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Abstract. To increase the reliability of existing human motion tracking
algorithms, we propose a method for imposing limits on the underlying
hierarchical joint structures in a way that is true to life. Unlike most
existing approaches, we explicitly represent dependencies between the
various degrees of freedom and derive these limits from actual experi-
mental data.
To this end, we use quaternions to represent individual 3 DOF joint
rotations and Euler angles for 2 DOF rotations, which we have experi-
mentally sampled using an optical motion capture system. Each set of
valid positions is bounded by an implicit surface and we handle hierar-
chical dependencies by representing the space of valid configurations for
a child joint as a function of the position of its parent joint.
This representation provides us with a metric in the space of rotations
that readily lets us determine whether a posture is valid or not. As a
result, it becomes easy to incorporate these sophisticated constraints into
a motion tracking algorithm, using standard constrained optimization
techniques. We demonstrate this by showing that doing so dramatically
improves performance of an existing system when attempting to track
complex and ambiguous upper body motions from low quality stereo
data.

1 Introduction

Even though many approaches to tracking and modeling people from video se-
quences have been and continue to be proposed [1,2,3], the problem remains
far from solved. This in part because image data is typically noisy and in part
because it is inherently ambiguous [4]. Introducing valid joint limits is therefore
one important practical step towards restricting motion tracking algorithms to
humanly feasible configurations, thereby reducing the search space they must
explore and increasing their reliability.

This is currently done in many existing vision systems [5,6,4,7] but the li-
mits are usually represented in an oversimplified manner that does not closely
correspond to reality. The most popular approach is to express them in terms of
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hard limits on the individual Euler angles used to parameterize joint rotations.
This accounts neither for the dependencies between angular and axial rotations
in ball-and-socket joints such as the shoulder joint nor those between separate
joints such as the hip and knee. In other words, how much one can twist one’s
arm depends on its position with respect to the shoulder. Similarly, one cannot
bend one’s knee by the same amount for any configuration of the hip. An addi-
tional difficulty stems from the fact that experimental data on these joint limits
is surprisingly sparse: medical text books typically give acceptable ranges in a
couple of planes but never for the whole configuration space [8], which is what
is really needed by an optimization algorithm searching that space.

In earlier work, we proposed a quaternion-based model approach to represen-
ting the dependencies between the three degrees of freedom of a ball-and-socket
joint such as the shoulder [9]. It relies on measuring the joint motion range using
optical motion capture, converting the recorded values to joint rotations encoded
by a coherent quaternion field, and, finally, representing the subspace of valid
orientations as an implicit surface. Here, we extend it so that it can also handle
coupled joints, which we treat as parent and child joints. We represent the space
of valid configurations for the child joint as a function of the position of the
parent joint.

A major advantage of this quaternion representation it that it provides us
with a rigorous distance measure between rotations, and thus supplies the most
natural space in which to enforce joint-angle constraints by orthogonal projec-
tion onto the subspace of valid orientations [10]. Furthermore, it is not subject
to singularities such as the “Gimbal lock” of Euler angles or mapping rotations
of 2π to zero rotations. As a result, it becomes easy to incorporate these sophi-
sticated constraints into a motion tracking algorithm using standard constrained
optimization techniques [11].

We chose the case of shoulder and elbow joints to validate our approach
because the shoulder is widely regarded as the most complex joint in the body
and because position of the arm constrains the elbow’s range of motion. We
developed a motion capture protocol that relies on optical motion capture data to
measure the range of possible motions of various subjects and build our implicit
surface representation. We then used it to dramatically improve the performance
of an existing system [12] when attempting to track complex and ambiguous
upper body motions from low quality stereo data.

In short, the method we propose here advances the state-of-the-art because it
provides a way to enforce joint limits on swing and twist of coupled joints while
at the same time accounting for their dependencies. Such dependencies have
already been described in the biomechanical litterature [13,14] but using the
corresponding models requires estimating a large number of parameters, which
is impractical for most Computer Vision applications. Our contribution can the-
refore be understood as a way of boiling down these many hard-to-estimate
parameters into our implicit surface representation, that can be both easily in-
stantiated and used for video-based motion capture. Furthermore, the framework
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we advocate is generic and could be incorporated into any motion-tracking ap-
proach that relies on minimizing an objective function.

In the remainder of the paper, we first briefly review the state of the art.
We then introduce our approach to experimentally sampling the space of valid
postures that the shoulder and elbow joints allow and to representing this space
in terms of an implicit surface in Quaternion space. Finally, we demonstrate our
method’s effectiveness for tracking purposes.

2 Related Approaches

The need to measure joint limits arises most often in the field of physiotherapy
and results in studies such as [15] for the hip or [16,8] for the shoulder. Many of
these empirical results have subsequently been used in our community.

2.1 Biomedical Considerations

When we refer to the shoulder joint, we actually mean the gleno-humeral joint,
which is the last joint in the shoulder complex hierarchy. It is widely accepted
that modeling it as a ball-and-socket joint, which allows motion in three or-
thogonal planes, approximates its motion characteristics well enough for visual
tracking purposes [3]. This approximation has been validated by a substantial
body of biomechanical research that has shown that, because of large-bone-to-
skin displacements, no clavicular of scapular motions can be recovered using
external markers [17,18].

However, the dependency between arm twist and arm orientation, or swing, is
a direct consequence of the complex joint geometry of the shoulder complex [19].
Coupling between elbow and shoulder is not only due to anatomical reasons, but
also to the physical presence of the rest of the body, namely the thorax and the
head, that limit the amount of elbow flexion for certain shoulder rotations. As
to elbow twist, the dependency is anatomical and the available range of motion
is directly linked to shoulder orientation [20]. It is those intra- and inter-joint
dependencies that make the shoulder and elbow complex ideal to validate our
approach. Furthermore, similar constraints exist for the hip and knee joints and
our proposed approach should be easy to transpose.

Of course, the interdependence of these joint limits has been known for a long
time and sophisticated models have been proposed to account for them, such
as those reported in [13,14]. However, the former involves estimating over fifty
elastic and viscous parameters, which may be required for precise biomedical
modeling, but is impractical for Computer Vision applications and the latter
focuses in motions in the sagittal plane as opposed to fully 3–D dimensional
movements.

It is worth noting that inter-subject variance has been shown to be extremely
small at the shoulder joint level [20]. The online documentation for the Humanoid
Animation Working Group confirms that the difference in range of motion of
women over men is minimal at the shoulder joint level, and small for the elbow
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joint. The experimental data we present in Section 3 confirms this. Thus, it is
acceptable to generalize results obtained on the basis of measurements carried
out on a very small number of subjects, as we have done in our case, where data
collection was carried out on three subjects, two females and one male.

2.2 Angular Constraints and Body Tracking

The simplest approach to modeling articulated skeletons is to introduce joint
hierarchies formed by independent 1-Degree-Of-Freedom (DOF) joints, often
described in terms of Euler angles with joint limits formulated as minimal and
maximal values. This formalism has been widely used [5,6,2,4,7], even though
it does not account for the coupling of the intra- or inter-joint limits and, as a
result, does not properly account for the 3-D accessibility space of real joints.

Furthermore, Euler angles suffer from an additional weakness known as
“Gimbal lock”. This refers to the loss of one rotational degree of freedom that
occurs when a series of rotations at 90 degrees is performed, resulting in the
alignment of the axes [21,22]. The swing-twist representation, exponential map,
and three-sphere embedding are all adequate to represent rotations and do not
exhibit such flaws[23]. However, only quaternions are free of singularities [10].
Furthermore, because there is a natural distance between rotations in quaternion
space, it is also the most obvious space for enforcing joint-angle constraints by
orthogonal projection onto the subspace of valid orientations. These properties
have, of course, been recognized and exploited in our field for many years [24,
25].

The joint limits representation we propose can therefore be understood as
a way of encoding the workspace of the human upper arm positions using a
formalism that could be applied to any individual joint, or set of coupled joints,
in the human body model.

3 Measuring and Representing Shoulder and Elbow
Motion

We will consider the set of possible joint orientations and positions in space as
a path of referential frames in 3-D space [26]. In practice, we represent rotations
by the sub-space of unit quaternions S 3 forming a unit sphere in 4-dimensional
space. Any rotation can be associated to a unit quaternion but we need to keep
in mind that the unitary condition needs to be ensured at all times. A rotation
of θ radians around the unit axis v is described by the quaternion:

q = [qx, qy, qz, qw]T = [sin(
1
2
θ)v, cos(

1
2
θ)]T

Since we are dealing with unit quaternions, the fourth quaternion component qw

is a dependent variable and can be deduced, up to a sign, from the first three.
Given data collected using optical markers, we obtain a cloud of 3-D points
by keeping the spatial or (qx, qy, qz) coordinates of the quaternion. In other
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words, these three numbers serve as the coordinates of quaternions expressed as
projections on three conventional Cartesian axes.

Because we simultaneously measure swing and twist components, and be-
cause the quaternion formalism lets us express both within one rotation, this
representation captures the dependencies between swing and twist. In this man-
ner, we will have generated joint limits on the basis of motion capture. We will
then be able to make use of these joint limits as constraints for tracking and
pose estimation, by eliminating all invalid configurations.

3.1 Motion Measurement

We captured shoulder and elbow motion using the ViconTM System, with a set
of strategically-placed markers on the upper arm as shown in Figure 1(a). An
additional marker is placed at neck level to serve as a fixed reference.

If we wish our joint limits to be as precise as possible, and to reflect the range
of motion as closely as possible, we need to pay attention to sampling the space
of attainable postures not only homogeneously, but also densely. In general, such
a capture sequence lasts several minutes, so that we may obtain such a data set.

3.2 Motion Representation

To compute our quaternion field, each joint orientation is first converted to a
3 × 3 matrix M , where, using Euler’s theorem, M may be expressed in terms of
its lone real eigenvector n̂ and the angle of rotation θ about that axis. This in
turn may be expressed as a point in quaternion space, or, equivalently, a point
on a three-sphere S3 embedded in a Euclidean 4D space. The identification of
the corresponding quaternion follows immediately from

q(θ, n̂) = (cos
θ

2
, n̂ sin

θ

2
) (1)

up to the sign ambiguity between the two equivalent quaternions q or −q, which
correspond to the exact same rotation matrix M . When referring to quaternion
data, we will from here on always assume that its scalar component is positive.

(a) (b) (c) (d)

Fig. 1. Marker positions and associated referentials. (a) Motion capture actor with
markers. (b) Shoulder and elbow coordinate frame. (c) Quaternion shoulder data. (d)
Elbow coordinate frame.
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For each recorded position, we construct a rotating co-ordinate frame for the
shoulder joint. As shown in Fig. 1(b), the first axis of the frame corresponds
to the line defined by the shoulder and upper arm markers. The second axis is
the normal to the triangle whose vertices are the upper arm, elbow and forearm
markers. The corresponding plane represents axial rotation and the third axis
is taken to orthogonal to the other two. The orientation of each frame is then
converted into a quaternion, yielding the volumetric data depicted by Fig. 1(c).
For the elbow, we also use the configuration depicted by Fig. 1(b) and trans-
form all marker positions from the global referential to the local shoulder joint
referential. Since the elbow has only two degress of freedom, in Fig. 1(d), we
represent the resulting data in terms of its two Euler angles.

4 Hierarchical Implicit Surface Representation of the
Data

Given the volumetric data of Fig.1(c,e), we approximate it as an implicit surface.
This will provide us with a smooth and differentiable representation of the space
of allowable rotations and its associated metric, which we will use in Section 5 to
enforce the corresponding constraints in a very simple manner. This is important
because, having been produced by people instead of robots, this data is very
noisy. In particular, the regions of lower point density often correspond to motion
boundaries and therefore to uncomfortable positions.

4.1 Fitting an Implicit Surface

As in [27], given a set of spherical primitives of center Si and thickness ei, we
define an implicit surface as

S = {P ∈ �3|F (P ) = iso} (2)

where

F (P ) =
n∑

i=1

fi(P ) and fi(P ) =






−kd(P, Si) + kiei + 1 if d(P, Si) ∈ [0, ei]
1
4 [k(d(P, Si) − ei) − 2]2 if d(P, Si) ∈ [ei, Ri] ,

0 elsewhere

where d is the Euclidean distance, Ri = ei + 2
ki

is the radius of influence, iso
controls the distance of the surface to the primitives’ centers and k its blending
properties.

The properties of implicit surfaces and their field functions being the same
in 2 and 3–D, we apply the same fitting procedure to the 2–D data for the elbow
joint as the 3–D data for the shoulder joint. We begin by voxelizing our space and
assigning a point density to each voxel, in very much the same way the Marching
Cubes algorithm does for the vertices of its voxels[28]. We then sub-divide the
voxels until each voxel has a point density higher than a given threshold, which
can be, for example, the density of the data around the center of mass.
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(a) (b) (c) (d)

Fig. 2. Joint limits for the shoulder and elbow joints. (a) Voxelization of the shoulder
joint quaternions. (b) Extracted implicit surface. (c) Voxelization of the elbow joint
Euler angles. (c) Extracted flat implicit surface.

As shown in Fig. 2(a,c), the resulting voxel arrays already represents the
shape. We then simply place a spherical primitive at the center of each voxel and
take its radius of influence to be half the width of the voxel, yielding the implicit
surfaces depicted by Fig. 2(b,d), where iso = 7.0 and the stiffness k = 20.0.

(a) (b)

Fig. 3. Comparing subjects against each other. In black, the data for the female
reference subject we used to compute the field function F of Eq. 2. In gray, the data
corresponding to a second female subject (a) and to a male subject (b). We computed
the average distance in terms of closest points between each cloud set, as well as the
standard deviation. For (a), this yields an average distance of 0.0403 and a standard
deviation of 0.0500. For (b), we obtain an average distance of 0.0314 and a standard
deviation of 0.0432.

To illustrate the relative insensitivity of these measurements across subjects,
we have gathered motion data for two additional people, one of each sex. In
Fig. 3, we overlay the sets of quaternions for each additional person on those
corresponding to the reference subject. Visual inspection in 3–D shows that
they superpose well. This is confirmed by computing the average closest-point
distance between the points of the three data sets, as well as the corresponding
standard deviation.
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4.2 Representing Dependencies

The method described above treats the data for the shoulder and the elbow
independently, which does not account for known anatomical dependencies. To
remedy this, we now take advantage of the voxel structure as follows. Each voxel
for the parent joint, the shoulder in our case, defines a local cluster of similar
joint positions, which we will refer to as keyframe voxels. As shown in Fig. 4(a),
for each one, we compute the implicit keyframe surface corresponding to the
subset of child joint rotations that have been observed for those positions of the
parent joint. This follows directly from the fact that we simultaneously measure
shoulder and elbow rotations. As shown in Fig. 4(b), to refine this representation
and ensure a smoother transition between child joint limits from one keyframe
voxel to the next, we can compute intermediate keframe surfaces by morphing
between neighboring ones [29].

(a) (b)

Fig. 4. Hierarchical joint limits. (a) Two keyframe voxels and the corresponding
keyframe surfaces. (b) Intermediate keyframe surface obtained midway through mor-
phing one keyframe surface into the other.

5 Enforcing Constraints during Tracking

To validate our approach to enforcing joint limits, we show that it dramati-
cally increases the performance of an earlier system [12] that fits body models to
stereo-data acquired using synchronized video cameras. It relies on attaching im-
plicit surfaces, also known as soft objects, to an articulated skeleton to represent
body shape. The field function of the primitives however differs from the one
used for defining our joint limits in the sense that its density field is exponential,
which increase the robustness of the system in the presence of erroneous data
points. The skin is taken to be a level set of the sum of these fields. Defining the
body model surface in this manner yields an algebraic distance function from
3–D points to the model that is differentiable. We can therefore formulate the
problem of fitting our model to the stereo data in each frame as one of minimi-
zing the sum of the squares of the distances of the model to the cloud of points
produced by the stereo.
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Fig. 5. Stereo data for a subject standing in the capture volume, rotated from a left-side
view to a right-side view.

The stereo data is depicted by Fig. 5. It was acquired using a Digiclopstm

operating at a 640 × 480 resolution and a 14Hz framerate. It is very noisy, lacks
depth, and gives no information on the side or the back of the subject. As a result,
in the absence of constraints, there are many sets of motion parameters that fit
the data almost as well, most of which correspond to anatomically impossible
postures.

In this Section, we will show that enforcing the constraints using the forma-
lism allows to eliminate these impossible postures very effectively and results in
much more robust tracking.

5.1 Constrained Least Squares

In the absence of constraints, the posture in each frame is obtained by least-
squares minimization of the algebraic distance of the stereo data points to the
skin surface, defined as a level set of the field function of Eq. 2. Enforcing hier-
archical constraints can be effectively achieved using well known task-priority
strategies. Here we use a damped least-squares method that can handle potenti-
ally conflicting constraints [11]: When a high-priority constraint is violated, the
algorithm projects the invalid posture onto the closest valid one, which requires
computing the pseudo-inverse of its Jacobian matrix with respect to state varia-
bles, which in our case are the rotational values of the model’s joints. When a
lower-priority constraint is violated, the algorithm reprojects the Jacobians into
the null-space of the higher level constraints so that enforcing the lower-order
constraint does not perturb the higher level one.

More specifically, the body is modeled as an articulated structure to which we
we attach a number of volumetric primitives. This lets us define a field function
D(x, Θ) that represents the algebraic distance of a 3–D point x to the skin
surface given the vector of joint angles values Θ = [Θ1, ..., Θm]. In the absence of
constraints, fitting the model to a set of n 3–D points xi,1≤i≤n simply amounts
to minimizing

n∑

i=1

D(xi, Θ)2 ,

with respect to Θ. Given the Jacobian matrix JD = (∂D(xi,Θ)
∂Θj

)1≤i≤n,1≤j≤m and
its pseudo-inverse J+

D , this involves iteratively adding to Θ increments propor-
tional to
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∆Θ0 = J+
D [D(x1, Θ), ..., D(xn, Θ)]t .

Let us assume we are given a vector of constraints C with Jacobian matrix
JC . The problem becomes minimizing D subject to C(Θ) = 0.0. This can be
done very much in the same way as before, except that the increments are now
proportional to

J+
C C(Θ) + (I − J+

C JC)∆Θ0 ,

where (I−J+
C JC) is the projector into the null space of C. This extends naturally

to additional constraints with higher levels of priority, but additional care must
be taken when constructing the projectors [11].

In short, all that is needed to enforce the constraints, is the ability to compute
their Jacobian with respect to state variables. The implicit surface formulation
of Section 4 lets us do this very simply:

1. For the parent joint, determine whether its rotation is valid by evaluating the
function F of Eq. 2 and its derivatives with respect to joint angles if not. In
other words, the higher priority constraint can be expressed as max(0, iso−
F (Θ)) or, equivalently, treated as an inequality constraint.

2. For the child joint, determine to which voxel its parent rotation belongs, load
the corresponding child joint limits, and verify its validity and, in case of an
invalid rotation, evaluate the derivatives using the corresponding implicit
surface representation. This allows us to express a lower priority constraint
using the corresponding field function.

This results in an algorithm that fits the model to data, while enforcing the joint
angles constraints at a minimal additional computational cost.

5.2 Tracking Results

We applied unconstrained and constrained tracking to several 100-frame long
sequences, which corresponds to a little over 7 seconds at 14 Hz. In each sequence,
the subject moves and rotates her right arm and elbow. In Figs 6, 7, and 8, we
reproject the recovered 3–D skeleton onto one of the images. We also depict
the skeleton as seen from a slightly different view to show whether or not the
recovered position is feasible or not.

The unconstrained tracker performs adequately in many cases, but here we
focus on the places where it failed, typically by producing the solution that
matches the data but is not humanly possible. Among other things, this can be
caused by the sparsity of the data or by the fact that multiple state vectors can
yield limb positions that are almost indistinguishable given the poor quality of
the data. We show that enforcing hierarchical joint limits on the shoulder and
elbow joints during tracking allows our system to overcome these problems.

The interested reader can download mpeg movies for Figs. 7 and 8 from
our http://cvlab.epfl.ch/research/body/limits/limits.html web site. They in-
clude the complete sequences along with depictions of the fit of the model to the
3–D data that are easier to interpret than the still pictures that appear in the
printed version of the paper.
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(42) (43) (44) (45) (56)

Fig. 6. Top rows: Unconstrained tracking. Bottom rows: Tracking with joint limits
enforced. Up until the first frame shown here, the arm is tracked correctly in both
cases. However, at frame 42, an elbow flexion occurs. In the unconstrained case, this
is accounted for by backward bending of the elbow joint, which results in the correct
reprojection but the absolutely impossible position of frame 56. By contrast, when the
constraints enforced, the reprojection is just as good but the position is now natural.

6 Conclusion

We have proposed a implicit surface based approach to representing joint limits
that account for both intra- and inter-joint dependencies. We have developed
a protocol for instantiating this representation from motion capture data and
shown that it can be effectively used to improve the performance of a body-
tracking algorithm.

This effectiveness largely stems from the fact that our implicit surface re-
presentation allows us to quickly evaluate whether or not a constraint is vio-
lated and, if required, to enforce it using standard constrained optimization
algorithms. We have demonstrated this in the specific case of the shoulder and
elbow but the approach is generic and could be transposed to other joints, such
as the hip and knee or the many coupled articulations in the hands and fingers.

The quality of the data we use to create our representation is key to its
accuracy. The current acquisition process relies on optical motion capture. It
is reasonably simple and fast, but could be improved further: Currently, when
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(48) (49) (50) (51)

Fig. 7. Top rows: Unconstrained tracking. Bottom rows: Tracking with joint limits
enforced. Tracking without constraints results in excessive shoulder axial rotation at
frame 50, followed by wildly invalid elbow extension on top of the incorrect shoulder
twisting at frame 51. In this frame, there happens to be very little data for the fore-
arm, which ends up being erroneously “attracted” by the data corresponding to the
upper arm. As can be seen in the bottom rows, these problems go away when the
constraints are enforced. The corresponding mpeg movies are available on the web at
http://cvlab.epfl.ch/research/body/limits/limits.html#Capture.

sampling the range of motion of a joint, we have no immediate feed-back on
whether we have effectively sampled the entire attainable space. To remedy
this problem, we will consider designing an application that provides immediate
visual feed-back directly during motion acquisition. This should prove very useful
when extending the proposed technique to larger hierarchies of joints than the
parent-and-child one considered in this paper.
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(1) (23) (25) (31) (34)

Fig. 8. Top rows: Unconstrained tracking. Bottom rows: Tracking with joint limits
enforced. In the absence of constraints, the shoulder axial rotation is wrong from frame
1 onwards. In frames 23 to 25, this results in the arm being erroneously “attracted” by
the 3–D data corresponding to the hip. The tracker then recovers in frame 31, only to
yield an invalid elbow flexion in frame 34. Once again, these problems disappear when
the constraints are enforced. The corresponding mpeg movies are available on the web
at http://cvlab.epfl.ch/research/body/limits/limits.html#Capture.
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