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Abstract. In this paper, the gradient vector flow fields are introduced in the 
image anisotropic diffusion, and the shock filter, mean curvature flow and 
Perona-Malik equation are reformulated respectively in the context of this flow 
fields. Many advantages over the original models can be obtained, such as 
numerical stability, a large capture range, and computational simplification etc. 
In addition, the fairing process is introduced in the anisotropic diffusion, which 
contains the fourth order derivative and is reformulated as the intrinsic 
Laplacian of curvature under the level set framework. By this fairing process, 
the boundaries of shape will become more outstanding. In order to overcome 
numerical errors, the intrinsic Laplacian of curvature is computed from the 
gradient vector flow fields, but not directly from the observed images. 

1   Introduction 

The image anisotropic diffusion is to smooth the image in the direction of an edge, 
but not perpendicular to it, so that the location and strength of edges can be 
maintained. Since Perona-Malik equation was presented as an anisotropic diffusion 
model in [1], there have been extensive literatures that presented a lot of the 
anisotropic diffusion models and offered the numerical schemes to obtain steady state 
solution [2-10]. In this paper, we would pay attention to the following three classic 
anisotropic diffusion models, shock filter, mean curvature flow scheme, and Perona-
Malik equation. 

The shock filter scheme was presented in [12] as a stable deblurring algorithm 
approximating deconvolution. It is well known that it is extremely sensitive to noise. 
Many further researches almost focus on how to define more precise and robust 
coefficient function so as to smooth noise while preserve shape and geometric 
features. The frequent idea is to add some kind of anisotropic diffusion term with a 
weight between the shock and the diffusion processes. In [2], a combination form to 
couple shock with a diffusion term was proposed, ξξηησ cIIIGsignI t +∇∗−= )( , 

where c is a positive scale, η is the direction of gradient and ξ is the direction 
perpendicular to the gradient. In [4], a complex diffusion model was presented, 

( )( ) ξξηη ααθπ IIIIaI t 21Imarctan)2( ++∇−= , where the first term is shock term, 

a is a parameter that controls the sharpness, α1 = reiθ is a complex scale, α2 is a real 
scale. 
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The mean curvature flow model was presented in [16,8] as an edge enhancement 
algorithm in the presence of noise. In [10], the mean curvature flow was applied to 
enhancement and denoising under the Min/Max flow scheme. In the above 
applications, only the pure curvature flow was used. While a deconvolution model 
was introduced in the mean curvature flow model in [7] for deblurring and denosing. 

For the Perona-Malik equation, a frequent idea is to design the coefficient 
functions directly so as to weight the terms Iηη and Iξξ adaptively. In [5], the 

coefficient function was defined as, ( )( ) ( )( ) 12
2

1

1 )(11)(
−−

−+−+= mn wkxkxxg α , 
where k1 is a threshold that is the limit of gradients to be smoothed out, k2 and w are 
threshold and range that control the inverse diffusion process. In [6], the general form 
of Perona-Malik equation was presented, ( )ξξηη bIaIcI t += , where the parameters 

a,b,c are defined respectively. And the two eigenvalues of its Hessian Matrix are 
instead of the second order derivatives Iηη and Iξξ in order to suppress the influence of 
noise. From a numerical view, these mentioned algorithms are too complicated, and 
over many parameters need to be determined. 

In this paper, the Gradient Vector Flow fields [11] are introduced in the anisotropic 
diffusion. Since this flow fields can be determined in advance, (i.e. they are invariable 
during image diffusion), and besides, provide a large capture range to the object 
boundaries, they perform well on noise or spurious edges. Another particular 
advantage is to simplify computation. We will demonstrate these advantages by 
applying the gradient vector flow fields to the shock filter, the mean curvature flow 
and the Perona-Malik equation respectively. Since many proposed anisotropic 
diffusion models usually regarded these three models as their basic prototypes. 
Besides that, in order to make the enhanced boundaries vivid, the fourth order flow 
model of the plane curve [13] is introduced in the anisotropic diffusion. Because of 
the gradient vector flow fields, the computation for the fourth order flow will become 
simple and reliable. 

This paper is organized as follows: in section 2, the gradient vector flow fields are 
briefly introduced. In section 3, the shock filter, mean curvature flow, Perona-Malik 
model and fourth order flow model based on the gradient vector flow fields are 
presented respectively. The implementation details of our presented models and 
experimental results are shown in section 4. Finally, our conclusions and ideas for 
future research appear in section 5. 

2   Gradient Vector Flow (GVF) Fields 

The gradient vector flow (GVF) field was firstly presented for the active contour 
models, in which the GVF field was used as an external force in [11]. Because the 
GVF fields are computed as a diffusion of the intensity gradient vectors, i.e. the GVF 
is estimated directly from the continuous gradient vector space, and its measurement 
is contextual and not equivalent with the distance from the closest point. Thus, the 
noise can be suppressed. Besides that, the GVF provides a bi-directional force field 
that can capture the object boundaries from either side without any prior knowledge 
about whether to shrink or expand toward the object boundaries. Hence, the GVF 
fields can provide a large capture range to the object boundaries. 
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Fig. 1. GVF field corresponding to the rectangle on right image 

First, a Gaussian edge detector (zero mean, with σE variance) is used in the edge 
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the boundary information (be usually the intensity gradient) is taken into account, the 
edge map f(x) can be defined as other forms too [11]. The GVF field ),( txv  is 
defined as the equilibrium solution to the following vector diffusion equation, 
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where µ is a blending parameter. We can note that the flow vectors of this obtained 
vector fields ),( txv  always point to the closest object boundaries, i.e. the vector 

),( txv  indicates the correct evolving direction of the curvature flow all the time, but 

not the gradient direction. In Fig.1, the vectors ),( txv  in the GVF fields always point 
to the closest boundaries of object. It is clear that a large capture range to the desired 
edges is achieved through a diffusion process of the intensity gradient vectors that 
doesn’t smooth the edges themselves. In the following proposed anisotropic diffusion 
models, the GVF fields are invariable during the image diffusion. They can be 
determined in advance. Thus, this will decrease the influence of noise and improve 
the numerical stability for image evolution. 

In order to reveal its intrinsic properties, let’s expand ∇f(|∇I|), 

( ) 0for ,)()(),( 1 >∇∇=∇∇= tIIft xxxv λ  (1) 

where, 0
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λ . For the convenience, the Gaussian operator 

Gσ in f(x) is omitted. It will lead to the different geometry interpretations to deform 
Eq.(1) by the different means in the following section. 
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3   Diffusion Models Based on GVF Fields 

3.1   Shock Filter  

The heat equation will result in a smoothing process, while the inverse heat equation 
will lead to a deblurring process to approximate deconvolution. But the inverse heat 
equation is extremely ill-posed. The shock filter tries to get as close as possible to the 
inverse heat equation to reach a stable solution. It is formulated as, 

IIsignI t ∇−= )( ηη , where η is the direction of the gradient. 

In this section, the GVF fields are introduced in designing shock filter. The either 
side of Eq.(1) is dot-multiplied by the intensity normal vector, II ∇∇=N , 

respectively, as follows, 

NNNv ,2
11 I

I
IDI

∇
∇=⋅∇∇=⋅ λλ , 

(2) 

where D2I denotes the Hessian of intensity I. Obviously, the above equation is equal 
to the second derivative of I in the direction of the intensity gradient, Iηη, up to a 
positive scale, λ1. So, the shock filter equation can be reformulated as, 

( ) IsignI t ∇⋅−= Nv . (3) 

When the GVF and the normal vector have the same direction, the current position is 
not at edges. On the other hand, when these vectors have opposite directions, the 
current position should be at boundaries. So, Eq.(3) lets the image develop true edges. 
The worse case is when the GVF is tangential to the intensity normal. Obviously, no 
diffusion takes place. From the implementation view, the Eq.(3) simplifies the 
computation of Iηη. However, as a matter of fact, the original shock filter scheme is 
extremely sensitive to noise because of lack of the diffusion processes (see [4] for 
details). While the term )( Nv ⋅  in Eq.(3) is only a second derivative of I in the 
direction of the intensity gradient but not diffusion term, it can not remove noise. 
Thus the noise sensitive problem still exists in Eq.(3) as in the original scheme. 

3.2   Mean Curvature Flow Equation  

The mean curvature flow equation is only one of the anisotropic diffusion models. 
The key idea is that an image is interpreted as a collection of iso-intensity contours 
which can be evolved. Usually its standard form can be formulated as II t ∇= κ , 

where  is the curvature of intensity contours, ( )II ∇∇⋅∇=κ . It has received a lot 

of attention because of its geometrical interpretation: the level sets of the solution 
move in the normal direction with a speed proportional to their mean curvature. Many 
theoretical aspects of this evolution equation, such as the theory of weak solutions 
based upon the so-called viscosity solution theory, have been summarized in [15]. In 
image nonlinear diffusion applications, it had been proved that the curvature flow 
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equation was well-posed, and the curvature flow was used as image selective 
smoothing filter in [16,8]. However, according to the Grayson’s theorem, we know 
that all the structures would eventually be removed through continued application of 
the curvature flow scheme. In order to preserve the essential structures while remove 
noise, the Max/Min flow framework based on the curvature flow equation was 
proposed in [10]. In these above algorithms, only the pure mean curvature flow is 
used. Indeed, we could introduce some constraint terms in this mean curvature flow 
scheme just as in the active contour models. In this section, our starting point is to 
balance between the internal force which is from the curvature of evolution curve and 
external force. The GVF fields will provide the curvature flow scheme a new external 
force, which can overcome the noise or spurious edges effectively. 

Consider the Eq.(2). We know that )( Nv ⋅  indicates the second derivative of I in 

the direction of gradient. Obviously, the sign of )( Nv ⋅  will change along the normal 
to the boundaries in the neighborhood of boundaries even if the direction of gradient 
N doesn’t change. Thus, the GVF indicates a correct evolution direction of the 
curvature flow, but not the gradient direction. In our approach, the GVF is introduced 
as a new external force into the original curvature evolution equation directly from a 
force balance condition. According to Eq.(2), we can determine a contextual flow as, 

( )NNv ⋅=tC , where, 2RC ∈ . The interpretation of this flow is clear. An important 
fact is that the propagation driven by the curvature flow always takes place in the 
inward normal direction (i.e. −N). Obviously, the optimal way to reach the boundaries 
is to move along the direction of GVF. Because of the noise or spurious edge, the 
gradient vector can’t always align to the GVF. Thus, the optimal propagation is 
obtained when the unit vector of )(xv  and the inward normal direction are identical. 

On the other hand, the worse case occurs when )(xv  is tangential to the normal, i.e. 

Nv ⊥ . 
Under the level set framework, it is easy to introduce this contextual flow from the 

GVF fields into the curvature evolution equation, 

IrIrIt ∇⋅−−∇= v)1(κ , (4) 

where, 0≤ r ≤1. When the GVF and the inward normal have the same direction then 
the flow will be accelerated. On the other hand when these vectors have opposite 
directions, the flow will be weakened, even stopped. When the GVF is tangent to the 
normal then the curvature flow κ will dominate the evolution process. Besides that, it 
is known that the strength of the new external force, )( Nv ⋅ , can be adjusted by the 

parameter λ1 adaptively. For the homogeneous regions or boundaries, λ1 becomes so 
small as to weaken the external force from the GVF fields. On the contrary, it 
becomes too large near boundaries to ignore this new external force in Eq.(4). 

The proposed scheme (4) is similar to the model presented in [7], in which a model 
of convolution was introduced in the mean curvature flow scheme. Indeed, whether 
deconvolution or deblurring processes are all sensitive to noise, while the mean 
curvature term could make them well-posed (see [7] for details). 

From an implementation perspective, the scheme of Eq.(4) has a particular 
advantage over the original curvature evolution equation that since the GVF fields are 
invariable, the flow would not be evolved endlessly. When the internal and external 
force balance is reached, the flow evolution will be terminated at the object 
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boundaries. Furthermore, since the GVF fields provide a large capture range to the 
object boundaries, the flow would not fall in the noise points or spurious edges. Thus, 
the scheme of Eq.(4) is able to suppress noise effectively. 

3.3   Perona-Malik Equation 

The Perona-Malik equation (P-M Equation) introduced in [1] has been successful in 
dealing with the nonlinear diffusion problem in a wide range of images. The key idea 
is roughly to smooth out the irrelevant, homogeneous regions like the heat equation 
when |∇I| is small and to enhance the boundaries instead like an inverse heat equation 
when |∇I| is large. Such is the P-M Equation of the divergence form, 

( )( )IIgI t ∇∇⋅∇= , where, g(⋅)>0 is a decreasing function of the gradient |∇I|, and 

I(t=0) = I0. Usually let ( ) 
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control the level of contrast of boundaries. The coefficient function g(|∇I|) is close to 
1 for |∇I|<<σ, while g(|∇I|) is close to 0 for |∇I|>>σ. A theoretical analysis shows that 
solutions of P-M equation can actually exhibit an inverse diffusion near boundaries, 
and enhance edges that have gradients greater than σ. In this section, the GVF fields 
are introduced in the P-M Equation. As the GVF is determined in advance, it will 
weaken the influence of noise or spurious edges in inverse diffusion process. 

Let’s expand the P-M equation, IgIIgI t ∆+∇′= ηη , where is the direction of 

gradient. In general, the first term is an inverse diffusion term for sharpening the 
boundaries while the second term is a Laplacian term for smoothing the regions that 
are relatively flat. In order to accord with the GVF fields, the coefficient function is 

defined as ( ) ( ) 
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. Comparing Eq.(1) with P-M 

Equation, we can note that it is lack of the gradient vector term ∇I in Eq.(1). Consider 
the equation, ηηIIgI ∇′=∇⋅− v . It is clear that the term )( I∇⋅−v  is the inverse 

diffusion term in P-M equation. Thus, the P-M equation is rewritten as 

IgIIt ∆+∇⋅−= v , (5) 

where g(⋅)can be estimated directly using the gradient |∇I|. The advantages of Eq.(5) 
over the traditional P-M equation are very distinct, 

• As only the gradient and Laplacian terms need to be computed directly from 
the observed images, the computation is simplified. 

• The worst case for the first term is that when the GVF is tangent to the 
gradient direction then this inverse diffusion term is equal to 0. In fact, it is 
noise or spurious edges that cause these vectors orthogonal. Thus the regions 
around these points should be smoothed, but not enhanced. 

• The scheme of Eq.(5) is an open framework. Under this scheme, the inverse 
diffusion term and Laplacian term can be easily controlled by redefining 
their coefficients respectively, )(),( ⋅′⋅ gg , according to smoothing effect. 
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a.                                                       b.                                                  c. 

Fig. 2. The comparison of the coefficients )(ˆ),(),( xgxgxg ′ , plotted as the functions of 

gradient magnitude. (σ
E
 = 1, a = 2) 

Consider the coefficient function g(x) and its derivate )(xg ′ . By adjusting the 

parameter σE, we can control the smoothing effect. But, the coefficient of the inverse 
diffusion term can’t be adjusted freely (see Fig.2(a,b)). An intuitional method is to 
redefine the coefficient of the inverse diffusion term as a Gaussian form, 
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where, a is an inverse diffusion parameter. It is clear that the inverse diffusion can be 
controlled freely by changing the parameter a (see Fig.2(c)). 

Obviously, the parameter a is adjusted for inverse diffusing, and is independent of 
σE. Unfortunately, there is a numerical drawback in the coefficient )(ˆ xg . From a 

numerical view, it is very difficult that the estimate σE in )(ˆ xg  is equal to the ones in 

the coefficient )(xg ′ . Since the later is from the GVF. Thus, this will lead to an 

exponential term in )(ˆ xg , Rbe bx ∈− , , which leads to a very large errors for the noise 
points with large gradient magnitude. 

Another robust method for the coefficient of the inverse diffusion term is to 
redefine it as follow, 

1,)()(ˆ ≥′= mxgsxxg m , 
where, s is a magnitude scale, m is a parameter which controls the location of wave 
crest. This function is a bimodal function, in which each wave crest is similar to 
Gaussian distribution. Since x = |∇I| in our case, we only need to consider a single 
wave crest of this function. When parameter m is changed from one to some integer, 
the central of the coefficient function )(ˆ xg  will be moved from low to high. They are 
illustrated in Fig.3. 
 

     
a.                                                           b.                                                   c. 

Fig. 3. The coefficient )(ˆ xg  varies with parameter m changed (σ
E
 = 1). 
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Since mx  in )(ˆ xg  is a power function, it could be eliminated by the exponential 

term Rbe bx ∈− ,
2

 in )(xg ′  for the noise points with large gradient magnitude. Thus, 
the extension of Eq.(5) can be re-expressed as, 

1, ≥∆+∇⋅∇−= mIgIIsI
m

t v  
(6) 

It is obvious that the parameter m controls the inverse diffusion while parameter σE 
controls the smoothing effect. And this two parameters are independent each other. 

However, the scheme of Eq.(6) is only one of the various forms of P-M Equation. 
The scheme of Eq.(5) is an open framework, in which there are plenty of other 
choices for designing the coefficient functions )(),( xgxg ′ . 

3.4   Fairing Process and Fourth-Order Flow Model 

The fairing process is derived from CAD/CAM modeling techniques. A basic 

approach is to minimizing the two energy functions, i.e. ∫L ds2min κα  for curve 

fairness, and ∫ +
S

ds)(min 2
2

2
1 κκ  where κ1 and κ2 are the principal curvatures for 

surface fairness [17]. They are usually called the least total curvature. Recently, they 
were introduced in the anisotropic diffusion model of the curve and surface in [19,20]. 
The main idea is to smooth complicated noisy surface while preserve sharp geometric 
features. Under a variational framework, a fourth order PDE’s can be deduced from 
the least total curvature. In this section, we focus on the fourth order flow model in 
the plane, which will be introduced in the image anisotropic diffusion. 

In [21], the fourth order flow was presented as the intrinsic Laplacian of curvature 
under the level set framework, 
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=  

which is the second derivative of the local curvature κ with respect to arc length 
parameter s. The particular geometric property of this flow is to improve the 
isoperimetric ratio, but not to reduce the enclosed area like the mean curvature flow. 
For comparison, the evolutions of a star shape under the intrinsic Laplacian of 
curvature flow, It = κss|∇I|, and the mean curvature flow, It = κ |∇I|, are shown in 
Fig.4. 

It is obvious that the flow under the intrinsic Laplacian of curvature will converge 
to a circle finally. Because the isoperimetric ratio of circle is maximum if the 
perimeter is fixed. And the derivatives of the curvature converge uniformly to zero. 
Thus, the final solution to the flow under the intrinsic Laplacian of curvature should 
be a circle. In image diffusion, this fourth order flow model could preserve the 
boundaries of shapes but not smooth out them. Simultaneously, some small 
oscillations around the boundaries would be smoothed out. 
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a. flow under the intrinsic Laplacian of curvature (This example is from [21].) 

          
b. flow under the mean curvature 

Fig. 4. Evolution of star shape, iteration=15000 in (a), while iteration=1000 in (b) 

However, owing to the fourth order derivative term in evolution equation, it 
becomes highly sensitive to errors. And the fourth order derivative term leads to 
numerical schemes with very small time steps. In Fig.4(a), the space step ∆x = 0.0667, 

the time step 6105 −×=∆t , and more than 40 reinitializations are used. In fact, it is 

ill-posed to minimize the total squared curvature ∫L ds2κ  in the plane closed curves, 

(i.e. plane curve raveling). Because the total squared curvature is scale-dependent, it 
can be reduced as far as the gradient flow inflates any closed curve without limit. In 
order to make it well-posed, the total squared curvature was modified 

as, ∫ +
L

ds)( 22 ακ , in [13] and the corresponding gradient flow was deduced under a 

variational framework, 

( )( )N222 ακκκ −+= sstC , (7) 

where C is a plane closed evolving curve, N is normal vector and α ≠ 0 is the penalty 
function to make the problem well-posed. A few important conclusions to Eq.(7) from 
[13] need to be highlighted as follows, 

• The long time existence of solution to Eq.(7) is proven. And a stationary 
solution can be reached. 

• If the descent flow corresponding to the ‘pure’ energy ∫L ds2κ  is considered, 

the normal speed is simply 23κκ += ssF . 

• Not only can the flow smooth the embedded curves, but also the immersed 
curves. 

The intrinsic Laplacian of curvature has been introduced in active contours as a 
frigid force for 2D and 3D segmentation in [18]. In fact, it also could be applied in the 
anisotropic diffusion of images. Because of the isoperimetric property from the 
intrinsic Laplacian of curvature term, the boundaries of shapes in the evolving image 
will become vivid. We will deduce the intrinsic Laplacian of curvature directly from 
the GVF fields for simplifying computation and numerical stability. 
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Consider the GVF form of Eq.(2). We can obtain the second derivative of I in the 
direction orthogonal to the gradient, which can be formulated as, 

Nv ⋅−∆= II 11 λλ ξξ . Because Iξξ can be written as a “quasi divergence form” [16], 

( )IIII ∇∇⋅∇∇=ξξ , we have, κλλ ˆ21 ≡⋅−∆ NvI , where, 012 >∇= λλ I , 

( )II ∇∇⋅∇=κ̂ , which can be looked upon as a curvature flow. In general, the 

curvature flow evolves along the direction of gradient. The above equation can be 
defined as a force field along the direction of gradient, NE κλ ˆ2= . The derivative of 

the field E with respect to the arc length is followed from the Frenet-Serret 
Formulation, 

TNE κκλκλ )ˆ()ˆ( 22 −= ss , 

where, T is an unit tangent vector, and T⋅N = 0, κ is the intensity contour curvature 
which is only from the observed images. Furthermore, the second derivative of the 
fields E with respect to the arc length is yielded, 

( ) ( )TNE ssssss κκλκκλκκλκλ )ˆ()ˆ(2)ˆ()ˆ( 22
2

22 +−−= . 

For the gradient flow, we have, 2
22 )ˆ()ˆ( κκλκλ −=⋅ ssss NE . Obviously, it is the 

normal speed of the gradient flow corresponding to the ‘pure’ energy ∫L ds2κ . Denote 

κλ ˆ2=K  for convenience. The second derivative of K can be expressed, 
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where K can be estimated from the GVF and the observed image, N is from the 
observed image and λ1, λ2 can be estimated using the gradient |∇I|. Hence, the flow 
under the intrinsic Laplacian of curvature is rewritten as, 

( ) ( ) IKKII sssst ∇−=∇⋅−= 2κNE . 

It can be noticed that all the fourth order derivate terms in the above intrinsic 
Laplacian of curvature flow are estimated from the GVF fields, but not directly from 
the observed image. This improves the numerical stability effectively. 

However, the above intrinsic Laplacian of curvature flow equation is ill-posed. 
Compared to the scheme of Eq.(7), it is lack of a mean curvature term. In order to 
make it well-posed, we couple the scheme of Eq.(4) to the above equation. It can be 
easily addressed, 

( ) ( ) IKKIrIrI sst ∇−+∇⋅−−∇= 2)1( κκβ v , (8) 

where β is a constant that balances the contribution between the mean curvature flow 
and the fourth order flow. 
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4   Experiments 

We first illustrate the GVF-based shock filter on a Mammographic image in Fig.5(a-
c). Since this kind of medical images is usually very blurry, which need be deblurred, 
the shock filter is a stable deconvolution filter. By way of comparison, the 
experimental result of the original shock filter is shown too. It could be noticed that 
the original shock filter over-enhanced the details in Fig.5(b), while the scheme of (3) 
could enhance the essential structures and suppress some trivial details in Fig.5(c). 
Fig.5(h) demonstrate that the scheme Eq.(3) can reach a steady state solution more 
quickly than the original scheme with the evolution error, which is calculated as, 

∑ −
×

=
N,M

,

)0(
,

)(
,NM

1
)(

ji
ji

t
ji IIterror , where M and N are the width and height of image 

respectively (the following experiments all adopted this error equation to generate 
error diagrams). 

The original mean curvature flow and the proposed scheme of (4) are illustrated on 
a noisy and blurry image in Fig.5(d-g) respectively. The original image is firstly 
degraded with Gaussian Noise (zero mean, with 0.1 variance), then blurred by 
Gaussian lowpass filter with 0.25 variance. We adopted It = κ|∇I| in section 3.2 as the 
original mean curvature flow scheme. It can be noticed that the features of the lily 
image are enhanced and denoised effectively by the scheme of (4) in Fig.5(g), while 
all the features are smoothed out by the original scheme in Fig.5(f). The error 
diagrams in Fig.5(i) demonstrate that the scheme of (4) could reach a steady state 
solution and preserve the essential structures of shapes, while the original curvature 
flow scheme would eventually smooth out all the information. 

In the experiments of the P-M equation, we first compared the original scheme 
with the proposed scheme of (5). The original water lily image is degraded with 
Gaussian noise, and blurred as in Fig.5(e). The diffusion results are shown in 
Fig.6(a,b). Their diffusion effects seem to be close. But then, the error diagram in 
Fig.6(c) demonstrates that the scheme of (5) could reach a steady state solution more 
quickly than the original P-M equation. 

Then, in the successive experiments, we also illustrated the scheme of (6) on the 
water lily image, which is blurred and degraded with Gaussian noise as in Fig.5(e). 
The experimental results are shown in Fig.7. Obviously, when the coefficient m is 
becoming large, some details with large gradient are enhanced, while others with 
small gradient are eroded gradually. Since the center of the inverse diffusion term in 
Eq.(6) would be moved along with the change of the coefficient m. 

In the experiment of the 4th order flow scheme, we also illustrated the scheme of (8) 
on the noised and blurry water-lily image as in Fig.5(e). The result is compared with 
the one of the scheme Eq.(5) in Fig.8. Obviously, because of the intrinsic Laplacian of 
curvature term in Eq.(8), the boundaries of objects become very vivid in Fig.8(b). It is 
clear to indicate that the isoperimetric property from the intrinsic Laplacian of 
curvature term would make the boundaries of shapes enhanced and smooth but not 
eroded in image anisotropic diffusion. 
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Fig. 5. Evolutions of shock filter and mean curvature flow scheme 
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Fig. 6. Evolutions of P-M equation with σ
E
 = 0.45, (a) iteration=150, (b) iteration=200 
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a. m=1                          b. m=2                           c. m=3                           d. m=4 

Fig. 7. Evolutions of the scheme of (6) with σ
E
 = 0.45, s=1 and iteration=200 

           
a. Evolution of scheme (5)            b. Evolution of scheme (8) 

Fig. 8. Evolution of schemes (5) and (8) on water lily image at iteration=200 

5   Conclusions 

In this paper, we firstly introduced the gradient vector flow (GVF) fields in the image 
anisotropic diffusion. Some well-known PDE’s diffusion models were reformulated 
based on the GVF fields, such as the shock filter, the mean curvature flow and the P-
M diffusion model. The particular advantages that the GVF leads to are to simplify 
computation, improve numerical stability, and perform well on noisy images. One of 
the most distinct advantages is that the proposed GVF-based anisotropic diffusion 
models could reach a steady state solution more quickly than the original ones. 
Besides that, in order to enhance and smooth the boundaries of object but not to erode 
them, the intrinsic Laplacian of curvature was firstly introduced in the anisotropic 
diffusion of images. Since this flow contains a fourth order derivative term, it is very 
sensitive to errors. We can obtain the robust estimate of this flow from the GVF 
fields. The experiments indicate that our proposed models are robust and practical on 
account of the GVF fields. 

In future works, the GVF-based P-M diffusion equation is going on being 
concerned. How to design the coefficient in reverse diffusion term is always a key 
problem. In addition, we will try to apply these proposed diffusion models on 3D 
volume data for visualization. Since the classification process is critical to direct 
volume rendering, while the anisotropic diffusion could provide us the desired 
classification results. 
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