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Abstract. We study how to draw a 2-outerplane graph on two concen-
tric circles, so that the internal (resp. external) vertices lie on the internal
(resp. external) circle.

1 Introduction

A 1-outerplanar embedded graph (or simpler an outerplane graph) is an embedded
planar graph where all vertices are on the external face. A k-outerplane graph G
(k > 1) is an embedded planar graph such that the embedded graph obtained by
removing all vertices of the external face is a (k − 1)-outerplane graph. In other
words, iteratively removing k times from G the vertices of the external face, the
graph becomes empty. Each embedded planar graph is a k-outerplane graph for
some constant k. The properties of k-outerplane graphs have been studied in
several papers (see, e.g., [1,2,4]).

In this paper we concentrate on the problem of drawing 2-outerplane graphs.
A natural way to conceive a drawing of a 2-outerplane graph consists of mapping
all its vertices on two concentric circles in such a way that all the external vertices
lie on the external circle, and all the internal vertices lie on the internal circle.
Again, it would be desirable to have straight-line edges with no crossings. We call
such a drawing a 2-curve drawing . The computation of a 2-curve drawing is a
problem related to the automatic layout of graphs where vertices are constrained
to be on a given set of lines or curves in the plane, and edges bend as little as
possible. The main results of this paper are listed below:

– We show that every 2-outerplane graph whose internal vertices induce a
biconnected subgraph admits a 2-curve drawing , which can be computed
in linear time. Our result is in the middle of two opposite results known
in the literature. Namely, in [5] it is shown that every planar graph can be
drawn without crossings by mapping its vertices on a circular arc and by
drawing every edge as a polyline with at most one bend. However, the class
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of graphs that have a planar straight-line drawing where vertices lie on a
circular arc coincides with the class of outerplanar graphs, and this class
is further reduced if the vertices must lie on two parallel straight lines [3].
Finally, note that if a plane graph admits a planar straight-line drawing
where vertices lie on two circular arcs, it is necessarily a k-outerplanar graph
with k ∈ {1, 2}. Therefore, k-outerplanar graphs with k ∈ {1, 2} are the only
graphs that one can hope to draw on two circular arcs with straight-line
edges and without crossings.

– We extend our drawing technique to 2-outerplane graphs whose internal ver-
tices induce a simply connected graph. In this case, the computed drawings
may have a number of bends that is linear in the number of edges connecting
external vertices to cut-vertices of the graph induced by the internal vertices.
The problem of deciding whether a general 2-outerplane graph admits a 2-
curve drawing remains open.

2 Preliminaries

Let G = (V, E) be a 2-outerplane graph. Vext ⊆ V denotes the set of the vertices
on the external face of G, and Vint = V − Vext is the set of its internal vertices.
Also, Eint = {(u, v) ∈ E|u, v ∈ Vint}, Eext = {(u, v) ∈ E|u, v ∈ Vext}, and
Emix = {(u, v) ∈ E|u ∈ Vint, v ∈ Vext}. Clearly, E = Eint ∪Eext ∪Emix. G(Vint)
and G(Vext) denote the subgraphs of G induced by the vertices of Vint and Vext,
respectively. Figure 1(a) shows an example of a 2-outerplane graph.

Given any two distinct concentric circles and a horizontal straight line l
through the center, denote by Λint and Λext the two semicircles that lie on the
upper half-plane defined by l, where Λint is the semicircle with smaller radius. A
2-curve drawing of G on Λint, Λext is a planar drawing of G such that: (i) The
vertices of Vint and Vext are mapped to points of Λint and Λext, respectively; (ii)
Each edge of E is drawn as a straight-line segment.

A biconnected-core 2-outerplane graph is a 2-outerplane graph G such that
G(Vint) is biconnected. For the sake of brevity, a biconnected-core 2-outerplane
graph is called a BC2O-graph from now on.

Without loss of generality, in the following sections we always assume that
G is a BC2O-graph graph where all internal faces are triangles. We call such a
graph quasi-triangulated. Indeed, if G is not quasi-triangulated we can recursively
decompose an internal non-triangular face of G avoiding that a vertex of Vint

becomes an internal vertex of G(Vint), and avoiding multiple edges. In this way
we obtain a 2-outerplane graph including G and preserving the 2-outerplanar
embedding of G. More specifically, each internal face having only vertices of Vint

or only vertices of Vext can be recursively triangulated with a classical approach.
Also, for each internal face f that has both a vertex u ∈ Vint and a vertex
v ∈ Vext, such that u and v are not adjacent in G, we can split f with a new
edge (u, v) (which will be a new edge of Emix). The obtained graph is still a
2-outerplane graph with the same sets Vint, Vext as in G. There exists a simple
linear time procedure that can be used to recursively decompose all faces that
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have both internal and external vertices. Due to space limitation, we omit the
detailed description of such a procedure.

3 The Drawing Algorithm for BC2O-Graphs

Let G = (V, E) be a quasi-triangulated BC2O-graph, and let v be a vertex of
G(Vint). Since G(Vint) is biconnected, v is encountered only once when travers-
ing the external boundary of G(Vint). Let u and w be the two vertices that
immediately precede and succeed v while walking counterclockwise the external
boundary of G(Vint). Denote by ein(v) the edge (u, v) and by eout(v) the edge
(v, w). Also, denote by E(v) the circular list of edges incident on v in clockwise
order. The following properties hold. Proofs are omitted for reasons of space.
Property 1. Let v be a vertex of G(Vint). There is no edge e ∈ Emix ∩ E(v)
between ein(v) and eout(v) in E(v).

Property 2. Let v be a vertex of Vext, and let ei = (v, vi) (i = 1, . . . , k) be the
edges in Emix ∩E(v) in the order they appear in E(v). Vertices v1, v2, . . . , vk are
encountered in this order when traversing counterclockwise the external bound-
ary of G(Vint).

Property 3. There exists a vertex v ∈ Vint such that there are two consecutive
edges of Emix in E(v).

Based on the above properties, a BC2O-graph G can be described in terms of
a general structure (see also Figure 1(b)) that is useful to prove the correctness
of the drawing algorithm. Let v be a vertex of Vint with two incident edges
ew = (v, w′) and eu = (v, u′) of Emix, that are consecutive in E(v). This vertex
exists by Property 3. If w′ is adjacent to some vertex of Vint distinct from v,
let w = w′, otherwise let w be the first vertex encountered in counterclockwise
order in the adjacency list of v starting from w′ such that it is adjacent to some
vertex of Vint distinct from v. Analogously, if u′ is adjacent to some vertex of
Vint distinct from u, let u = u′, otherwise let u be the first vertex encountered in
clockwise order in the adjacency list of v starting from u′ such that it is adjacent
to some vertex of Vint distinct from v. Note that u and w always exist and
they are distinct since the graph is simple. Let h be the external boundary of
G(Vint). Denote by u1, u2, . . . , ur the vertices of Vint that are adjacent to u, in
counterclockwise order walking on h. Also, denote by w1, w2, . . . , ws the vertices
of Vint that are adjacent to w, in counterclockwise order walking on h. In the
general structure of G we distinguish among three subgraphs, G1, G2, and G3,
whose edges partition the set of edges of G (see Figure 1). The three subgraphs
are outerplane and thus easy to embed. They are defined as follows: (i) G1 is
the subgraph induced by the following vertices: v, u, w, and all the vertices of
Vext that are between u and w while walking on the external boundary of G
counterclockwise; (ii) G2 coincides with G(Vint); (iii) G3 is the subgraph whose
edges are those of G that are not in G1 and G2, and whose vertices are exactly
the end-vertices of these edges.
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Fig. 1. (a) A 2-outerplane graph G where G(Vint) is biconnected, that is, a BC2O-
graph. The edges of G(Vint) are thick. (b) Structure of G. (c) Notation used in the
description of the drawing algorithm. (d) Structure of a drawing computed by the
drawing algorithm.

We call 2-curve-drawer the algorithm that computes a 2-curve drawing of
a BC2O-graph. The algorithm works as follows (see also Figure 1(c)). First it
chooses two distinct points, p and q, of Λext such that: (i) the x- and y-coordinate
of p is less than the x- and the y-coordinate of q, respectively; (ii) segment pq
is a chord of Λext that has two intersection points cp, cq with Λint, where cp is
the first point encountered while walking on pq from p to q; (iii) there are two
lines tp and tq passing for p and q, respectively, that are tangent to Λint, and
intersecting in a point lying in the portion of the annulus delimited by Λint and
Λext. Denote by pext �= p and pint the points where tp intersects Λext and Λint,
respectively. Similarly, let qext �= q and qint be the points where tq intersects
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Λext and Λint, respectively. Also denote by q∗ any point of Λint between qint

and cq, and by p∗ any point of Λint between pint and the point pq∗ ∩ Λint.
Then the algorithm proceeds as follows (see also Figure 1(d)): It maps all

vertices of Vint to points of Λint, according to the clockwise order they appear on
the external boundary of G(Vint), in such a way that: (i) ur and u1 are mapped
to p∗ and pint, respectively; (ii) ws is mapped to qint; (iii) v is mapped to q∗.

Also, it maps all vertices of Vext to points of Λext, according to the clockwise
order they appear on the external boundary of G, in such a way that: (i) u and w
are mapped to p and q, respectively; (ii) all vertices from u to w are mapped to
points between qext and pext (iii) all vertices from w to u are mapped to points
below q.

Lemma 1. Algorithm 2-curve-drawer(G) computes a 2-curve drawing of G.

Proof. Denote by Γ1, Γ2, and Γ3 the drawings of G1, G2, and G3 in the drawing
Γ of G. We first prove that these drawings lie in three distinct connected regions
R1, R2, and R3 of the plane whose interiors do not intersect (see Figure 1(d)).
This guarantees that there is no crossing between edges of Γ1, Γ2, and Γ3. Then,
we prove that each Γi (i = 1, 2, 3) is planar, thus proving that Γ is planar. Given
two points a and b on a circular arc, we denote by âb the sub-arc from a to b. All
vertices of G1 distinct from u, v, and w are mapped to points that are below q
on Λext. Let z be the lowest of these points. The boundary of R1 consists of the
segments zp, pq∗, q∗q, and the arc q̂z. Since q∗ is always above cq, R1 is a convex
region. Hence, since all vertices of G1 lie on the boundary of R1, all edges of G1
are inside R1. The vertices of G2 lie on the boundary of R2, which is the region
bounded by segment p∗q∗ and arc q̂∗p∗. Since R2 is convex, the edges of G2 are
inside R2. The vertices of G3 lie on the boundary of region R3, which consists
of segment pp∗, arc p̂∗q∗ on Λint, segment q∗q, and arc q̂p on Λext. Although R3
is not convex, the edges of G3 are still inside R3. Indeed, all the vertices of G3
that are on Λext, except u and w, lie on arc ̂qextpext, and hence edges among
these vertices are inside R3. Also, there is no edge of G3 among vertices on Λint.
The vertices connected to u are ui (i = 1, . . . , r) plus, possibly, some vertices
on Λext lying on arc ̂qextpext. On the other hand, by construction, u is mapped
on p, pext is the intersection point between tp and Λext, ur is mapped to p∗,
and u1 is mapped to pint (which is the intersection point between tp and Λint).
Therefore, all vertices connected to u are visible from u within R3, that is, each
segment from u to any of its adjacent vertices is inside R3. The same reasoning
can be applied to prove that all the edges incident on w are inside R3. Finally,
the edges of Emix that belong to G3 are represented by segments that have one
end-point on arc ̂qextpext of Λext and the other on arc ̂pintqint of Λint. Hence
they are inside R3. The planarity of each Γi (i = 1, 2, 3) is guaranteed by the
fact that: (i) we maintain the planar embedding of Gi, (ii) all the vertices of Gi

are on the boundary of the region Ri, and (iii) any two adjacent vertices of Gi

can be connected with a segment inside Ri, as proved above.

Theorem 1. Let G = (V, E) be a biconnected-core 2-outerplane graph. There
exists an O(|V |)-time algorithm that computes a 2-curve drawing of G.
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4 Extending the Algorithm

Let G = (V, E) be a 2-outerplane graph whose internal vertices induces a sim-
ply connected graph. A 1-bend-2-curve drawing of G on Λint, Λext is a planar
drawing of G such that: (i) The vertices of Vint and Vext are mapped to points
of Λint and Λext, respectively; (ii) Each edge of E is drawn as a polyline with at
most one bend.

Algorithm 2-curve-drawer can be extended in order to compute a 1-bend-
2-curve drawing of G with a “small” number of bends. Namely, if G(Vint) is
not biconnected, we apply on G a preprocessing step in order to make G(Vint)
biconnected and still outerplane. We sketch an iterative procedure that can be
used to do that. Let v be a cut-vertex of G(Vint) and let u and w be two
vertices adjacent to v and such that: (a) u and w belong to distinct biconnected
components of G(Vint), (b) u and w are consecutive in the counterclockwise list
of vertices adjacent to v. Add a dummy edge (u, w), splitting the external face
of G(Vint). The new dummy edge may cross a certain number of edges of Emix

that are incident on v and that are between u and v in the counterclockwise list
of edges incident on v. No other kind of edges are crossed. Replace each crossing
with a dummy vertex that will be considered as a new vertex of Vint. Note that,
dummy vertices are not cut-vertices of the new G(Vint).

It can be proven that the new G(Vint) is biconnected and still outerplanar
and that each edge of Emix in the original graph is split at most by one dummy
vertex. Also, it can be proven that the procedure above takes linear time. To the
new embedded graph we apply the algorithm presented in the previous section,
so to compute a planar drawing on two circles. At the end, dummy vertices are
removed. The removal of each dummy vertex gives rise to one bend on an edge
of Emix, so that the resulting drawing is a 1-bend-2-curve drawing of G.

Corollary 1. Let G = (V, E) be a 2-outerplane graph whose internal vertices
induces a simply connected graph. There exists an O(n)-time algorithm that com-
putes a 1-bend-2-curve drawing of G with O(E(c)

mix) bends, where E
(c)
mix are those

edges of Emix incident on cut-vertices of G(Vint).
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