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Abstract.Supervised data structures in high dimensional feature spaces
are displayed as graphs. The structure is analyzed by normal mixture
distributions. The nodes of the graph correspond the mean vectors of
the mixture distributions, and the location is carried out by Sammon’s
nonlinear mapping. The thickness of the edges expresses the separability
between the component distributions, which is determined by Kullback-
Leibler divergence. From experimental results, it was confirmed that the
proposed method can illustrate in which regions and to what extent it
is difficult to classify samples correctly. Such visual information can be
utilized for the improvement of the feature sets.

1 Introduction

In usual pattern recognition systems, both construction of classifiers and classi-
fication of unknown samples are carried out in a high dimensional vector space,
called “feature space.” The space is spanned by the “features” extracted from
raw patterns in the observation space. Therefore, the system’s accuracy strongly
depends on the feature extraction part. However, the extraction process cannot
be generalized, so the system has to be improved heuristically by evaluating the
extracted features.

For this purpose, many feature selection method have been proposed. They
can find and remove redundant features, while they cannot illuminate what fea-
tures should be added. Therefore, on the other hand, many trials of visualizations
that illustrate the distributions of samples in the feature space have been carried
out [1-7]. By using such methods, the following properties can be observed: (1) in
what “shape” the samples distribute in the high dimensional space, (2) whether
the class regions are separated from the others sufficiently or not, and (3) if it is
not, in which regions the classes are not separated well. These matters may help
us in improving the system’s accuracy, and are also useful for superclass finding
problem [8].
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2 Visualization Methods

To achieve the purpose mentioned above, many “mapping” methods [1-7] can be
applied. These mapping techniques are characterized from the following view-
points:

1. Using supervise information or not.
2. Displaying the individual points or representative points.
3. Linear mapping or nonlinear mapping.

The relationship among these methods can be illustrated as Fig.1.
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Fig. 1. Visualization methods of high-dimensional data.

When the supervise information, i.e., the class labels, are used, the separa-
tion status between the class regions can be observed. Therefore, almost latest
methods are included in that group. In addition, the latest studies display rep-
resentative points instead of the individual points. This is effective especially in
the case of numerous samples. Once the points in a high dimensional space were
mapped onto two dimensional space, the visual can trick us that the near points
on the resultant map are also near in the feature space. This phenomenon can
be happened both in linear mapping and nonlinear mapping methods.

To avoid these misunderstandable situations, Mori et al. proposed a novel vi-
sualization method [6]. In that technique, the individual samples in the feature
space are organized to special type of overlapping clusters by a nonparamet-
ric classifier called subclass method [9], and such clusters are displayed as the
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nodes of a graph. The clusters called “subclasses” are formed so as to include
the samples belonging to a certain class (positive samples) as many as possible
and exclude the samples belonging to the other classes (negative samples) com-
pletely. In addition, the method connects the nodes according to the overlapping
hypervolumes between the subclasses in order to display the separability.

However, the method tends to produce much subclasses in order to exclude
the negative samples, then the resultant graph becomes complex. Although such
a parameter that is used to eliminate too small subclasses in the graph is pre-
pared, it is difficult to judge whether such nodes can be removed or important
for showing the separability of the class regions.

From these points of view, in this study, normal mixture distributions are
employed for the analysis of the structures in order to absorb the effects of the
noise or outlier samples. Hence, Kullback-Leibler divergence is used to illustrate
the separability between the component distributions.

3 Proposed Method

3.1 Overview

The supervised data structure is displayed as a “graph” by the following proce-
dure:

1. Estimate normal mixture distributions on the samples in the feature space.
2. Project the mean vectors of the component distributions onto two dimen-

sional space by Sammon’s nonlinear mapping [1], and let them the nodes of
a graph.

3. Calculate Kullback-Leibler divergences between the component distributions,
and connect the nodes according to the values of the divergences.

The details of the steps are described in the following sections.

3.2 Normal Mixture Distributions

In this study, normal mixture distributions on the samples are estimated by EM
algorithm [10] that maximizes the following likelihood:

L =
N∑

i=1

log p(xi) =
N∑

i=1

log

{
K∑

k=1

ckN(mk, Σk)(xi)

}
,

where xi is the ith feature vector (sample), N is the number of the samples, K
is the number of the components, N(mk, Σk)(·) is a normal distribution with a
mean vector mk and a covariance matrix Σk, and ck is the weight of the kth com-
ponent

(∑K
k=1 ck = 1

)
. Such mixture models are estimated for the individual

classes.
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Here, the appropriate value of K is determined by MDL (minimum descrip-
tion length) criterion [11]. Each hypothesis is evaluated by the following formula:

MDL(K) = −L +
1
2

[
(K − 1) + K

{
D +

D(D + 1)
2

}]
log N,

where D is the number of the features. The appropriate number of components
K̂ is determined by varying K from 1 through a fixed number Kmax, e.g., 10,
as:

K̂ = argmin
K

MDL(K).

3.3 Nonlinear Mapping

In this study, the nodes of a graph are located by Sammon’s nonlinear mapping
[1]. This method projects the points in a high dimensional space so as to maintain
the distances of every pair as far as possible, that is achieved by minimizing the
following evaluation formula:

E =
1
γ

N∑

i<j

{δ(xi, xj) − δ(yi, yj)}2

δ(xi, xj)
,

where xi is the original vector and yi is the corresponding projected vector,

γ =
∑

i<j

δ(xi, xj),

and δ(·, ·) is the Euclidean distance.
Unfortunately, the original Sammon’s method cannot project additional

points after the calculation of the mapping. Therefore, in this study, the mean
vectors of the component distributions are tentatively added to the samples be-
fore performing the projection, and are picked up from the result.

3.4 Kullback-Leibler Divergence

In order to take into account the scattering information of the samples, the
separability between the classes are evaluated by Kullback-Leibler divergence.

Because, in this study, normal mixture distributions are used for the anal-
ysis of the structure, the divergence between two components p, q is calculated
directly from the distribution parameters as follows:

D(p||q) =
1
2

{
log det(ΣqΣ

−1
p )− D+ tr(Σ−1

q Σp) + (mp− mq)tΣ−1
q (mp− mq)

}
.

The thickness of the edge between two nodes is determined proportional
to 1/D(p||q). As a result, well-separated nodes have no or thin edges, while
nonseparated nodes have thick edges.

Here, a threshold parameter θ for D(p||q) is introduced to eliminate the
edges with too large value of D(p||q), because the resultant too thin edges are
redundant and obstacle for the observation.
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4 Experiments

The proposed method was tested on SHIP dataset [12]. This dataset aims to
distinguish eight types of navy ships with eleven features, that were extracted
from the ships’ silhouette images. The total number of samples is 2545.

The result of Sammon’s nonlinear mapping is shown in Fig.2, and the graphs
obtained by the proposed method are shown in Fig.3 (a) and (b). In addition,
the graphs obtained by Mori et al.’s method are also shown in Fig.4(a) and (b),
corresponding to two different types of location methods. The parameters in
their method were adjusted according to their guideline.

Fig. 2. Result for SHIP data by Sammon’s nonlinear mapping.

The result of Sammon’s nonlinear mapping is very condensed, therefore it is
difficult to find where the class ω6, ω7, ω8 samples distribute.

On the other hand, from the result of the proposed method (a), the essential
distribution structure of each class is easily observed. For example, the class ω5

forms “ring” structure, the class ω8 forms unimodal cluster, and the other classes
forms nonlinear belt structure and some isolated clusters.

In addition, from the result of the proposed method (b), it can be observed
that in which regions correct classification is difficult. Here, two distant nodes
in the graph does not necessarily mean that the separation of the corresponding
samples is easy, and vice versa. For example, the distance between the class
ω1–ω7 nodes at the left-bottom region in Fig.3(b) is far, but they should be
nonseparable because there is the edge between the nodes. On the other hand,
the class ω2–ω5 nodes at the right-upper region are close to each other, so it
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(a) Within-class edges with the threshold θ = 70.

(b) Between-class edges with the threshold θ = 35.

Fig. 3. Result for SHIP data by the proposed method. The numbers in the circles
correspond the class labels.

(a) Polygon display type. (b) Principal component display type.

F i g. 4. Result for SHIP data by Mori et al .’s method.

seems very difficult to separate them. However, there is no edge between the
nodes. This means the separation may be easy in the feature space.

In order to confirm that the nonseparable regions illustrated by the proposed
method is right, the resultant graphs were compared to the confusion matrices
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obtained by nearest neighbor method and SVM with soft-margin. The hold-
out method was used for the calculation. The results are shown in Table 1 (a)
and (b).

Table 1. Confusion matrices for SHIP data. Too much erroneous results are underlined.

(a) by nearest neighbor method. (b) by SVM with soft-margin.
I\O ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 Error

ω1 143 1 0 0 1 12 11 2 0.159
ω2 0 214 5 6 1 0 1 0 0.057
ω3 0 7 72 9 5 0 0 0 0.226
ω4 0 5 10 225 5 0 0 0 0.082
ω5 2 6 0 5 154 5 1 1 0.115
ω6 8 1 0 0 3 114 2 12 0.186
ω7 9 5 0 0 1 0 102 2 0.143
ω8 1 0 0 0 1 4 0 98 0.058

I\O ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 Error

ω1 140 3 0 0 0 19 6 2 0.176
ω2 0 222 1 3 1 0 0 0 0.022
ω3 1 6 68 9 9 0 0 0 0.269
ω4 0 4 0 235 6 0 0 0 0.041
ω5 0 3 1 5 161 3 0 1 0.075
ω6 5 2 0 0 2 120 0 11 0.143
ω7 17 5 0 0 2 1 92 2 0.227
ω8 0 0 0 0 1 5 1 97 0.067

By comparing Fig.3 to the tables, it can be confirmed that the understanding
of the resultant graph is almost consistent with the results of those classifiers. For
example, in the confusion matrices, the most erroneous relationships between
classes are ω1–ω6, ω3–ω4, ω6–ω8 and ω1–ω7. Such classes are also connected
strongly in the result of the proposed method. This means that such class regions
are very closed and/or the local variance of each class is large, then the local
distributions are overlapped. Therefore, new features should be added in order
to improve the system’s accuracy at these classes. On the other hand, the other
classes, for example, ω1–ω3 has no error in the tables, and there is also no edge
between the classes in the graph. This means the current feature set is sufficient
for such classes, and the features may be reduced by feature selection methods.

While, the resultant graphs obtained by Mori et al.’s method do not nec-
essarily match the results of the proposed method and the two classifiers. For
example, Fig.4 insists that there are much overlaps between the class ω3–ω4,
ω1–ω7 and ω2–ω5, but no or not so much overlaps between the class ω1–ω6 and
ω6–ω8. Two options can be considered for the reason: (1) the subclass classifier
is so strong that succeeded to separate these class regions completely, (2) Im-
portant but small nodes were removed by the threshold parameter. As a result,
the corresponding edges did not appear in the graph.

5 Conclusion

A new graph type visualization method for supervised data structures was pro-
posed. The method uses normal mixture distributions for the analysis of the
distribution structures, and uses Kullback-Leibler divergence for the evaluation
of the separability between the class regions.

From the experimental results, it was confirmed that the proposed method
can display the essential distribution structure by within-class edges, and also
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can show by between-class edges in which regions and to what extent the class
separation is not achieved sufficiently by the current feature set.

Compared to Mori et al.’s method, the proposed method shows the within-
class structure simply and the between-class relationships appropriately. This
property comes from the normal mixture distributions and MDL criterion in the
complexity selection.

However, the proposed method also has a drawback in nature. The estimation
of normal mixture models is difficult when the number of samples is relatively
smaller than the number of features. Therefore, the estimation should be carried
out with special care as far as possible. For example, it may be effective to sub-
stitute the basic EM algorithm to SMEM (Split and Merge EM) algorithm [13].
In addition, MDL framework for the selection of the appropriate number of com-
ponent distributions does not work well if the number of samples is insufficient.
Also at this point, good substitutions should be researched for the visualization
purpose.
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