj = 1, (3)

where θj = (mj , Cj) and πj ≥ 0, for j = 1, 2, · · · , k. The πj are called the mixing
weights and φ(x; θj) the components of the mixture.

A training set Xn = {x1, x2, . . . , xn} of independent and identically dis-
tributed points xi ∈ �d is assumed to be sampled from Eq. (2). The task is to
estimate the parameters of the mixture that maximize the log-likelihood

L =
1
n

n∑

i=1

log fk(xi). (4)

The Expectation-Maximization (EM) algorithm is a well-known statistical
tool for maximum likelihood problems involving hidden or unobserved vari-
ables [9]. In the case of mixtures, the unobservable variable can be regarded
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as the component from which each input point has been sampled. The EM al-
gorithm enables us to update the parameters of a given k-component mixture
with respect to Xn such that the log-likelihood of Xn is never smaller under the
new mixture.

Let
rji = P (j|xi) (5)

be the posterior probability that the point xi is sampled from the jth mixing
component. The EM iteration consists of one expectation step (E-step) and one
maximization step (M-step) as follows.

• E-step
By the Bayes rule, the expectation values of rji can be given from the mixture
model of Eq. (2) from the previous iteration:

rji =
πjφ(xi; θj)
fk(xi)

, (6)

where θj = (mj , Cj).
• M-step

The component parameters can be estimated from samples and the expec-
tation values of rji of Eq. (6):

πj =
1
n

n∑

i=1

rji, (7)

mj =
1
nπj

n∑

i=1

rjixi, (8)

Cj =
1
nπj

n∑

i=1

rji(xi −mj)(xi −mj)t. (9)

3 EM Algorithm for PCA Mixture Model

In this section, we will discuss the limitation of EM in high dimensional space
firstly and then propose a novel EM algorithm for PCA mixture model.

3.1 Limitation of EM

In a high dimensional space, some mixing components may lies on or near a
low dimensional manifold. In other words, for some mixing components, the
covariance matrices C may be singular in high dimensional space so that there are
not Gaussian densities of Eq. (1). In this case, Eq. (1), then E-step of Eq. (6), can
not be conducted since there are not inverse matrices for such mixing components
which are degenerate in a low dimensional manifold.
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3.2 PCA Mixture Model

One solution to the above limitation of EM is to describe Gaussian density of
Eq. (1) by using principal component analysis (PCA).

Let Ψ = (ψ1, · · · , ψd) be the matrix whose columns are the unit-norm eigen-
vectors of the covariance matrix C of Eq. (1). Let Λ = diag(λ1, · · · , λd) be the
diagonal matrix of the eigenvalues of C, where λi are the eigenvalues correspond-
ing to the eigenvectors ψi (i = 1, · · · , d). We have

Ψ tCΨ = Λ. (10)

Let
y = Ψ t(x−m), (11)

where y = [y(1), y(2), · · · , y(d)]′ and y(i) is the ith principal component of the
d-dimensional vector y.

Assume that λi (i = 1, · · · , d) are ranked in order from larger to smaller as
follows:

λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0. (12)

The covariance matrix C can be any covariance matrix of the k mixing com-
ponents and the mean m can be any mean of the k mixing components. Let C
be Cj , the covariance matrix of the jth mixing component. If Cj is non-singular,
we will have λd > 0. Then, the Gaussian density of Eq. (1) in x space can be
expressed in y space as follows:

φ(y; θj) =
d∏

i=1

1
(2πλi)

1
2
exp{− [y(i)]

2

2λi
}. (13)

Note that y not only depends on x, but also depends on θj = (mj , Cj).
If Cj is singular, some last λ’s will have a value of zero. This means that the

jth mixing component is distributed in a low dimensional manifold in original x
space. So, there doesn’t exist a Gaussian density of Eq. (13) in x space for the
mixing component.

Assume that

λ1 ≥ · · · ≥ λdj > λdj+1 = · · · = λd = 0, (14)

where dj is the number of non-zero eigen-values of the covariance matrix Cj

of the jth mixing component. For the jth mixing component, there exists a
Gaussian density in a low dimensional [y(1), y(2), · · · , y(dj)] space as follows:

φ(y; θj) ≈
dj∏

i=1

1
(2πλi)

1
2
exp{− [y(i)]

2

2λi
}. (15)

The dj(j = 1, · · · , k) in Eq. (15) can be called as an order of principal components
for the jth mixing component. If dj is equal to d, i.e., dj = d, Eq. (15) is the
same as Eq. (13). In other word, Eq. (13) is a special case of Eq. (15).
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What is a PCA mixture model? Now, we can give a definition. We define
the mixture model of Eqs. (2), (3) and (15) as a PCA mixture model, where
dj(j = 1, · · · , k), the orders of principal components for the mixing components,
can be determined by Eq. (14) or by any other assumptions. This definition can
be regarded as a generalization of the PCA mixture model used in [8], where
dj(j = 1, · · · , k) is assumed to be the same value.

Note that the fk(x) in the PCA mixture model is not a probability density
function now. It is just a structure description of the data set in high dimensional
space.

3.3 A Perturbation Approach

Recently, Kim et al. discussed the problem to select model order for PCA mixture
model [8], and proposed a constraint with dj(j = 1, · · · , k) as follows:

d1 = d2 = · · · = dk. (16)

Under the constraint of Eq. (16), dj(j = 1, · · · , k) have to be the smallest of all
the orders of principal components for the mixing components. This assumption
increases the difficulty in learning the PCA mixture model.

In general, when dj < d, no matter whether dj(j = 1, · · · , k) are equal to
each other, it is difficult to estimate rji in classical E-step by using Eq. (15)
directly. The reason is that Eq. (15) may be a probability density in a different
space for the different j(j = 1, . . . , k), even under the constraint of Eq. (16).

Our idea is to assign a very small positive value ε to the last eigenvalues
λdj+1 , · · · , λd in Eq. (14). So, we have

λ1 ≥ · · · ≥ λdj > λdj+1 = · · · = λd = ε > 0, (17)

where ε can be called a perturbation factor.
By introducing a perturbation factor in Eq. (17), we make the covariance

matrix Cj of the jth mixing component be non-singular. Therefore, Eq. (13) can
be directly used to estimate the raw values of rji of Eq. (5) as follows:

rji = πjφ(y; θj), (18)

where according to Eq. (11), y = yi is obtained from the point xi instead of x,
and θj = (mj , Cj) instead of θ = (m,C).

Note that all the raw values rji(j = 1, · · · , k) will further be normalized by

k∑

j=1

rji = 1. (19)

So, a novel E-step by using perturbation can be introduced as follows:
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• Perturbation E-Step

� For C = Cj , the covariance matrix of the jth mixing component, make
a PCA decomposition of Eq. (10) , and obtain all the d eigenvalues
λi (i = 1, · · · , d) and corresponding eigenvectors ψi (i = 1, · · · , d).

� According to Eq. (17), determine dj and assign ε to the last d− dj eigen-
values λdj+1 , · · · , λd.

� For each point xi(i = 1, · · · , n), compute the projection of xi on all the d
principal components according to Eq. (11).

� Update the expectation values of rji of Eq. (5) according to Eqs. (13,17,
18,19).

Our novel EM algorithm by using perturbation for PCA mixture model includes
the novel perturbation E-step and the classical M-step of Eqs. (7,8,9).

4 Experiments

In this section, some experiments are performed to see if the novel EM algo-
rithm by using perturbation is effective to learn both non-degenerate mixing
component and degenerate mixing component.

4.1 Synthetic Data

Although PCA mixture model is motivated by difficulties in the estimating of
distributions in high dimensional space, it is of some significance to have an
initial evaluation on the learning algorithms with problems in low dimensional
space.

For simplicity, a problem of only two mixing components in two dimensional
space is considered: one with a degenerate density in one dimensional subspace,
and the other with a non-degenerate density in two dimensional space. We have
considered four examples as follows.

• Example (a) One mixing component has a degenerated density in the direc-

tion of
[

1
−1

]
. The other has a covariance of

[
1 0.6

0.6 1

]
. The first principal

directions of these two mixing components are orthogonal to each other.
• Example (b) One mixing component has a degenerated density in the direc-

tion of
[

1
−1

]
. The other has a covariance of

[
1 0.6

0.6 3

]
. The first principal

directions of these two mixing components are approximately orthogonal to
each other.

• Example (c) One mixing component has a degenerated density in the direc-

tion of
[

1
−1

]
. The other has a covariance of

[
1 −0.6

−0.6 3

]
. The first principal

directions of these two mixing components are approximately parallel to each
other.
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• Example (d) One mixing component has a degenerated density in the direc-

tion of
[

1
−1

]
. The other has a covariance of

[
1 −0.6

−0.6 1

]
. The first principal

directions of these two mixing components are parallel to each other.

We draw 100 samples respectively for each mixing component. These four ex-
amples are displayed in Fig. 1 respectively.

4.2 Experimental Results and Analysis

For each example, we have performed experiments to learn PCA mixture model
by our perturbation EM algorithm and the constrained EM algorithm used in [8]
with a constraint of Eq. (16).

The experimental results with four examples by our perturbation EM algo-
rithm are displayed in Fig. 1 (a1), (b1), (c1) and (d1) respectively. The experi-
mental results with four examples by the constrained EM algorithm are displayed
in Fig. 1 (a2), (b2), (c2) and (d2) respectively. In Fig. 1, the distribution cen-
ters are marked in green color for all the learned mixing components, and the
probability ellipses in blue color are drawn to enclose about 90% samples for all
the learned mixing components if without degeneration.

From Fig. 1, we can have the following facts and discussion:

• Our perturbation EM algorithm is effective to learn PCA mixture model. For
each example, the novel perturbation EM algorithm is effective to learn both
non-degenerate mixing component and degenerate mixing component.

• The constrained EM algorithm [8] is not as effective as the perturbation EM
algorithm to learn PCA mixture model. It becomes more difficult for the
constrained EM algorithm to learn the mixing components when the first
principal directions of two mixing components become more parallel to each
other.

5 Conclusion and Future Work

In this paper, we have studied PCA mixture model in high dimensional space
and have given an analysis to the limitation of EM algorithms for PCA mix-
ture model. A novel EM learning approach by using perturbation is proposed
for PCA mixture model. Experiments with synthetic data show the novel per-
turbation EM algorithm is more effective to learn both non-degenerate mixing
component and degenerate mixing component in PCA mixture model than an
existing constrained EM algorithm.

In our future work, we are focusing on investigating some learning algorithms
for PCA mixture model for practical problems in high dimensional space, such
as face recognition and facial expression analysis. In these problems, only a small
number of samples are available, and a singular decomposition theorem is used to
obtain some eigen-vectors for non-zero eigenvalues. In other words, for practical
application problems, the dimension d may be too high to obtain all the d eigen-
vectors in Eq. (10) and the transformation from x-space to y-space in Eq. (11)
is not available.
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(a1) (a2)

(b1) (b2)

(c1) (c2)

(d1) (d2)

Fig. 1. Experiment results with four examples: (a1,b1,c1,d1) by our perturbation EM
algorithm, and (a2,b2,c2,d2) by the constrained EM algorithm [8].
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