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Abstract. Suppose that two perspective views of four world points are given,
that the intrinsic parameters are known, but the camera poses and the world point
positions are not.We prove that the epipole in each view is then constrained to lie on
a curve of degree ten. We give the equation for the curve and establish many of the
curve’s properties. For example, we show that the curve has four branches through
each of the image points and that it has four additional points on each conic of the
pencil of conics through the four image points. We show how to compute the four
curve points on each conic in closed form. We show that orientation constraints
allow only parts of the curve and find that there are impossible configurations
of four corresponding point pairs. We give a novel algorithm that solves for the
essential matrix given three corresponding points and one epipole. We then use
the theory to describe a solution, using a 1-parameter search, to the notoriously
difficult problem of solving for the pose of three views given four corresponding
points.

1 Introduction

Solving for unknown camera locations and scene structure given multiple views of a
scene has been a central task in computer vision for several decades and in photogram-
metry for almost two centuries. If the intrinsic parameters (such as focal lengths) of the
views are known a priori, the views are said to be calibrated. In the calibrated case, it
is possible to determine the relative pose between two views up to ten solutions and an
unknown scale given five corresponding points [8,1]. In the uncalibrated case, at least
seven corresponding points are required to obtain up to three solutions for the fundamen-
tal matrix, which is the uncalibrated equivalent to relative pose [4]. We will characterise
the solutions in terms of their epipoles, i.e. the image in one view of the perspective
center of the other view. If we have one point correspondence less than the minimum
required, we can expect to get a whole continuum of solutions. In the uncalibrated case,
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it is well known [7] that six point correspondences give rise to a cubic curve of possible
epipoles. However, to the best of our knowledge, the case of four point correspondences
between two calibrated views has not been studied previously. We will show that four
point correspondences beween two calibrated views constrain the epipole in each image
to lie on a decic (i.e. tenth degree) curve. Moreover, if we disregard orientation con-
straints, each point on the decic curve is a possible epipole. The decic curve varies with
the configuration of the points and cameras and can take on a wide variety of beautiful
and intriguing shapes. Some examples are shown in Figure 1.

Fig. 1. Some examples of decic curves of possible epipoles given four points in two calibrated
images.

Finally we apply the theory to describe a solution to the 3 view 4 point perspective
pose problem (3v4p problem for short), which amounts to finding the relative poses
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of three calibrated perspective views given 4 corresponding point triplets. The 3v4p
problem is notoriously difficult to solve, but has a unique solution in general [5,10]. It
is in fact overconstrained by one, meaning that four random point triplets in general can
not be realised as the three calibrated images of four common world points. Adjustment
methods typically fail to solve the 3v4p problem and no practical numerical solution is
known. Our theory leads to an efficient solution to the 3v4p problem that is based on
a one-dimensional exhaustive search. The search procedure evaluates the points on the
decic curve arising from two of the three views. Each point can be evaluated and checked
for three view consistency with closed form calculations. The solution minimises an
image based error concentrated to one point. This is reminiscent of [12], which works
with three or more views in the uncalibrated setting, see also [11]. Our algorithm can
also be used to determine if four image point triplets are realisable as the three calibrated
images of four common world points.

Many more point correspondences than the minimal number are needed to obtain
robust and accurate solutions for structure and motion. The intended use for our 3v4p
solution is as a hypothesis generator in a hypothesise-and-test architecture such as for
example [8,9,2]. Many samples of four corresponding point triplets are taken and the
solutions are scored based on their support among the whole set of observations.

The rest of the paper is organised as follows. In Section 2, we establish some notation
and highlight some known results. In Section 3, we describe the geometric construction
that serves as the basis for the main discoveries of the paper. In Sections 4 and 5, we
work out the consequences of the geometric construction. In Section 6, we give the
algebraic expression for the decic curve. In Section 7 we establish further properties of
the curve of possible epipoles and in Section 8 we reach our main result. In Section 9
we investigate implications of orientation constraints. In Section 10 the 3v4p algorithm
is given. Section 11 concludes.

2 Preliminaries

We broadly follow the notational conventions in [4,13]. Image points are represented by
homogeneous 3-vectors x. Plane conics are represented by 3 × 3 symmetric matrices
and we often refer to such a matrix as a conic. The symbol ∼ denotes equality up to
scale. We use the notation A∗ to denote the adjugate matrix of A, namely, the transpose
of the cofactor matrix of A. We will use |A| to denote the determinant and tr(A) to
denote the trace of the matrix A. We assume the reader has some background in multi-
view geometry and is familiar with concepts such as camera matrices, the absolute
conic, the image of the absolute conic (IAC) under a camera projection and its dual
(the DIAC). When discussing more than one view, we generally use prime notation to
indicate quantities that are related to the second image; for example x and x′ might be
corresponding image points in the first and second view, respectively. Similarly, we use
e and e′ to denote the two epipoles and ω and ω′ to denote the IACs in two views.

Given corresponding image points xi ↔ x′
i in two views the epipolar constraint [7,

1] is:
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Theorem 1. The projective parameters of the rays between e and xi are homographi-
cally related to the projective parameters of the rays between e′ and x′

i.

The situation is illustrated in Figure 2. The condition asserts the existence of a 1D
homography that relates the pencil of lines through e to the pencil of lines through e′.
This homography is called the epipolar line homography.

The epipolar constraint relates corresponding image points. For the pair ω, ω′ of
corresponding conics we have the Kruppa constraints:

Theorem 2. The two tangents from e to the IAC ω are related by the epipolar line
homography to the two tangents from e′ to the IAC ω′.

The constraint is illustrated in Figure 2.

e

x
x

x x

ω

ω’ e’

x’
x’ x’

x’

Fig. 2. Illustration of Theorems 1 and 2. The diagram shows two images, each with four image
points, a conic and an epipole. The pencils of rays from the epipoles to the image points are related
by the epipolar line homography. Similarly, the epipolar tangents to the images of the absolute
conics are also related by the epipolar line homography.

These algebraic constraints treat the pre-image of an image point as an infinite line
extending both backwards and forwards from the projection centre. However, the image
rays are in reality half-lines extending only in the forward direction. Moreover, unless
our images have been mirrored, we typically know which direction is forward. The
constraint that any observed world point should be on the forward part is referred to
as the orientation constraint. The orientation constraints imply that the epipolar line
homography is oriented and thus preserves the orientation of the rays in Theorem 1, see
[14] for more details.

3 The Geometric Construction

Assume that we have two perspective views of four common but unknown world points
and that the intrinsic parameters of the cameras are known but their poses are not. Let
the image correspondences be xi ↔ x′

i. In general, no three out of the four image points
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in either image are collinear and we shall henceforth exclude the collinear case from
further consideration.

Accordingly, we may then choose [13] projective coordinates in each image such
that the four image points have the same coordinates in both images. In other words, we
may assume that xi = x′

i and we shall do this henceforth and think of both image planes
as co-registered into one coordinate system.

It then follows from Steiner’s and Chasles’s Theorems [13] that the constraint from
Theorem 1 can be converted into:

Theorem 3. The epipoles e, e′ and the four image points must lie on a conic B. Con-
versely, two epipoles e, e′ that are conconic with the four image points can satisfy the
epipolar constraint.

An illustration is given in Figure 3. This conic will be important in what follows and the
reader should take note of it now. When e and e′ are conconic with the four image points,
there is a unique epipolar line homography that makes the four lines through e correspond
to the four lines through e′. One way to appreciate B is to note that we can parameterize
the pencil of lines through e (or e′) by the points of B and that corresponding lines of
the two pencils meet the conic B in the same point. Armed with this observation we can
translate the Kruppa constraints into:

Theorem 4. The Kruppa constraints are equivalent to the condition that the two tangents
to ω from e intersect B in the same two additional points as the two tangents to ω′ from
e′.

This geometric construction will serve as a foundation for the rest of our development.
The situation is depicted in Figure 3. Loosely speaking, the two projections (from the
epipoles) of the IACs onto B must coincide.
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Fig. 3. Left: Illustration of Theorem 3. When the two image planes are co-registered so that
corresponding image points coincide, the epipoles are conconic with the four image points. Right:
The geometric construction corresponding to Theorem 4. The images of the IACs ω,ω′ made by
projecting through the epipoles and onto B have to coincide. This construction is the basis for the
rest of our development.
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4 Projection onto the Conic B

To make progress from Theorem 4 we will work out how to perform the projection of
an IAC ω onto a conic B = B(e) that is determined by an epipole and the four image
points. One can think of the projection as being defined by the two points where the
tangents to the IAC from an epipole meet B. But the two tangents do not come in any
particular order, which is a nuisance. To avoid this complication we use the line joining
the two intersection points on B as our representation. This is accomplished by:

Theorem 5. The projection of the IAC ω onto the proper conic B through the epipole e
is given by the intersections of the line (ω � B)e with B, where we define the conic

(ω � B) ≡ 2Bω∗B − tr(ω∗B)B. (1)

Proof: 1 We may choose [13] the coordinate system such that B is parameterized

by
[
θ2 θ 1

]�
where θ is scalar. Let θ correspond to e and let λ parameterise an

additional point on B. The line through the two points defined by θ and λ is then

l(θ, λ) =
[
1 −(θ+λ) θλ

]�
. This line is tangent to ω when l�ω∗l = 0, which by ex-

panding both expressions can be seen equivalent to
[
λ2 λ 1

]
(ω � B)

[
θ2 θ 1

]� = 0.

Hence, the projection of ω onto B through the point
[
θ2 θ 1

]�
is defined by the

intersections of the line (ω � B)
[
θ2 θ 1

]�
with B. The symmetric matrix (ω � B)

thus represents a conic locus that has the properties stated in the theorem. Using the
properties of trace, it can be verified that Equation (1) is a projectively invariant formula
for a conic. The theorem follows. �

The situation is illustrated in Figure 4. We combine Theorem 4 and 5 to arrive
at

Theorem 6. Given that e and e′ are conconic with the four image points, the Kruppa
constraints are equivalent to the constraint that the polar lines (ω � B)e and (ω′ � B)e′

coincide.

5 The Four Solutions

Note that (ω � B) = B(ω · B) where we define the homography

(ω · B) ≡ 2ω∗B − tr(ω∗B)I. (2)

In view of this, we can “cancel” a B in Theorem 6 and arrive at:

1 This theorem is a stronger version of Theorems 2 and 3, pages 179-180 in [13], which do
not give a formula for (ω � B). It is possible, but not necessary for our purposes, to describe
(ω � B) in classical terminology by saying that ω is the harmonic envelope of B and (ω � B).
A given ω defines a correspondence B ↔ (ω � B) between plane conics in the sense that
ω � (ω � B) ∼ B. Note also that the � operator is not commutative: projecting ω onto B is
different from projecting B onto ω.
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Fig. 4. The conic locus (ω � B) from Theorem 5. Note that the line (ω � B)e is the polar line of e
with respect to (ω � B). This means that we are using the pole-polar relationship defined by the
conic locus (ω � B) to perform the projection. Equation (1) shows that (ω � B) belongs to the
pencil of conics determined by B and Bω∗B. This is a manifestation of the fact that (ω �B) goes
through the four points where the double tangents between ω and B touches B. These four points
lie on both B and Bω∗B. Moreover, the double tangents between ω and (ω �B) touches (ω �B)
at the same four points. On the right, the line (ω � B)e and its pole (ω · B)e (see the following
section for the definition of (ω ·B)) with respect to B is shown. Both can be used to represent the
projection of ω onto B through e.

Theorem 7. The epipoles are related by the seventh degree mapping

e′ ∼ (ω′ · B)∗(ω · B)e. (3)

The Kruppa constraints single out four solutions 2 for the epipole e on each proper conic
B. The solutions are the intersections of B with the conic

C ≡ (ω · B)�(ω′ · B)∗�B(ω′ · B)∗(ω · B). (4)

On the three conics B of the pencil for which |(ω′ · B)| = 0, the four solutions group
into two pairs of coincident solutions.

Proof: Any two conics B1, B2 from the pencil can be used as a basis for the pencil and
we have

B(e) = (e�B2e)B1 − (e�B1e)B2, (5)

i.e. B(e) can be expressed quadratically in terms of e. According to Theorem 6,
(ω′ � B)e′ ∼ (ω � B)e, which for proper B is equivalent to (ω′ · B)e′ ∼ (ω · B)e.
If we assume that |(ω′ · B)| �= 0, this is equivalent to Equation (3), which is seen to
be a 7-th degree mapping. Since e′ has to be on B, i.e. e′�Be′ = 0, we get that e

2 Apart from the four image points.
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must be on the conic C. The rest of the theorem follows from detailed consideration of
the case when (ω′ ·B) becomes rank 2, in which case C degenerates to a repeated line. �

If we use Equation (5) to express B in terms of e, then C is a 14-th degree
function of e and we get

Theorem 8. An epipole hypothesis e that gives rise to a proper conic B satisfies the
16-th degree equation

e�Ce = 0 (6)

if and only if it can satisfy the epipolar and Kruppa constraints.

An example plot of the set of points that satisfy Equation (6) is shown in Figure 5. As
indicated by the following theorem, it also includes the six lines through all pairs of
image points as factors:

Theorem 9. For degenerate B (consisting of a line-pair) the homography (ω ·B) inter-
changes the lines of the line-pair. As a result, the curve defined by Equation (6) contains
the six lines through pairs of the four image points, i.e. it contains the factor |B|.
Proof: As e moves to approach one of the lines of a line pair, the two points defined by
projecting ω onto B through e approaches the other line of the line pair. Hence, the line
(ω � B)e becomes the other line. In a similar fashion, the point (ω · B)e, which is the
pole of (ω � B)e with respect to B, becomes a point on the other line. Thus, we get
C ∼ B whenB is a line-pair. Since e lies onB per definition ofB, the theorem follows. �

Hence, Equation (6) defines a superset of the possible epipoles as determined by
the epipolar and Kruppa constraints. However, not all the points on the six lines are
allowed by the Kruppa constraints. In fact, since Theorem 4 applies for any B, one can
work out the consequences of the geometric construction specifically for degenerate
B in a similar fashion as for proper B. This leads to the following theorem, which we
state without proof:

Theorem 10. Apart from the four image points, there are at most two possible epipoles
e on any line joining a pair of the four image points.

6 The Decic Expression

The algebraic endeavour of eliminating the factor |B| from Equation (6) to arrive at a
decic expression is surprisingly involved. We will just state the result. Define

D ≡ ω∗, t ≡ tr(DB), U ≡ (ω · B) = 2DB − tI (7)

and analogously for the primed entities. Then the decic expression is



What Do Four Points in Two Calibrated Images Tell Us? 49

Fig. 5. The 16-th degree expression in Equation (6) defines a superset of the possible epipoles as
determined by the epipolar and Kruppa constraints. However, it also includes the six lines through
all pairs of image points as factors, which can also be eliminated. The plot on the left shows the
16-th degree curve, including the six lines, and the plot on the right shows the decic curve resulting
when removing the six lines. The four small black dots are image points.

e�G(e)e = 0, (8)

where G(e) is the conic defined by the symmetric part of

4U�D′∗B∗D′∗U+2t′U�D′∗U ′U+4t′2BDD′∗(DB−tI)−4t′2tr(B∗D′∗)D∗+t′4D∗+t2t′2D′∗. (9)

G(e) can readily be seen to be octic in terms of e, since D is constant and B, U and t
are all quadratic in e. Some examples of the decic are shown in Figure 1.

7 Further Properties of the Curve

The decic expression (8) is in fact exactly the set of possible epipoles under the epipolar
and Kruppa constraints. The following leads to a property of the set of possible epipoles
that serves as a cornerstone in getting this result.

Theorem 11. Given three point correspondences xi ↔ x′
i and the epipole e in one

image, the epipolar and Kruppa constraints lead to four solutions for the other epipole
e′.

Proof: To prove this we give a novel constructive algorithm in Appendix A.

Theorem 12. The set of possible epipoles according to the epipolar and Kruppa con-
straints has exactly four branches through each of the four image points. 3 The branches
are continuous. 4 For points in general position, 0,2 or 4 of the branches can be real.

3 We allow the world points to coincide with the projection centres of the cameras.
4 Assume the joint epipole (e, e′) describes a smooth curve in P

2 × P
2. When we talk about

tracing a curve branch in an image we really have in mind tracing the curve in P
2 × P

2. The
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Proof: According to Theorem 11 we have that for a general epipole position e, there
are four solutions for the essential matrix that obey three given point pairs. When e
coincides with one of the image points, x1 say, all four solutions that obey the other
three image point pairs also satisify x1 ↔ x′

1, since the epipolar line l′ joining e′ and x′
1

always map into a line l through x1. Moreover, the line l determined by the other three
image point pairs changes continuously if we change e and hence l has to be the tangent
direction of the corresponding curve branch. It is in fact the same as the tangent at x1

to the conic determined by the four image points and the corresponding solution for
e′. The tangent direction of each branch can thus be computed in closed form with the
algorithm in Appendix A. It is clear from the algorithm that points in general position
can not give rise to an odd number of real solutions. Using the algorithm, we have found
examples of cases with 0, 2 and 4 real solutions. �

The situation is illustrated in Figure 6. Two real branches is by far most com-
mon.

Fig. 6. Left: As indicated by Theorem 12, there are four branches of the curve of possible epipoles
through each of the four image points. Each curve branch is tangent to the conic B that includes the
four image points and the epipole e′ corresponding to e coincident with the image point according
to Theorem 12 and Appendix A. Middle: An example of a decic curve with 0, 2 and 4 real branches
through the image points. The image points are marked with small circles. Right: Close-up.

8 Main Result

Theorem 13. An epipole hypothesis e satisfies the epipolar and Kruppa constraints if
and only if it lies on the decic curve defined by Equation (8).

Proof: We give a sketch of the detailed proof, which takes several pages. It follows from
Theorems 8 and 9 that the possible epipoles off of the six lines are described by the decic.

curve projects into P
2 in such a way that four points map to each image point xi and the four

non-intersecting branches in P
2 × P

2 project to the four intersecting branches of the image
curve.
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The key is then to use Theorems 7 and 12 to establish that ten degrees are necessary and
that the decic does not have any redundant factors, which follows from Bezout’s Theo-
rem when considering the number of possible e on general B. Finally, by Theorem 10
and continuity of the geometric construction, one can establish that the decic intersects
any one of the six lines at the correct two additional points apart from the image points. �

We can also get a more complete version of Theorem 7 that applies even when
the conic B from Equation (5) is degenerate.

Theorem 14. Given any point y distinct from the four image points, the possible epipoles
on the conic B(y) according to the epipolar and Kruppa constraints are exactly the four
image points plus the intersections between the two conics B(y) and G(y).

Proof: According to Theorem 13, a point e is a possible epipole iff it lies on G(e).
An epipole hypothesis e apart from the four image points generates the same conic
B(e) = B(y) as y iff it lies on B(y). Since G(e) can be written as a function of B
only, all e on B(y) apart from the four image points generate the same G(e) = G(y).
Thus, the points on B(y) apart from the four image points satisfy the decic iff they lie
on G(y). Finally, the four image points lie on B(y) by construction and they are always
possible epipoles. �

Theorem 15. The curve of possible epipoles according to the epipolar and Kruppa
constraints has exactly ten singular points. The four image points each have multiplicity
four. In addition, there are exactly three pairs of nodal points with multiplicity two. 5

The three pairs of nodal points occur on the three conics B for which |(ω′ · B)| = 0.
These conics are exactly the three B of the pencil with an inscribed quadrangle that is
also circumscribed to ω′.

Proof: Recall Theorem 6 and observe that on proper conics B, the solution e has multi-
plicity two exactly when the line l = (ω �B)e obtained by projecting ω onto B through
e also can be obtained by projecting ω′ onto B in two distinct ways through two distinct
points e′ on B. This is illustrated in Figure 7. According to Poncelet’s Porism [13], given
proper conics B and ω′, we have two possibilities. Either there is no quadrangle inscribed
in B that is also circumscribed to ω′, or there is one such quadrangle with any point on
B as one of its vertices. In the former case, no epipole hypothesis e′ on B in the second
image ever generates the same line l′ = (ω′ � B)e′ as some other epipole hypothesis.
Hence no solution for e can then have multiplicity two. In the latter case, every epipole
hypothesis e′ generates the same line l′ as exactly one other epipole hypothesis. Thus, in
this case the solutions e on B always have multiplicity two. The latter case has to happen
exactly when |(ω′ · B)| = 0 and we see that this must be the same as the condition that
there is a quadrangle inscribed in B that is also circumscribed to ω′. The remaining parts
of the theorem follow from Theorems 7, 12 and 13. �

5 By the degree-genus formula [6] the genus of the curve is therefore ((10 − 1)(10 − 2) − 4 ×
4(4 − 1) − 6 × 2(2 − 1))/2 = 6 so, in particular, the curve is not rational.
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9 Bringing in the Orientation Constraint

The orientation constraint asserts that the space point corresponding to a visible image
point must lie in front of the camera. The situation is illustrated in Figure 7. Given e
on the decic, verification of the orientation constraints is straightforward. Equation (3)
determines e′. The epipolar line homography, and hence the essential matrix, is then
determined by the point correspondences. It is well known [8] that the essential matrix
corresponds to four possible 3D configurations and that the orientation information from
a corresponding point pair singles out one of them. The orientation constraints can be
satisfied exactly when all four point correspondences indicate the same configuration.
We will split the orientation constraint into two conditions:

Firstly, the two forward half-rays of an image correspondence lie in the same half-
plane (the baseline separates each epipolar plane into two half-planes). Then the common
space point is either on the forward part of both rays, or on the backward part of both rays.
This condition is called the oriented epipolar constraint because it is satisfied exactly
when the epipolar line homography is oriented [14].

Secondly, the forward half-rays should converge in their common half-plane. We
will refer to this as the convergence constraint.
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Fig. 7. Left: For there to be multiple e′ corresponding to one e, there has to be a quadrangle
inscribed in B that is also circumscribed to ω′. According to Poncelet’s porism, there is either
no such quadrangle, or a whole family of them. Right: The orientation constraint is that space
points should be in the forward direction on their respective image rays. It can be partitioned into
requiring 1) that the forward half-rays point into the same half-plane and 2) that the half-rays
converge in that half-plane.

Theorem 16. The satisfiability of the oriented epipolar constraint can only change at
those points e of the decic curve for which e or one of its possible corresponding e′

coincide with one of the four image points, i.e. only at the four image points or at the
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up to 4 × 4 real points that correspond to one of the four image points according to
Theorem 12 and the algorithm in Appendix A.

Proof: When we move e along the decic curve and neither e nor its corresponding
e′ coincides with one of the four image points, e′ and the epipolar line homography
changes continuously with e. Moreover, since the epipolar constraint is satisfied for
all points on the decic, the ray orientations can not change unless one of the epipoles
coincides with one of the four image points. �

The situation is illustrated in Figure 8.

Theorem 17. A branch of the decic through an image point can have at most one side
allowed by the oriented epipolar constraint. One side is allowed iff the epipolar line
homography accompanying the pair of epipoles e, e′ corresponding to the branch is
oriented with respect to the other three image correspondences.

Proof: For a particular branch, through x say, e′ and the epipolar line homography
changes continuously with e, so the orientations of the rays to the other three image
points do not change at x. However, the orientation of the ray to x changes when e
passes through x and the theorem follows. �

For points on the decic, there is a valid epipolar geometry. The rays can only
change between convergent and divergent when they become parallel. This can only
occur when the angles between the image points and the epipoles are equal in both
images. The Euclidean scalar product between image directions x and y is encoded up
to scale in the IAC ω as <x|y>= x�ωy. Using this and e′ ∼ U ′∗Ue it can be shown
that parallelism can only occur when 6

(x�ω′x)(e�U�U ′∗�ω′U ′∗Ue)(x�ωe)2 − (x�ωx)(e�ωe)(x�ω′U ′∗Ue)2 = 0,
(10)

which is a 16th degree expression in e. Its intersections with the decic are the only places
where the rays from x can change between converging and diverging.

10 The 3v4p Algorithm

Given four point correspondences in three calibrated views, we choose two views and
trace out the decic curve for those two views with a one-dimensional sweep driven by
a parameter θ. For each value of θ, all computations can be carried out very efficiently
in closed form. The parameter is used to indicate one conic B from the pencil of co-
nics. Given B, we calculate the conic G from Equation (9) as a function of B and the
intersections between G and B can then be found in closed form as the roots of a quartic
polynomial. This yields up to four solutions for e. For each solution, the corresponding
e′ can be found through Equation (3). If we rotate both coordinate systems so that the

6 Remember that we are assuming that the points are co-registered.
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Fig. 8. Examples of curves of possible epipoles after the oriented epipolar constraint and the
Kruppa constraints have been enforced. The small circles mark the four image points, while the
squares mark the up to 4× 4 real points that correspond to one of the four image points according
to Theorem 12 and the algorithm in Appendix A. As indicated by Theorem 16, the curve has no
loose ends apart from those points. The curves are rendered as the orthographic projection of a
half-sphere and all curve segments that appear loose actually reappear at the antipode. There are
also configurations of four point pairs for which the set of possible epipoles is completely empty,
i.e. all configurations of four points in two calibrated views are not possible according to the
oriented epipolar constraint.

epipoles are moved to the origin, finding the epipolar line homography is just a simple
matter of solving for a 1-D rotation with possible reflection. Thus, we get the essential
matrix for the two views corresponding to each solution. Following [8], we can then
select a camera configuration for the two views and get the locations of the four points
through triangulation. Each solution then leads to up to four solutions for the pose of
the third view when solving the three point perspective pose problem [3] for three of the
points. The orientation constraints are used to disqualify solutions for which the space
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Fig. 9. Possible epipoles when all constraints (epipolar, Kruppa and full 3D orientation) are en-
forced.

points are not on the forward part of the image rays. Finally, the fourth point can be
projected into the third view. For the correct value of θ and the correct solution, the pro-
jection of the fourth point should coincide with its observed image position. Moreover,
this will only occur for valid solutions and in general there is a unique solution. Thus, θ
is swept through the pencil of conics and the solution resulting in the reprojection closest
to the observed fourth point position is selected.

This algorithm has been implemented and shown to be very effective in practice.
Experimental results will appear in an upcoming journal paper.

11 Conclusion

We have given necessary and sufficient conditions for the epipolar and Kruppa con-
straints to be satisfied given four corresponding points in two calibrated images. The
possible epipoles are exactly those on a decic curve. We have shown that the second
epipole is related to the first by a seventh degree expression. We have shown that if the
orientation constraints are taken into account, only a subset of the decic curve corre-
sponds to possible epipoles. As a result, we have found that there are configurations
of four pairs of corresponding points that can not occur in two calibrated images. This
is similar in spirit to [14]. We have shown that points on the decic curve can be ge-
nerated in closed form and that it is possible to trace out the curve efficiently with a
one-dimensional sweep. This yields a solution to the notoriously difficult problem of
solving for the relative orientation of three calibrated views given four corresponding
points. In passing, we have given a novel algorithm for finding the essential matrix given
three point correspondences and one of the epipoles.
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A Three Points Plus Epipole

To support our arguments we need to show that given three point correspondences
xi ↔ x′

i and the epipole e in one image, the epipolar and Kruppa constraints lead to four
solutions for the other epipole e′. To do this, we give a novel algorithm that constructs
the four solutions. If the epipole in the first image is known, we can rotate the image
coordinate system so that it is on the origin. Then the essential matrix is of the form
E =

[
E1 E2 0; E3 E4 0; E5 E6 0

]
. A point correspondence x′ ↔ x contributes the

constraint X̃�Ẽ = 0, where

X̃ =
[
x′

1x1 x′
1x2 x′

2x1 x′
2x2 x′

3x1 x′
3x2

]�
(11)

and

Ẽ =
[
E1 E2 E3 E4 E5 E6

]�
. (12)

If the vectors X̃� from three point correspondences are stacked, we get a 3 × 6 matrix.
Ẽ must be in its 3-dimensional nullspace. Let Y, Z, W be a basis for the nullspace. Then
Ẽ is of the form Ẽ = yY +zZ +wW, where y, z, w are some scalars. Since an essential
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matrix E is characterised by having two equal singular values and one zero singular
value, we have exactly the two additional constraints E1E2 + E3E4 + E5E6 = 0 and
E2

1 + E2
3 + E2

5 = E2
2 + E2

4 + E2
6 . These constraints represent two conics and four

solutions for
[
y z w

]�
.

The views and conclusions contained in this document are those of the authors and should not
be interpreted as representing the official policies, either expressed or implied, of the Army
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