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Abstract. In this paper, we define clusters and the boundary curves of
clusters in a random point set using the Delaunay triangulation and the
principal curve analysis. The principal curve analysis is a generalization
of principal axis analysis, which is a standard method for data analysis
in pattern recognition.

1 Introduction

In this paper, we develop a graph-based algorithm for clustering of point sets and
learning of the boundary of random point sets. The boundary of a random point
set is extracted by the principal curve analysis. The principal curve analysis is
a generalization of principal axis analysis, which is a standard method for data
analysis in pattern recognition.

For the vector space method of data mining, each datum is expressed as a
point in the higher dimensional Euclidean space. Symbolic expressions of these
point sets are required for the visual interface for the data mining systems.
Furthermore, these data are sometimes transformed as a point distribution in
lower dimensional vector spaces, usually tow or three dimensional spaces, for
the visualisation of data distribution on CRT. Therefore, the extraction of the
symbolic features of random point sets in two and three dimensional is a basic
process for the visual interpretation of random point sets for the visualisation of
the data space.

Computational geometry provides combinatorial methods for the recovery of
boundary curves as polygonal curves. These algorithms are based on Voronoi tes-
sellation, Delaunay triangulation, Gabriel graphs, crust, α-shape, and β-skeleton
[1–3]. The reconstructed curves by these methods are piecewise linear. Further-
more, the solutions are sensitive against noise and outlayers, since these methods
construct polygons and polyhedrons using all sample points. Furthermore, the
algorithm extracts a boundary curves.

In this paper, we introduce method for the estimation of the boundary of a
random point set which permits the extraction of boundary curves of clusters in
a random point set.
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2 Mathematical Preliminary

Delaunay Triangulation. Setting {pi}n
i=1 to be a point set in Rn, the region

Vi = {x||x − pi| ≤ |x − pj |, i �= j} (1)

is called Voronoi region with respect to the generator pi. The hyperplane

Fi = {x||x − pi| = |x − pj |} (2)

is the Voronoi face. Setting pi and pj to be the generators of Voronoi regions
sharing a face, a geometric graph which connect all pairs of generators in the
face-sharing region is called Delaunay triangulation. The Voronoi tessellation
and the Delaunay triangulation are dual figures each other.

Mathematical Morphology. Setting A to be a finite closed set in the n-
dimensional Euclidean space Rn, the Minkowski addition and subtraction of
sets are defined as

A⊕ B =
⋃

x∈B,y∈B

(x + y), A� B = A⊕ B. (3)

The inner and outer boundary of point set A with respect to radius λ are defined
as

∆+
λ A = (A ⊕ λB) \ A, ∆−

λ A = A \ (A � λB) (4)

for the unit n-sphere such that B = {x|x ≤ 1}, where λB = {λx|x ∈ B} for
λ > 0. We call Aλ = ∆+

λ A
⋃

∆−
λ A the boundary belt of A with respect to λ.

Geometrically, we have the relation

lim
λ→+0

Aλ = ∂A, (5)

where ∂A is the boundary curve of set A.

Principal Curve Analysis. Let X be a mean-zero point distribution in Rn.
The major principal component w maximizes the criterion

J(w) = Ex∈X|x�w|2 (6)

with respect to |w| = 1, where Ex∈X expresses the expectation over set X.
Line x = tw is a one-dimensional linear subspace which approximates X. A
maximization criterion

J(P ) = Ex∈X|P x|2 (7)

with respect to rankP = 1, determines a one dimensional linear subspace which
approximates X. If X is not a mean-zero point distribution in R2 and the cen-
troid of X is not predetermined, the maximization criterion

J(P , g) = Ex∈X|P (x − g)|2 (8)
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with respect to rankP = 1, determines a one-dimensional linear manifold which
approximates point distribution X.

For the partition of X into {Xi}N
i=1 such that X = ∪N

i=1Xi, vectors gi and
wi which maximize the criterion

J(w1, · · · , wN , g1, · · · , gN ) =
N∑

i=1

Ex∈Xi |(x − gi)
�wi|2 (9)

determine a polygonal curve [4],

l = gi + twi. (10)

Furthermore, for an appropriate partition of X into {X}N
i=1, such that X =

∪N
i=1Xi, vector gi and orthogonal projector P i, which maximize the criterion

J(P 1, · · · , P N , g1, · · · , gN ) =
N∑

i=1

Ex∈Xi |P i(x − gi)|2 (11)

with respect to rankP i = 1, determine a piecewise linear curve,

Ci = {x + gi|P ix = x}. (12)

This piecewise linear is called the principal curve [4]. Figure 1 shows the principal
components and principal curves on a plane.

w1
w2

Xu

(a)

wp,1

wp,2

Xu

(b)

Fig. 1. Principal components (a) and Principal curve (b).

3 Graph-Based Clustering

Using Delaunay triangulation of a random point set, we develop an algorithm
for the separation of clusters of point set. We assume that in each subset, the
distances between two points connected by a Delaunay edge is shorter than a
constant. We call this constant the resolution of point sets. We adopt the median
of Delaunay edges as the estimation of the resolution of the point sets.
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Definition 1 For a point p in a random point set V, we call

pδ = {x| |p − x| < δ, p ∈ V, ∀x ∈ R2}
the effective region of point p with respect to radius δ.

As the union of the effective region of each point, we define the effective region
of a random point set.

Definition 2 For a random point set V, we call

V =
⋃

p∈V

pδ

the effective region of point set V with respect to radius δ.

If points in V are sampled from a connected region in Rn, V becomes a
connected region in Rn, selecting an appropriate δ. Therefore, we introduce a
method for the selection of a suitable radius for the estimation of the connected
region from a random point set. Using this estimated connected region, we de-
velop an algorithm for the construction of the boundary of a random point set.

Setting E to be the set of edges of the Delaunay triangulation D constructed
from the points in random point set V, we set

δ = mediane∈E |e|, (13)

if points distribute uniformly in a region. Then, we define the boundary set as

Vγ = Vγ

⋂
V, Vγ = V \ {V � γD(δ)}, (14)

where γ > 1 is a constant and D = {x||x| ≤ δ} is the set of all points in the
circle with radius δ. We call Vγ the γ-boundary of random point set V.

Next, we construct the new Delaunay triangulation D′ for points in

V′ = V ⊕ δ{{di}n
i=1}, (15)

where di is an appropriate vector such that |di| = 1. We call the point set V′

the effective set of V.
After Delaunay triangulation D′ of the new point set, there exist three types

of edges as shown in Figure 2 (e), edges connect points in V, edges connect
points in V′, and edges connect points in V and V′. As shown in (a), in the
neighborhood of points in each cluster of V, there exist points in V′, since
points in V′ \V lie in the region D(δ)⊕pi for a point pi ∈ V . This geometrical
property leads to the conclusion that in Delaunay triangulation D′, edges which
connect points in V is the bridges which connect clusters. Therefore, we have
the following clustering algorithm using Delaunay triangulation.

1. Construct Delaunay triangulation D from random point set V.
2. Assign label 1 to points in the random point set V.
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3. For the collection of all edges E of D, detect the median length, and set it
as δ.

4. Construct V′ = V ⊕ δ{{di}n
i=1}, for appropriate unit vectors {di}n

i=1
5. Assign label 2 to point in V′.
6. Construct Delaunay D′ from V′.
7. Eliminate edges connect whose both vertices are labelled as 1.

Figure 2 shows a process for the clustering. Delaunay triangulation (b) of
the original point set (a) determines the effective region (c). After Delaunay
triangulation (e) of point in the effective set (d), the algorithm extract bridges
(f). By eliminating bridges (g) and (h), the algorithm yields clusters.

4 Detection of Cluster Boundary

After extracting clusters from random point set, we extract the boundary of each
cluster using the principal curve analysis. As the boundary of each cluster, we
extract the principal curve from the γ-boundary.

Definition 3 The principal boundary of a random point set is the principal
manifold of the point in the γ-boundary of a random point set.

We also call this principal manifold extracted from random point set V the
γ-curve of V.

4.1 Principal Curves Detection

Set D and S to be a random point set and the vertices of polygonal curve,
respectively, and the distance between point x ∈ S and y ∈ D is defined as
d(x,D) = miny∈D d(x, y) for the Euclidean distance in a plane.

The initial shapes S and C are a line segment whose direction is equivalent
to the major component w1 of a random point set and a regular triangle whose
vertices are determined from the principal components w1 and w2. For a se-
quence of vertices 〈v1, v2, · · ·vn〉 of a polygonal curve, we define the tessellation
as

Vα = {x|d(x, vα) < d(x, vi), d(x, vα) < d(x, eij), α �= i},
Eαα+1 = {x|d(x, eαα+1) < d(x, vi), d(x, eαα+1) < d(x, eii+1), α �= i},

where eii+1 is the edge which connects vi and vi+1. The minimization criterion
of reference [5] is expressed as

I =
∑

vk∈C

F (vk,D) + λ
∑

vk∈P

1∑

i=−1

v�
i−1ivii+1

|vi−1i||vii+1| (16)

for
F (vk,D) =

∑

x∈Ek−1k

d(x, vk) +
∑

x∈Vk

d(x, vk) +
∑

x∈Ekk+1

d(x, vk).

Using this criterion, we obtain an algorithm for the detection of the principal
curve [5] where IK is the value of I with K vertices.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 2. Clustering algorithm: Delaunay triangulation (b) of the original point set (a)
determines the effective region (c). After Delaunay triangulation (e) of point in the
effective set (d), the algorithm extract bridges (f). By eliminating bridges (g) and (h),
the algorithm yields clusters.

1. Set the vertices of the initial curve as S.

2. Move all vertices vi i = 1, 2, · · · , K, to minimize IK .

3. Generate the new vertex vK+1 on the curve S.

4. If |IK−IK−1| ≤ ε for a positive constant ε, then stop, else set S := S∪{vK+1}
and go to 2.
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This incremental algorithm preserves the topology of the initial curve, since the
algorithm generates new vertices on the curve.

4.2 Boundary Curve Detection

It is possible to detect boundary of random point set if we can extract the
boundary belt of random point set. In this section, we develop an algorithm for
the extraction of the boundary belt.

Using definitions in the previous sections, we have the following algorithm
for the construction of the principal boundary of a random point set.

1. Construct Delaunay triangulation D from random point set V.
2. For the collection of all edges E of D, detect the median length, and set it

as δ.
3. Compute the effective region of random point set V.
4. Compute γ-boundary of random point set V.
5. Compute γ-curve of random point set V.

The construction of the Delaunay triangulation using all points in V is in
practice an time-consuming process for a large number of points even if we use
an optimal algorithm. Furthermore, we only need the lengths of the Delaunay
triangles for the construction of the effective region of the neighborhood of a
random point set. Therefore, we replace steps 1 and 2 of the algorithm to the
following random sampling process.

1. Select a finite closed subset S of R2.
2. Compute Delaunay triangulation for points in S

⋂
V.

3. Compute the median of length of edges of Delaunay triangles with respect
to subset S.

4. Repeat steps 1 to 3 until the predetermined number of times.
5. Select the maximum length.

In Figure 3, we show, the sequence of boundary curves of a sequence of
random point sets which changes number of clusters. The clusters are generated
using geometric property of the Delaunay edges.

Figure 4, we also show an example of clustering. 4299 points in (a) are sep-
arated to three clusters which are encircled by curves in (b).

In these examples, the density of point distribution are 0.3/unit length2.
Therefore, the average distance between points are 3 to 4 units. Furthermore,
the median of the edges of the first Delaunay triangulation are 4 to 5 units.
These results allow that the median of the lengths the edges of the first Delaunay
triangulation is a reasonable estimation of the resolution of the random point
sets.
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F i g. 3. The sequence of boundary belts (a), (b), and (c) and curves (d), (e), (f) of
a sequence of random point sets which changes number of clusters. The clusters are
generated using geometric property of the Delaunay edges.

Fig. 4. An example of clustering. 4299 points in (a) are separated to three clusters
which are encircled by curves in (b).
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5 Conclusions

In this paper, we have defined clusters and the boundary curves of clusters in
a random point set using the Delaunay triangulation and the principal curve
analysis. Once the polygonal boundary of a random point set is estimated, it is
possible to compute the linear skeleton of the polygonal boundary [10, 11]. We
adopt the linear skeleton of the polygonal boundary as the skeleton of a random
point set.
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