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Abstract. Regular model checking is a form of symbolic model check-
ing for parameterized and infinite-state systems whose states can be rep-
resented as words of arbitrary length over a finite alphabet, in which
regular sets of words are used to represent sets of states. We present
LTL(MSO), a combination of the logics MSO and LTL as a natural logic
for expressing temporal properties to be verified in regular model check-
ing. LTL(MSO) is a two-dimensional modal logic, where MSO is used for
specifying properties of system states and transitions, and LTL is used
for specifying temporal properties. In addition, the first-order quantifi-
cation in MSO can be used to express properties parameterized on a
position or process. We give a technique for model checking LTL(MSO),
which is adapted from the automata-theoretic approach: a formula is
translated to a (Büchi) transducer with a regular set of accepting states,
and regular model checking techniques are used to search for models. We
have implemented the technique and show its application to a number
of parameterized algorithms from the literature.

1 Introduction

Regular model checking is a framework for algorithmic symbolic verification of
parameterized and infinite-state systems [BLW03,KMM+01,WB98,BJNT00]. It
considers systems whose states can be represented as finite words of arbitrary
length over a finite alphabet, including array or ring-formed parameterized sys-
tems with an arbitrary number of finite-state processes, and systems that oper-
ate on queues, stacks, integers, and other linear unbounded data structures. In
a system description, the set of initial states is represented as a regular set of
strings, and the transition relation is given as a finite regular length-preserving
transducer. Previous work on regular model checking [JN00,BJNT00,AJNd02]
has developed methods for computing the set of reachable states of a system
description, as well as the set of reachable loops, obtained from the transitive
closure of the transition relation. In general, this problem is undecidable, but
decidable results for certain classes have been obtained [JN00].
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The techniques for computing reachable states and reachable loops can in
principle be used to verify both safety and liveness properties of parameterized
system descriptions, but do not provide a convenient approach for checking ar-
bitrary temporal logic properties of parameterized and infinite-state systems.
Significant ingenuity is required in order to manually transform the verification
of a temporal property of a parameterized system into a property of reachable
states and transitive closures, in particular if the verification uses fairness prop-
erties that are parameterized on system components [BJNT00,PS00]. It would
be desirable to have a framework, analogous to the automata-theoretic approach
in finite-state model checking [VW86], where the property of verifying a tempo-
ral property is automatically transformed into a problem of checking emptiness
for a Büchi automaton.

In this paper, we address this problem by presenting an extension of the
automata-theoretic approach [VW86] to the setting of regular model checking.
We present a logic for expressing system models and temporal properties, which
is a combination of the logics MSO over finite words and LTL. We use MSO for
specifying sets of states and transition relations and LTL for specifying temporal
constraints. The result is a two-dimensional modal logic, where MSO is used in
the “space” (system state) dimension and LTL is used in the “time” dimension.
Models of the logic are infinite sequences of (constant-length) words, representing
computations of the specified system. We can then specify a verification problem
as the conjunction of a system specification and a negation of the property to
be verified.

Following the automata-theoretic approach, we present an automated trans-
lation from the translation from a formula ϕ in LTL(MSO) to a Büchi trans-
ducer, consisting of a regular set I of initial states, a regular length-preserving
transducer T , and a regular set F of accepting states. Accepting runs of the
Büchi transducer are infinite sequences of words, where the first word is in I,
consecutive words satisfy T , and infinitely many words are in F . Thus, ϕ is
satisfiable if and only if the Büchi transducer has an accepting run. Since T is
length-preserving, the existence of an accepting run can be checked by searching
for a reachable loop which contains a state in F .

A nice feature of our combination of MSO with LTL is that we get the power
to express parameterized temporal properties for free: MSO offers variables to
represent positions and quantify over them, which can be interleaved with tem-
poral operators. As a concrete example, for a parameterized mutual exclusion
algorithm, a typical property one would want to express is the following.

If all processes satisfy a weak fairness requirement, then each process
that is interested in entering its critical section will eventually do so.

If the number of processes is fixed, the terms like “each process” can be re-
placed by explicit conjunctions to obtain a standard model checking problem in
propositional temporal logic. However, in regular model checking the number of
processes is arbitrary. Fortunately, our logic gives quantification for free, so we
can express this property directly, by a formula like
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∀i.[��(blocked(i) ∨ progressing(i))] −→ ∀i.[�(trying(i) → �critical(i))]
where i ranges over positions in the state, and each position represents a pro-
cess. In this formula, we apply LTL operators (� and �) to formulas with the
MSO variable i, and later use MSO quantification over i to express parame-
terized properties. In our logic LTL(MSO), temporal operators can be applied
to formulas with at most one free first-order variable and no free second-order
variables. This restriction allows to express parameterized temporal properties
(e.g., fairness constraints) of individual processes in a parameterized system, as
well as temporal properties of pairs of adjacent processes (in positions i and i+1
using one free variable i).

A further nice property of adapting the automata-theoretic approach is that
our transformation results in a uniform problem of checking for accepting runs,
for which we can develop techniques that are more uniform than those presented
in previous work [JN00,BJNT00,AJNd02]. We have extended our tool for regular
model checking [AJNd03] to check whether Büchi transducers have accepting
runs. This is done in two steps. First, the set of reachable states are computed
as Inv = I ◦ T ∗. Secondly, loops are found by identifying identical pairs in
(F ∩ T ∩ Inv)◦T ∗. This computation is more uniform and more efficient than the
approach to verification of temporal logic properties outlined in [BJNT00], which
builds on computation of the transitive closure T+ of the transducer relation.
We have verified safety properties with the tool for many of the examples in our
previous work, as well as liveness properties for some of the examples.

As special cases, when the formula contains no temporal operators, our
method specializes into a decision procedure for MSO similar to that of MONA
[HJJ+96], and when the formula contains no quantifiers our method specializes
to ordinary LTL model checking.

The remainder of the paper is structured as follows. In the next section, we
present the logic LTL(MSO). Section 3 illustrates how it can be used to model
and specify parameterized algorithms. The model checking technique, including
the translation to Büchi transducer is presented and proven correct in Section 4.
New techniques and evaluations of our extended implementation are presented
in Section 5.

Related Work. In addition to the work on regular model checking, cited earlier,
there is a large body of research on the problem of model checking parame-
terized systems of identical processes, in which there is no ordering between
processes, and hence the system state can be represented as a multiset of pro-
cess states (e.g., [BLS01,Del00,EK03,EK00,GS92]). This problem is substantially
simpler, since ordering between processes need not be considered. Emerson and
Namjoshi [EN95] give a technique for verifying a restricted class of parameter-
ized token-passing algorithms by reducing an arbitrary ring to a small fixed-size
ring under certain conditions. These restrictions are substantially stronger than
in our framework. Sistla [Sis97] uses Büchi automata over two dimensional lan-
guages (reminding of transducers) to specify network invariants when verifying
systems by induction over their linear process structure. It is unclear what class
of systems can be handled automatically by this technique.
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The problem of checking liveness properties of array-shaped parameterized
systems was considered by Pnueli and Shahar [PS00], who presented a technique
for computing the transitive closure of a restricted class of transition relations.
They also first manually employ abstractions to make the implementation ter-
minate.

Pnueli, Xu, and Zuck [PXZ02] present an interesting use of specialized ab-
stractions in order to prove absence of starvation properties for Szymanski’s
algorithm and the Bakery algorithm. The abstractions keep track of the number
of processes with certain properties, and generate a finite-state system, which
can be model-checked. The presented abstraction is specialized to prove non-
starvation, and loses much information so that e.g., safety properties can no
longer be checked.

Our logic LTL(MSO) applied to words is related to existential monadic
second-order logic (EMSO) on grids to define picture languages accepted by tiling
systems (see e.g. [GR97]). Indeed, transducers over words can be considered as
tiling systems where each transition represents a tile. Thus, it is expected that
our logic LTL(MSO) is equivalent to EMSO on grids. However, the two logics
come from different motivations. While EMSO on grids is used to reason about
pictures, our logic is used to reason about parameterized structures over time.
When applied to the word structure, the two logics coincide.

2 The Logic LTL(MSO)

We present the syntax and semantics of LTL(MSO). This logic combines the
operators of MSO and LTL, under the restriction that temporal operators can
be applied to formulas with at most one free first-order (MSO) variable and
no free second-order variables. In this paper, we restrict the presentation to the
temporal operators � (always) and � (eventually), but this is not a fundamental
restriction.

Syntax. We denote first-order variables VarFO by lowercase letters i, j, k, . . . ,
second-order variables VarSO by uppercase letters I, J,K, . . . and configuration
variables V by lowercase letters x, y, z, . . .

ϕ ::= i ∈ I | I ⊆ J | i = j + 1 | x[i] | x′[i] Atomic MSO formulas
true | false Boolean constants
ϕ ∼ ϕ, ∼∈ { ∧ , ∨ , → , ↔ } | ¬ϕ Propositional connectives
∃iϕ | ∀iϕ | ∃Iϕ | ∀Iϕ MSO Quantification
�ϕ | �ϕ Temporal operators

No negation should have any temporal operator within its scope, which is why
we provide dual versions of each operator. We further require that in every
subformula of the form �ϕ or �ϕ, there is at most one free first-order variable
(and no free second-order variables). More operators on first-order variables,
such as <, ≤, =, can be expressed in MSO using standard encodings.
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Semantics. Closed LTL(MSO) formulas are interpreted over matrices M over
2V of dimension ∞ × n where n ∈ Z+ is a parameter that can take an arbi-
trary positive integer value. We call the vertical (first) dimension time, and the
horizontal (second) dimension space. Let Zn = {0, 1, . . . , n − 1}. The element
M(t, i) ∈ 2V for t ∈ N and i ∈ Zn represents the system configuration at time t
of position (or subsystem) i, which assigns truth values to the configuration vari-
ables V . Thus, each row M(t, 0) · · · M(t, n) represents the system configuration
at time t.

In general, a formula ϕ depends on its free first- and second-order variables,
which are interpreted in the space dimension, and on a time point t. A model
M for an arbitrary LTL(MSO)-formula φ is a triple (M, I, t), where M : (N ×
Zn) → 2V is a matrix over 2V , where I is a valuation I: VarFO → Zn and I:
VarSO → 2Zn of first-order and second-order variables, and where t is a time
point t ∈ N. Satisfaction of formulas is defined as follows.

(M, I, t) �|= false
(M, I, t) |= true

i ∈ I iff I(i) ∈ I(I)
I ⊆ J iff I(I) ⊆ I(J)
i = j + 1 iff I(i) = I(j) + 1
x[i] iff x ∈M(t, I(i))
x′[i] iff x ∈M(t+ 1, I(i))
ϕ1 ∧ ϕ2 iff (M, I, t) |= ϕ1 and (M, I, t) |= ϕ2

ϕ1 ∨ ϕ2 iff (M, I, t) |= ϕ1 or (M, I, t) |= ϕ2

ϕ1 → ϕ2 iff (M, I, t) |= ϕ1 implies (M, I, t) |= ϕ2

ϕ1 ↔ ϕ2 iff (M, I, t) |= ϕ1 if and only if (M, I, t) |= ϕ2

¬ϕ iff (M, I, t) �|= ϕ
∃iϕ iff ∃m ∈ Zn (M, I[i �→ m], t) |= ϕ
∀iϕ iff ∀m ∈ Zn (M, I[i �→ m], t) |= ϕ
∃Iϕ iff ∃S ∈ 2Zn (M, I[I �→ S], t) |= ϕ
∀Iϕ iff ∀S ∈ 2Zn (M, I[I �→ S], t) |= ϕ
�ϕ iff ∀t′ ≥ t (M, I, t′) |= ϕ
�ϕ iff ∃t′ ≥ t (M, I, t′) |= ϕ

where I[i �→ m] is the valuation which sends i to m and otherwise acts as I,
and I[I �→ S] is defined analogously.

3 Modeling in LTL(MSO)

In this section, we discuss how to model systems and set up a verification problem
in LTL(MSO).

A system model consists of a set of initial states, a transition relation, and
possibly fairness properties. Let a state formula be a formula without temporal
operators or primed configuration variables. Following the style of TLA [Lam91],
the initial states are specified by a state formula ϕI , the transition relation by a
formula ϕT over unprimed and primed configuration variables without temporal
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operators, and fairness properties by a formula ϕfair . A property is given as a
formula ϕ; for instance, an invariant property is of the form �ϕInv for a state
formula ϕInv . To check whether the system model satisfies the property ϕ, we
search for models of the formula

ϕI ∧ �ϕT ∧ ϕfair ∧ ¬ϕ .

If ϕ is a safety property, the fairness properties ϕfair are not necessary, and can
be omitted.

There are several forms of fairness properties. Process fairness can be ex-
pressed as

ϕfair = ∀i��(A(i) ∨ ¬enabled(A(i))

where A(i) represents all actions of process i, and enabled(A(i)) represents the
set of states where the action A(i) can be taken, obtained using an existential
quantification of the primed configuration variables in A(i).

Example. To illustration modeling in LTL(MSO), we take the Bakery algorithm
for mutual exclusion. This algorithm synchronizes entries into critical section
for an arbitrary number of processes, using a mechanism with integer-numbered
“tickets”. A process which wants to get into the critical section receives a ticket
which is the maximum of all the outstanding tickets plus one. When a process
has the lowest outstanding ticket, it enters the critical section and drops the
ticket when leaving. Below is a pseudo-code description of the algorithm, in
which the ticket of process p is represented by the variable ticketp, whose value
is initially 0.

Idle: ticketp := 1 + max
q

ticketq

Waiting: await ∀q �= p : (ticketp < ticketq ∨ ticketq = 0)
Critical: ticketp := 0

Fig. 1. Bakery Algorithm

To model the Bakery Algorithm in LTL(MSO), we change the perspective;
rather than modeling the vector of process states, we let a configuration represent
the states of the sequence of ticket numbers, using the configuration variable q.
For each i, the value of q[i] is

– ⊥ if there is no process that has ticket i+ 1, and
– W if some process with ticket i+ 1 is waiting, and
– C if some process with ticket i+ 1 is in critical

Note that we do not model tickets with number 0, since this is the ticket number
of all “inactive” processes. For brevity, we implicitly use the invariant that each
positive ticket number can be held by at most one process. This invariant can
be verified separately, or not be assumed (e.g., by adding one more value of q[i]
representing that several process have this ticket number).



354 Parosh Aziz Abdulla et al.

The initial state and transition relation of the Bakery Algorithm can then be
specified by the following formulas.

initial = ∀i q[i] =⊥
ticket(i) = q[i] =⊥ ∧ q′[i] = W ∧ (∀j > i q[j] =⊥) ∧

(i �= 0 → q[i− 1] �=⊥)
enter(i) = q[i] = W ∧ q′[i] = C ∧ (∀j < i q[j] =⊥)
exit(i) = q[i] = C ∧ q′[i] =⊥
copy(i) = q[i] = q′[i]
actions(i) = (ticket(i) ∨ enter(i) ∨ exit(i)) ∧ (∀j �= i copy(j))
sys = initial ∧ �((∃i actions(i)) ∨ ∀i copy(i))

Mutual exclusion can be specified by the formula

mutex = �¬(∃i∃j i �= j ∧ q[i] = C ∧ q[j] = C)

In order to specify non-starvation, we add a fairness constraint for the actions
enter(i) and exit(i). We add no fairness constraint for ticket(i), since the arrival
of new processes should not be controlled by the algorithm itself.

fairactions(i) = (enter(i) ∨ exit(i)) ∧ (∀j �= i copy(j))
fairness = ∀i ��(fairactions(i) ∨ ¬enabled(fairactions(i)))
non-starvation = ∀i � (q[i] = W → �q[i] = C)

To check that the algorithm satisfies mutual exclusion and non-starvation, we
should check that the formulas

sys ∧ ¬mutex
sys ∧ fairness ∧ ¬non-starvation

do not have any models. The property that models are of arbitrary but fixed size
implies that we actually verify the algorithm under the assumption that there
is an arbitrarily chosen upper bound on ticket numbers. For safety properties,
this is not a limitation since violations will be finite sequences of computation
steps, but for fairness properties it can play a role. For the Bakery Algorithm,
it can be seen that an arbitrary upper limit on ticket numbers does not affect
non-starvation for waiting processes, but in general one must be aware of this
modeling constraint.

4 Translating LTL(MSO) to Büchi Transducers

In this section, we describe how to transform a formula in LTL(MSO) into a
Büchi transducer, consisting of a regular set I of initial states, a regular length-
preserving transducer T , and a regular set F of accepting states. In this section,
we will represent such a Büchi transducer by the LTL(MSO) formula φI ∧�φT ∧
��φF , where φI and φF are MSO formulas denoting the regular sets of initial
and accepting states, and φT is an MSO formula over primed and unprimed
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configuration variables denoting the regular transition relation. The accepting
runs of the Büchi transducer accept exactly the models of the temporal formula,
so in the following we will consider φI ∧ �φT ∧��φF to be a Büchi transducer
where I, T , and F are regular transducers expressed in MSO.

The idea of the construction is similar to that of the standard translation
of propositional temporal logic to Büchi Automata [VW86]: the semantics of
temporal operators is translated to additional state information in the Büchi
automaton. In our case the operators are translated to new configuration vari-
ables that represent the values of certain temporal subformulas of φ. The seman-
tics of these subformulas is represented by constraints on the values of the new
configuration variables.

We assume that φ is in negative normal form. Define a core subformula of φ
as a subformula of φ which has a temporal operator as its main connective. For
each core subformula ψ of φ, we introduce an auxiliary configuration variable xψ .
Intuitively, the value of xψ at time point t and space position i should represent
the value of ψ at that entry in the matrix. For each core subformula �ψ where
the main connective is � we introduce an auxiliary configuration variable y�ψ

(called an eventuality variable). Intuitively, if the variable y�ψ is true, then the
formula ψ should be true at some future time point.

Using the auxiliary configuration variables, the value of any subformula ψ
can be represented by a formula in MSO over the extended set of configuration
variables. Let us define this formula 〈〈ψ〉〉 as follows:

〈〈φ〉〉 = φ for φ in MSO
〈〈ψ1 ∧ ψ2〉〉 = 〈〈ψ1〉〉 ∧ 〈〈ψ2〉〉
〈〈ψ1 ∨ ψ2〉〉 = 〈〈ψ1〉〉 ∨ 〈〈ψ2〉〉
〈〈∃iψ〉〉 = ∃i〈〈ψ〉〉
〈〈∀iψ〉〉 = ∀i〈〈ψ〉〉
〈〈∃Iψ〉〉 = ∃I〈〈ψ〉〉
〈〈∀Iψ〉〉 = ∀I〈〈ψ〉〉
〈〈�ψ〉〉 = x�ψ

〈〈�ψ〉〉 = x�ψ

Let localconstr(φ) define the conjunction of a set of constraints on the auxiliary
variables, called local constraints, as defined below.

(a) For each auxiliary variable of form xψ , where i is the (possibly) free first-
order variable in ψ, define its constraint as follows.

∀i.
(
x�ψ1 [i] ↔ 〈〈ψ1〉〉[i] ∧ x′�ψ1

[i]
)

when ψ is �ψ1

∀i.
(
x�ψ1 [i] ↔ 〈〈ψ1〉〉[i] ∨ x′�ψ1

[i]
)

when ψ is �ψ1

(b) Let y�ψ1 , . . . , y�ψk
be the set of eventuality variables. We define their local

constraint as:
k∧

m=1

∀i. (y�ψm [i] ∧ ¬y′�ψm
[i] −→ 〈〈ψm〉〉[i])
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Furthermore, we require that all eventuality variables are false infinitely often
and that they load new eventualities: let evconstr(φ) define the conjunction
of a set of constraints on the auxiliary variables, called eventuality constraint,
defined below.

k∧
m=1

∀i. (¬y�ψm [i] ∧ (y′�ψm
[i] ↔ x′�ψm

[i])
)

The goal of this section is to prove that for each formula φ there is a model
M such that (M, I, t) |= φ iff there is a model M ′ such that (M ′, I, t) |= 〈〈φ〉〉 ∧
�localconstr(φ) ∧ ��evconstr(φ) where M ′ differs from M only on the
auxiliary variables. By its form, the latter formula can be regarded as a Büchi
transducer, and so we have translated φ into an equivalent Büchi transducer.
We first prove the following lemma.

Lemma 1. If (M ′, I, t) |= �localconstr(φ) ∧ ��evconstr(φ), then for all
auxiliary variables of φ we have

(a) (M ′, I, t) |= ∀i.x�ψ[i] −→ �〈〈ψ〉〉
(b) (M ′, I, t) |= ∀i.x�ψ[i] −→ �〈〈ψ〉〉 ∨ �y�ψ[i]
(c) (M ′, I, t) |= ∀i.y�ψ[i] −→ �〈〈ψ〉〉
Proof. (a) Let (M ′, I ′, t) |= x�ψ[i] for some I ′ = I[i �→ m]. Since (M ′, I, t) |=

�localconstr(φ), we have

(M ′, I ′, t) |= �
(
x�ψ[i] ↔ 〈〈ψ〉〉[i] ∧ x′�ψ[i]

)

It follows that (M ′, I ′, t′) |= 〈〈ψ〉〉[i] for every t′ ≥ t.
(b) Let (M ′, I ′, t) |= x�ψ[i] for some I ′ = I[i �→ m]. Since (M ′, I, t) |=

�constr(φ) ∧ ��evconstr(φ), we have
– (M ′, I ′, t) |= �

(
x�ψ[i] ↔ 〈〈ψ〉〉[i] ∨ x′�ψ[i]

)
.

– (M ′, I ′, t′) |= y′�ψ[i] ↔ x′�ψ[i] for some t′ ≥ t
If (M ′, I ′, t′′) |= 〈〈ψ(i)〉〉 for some t′′ ≥ t we are done, suppose that no such
t′′ exists. Then it follows that (M ′, I ′, t′) |= y′�ψ[i] and thus (M ′, I ′, t′+1) |=
y�ψ[i].

(c) Let (M ′, I ′, t) |= y�ψ[i] for some I ′ = I[i �→ m], and let t′ > t be the earliest
point in time when

(M ′, I ′, t′) |= ¬y�ψ[i]

Then we have
(M ′, I ′, t′ − 1) |= y�ψ[i] ∧ ¬y′�ψ[i]

and by the eventuality constraint of y�ψ we get

(M ′, I ′, t′ − 1) |= 〈〈ψ〉〉(i)
Since t′ − 1 ≥ t we conclude that

(M ′, I ′, t) |= �〈〈ψ(i)〉〉
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Theorem 1. For each subformula ψ of φ, interpretation I and timepoint t we
have there is a model M such that (M, I, t) |= ψ iff there is a model M ′ such
that (M ′, I, t) |= 〈〈ψ〉〉 ∧ �localconstr(φ) ∧ ��evconstr(φ) where M differs
from M ′ only in the auxiliary variables of φ.

Proof. =⇒: This case is rather straight-forward. Define Mφ(i) by letting xψ(i)

be true at point Mφ(t, i) iff (M, I, t) |= ψ(i). Then the local constraints follow
by the definitions of the temporal operators. The values of variables y�ψ(i) are
then defined in a way that satisfies the eventuality constraint:

– at time t, all variables y�ψ[i] are set to false;
– if all y�ψ[i] are false at time t′, then set the value of each y�ψ[i] at time t′+1

to the value of corresponding x�ψ [i] at time t′ + 1;
– if variable y�ψ[i] is true at time t′, and 〈〈ψ(i)〉〉 holds, then set y�ψ[i] to false

at time t′ + 1.

⇐=: Let (M ′, I, t) |= 〈〈ψ〉〉 ∧ �localconstr(φ) ∧ ��evconstr(φ). We prove
by induction over the structure of ψ.

ψ ∈MSO : Since 〈〈ψ〉〉 = ψ, we get (M ′, I, t) |= ψ.
ψ = ∃iψ0 : We get (M ′, I, t) |= ∃i〈〈ψ0〉〉 and by semantics (M ′, I[i �→ m], t) |=

〈〈ψ0〉〉 for some m ∈ Z. Since �localconstr(φ) ∧ ��evconstr(φ) is a closed
formula and thus does not depend on i, it follows that (M ′, I[i �→ m], t) |=
�localconstr(φ) ∧ ��evconstr(φ). By induction there is some M that
differs from M ′ only in the auxiliary variables of ψ0 such that (M, I[i �→
m], t) |= ψ0. By semantics we get (M, I, t) |= ∃iψ0.

ψ = {∃Iψ0, ∀iψ0, ∀Iψ0} Similar to ψ = ∃iψ0.
ψ = �ψ0 : We get (M ′, I, t) |= x�ψ0 . By Lemma 1 it follows that (M ′, I, t) |=

�〈〈ψ0〉〉. Then by semantics for all t′ ≥ t, we have (M ′, I, t′) |= 〈〈ψ0〉〉 and
then by induction there is some M that differs from M ′ only in the auxiliary
variables of ψ0 such that (M, I, t′) |= ψ0. Since this holds for all t′ ≥ t we
have by semantics that (M, I, t) |= �ψ0.

ψ = �ψ0 : We get (M ′, I, t) |= x�ψ0 . By Lemma 1 it follows that (M ′, I, t) |=
�〈〈ψ0〉〉 ∨ �y�ψ0 . We have (M ′, I, t′) |= 〈〈ψ0〉〉 for some t′ ≥ t in both cases
as follows. In the case (M ′, I, t) |= �y�ψ0 holds, it follows by Lemma 1,
and in the case (M ′, I, t) |= �〈〈ψ0〉〉 holds it follows from semantics. Then
by induction there is some M that differs from M ′ only in the auxiliary
variables of ψ0 such that (M, I, t′) |= ψ0. Since t′ ≥ t we have by semantics
that (M, I, t) |= �ψ0. ��

Corollary 1. For a formula φ, interpretation I and timepoint t we have that
there is a model M such that (M, I, t) |= φ iff there is a model M ′ such that
(M ′, I, t) |= 〈〈φ〉〉 ∧ �localconstr(φ) ∧ ��evconstr(φ) where M differs from
M ′ only in the auxiliary variables of φ.

5 Implementation

The transformation of the previous section results in a formula of the form

I ∧ �T ∧ ��F
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where the formulas I, T , and F are in MSO and can be translated into trans-
ducers. The transducers can be seen as binary relations on words that are closed
under standard operations such as union, intersection and composition. For the
sake of presentation, we will assume that I only contains non-primed configu-
ration variables and look at I as a set instead of a binary relation. The general
case does not introduce any significant additional problems.

We find models of the formula I ∧ �T ∧ ��F as follows.

(a) Compute the set of reachable states as Inv = I ◦ T ∗.
(b) Define TInv as {(w,w′) ∈ T : w ∈ Inv} and compute the set of loops by

finding identical pairs in (TInv ∩ F ) ◦ T ∗

We use an optimized version of the above scheme as follows. When computing the
invariant I◦T ∗ the transition relation T contains local constraints for eventuality
variables. For eventualities that hold infinitely often, such local constraints are
only needed when checking for loops through F and not when computing the
set of reachable states. To simplify the transition relation used when computing
the set of reachable states, the formula is transformed into the following form:

I ∧ �T0 ∧ �(F ∧ �T ∧ ��F )

where T0 is like T but without the local constraints on eventuality variables for
eventualities that hold infinitely often. The final procedure is then as follows.

(a) Compute the set of reachable states Inv = I ◦ T ∗
0 .

(b) As before, define TInv as {(w,w′) ∈ T : w ∈ Inv} and compute the set of
loops by finding identical pairs in (TInv ∩ F ) ◦ T ∗.

To calculate expressions like T1◦T ∗
2 , we employ a technique for computing ar-

bitrary relational compositions of transducers, expressed as regular expressions,
by encoding the states of the automaton recognizing the regular expression in
the first position of the word. As an example, the expression T1 ◦T ∗

2 corresponds
to an automaton with two states q1, and q2. We use a transducer accepting the
union of (q1, q2) ·T1 and (q2, q2) ·T2. Words in the transitive closure of the result-
ing transducer, of the form (q1, q2) · (w[1], w′[1]) · · · (w[n], w′[n]), then represent
an element (w,w′) in the relation T1 ◦ T ∗

2 .
We have successfully verified safety properties for many of the examples in

our previous work, as well as liveness properties for some of the smaller examples.
Execution times are given in the table below.

Algorithm Safety (ms) Liveness (ms)
Tokenpass 3930 14790
Tokenring 4840 29590
Bakery 4840 23070
Burns 38560
Dijkstra 593220
Szymanski 1073200
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We experience high execution times for checking safety properties for some
of the algorithms. This is because we use the entire transition as opposed to
computing the transitive closure of separate actions and using them for reach-
ability analysis. This reachability analysis does not always terminate, however,
since some algorithms require the transitive closure of combinations of actions for
the analysis to terminate. Using the entire transition relation is a more general
technique, but potentially more costly.
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