
Chapter 3
Constrained Linear Phenotypic Selection
Indices

Abstract The linear phenotypic selection index (LPSI), the null restricted LPSI
(RLPSI), and the predetermined proportional gains LPSI (PPG-LPSI) are the main
phenotypic selection indices used to predict the net genetic merit and select parents
for the next selection cycle. The LPSI is an unrestricted index, whereas the RLPSI
and the PPG-LPSI allow restrictions equal to zero and predetermined proportional
gain restrictions respectively to be imposed on the expected genetic gain values of
the trait to make some traits change their mean values based on a predetermined level
while the rest of the trait means remain without restrictions. One additional restricted
index is the desired gains LPSI (DG-LPSI), which does not require economic
weights and, in a similar manner to the PPG-LPSI, allows restrictions to be imposed
on the expected genetic gain values of the trait to make some traits change their mean
values based on a predetermined level. The aims of RLPSI and PPG-LPSI are to
maximize the selection response, the expected genetic gains per trait, and provide the
breeder with an objective rule for evaluating and selecting parents for the next
selection cycle based on several traits. This chapter describes the theory and practice
of the RLPSI, PPG-LPSI, and DG-LPSI. We show that the PPG-LPSI is the most
general index and includes the LPSI and the RLPSI as particular cases. Finally, we
describe the DG-LPSI as a modification of the PPG-LPSI. We illustrate the theoret-
ical results of all the indices using real and simulated data.

3.1 The Null Restricted Linear Phenotypic Selection Index

Conditions to construct a valid null restricted linear phenotypic selection index
(RLPSI) are the same as those described in Sect. 2.1 of Chap. 2. The main objective
of the RLPSI is to optimize, under some null restrictions, the selection response, to
predict the net genetic merit H ¼ w0g and select the individuals with the highest net
genetic merit values as parents of the next generation. The RLPSI allows restrictions
equal to zero to be imposed on the expected genetic gains of some traits, whereas
other traits increase (or decrease) their expected genetic gains without imposing any
restrictions. The RLPSI solves the LPSI equations subject to the condition that the
covariance between the index and some linear functions of the genotypes involved
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be zero, thus preventing selection on the RLPSI from causing any genetic change in
some expected genetic gains of the traits (Cunningham et al. 1970).

Vector b ¼ P�1Gw maximizes the LPSI selection response, expected genetic
gains per trait, and the correlation between the LPSI and H¼ w

0
g. In this section, we

show that the vector of the RLPSI coefficients, bR ¼ Kb:

1. Maximizes the RLPSI selection response.
2. Impose null restrictions on the RLPSI expected genetic gains per trait (or multi-

trait selection response).
3. Maximizes the correlation with the true net genetic merit.
4. Minimizes the mean prediction error.

Vector bR ¼ Kb is a linear transformation of the LPSI vector of coefficients (b)
made by the projector matrix K. Matrix K is idempotent (K ¼ K2) and projects
b into a space smaller than the original space of b because the restrictions imposed
on the expected genetic gains per trait are equal to zero. The reduction of the space
into which matrixK projects b is equal to the number of null restrictions imposed by
the breeder on the expected genetic gain per trait, or multi-trait selection response
(Cerón-Rojas et al. 2016).

The covariance between the breeding value vector (g) and the LPSI (I ¼ b
0
y) is

Cov(I, g) ¼ Gb. Suppose that the breeder is interested in improving only (t � r) of
t (r < t) traits, leaving r of them fixed, that is, r expected genetic gains of the trait are
equal to zero for a specific selection cycle. Thus, we want r covariances between the
linear combinations of g (U

0
g) and the I ¼ b

0
y to be zero, i.e., Cov(I,U

0
g) ¼ U

0

Gb ¼ 0, where U
0
is a matrix with r 1’s and (t � r) 0’s; 1 indicates that the trait is

restricted and 0 that the trait is not restricted. That is, in the linear combinations of
g (U

0
g), 1 is the coefficient of the genotypes that have covariance equal to zero with

the LPSI, whereas the genotypes with coefficient 0 have no restriction on the
expected genetic gains. We can solve this problem by maximizing the correlation
between I andH (ρHI) or minimizing the mean squared difference between I andH(E
[(H � I )2]) under the restriction U

0
Gb ¼ 0.

3.1.1 The Maximized RLPSI Parameters

In the LPSI context, vector b ¼ P�1Gw minimizes the mean squared difference
between I and H, E[(H� I )2]¼ w

0
Gw + b

0
Pb � 2w

0
Gb. Let C

0 ¼ U
0
G and C

0
b¼ 0;

we need to minimize E[(H � I )2] with respect to b under the restriction C
0
b ¼ 0.

Thus, assuming that P, G, U
0
and w are known, we need to minimize the function

Ψ b; vð Þ ¼ b0Pbþ w0Gw� 2w0Gbþ 2v0C0b ð3:1Þ
with respect to vectors b and v

0 ¼ [v1 v2 � � � vr � 1], where v is a vector of Lagrange
multipliers. The derivative results from b and v

0
are

44 3 Constrained Linear Phenotypic Selection Indices



Pbþ Cv ¼ Gw

and

C0b ¼ 0,

or, in matrix notation,

P C
C0 0

� �
b
v

� �
¼ Gw

0

� �
or

0 C0

C P

� �
v
b

� �
¼ 0

Gw

� �
: ð3:2Þ

In the latter case of Eq. (3.2), the solution is

v
bR

� �
¼ 0 C0

C P

� ��1
0
Gw

� �
, ð3:3Þ

where
0 C0

C P

� ��1

is the inverse of matrix
0 C0

C P

� �
and bR is the RLPSI vector of

coefficients. There is a mathematical algorithm (Searle 1966; Schott 2005) for

finding matrix
0 C0

C P

� ��1

. It can be shown that

0 C0

C P

� ��1

¼ �C0P�1C
� ��1

C0P�1C
� ��1

C0P�1

P�1C C0P�1C
� ��1 �P�1C C0P�1C

� ��1
C0P�1 þ P�1

" #
, ð3:4Þ

whence the RLPSI vector of coefficients (bR) that minimizes E[(H � I )2] and
maximizes ρHI under the restriction C

0
b ¼ 0 can be written as

bR ¼ Kb, ð3:5Þ
whereK¼ [I�Q],Q¼ P�1C(C

0
P�1C)�1C

0
and b¼ P�1Gw; P�1 is the inverse of

matrix P and I is an identity matrix t� t. When there are no restrictions on any traits,
U

0
is a null matrix and bR ¼ b ¼ P�1Gw, the LPSI vector of coefficients. Thus, the

RLPSI includes the LPSI as a particular case.
According to Eq. (3.5), the RLPSI can be written as

IR ¼ b0Ry, ð3:6Þ
whereas the maximized correlation between the RLPSI and the net genetic merit is

ρHIR ¼
w0GbRffiffiffiffiffiffiffiffiffiffiffiffi

w0Gw
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

b0RPbR
p : ð3:7Þ

According to conditions for constructing a valid RLPSI, the index IR ¼ b0Ry
should have normal distributions. Using 1 and 2 null restrictions, this assumption is
illustrated in Fig. 3.1 for a real maize (Zea mays) F2 population with 247 lines and
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four traits—grain yield (ton ha�1); plant height (cm), ear height (cm), and anthesis
day (days)—evaluated in one environment. Figure 3.1 indicates that, in effect, the
RLPSI values approach normal distribution.

Under the null restrictions made by the breeder, IR ¼ b0Ry should have maximum
correlation with H ¼ w

0
g and should be useful for ranking and selecting among

individuals with different net genetic merit; however, ρHIR is lower than the
correlation between LPSI and H ¼ w

0
g (ρHI) in each selection cycle because when

the restriction C
0
b ¼ 0 is imposed on the RLPSI vector of coefficients, the restricted

traits do not affect the correlation ρHIR . Using simulated data described in Sect. 2.8.1
of Chap. 2, we estimated ρHIR and ρHI for seven selection cycles and compared the
results in Fig. 3.2. Correlation ρHIR values were estimated for one, two, and three null
restrictions and in effect, they were lower than the estimated values of ρHI in all
selection cycles (Fig. 3.2). Additional results can be seen in Chap. 10, where the
RLPSI was simulated for many selection cycles. Chapter 11 describes RIndSel: a
program that uses R (in this case R denotes a platform for data analysis, see Kabakoff
2011 for details) and the selection index theory to select individual candidates for
selection.
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Fig. 3.1 (a) and (b) show the distributions of 247 values of the restricted linear phenotypic
selection index (RLPSI), with one and two restrictions respectively, constructed with the pheno-
typic means of four maize (Zea mays) F2 population traits: grain yield (ton ha

�1), plant height (cm),
ear height (cm), and anthesis day (days), evaluated in one environment
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The maximized RLPSI selection response and the restricted expected genetic gain
per trait can be written as

RR ¼ kI
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0RPbR

q
ð3:8Þ

and

ER ¼ kI
GbRffiffiffiffiffiffiffiffiffiffiffiffiffi
b0RPbR

p , ð3:9Þ

respectively, where kI is the standardized selection differential or selection intensity
associated with the RLPSI.

The maximized RLPSI selection response has the same form as the maximized
LPSI selection response; thus, under r restrictions, Eq. (3.8) predicts the mean
improvement in H owing to indirect selection on IR ¼ b0Ry when bR ¼ Kb. The
restriction effects are observed on the RLPSI expected genetic gains per trait
(Eq. 3.9) where each restricted trait has an expected genetic gain equal to zero. In
addition, because the RLPSI selection response and expected genetic gain per trait
values are also affected by the restricted traits, they are lower than the LPSI selection
response and expected genetic gain per trait values.
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Fig. 3.2 Estimated correlation values between the linear phenotypic selection index (LPSI) and the
net genetic merit (H ¼ w

0
g); estimated correlation values between the RLPSI and H for one (red),

two (yellow), and three (green) restrictions for four traits and 500 genotypes in one environment
simulated for seven selection cycles
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3.1.2 Statistical Properties of the RLPSI

Under the assumptions that H ¼ w
0
g and IR ¼ b0Ry have a bivariate joint normal

distribution, bR ¼ Kb, b ¼ P�1Gw, and P, G, and w are known, the RLPSI has the
following properties:

1. MatricesQ¼ P�1C(C
0
P�1C)�1C

0
andK¼ [I�Q] are projectors. That is,Q and

K are idempotent (Q ¼ Q2 and K ¼ K2) and orthogonal (KQ ¼ QK ¼ 0). It can
be shown that Q ¼ Q2, K ¼ K2, and KQ ¼ QK ¼ 0 noting that
Q2 ¼ P�1C(C

0
P�1C)�1C

0
P�1C(C

0
P�1C)�1C

0 ¼ P�1C(C
0
P�1C)�1C

0 ¼ Q, K2

¼ [I � Q][I � Q] ¼ I � 2Q + Q2 ¼ I � Q ¼ K, and KQ ¼ QK ¼ Q � Q2 ¼ 0.
2. MatrixQ projects vector b into a space generated by the columns of matrixC owing

to the restriction C
0
b ¼ 0 used when Ψ(b, v) is maximized with respect to b and v.

3. Matrix K projects b into a space perpendicular to the space generated by the
C matrix columns (Rao 2002).

4. Because of the restriction C
0
b ¼ 0, matrix K projects b into a space smaller than

the original space of b. The space reduction into which matrix K projects b is
equal to the number of zeros that appears in Eq. (3.9).

5. Vector bR ¼ Kb minimizes the mean square error under the restriction C
0
b ¼ 0.

6. The variance of IR ¼ b0Ry (σ2IR ¼ b0RPbR ) is equal to the covariance between

IR ¼ b0Ry and H ¼ w
0
g (σHIR ¼ w0GbR). First note that K ¼ K2, K

0
P ¼ PK, and

b
0
P¼ w

0
G; thenσ2IR ¼ b0RPbR ¼ b0K0PKb ¼ b0PK2b ¼ b0PKb ¼ w0GbR ¼ σHIR .

7. The maximized correlation between H and IR is equal to ρHIR ¼
σIR
σH
. In point 6 of

this subsection we showed that σHIR ¼ σ2IR ; then

ρHIR ¼
w0GbRffiffiffiffiffiffiffiffiffiffiffiffi

w0Gw
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

b0RPbR
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0RPbR
w0Gw

r
¼ σIR

σH
:

8. The variance of the predicted error, Var H � IRð Þ ¼ 1� ρ2HIR

� �
σ2H , is minimal.

By point 6 σHIR ¼ σ2IR , whence Var H � IRð Þ ¼ σ2H � σ2IR ¼ 1� ρ2HIR

� �
σ2H .

9. RLPSI heritability is equal to h2IR ¼ b0RGbR
b0RPbR

.

Points 1–4 show that in effect, the RLPSI projects the LPSI vector of coefficients
into a space smaller than the original LPSI vector of coefficients. In addition, the
RLPSI statistical properties denoted by points 5–9 are the same as the LPSI
statistical properties. Thus, the RLPSI is a variant of the LPSI.

3.1.3 The RLPSI Matrix of Restrictions

The main difference between the RLPSI and the LPSI is the restriction U
0
Gb ¼ 0

used to obtain the RLPSI vector of coefficients. This restriction is introduced through
matrix U

0
(t� 1)� t, which is called matrix of null restrictions and is very important
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in an RLPSI context. The form and size of matrix U
0
depends on the number of

restricted traits. For example, suppose that we restrict only one of t traits; then we
can restrict the first of them as U0 ¼ 1 0 0 � � � 0½ �, the second as
U0 ¼ 0 1 0 � � � 0½ �, the third as U0 ¼ 0 0 1 � � � 0½ �, etc. When we
restrict two of t traits, matrix U

0
could be constructed as follows. We can restrict

the first and second traits as U0 ¼ 1 0 0 � � � 0
0 1 0 � � � 0

� �
, the first and third traits as

U0 ¼ 1 0 0 � � � 0
0 0 1 � � � 0

� �
, the second and third traits as

U0 ¼ 0 1 0 � � � 0
0 0 1 � � � 0

� �
, etc. If we restrict three of t traits, matrix U

0
will have

the following form when the first, second, and third traits are restricted,

U0 ¼
1 0 0 0 � � � 0
0 1 0 0 � � � 0
0 0 1 0 � � � 0

24 35; if the first, second, and fourth traits are restricted,

U0 ¼
1 0 0 0 � � � 0
0 1 0 0 � � � 0
0 0 0 1 � � � 0

24 35, if the second, the third and the fourth traits are

restricted, U0 ¼
0 1 0 0 � � � 0
0 0 1 0 � � � 0
0 0 0 1 � � � 0

24 35, etc. The procedure to construct matrix

U
0
is valid for any number of restricted traits.

There are
Xt

r¼0

t
r

	 

¼ 2t (Leon-Garcia 2008) possible forms for constructing

matrix U
0
, where

t
r

	 

¼ t!

r! t�rð Þ! and t ! ¼ t(t� 1)(t� 2)(t� 3)� � �(t� (t� 1)). Note,

however, that when r ¼ 0, U
0
is a null matrix, and when r ¼ t, all traits are restricted

and then the RLPSI values are null. Thus, the breeder should be interested only in 2t

� 2 possible ways of constructing matrix U
0
.

3.1.4 Numerical Examples

To illustrate the RLPSI theoretical results, we use the data set described in Sect. 2.8.1
of Chap. 2. We used that data set for seven phenotypic selection cycles (C1 to C7),
each with four traits (T1, T2, T3 and T4), 500 genotypes and four replicates for each
genotype. The economic weights for T1, T2, T3, and T4 were 1, �1, 1, and 1 respec-
tively. The estimated phenotypic (bP) and genetic (bG) covariance matrices for traits T1,
T2, T3, and T4 obtained for the first selection cycle (C1) of the simulated data were
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bP ¼
62:50 �12:74 8:53 2:73
�12:74 17:52 �3:38 �2:28
8:53 �3:38 12:31 0:16
2:73 �2:28 0:16 7:27

2664
3775 and

bG ¼
36:21 �12:93 8:35 2:74
�12:93 13:04 �3:40 �2:24
8:35 �3:40 9:96 0:16
2:74 �2:24 0:16 6:64

2664
3775,

respectively. We can restrict T1 with matrix U0
1 ¼ 1 0 0 0½ �; T1 and T2 with

matrixU0
2 ¼

1 0 0 0
0 1 0 0

� �
, and T1, T2 and T3 with matrixU0

3 ¼
1 0 0 0
0 1 0 0
0 0 1 0

24 35.
Matrix C0 ¼ U0 bG associated with U0

1, U0
2, and U0

3 can be obtained as

C0
1 ¼ U0

1G ¼ 36:21 �12:93 8:35 2:74½ �,

C0
2 ¼ U0

2
bG ¼ 36:21 �12:93 8:35 2:74

�12:93 13:04 �3:40 �2:24

� �
, and

C0
3 ¼ U0

3
bG ¼

36:21 �12:93 8:35 2:74
�12:93 13:04 �3:04 �2:24
8:35 �3:40 9:96 0:16

24 35:
The estimated LPSI vector of coefficients wasbb0 ¼ w0 bGbP�1 ¼ 0:55 �1:05 1:09 1:06½ �.
The estimated matrices bQ ¼ bP�1C

�
C0bP�1C

��1
C0 and bK ¼ �

I4 � bQ�
(where I4 is

an identity matrix 4 � 4) for 1 null restriction, were

bQ1 ¼ bP�1C1
�
C0

1
bP�1C1

��1
C0

1 ¼
0:72 �0:26 0:17 0:05
�0:51 0:18 �0:12 �0:04
0:39 �0:14 0:09 0:03
0:14 �0:05 0:03 0:01

2664
3775 and

bK1 ¼
�
I4 � bQ1

� ¼ 0:28 0:26 �0:17 �0:05
0:51 0:82 0:12 0:04
�0:39 0:14 0:91 �0:03
�0:14 0:05 �0:03 0:99

2664
3775:

Thus, the estimated RLPSI vector of coefficients wasbb0
R1

¼ �bK1bb�0 ¼ �0:35 �0:41 0:59 0:89½ �, whence the estimated RLPSI for

1 null restriction can be written as bIR1 ¼ �0:35T1 � 0:41T2 þ 0:59T3 þ 0:89T4.
The average values of T1, T2, T3, and T4 were 164.46, 39.63, 34.66, and 23.11
(Table 3.1) respectively; then,
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bI R1 ¼ �0:35 164:46ð Þ � 0:41 39:63ð Þ þ 0:59 34:66ð Þ þ 0:89 23:11ð Þ ¼ �33:24:

In Table 3.1 we present ten genotypes, the mean values of four traits, and the
unranked and ranked values of the RLPSI from 500 genotypes in one environment
simulated for one selection cycle. The first part of Table 3.1 presents the ten
unranked genotypes, whereas the second part presents the ten genotypes ranked by
the estimated RLPSI values.

Assuming a selection intensity of 10% (kI ¼ 1.755), the estimated selection
response and the estimated expected genetic gain per trait for 1 null restriction

were bRR1 ¼ 1:755
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0
R1
bPbbR1

q
¼ 6:87 and bE0

R1
¼ 1:755

bb0
R1
bGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0R1
bPbbR1

q ¼ 0 �2:2½

2:03 2:66�, respectively, and the estimated correlation between the RLPSI and the

net genetic merit was bρHIR1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0R1

bPbbR1

w0 bGw

s
¼ 0:35.

In a similar manner to that for 1 null restriction, it is possible to obtain the

estimated matrices bQ ¼ bP�1C
�
C0bP�1C

��1
C0 and bK ¼ �

I4 � bQ�
, and the estimated

Table 3.1 Ten genotypes, mean values of four traits, and unranked and ranked values of the
restricted linear phenotypic selection index (RLPSI) obtained from 500 simulated genotypes (each
with four repetitions) and four traits (T1, T2, T3, and T4) in one environment for one selection cycle

Number of genotypes

Means of the trait values

T1 T2 T3 T4 RLPSI values

1 164.46 39.63 34.66 23.11 �33.24 (unranked)

2 144.39 50.77 34.65 19.56 �33.94 (unranked)

3 157.48 48.04 37.9 19.03 �35.96 (unranked)

4 167.3 47.98 30.49 24.75 �38.73 (unranked)

5 164.11 49.89 32.03 25.32 �36.98 (unranked)

6 166.26 40.44 29.93 20.55 �39.29 (unranked)

7 154.59 52.22 30.31 18.86 �41.33 (unranked)

8 160 42.91 31.23 20.95 �36.98 (unranked)

9 158.51 46.32 34.52 18.36 �38.2 (unranked)

10 163.63 45.43 35.73 19.57 �37.85 (unranked)

1 164.46 39.63 34.66 23.11 �33.24 (ranked)

2 144.39 50.77 34.65 19.56 �33.94 (ranked)

3 157.48 48.04 37.9 19.03 �35.96 (ranked)

5 164.11 49.89 32.03 25.32 �36.98 (ranked)

8 160 42.91 31.23 20.95 �36.98 (ranked)

10 163.63 45.43 35.73 19.57 �37.85 (ranked)

9 158.51 46.32 34.52 18.36 �38.2 (ranked)

4 167.3 47.98 30.49 24.75 �38.73 (ranked)

6 166.26 40.44 29.93 20.55 �39.29 (ranked)

7 154.59 52.22 30.31 18.86 �41.33 (ranked)

3.1 The Null Restricted Linear Phenotypic Selection Index 51



RLPSI vector of coefficients for 2 and 3 null restrictions. Thus, for 2 and 3 null

restrictions, the estimated selection responses were bRR2 ¼ 1:755
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0
R2
bPbbR2

q
¼ 5:54

and bRR3 ¼ 1:755
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0
R3
bPbbR3

q
¼ 4:12 respectively, whereas the estimated

expected genetic gains per trait were bE0
R2

¼ 1:755
bb0
R2
Gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0R2
bPbbR2

q ¼

0 0 2:773 2:768½ � and bE0
R3

¼ 1:755
bb0
R3
Gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0R3
bPbbR3

q ¼ 0 0 0 4:12½ �:

Note that the estimated RLPS selection response decreased when the number of
restrictions increased. Also, the number of zeros in the expected genetic gain per trait
increased from 1 to 3 depending on the number of null restrictions. The same is true
for the estimated correlation between the RLPSI and the net genetic merit (Fig. 3.2).

Table 3.2 presents the estimated LPSI selection response and its heritabilities, and
the estimated RLPSI selection response and its heritabilities for 1, 2, and 3 null
restrictions for seven simulated selection cycles using a selection intensity of 10%
(kI ¼ 1.755). Note that the averages of the estimated RLPSI selection response for
the seven selection cycles were 6.76, 5.30, and 3.70 for 1, 2, and 3 null restrictions
respectively, and that 3.70, the average value for 3 null restrictions, is only 54.73%
of the average value for 1 null restriction (6.76). However, the estimated RLPSI
heritabilities for 1, 2, and 3 null restrictions tend to increase. This is because the
simulated true heritabilities of traits T1, T2, T3, and T4 were 0.4, 0.6, 0.6, and 0.8
respectively, whereas the averages of the estimated heritabilities of traits T1, T2, T3,
and T4 were 0.70, 0.78, and 0.87 for 1, 2, and 3 null restrictions respectively.

Table 3.3 presents the estimated LPSI expected genetic gain per trait and the
estimated RLPSI expected genetic gain per trait for 1, 2, and 3 null restrictions for

Table 3.2 Estimated linear phenotypic selection index (LPSI) selection response and its heritabil-
ity, and estimated restricted LPSI (RLPSI) selection response and its heritability for one, two, and
three null restrictions for seven simulated selection cycles

Cycle

LPSI

RLPSI

selection response for
one, two, and three
restrictions

Heritability for one,
two, and three
restrictions

selection response Heritability 1 2 3 1 2 3

1 17.81 0.84 6.87 5.54 4.13 0.65 0.77 0.89

2 15.69 0.80 8.45 5.94 4.27 0.76 0.80 0.90

3 14.22 0.77 7.17 5.79 4.16 0.71 0.80 0.88

4 14.34 0.76 6.68 5.06 3.72 0.71 0.79 0.89

5 13.64 0.75 6.02 5.16 3.24 0.67 0.76 0.86

6 12.04 0.71 6.37 5.17 3.31 0.70 0.79 0.86

7 11.61 0.72 5.77 4.44 3.09 0.68 0.74 0.84

Average 14.19 0.76 6.76 5.30 3.70 0.70 0.78 0.87

The selection intensity was 10% (kI ¼ 1.755)
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seven simulated selection cycles using a selection intensity of 10% (kI ¼ 1.755). In
effect, due to the restriction C

0
b ¼ 0, matrix K projects b into a space smaller than

the original space of b and the space reduction into which matrix K projects b is
equal to the number of zeros that appear in the RLPSI expected genetic gain per trait.

It can be shown that in the three restrictions case (Table 3.3) the estimated RLPSI
expected genetic gain pert traits (or multi-trait selection response) is equal to the one
trait selection response (Eqs. 2.4 and 2.5) when only trait T4 is selected. This means
that in effect, when we imposed three restriction over the RLPSI expected genetic gains
pert trait, we reduced one space of four dimensions to one space of only one dimension.

3.2 The Predetermined Proportional Gains Linear
Phenotypic Selection Index

This index is called the predetermined proportional gains phenotypic selection index
(PPG-LPSI) because the breeder pre-sets optimal levels for certain traits before the
selection is carried out. The conditions for constructing a valid PPG-LPSI are the
same as those described for the LPSI in Sect. 2.1 of Chap. 2. Some of the main

Table 3.3 Estimated LPSI expected genetic gain per trait, and estimated RLPSI expected genetic
gain per trait for one, two, and three null restrictions for seven simulated selection cycles

Cycle

LPSI expected gain per trait
RLPSI expected gain per trait for one
restriction

T1 T2 T3 T4 T1 T2 T3 T4

1 7.90 �4.67 3.33 1.92 0 �2.18 2.03 2.66

2 7.06 �3.59 3.17 1.86 0 �3.41 2.33 2.71

3 6.67 �3.21 2.82 1.52 0 �2.30 3.12 1.74

4 7.53 �3.45 2.07 1.29 0 �2.88 1.42 2.38

5 7.14 �2.66 2.51 1.33 0 �1.83 2.38 1.81

6 6.23 �2.62 1.98 1.21 0 �2.41 2.09 1.87

7 5.38 �2.55 2.47 1.22 0 �2.24 1.34 2.19

Average 6.85 �3.25 2.62 1.48 0 �2.46 2.10 2.19

RLPSI expected gain per traits for two
restrictions

RLPSI expected gain per traits for three
restrictions

Cycle T1 T2 T3 T4 T1 T2 T3 T4

1 0 0 2.77 2.77 0 0 0 4.13

2 0 0 2.87 3.07 0 0 0 4.27

3 0 0 3.11 2.68 0 0 0 4.16

4 0 0 2.35 2.70 0 0 0 3.72

5 0 0 3.12 2.04 0 0 0 3.24

6 0 0 2.84 2.33 0 0 0 3.31

7 0 0 2.07 2.37 0 0 0 3.09

Average 0 0 2.73 2.57 0 0 0 3.70

The selection intensity was 10% (kI ¼ 1.755)
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objectives of the PPG-LPSI are to optimize the expected genetic gain per trait,
predict the net genetic merit H ¼ w

0
g, and select the individuals with the highest

net genetic merit values as parents of the next generation. The PPG-LPSI allows
restrictions different from zero to be imposed on the expected genetic gains of some
traits, whereas other traits increase (or decrease) their expected genetic gains without
imposing any restrictions. The PPG-LPSI solves the LPSI equations subject to the
condition that the covariance between the LPSI and some linear functions of the
genotypes involved be equal to a vector of predetermined constants or genetic gains
defined by the breeder (Cunningham et al. 1970).

Let d0 ¼ d1 d2 � � � dr½ � be a vector r � 1 of the predetermined proportional
gains and assume that μq is the population mean of the qth trait before selection. One
objective could be to change μq to μq + dq, where dq is a predetermined change in μq
(in the RLPSI, dq ¼ 0, q ¼ 1, 2, � � �, r, where r is the number of predetermined
proportional gains). We can solve this problem in a similar manner to that used with
the RLPSI. That is, minimizing the mean squared difference between I and H(E
[(H � I )2]) under the restriction D

0
U

0
Gb ¼ 0, where

D0 ¼
dr 0 � � � 0 �d1
0 dr � � � 0 �d2
⋮ ⋮ ⋱ ⋮ ⋮
0 0 � � � dr �dr�1

2664
3775 is a Mallard (1972) matrix (r � 1) � r of

predetermined proportional gains, dq (q ¼ 1, 2. . ., r) is the qth element of vector
d

0
, U

0
is the RLPSI matrix of restrictions of 1’s and 0’s described earlier in this chapter,

G is the covariance matrix of genotypic values, and b is the LPSI vector of
coefficients. Also, it is possible to minimize E[(H � I )2] under the restriction
U

0
Gb ¼ θd (Tallis 1985), where θ is a proportionality constant, which is a scalar to

be determined a posteriori (Lin 2005), that is, θ is indeterminate a priori (Itoh and
Yamada 1987). Both approaches are very similar but the equations obtained when
introducing theD

0
U

0
Gb¼ 0 restriction are simpler than when introducingU

0
Gb¼ θd

restrictions into the process of minimizing E[(H � I )2]. The D
0
U

0
Gb ¼ 0 restriction

leads to a set of equations similar to Eq. (3.5) whereas the U
0
Gb ¼ θd restriction

leads to a set of equations that are difficult to solve.

3.2.1 The Maximized PPG-LPSI Parameters

Let M
0 ¼ D

0
C

0
be the Mallard (1972) matrix of predetermined restrictions, where

C
0 ¼ U

0
G. Under the restriction M

0
b ¼ 0, we can minimize E[(I � H )2], assuming

that P, G, U
0
, D

0
, and w are known; that is, we need to minimize the function

Φ b; vð Þ ¼ b0Pbþ w0Gw� 2w0Gbþ 2v0M0b ð3:10Þ
with respect to vectors b and v0 ¼ v1 v2 � � � vr�1½ �, where v is a vector of
Lagrange multipliers. Note that the only difference between Eqs. (3.1) and (3.10) is
matrix D

0
and that matrix M

0 ¼ D
0
C

0
has the same function in Eq. (3.10) that matrix

C
0 ¼ U

0
G had in Eq. (3.1). Then, the derivative results of Eq. (3.10) from b and

v should be similar to those of Eq. (3.1), i.e.,
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P M
M0 0

� �
b
v

� �
¼ Gw

0

� �
whence the vector that minimizes E[(H � I )2] under the restriction M

0
b ¼ 0 is

bM ¼ KMb, ð3:11Þ
whereKM¼ [It�QM],QM¼ P�1M(M

0
P�1M)�1M

0 ¼ P�1CD(D
0
C

0
P�1CD)�1D

0
C

0
,

and It is an identity matrix of size t� t. When D¼ U, bM ¼ bR (the RLPSI vector of
coefficients), and when D ¼ U and U

0
is a null matrix, bM ¼ b (the LPSI vector of

coefficients). Thus, the Mallard (1972) index is more general than the RLPSI and is
an optimal PPG-LPSI. In addition, it includes the LPSI and the RLPSI as particular
cases.

Instead of using restriction M
0
b ¼ 0 to minimize E[(I � H )2], we can use

restriction C
0
b ¼ θd and minimize

ΦT b; vð Þ ¼ b0Pbþ w0Gw� 2w0Gbþ 2v0 C0b� θdð Þ ð3:12Þ
with respect to b, v

0
, and θ (Tallis 1985; Lin 2005) assuming that P, G, U

0
, d, and

w are known. The derivative results in matrix notation are

bT
v
θ

24 35 ¼
P C 0t�1

C0 0r�t �d
001�t �d0 0

24 35�1 Gw
0
0

24 35, ð3:13Þ

where 0t � 1 is a null vector t � 1, 0r � t is a null matrix r � t, and 0 is a null column
vector (r � 1) � 1; 0 is the standard zero value. The inverse matrix of coefficients

P C 0t�1

C0 0r�t �d
001�t �d0 0

24 35�1

in Eq. (3.13) is not easy to obtain; for this reason, Tallis

(1985) obtained his results in two steps. That is, Tallis (1985) first derived Eq. (3.12)
with respect to b and v

0
, whence he obtained

bT ¼ bR þ θδ, ð3:14Þ
where bR ¼ Kb (Eq. 3.5), δ ¼ P�1C(C

0
P�1C)�1d, and d0 ¼ d1 d2 � � � dr½ �.

Next, he derived E b0Ty� H
� �2h i

only with respect to θ, and his result was

θ ¼ b0C C0P�1C
� ��1

d

d0 C0P�1C
� ��1

d
, ð3:15Þ

where b¼ P�1Gw is the LPSI vector of coefficients, C
0 ¼ U

0
G, d is the vector of the

predetermined proportional gains imposed by the breeder and P�1 is the inverse of
matrix P. When θ¼ 0, bT¼ bR, and if θ¼ 0 andU

0
is the null matrix, bT¼ b. That is,

the PPG-LPSI obtained by Tallis (1985) is more general than the RLPSI and the
LPSI. The foregoing results indicate that Eq. (3.14) consists of three parts:
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1. Vector bR ¼ Kb, which represents the weights of the RLPSI with the restriction
that the expected genetic gain per trait be equal to zero.

2. Vector δ ¼ P�1C(C
0
P�1C)�1d, which should represent the weights of the

PPG-LPSI leading to the greatest improvement in the desired direction indepen-
dently of economic weights.

3. θ represents the regression coefficient of H ¼ w
0
g on δ ¼ P�1C(C

0
P�1C)�1d

(Itoh and Yamada 1987).

When θ ¼ 1, Eq. (3.14) is equal to

bT0 ¼ bR þ δ: ð3:16Þ
The latter equation was the original result obtained by Tallis (1962). Tallis (1962)

derived Eq. (3.12) with respect to vectors b and v under the restriction U
0
Gb ¼ d,

i.e., without θ or θ¼ 1. Later, James (1968) maximized the correlation between I and
H(ρHI) under the Tallis (1962) restriction and once more obtained Eq. (3.16).
Mallard (1972) showed that Eq. (3.16) is not optimal, i.e., it does not minimize E
[(I�H )2] and does not maximize ρHI, and gave the optimal solution, which we have
presented here in Eq. (3.11). Later, using restriction U

0
Gb ¼ θd, Tallis (1985)

obtained Eq. (3.14), which also is optimal.
Figure 3.3 presents the estimated correlation values between PPG-LPSI and the

net genetic merit (H ¼ w
0
g) for the optimal PPG-LPSI (Eq. 3.14) and non-optimal

PPG-LPSI (Eq. 3.16) using one (d1 ¼ 7), two (d0 ¼ 7 �3½ � ), and three (d0 ¼
7 �3 5½ �) predetermined restrictions, four traits and 500 simulated genotypes in
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Fig. 3.3 Estimated correlation values between the predetermined proportional gain linear pheno-
typic selection index (PPG-LPSI) and the net genetic merit (H ¼ w

0
g) for the optimal and

non-optimal PPG-LPSI using 1 (d1¼ 7), 2 (d0 ¼ 7 �3½ �) and 3 (d0 ¼ 7 �3 5½ �) predetermined
restrictions, 4 traits and 500 simulated genotypes in 1 environment for 7 selection cycles

56 3 Constrained Linear Phenotypic Selection Indices



one environment for seven selection cycles (see Sect. 2.8.1 of Chap. 2). Note that in
effect, the non-optimal PPG-LPSI has lower correlations than the optimal PPG-LPSI
for the seven simulated selection cycles.

Let bP ¼ bM ¼ bT be the PPG-LPSI vector of coefficients. Then, the optimal
PPG-LPSI can be written as

IP ¼ b0Py, ð3:17Þ
whereas the maximized correlation between the PPG-LPSI and the net genetic merit
is

ρHIP ¼
w0GbPffiffiffiffiffiffiffiffiffiffiffiffi

w0Gw
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

b0PPbP
p : ð3:18Þ

According to the conditions for constructing a valid PPG-LPSI described in Sect.
2.1 of Chap. 2, the index IP ¼ b0Py should have normal distributions. Figure 3.4
presents the distribution of 500 estimated PPG-LPSI values with two (d0 ¼ 7 �3½ �)
and three (d0 ¼ 7 �3 5½ �) predetermined restrictions respectively, obtained from
one selection cycle, with four traits and 500 genotypes simulated in one environment
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Fig. 3.4 (a) and (b) show the distribution of 500 estimated predetermined proportional gain linear
phenotypic selection index values with two ( d0 ¼ 7 �3½ � ) and three ( d0 ¼ 7 �3 5½ � )
predetermined restrictions respectively, obtained from one selection cycle for 500 genotypes and
four traits simulated in one environment
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(see Chap. 2, Sect. 2.8.1 for details). Figure 3.4 indicates that, in effect, the
PPG-LPSI values approach normal distribution.

Under the predetermined restrictions imposed by the breeder, IP ¼ b0Py should
have maximal correlation with H ¼ w

0
g and it should be useful for ranking and

selecting among individuals with different net genetic merits. However, for more
than two restrictions the proportionality constant (θ) could be lower than 1; in that
case, ρHIP is lower than the correlation between LPSI and H ¼ w

0
g (ρHI). In addition,

when the restriction M
0
b ¼ 0 or U

0
Gb ¼ θd is imposed on the PPG-LPSI vector of

coefficients, the restricted traits decrease their effect on the correlation between
PPG-LPSI and H ¼ w

0
g. Using the simulated data set described in Sect. 2.8.1 of

Chap. 2, we estimated ρHIP and ρHI for seven selection cycles and compared
the results in Fig. 3.5. Correlation ρHIP values were estimated using one (d1 ¼ 7),
two ( d0 ¼ 7 �3½ � ), and three ( d0 ¼ 7 �3 5½ � ) predetermined restrictions.
Figure 3.5 indicates that when the number of predetermined restrictions is equal to
or higher than two, the estimated values of ρHIP decrease more than when only one
predetermined restriction is imposed on the PPG-LPSI.

The maximized PPG-LPSI selection response and expected genetic gains per trait
can be written as

RP ¼ kI

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0MPbM

q
¼ kI

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0TPbT

q
ð3:19Þ

and
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Fig. 3.5 Estimated correlation values between the LPSI and the net genetic merit (H ¼ w
0
g); and

estimated correlation values between the PPG-LPSI and H with one (d1 ¼ 7), two (d0 ¼ 7 �3½ �),
and three (d0 ¼ 7 �3 5½ �) predetermined restrictions obtained from seven selection cycles for
four traits and 500 simulated genotypes in one environment
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EP ¼ kI
GbMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0MPbM

p ¼ kI
GbTffiffiffiffiffiffiffiffiffiffiffiffiffi
b0TPbT

p , ð3:20Þ

respectively, where kI is the standardized selection differential or selection intensity
associated with the PPG-LPSI.

The maximized PPG-LPS selection response (Eq. 3.19) has the same form as the
maximized LPSI selection response. Thus, under r predetermined restrictions,
Eq. (3.19) predicts the mean improvement in H due to indirect selection on
IP ¼ b0Py. Predetermined restriction effects are observed on the PPG-LPSI expected
genetic gain per trait (Eq. 3.20). The main difference between the RLPSI and the
PPG-LPSI is the vector of predetermined proportional gains.

3.2.2 Statistical Properties of the PPG-LPSI

Assuming that H ¼ w
0
g and IP ¼ b0Py have a bivariate joint normal distribution,

bP ¼ KMb, b ¼ P�1Gw, and P, G and w are known, the PPG-LPSI has the same
properties as the RLPSI. Some of the main PPG-LPSI properties are:

1. Matrices QM ¼ P�1M(M
0
P�1M)�1M

0
and KM ¼ [I � QM] have the same

function as matrices Q ¼ P�1C(C
0
P�1C)�1C

0
and K ¼ [I � Q] in the RLPSI.

2. MatricesQM andKM are both projectors, i.e., they are idempotent (KM ¼ K2
M and

QM ¼ Q2
M), unique and orthogonal, i.e., KMQM ¼ QMKM ¼ 0.

3. Matrix QM projects b into a space generated by the columns of matrix M due to
the restrictionM

0
b¼ 0 that is introduced when Φ(b, v) is maximized with respect

to b, whereas matrix KM projects b into a space that is perpendicular to the space
generated by the columns of matrix M (Rao 2002). Thus, the function of matrix
KM is to transform vector b ¼ P�1Gw into vector bP ¼ KMb.

4. The variance of IP ¼ b0Py (σ2IP ¼ b0PPbP ) is equal to the covariance between

IP ¼ b0PyandH¼w
0
a (σHIP ¼ w0GbP). AsKM ¼ K2

M ,K
0
MP ¼ PKM andb

0
P¼w

0
G,

then
σ2IP ¼ b0PPbP ¼ b0K0

MPKMb ¼ b0PK2
Mb ¼ b0PKMb ¼ w0GbP ¼ σHIP :

5. The maximized correlation between H and IP ¼ b0Py is equal to ρHIP ¼
σIP
σH
. In

point 4 of this subsection, we showed that σHIP ¼ σ2IP , then

ρHIP ¼
w0GbPffiffiffiffiffiffiffiffiffiffiffiffi

w0Gw
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

b0PPbP
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b0PPbP
w0Gw

r
¼ σIP

σH
:

6. The variance of the predicted error, Var H � IPð Þ ¼ 1� ρ2HIP

� �
σ2H , is minimal.

By point 4 of this subsection, σHIP ¼ σ2IP , then

Var H � IRð Þ ¼ σ2H � σ2IP ¼ 1� ρ2HIP

� �
σ2H .

7. The heritability of the PPG-LPSI is equal to h2IP ¼
b0PGbP
b0PPbP

.
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Points 1–3 show that in effect, the PPG-LPSI projects the LPSI vector of
coefficients into a different space than the original LPSI vector of coefficients. In
addition, the PPG-LPSI statistical properties denoted by points 4–7 are the same as
the LPSI statistical properties. Thus, the PPG-LPSI is a variant of the LPSI.

3.2.3 There Is Only One Optimal PPG-LGSI

Let S¼C
0
P�1C, under the restrictionD

0
d¼ 0, Itoh and Yamada (1987) showed that

D(D
0
SD)�1D

0 ¼ S�1 � S�1d(d
0
S�1d)�1d

0
S�1, whence substituting S�1 � S�1d(d

0
-

S�1d)�1d
0
S�1 for D(D

0
SD)�1D

0
in matrixQM, Eq. (3.11) can be written as Eq. (3.14),

i.e., bM ¼ bT. Therefore, the Mallard (1972) and Tallis (1985) vectors of coefficients
are the same. In addition, Itoh and Yamada (1987) showed that the Harville (1975)
vector of coefficients can written as bT

σIT
(Eq. 2.21d), where σIT is the standard deviation

of the variance of the Tallis (1985) PPG-LPSI. Thus, in reality, there is only one
optimal PPG-LPSI.

Itoh and Yamada (1987) also pointed out that matrix

D0 ¼
dr 0 � � � 0 �d1
0 dr � � � 0 �d2
⋮ ⋮ ⋱ ⋮ ⋮
0 0 � � � dr �dr�1

2664
3775 is only one example of several possible

Mallard (1972) D
0
matrices. They showed that any matrix D

0
that satisfies condition

D
0
d ¼ 0 is another Mallard (1972) matrix of predetermined proportional gains.

According to Itoh and Yamada (1987), matrices

D0 ¼
d2 �d1 0 � � � 0 0
0 d3 �d2 � � � 0 0
⋮ ⋮ ⋮ ⋮ ⋮ 0
0 0 0 0 dr dr�1

2664
3775 and

D0 ¼
d2 �d1 0 � � � 0
d3 0 �d1 � � � 0
⋮ ⋮ ⋮ ⋮ ⋮
dr 0 0 0 �d1

2664
3775

are also Mallard (1972) matrices of predetermined proportional gains because they

satisfy condition D
0
d ¼ 0. However, matrix D0 ¼

dr 0 � � � 0 �d1
0 dr � � � 0 �d2
⋮ ⋮ ⋱ ⋮ ⋮
0 0 � � � dr �dr�1

2664
3775 is

“easier” to construct.
Harville (1975) maximized the correlation between I and H (ρIH) under the

restriction C
0
b ¼ θd and was the first to point out the importance of the
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proportionality constant (θ) in the PPG-LPSI. Mallard (1972) showed that the
restriction U

0
Gb ¼ d does not maximize the correlation with the net genetic merit

(H ¼ w
0
g) and Harville (1975) indicated that the restriction U

0
Gb ¼ d only changes

the sign of the genetic expected gain (or multi-trait selection response) but does not
maximize the correlation between I¼ b

0
y and H¼ w

0
g. According to Mallard (1972),

Harville (1975), and Tallis (1985), the PPG-LPSI is optimal only under the
restriction U

0
Gb ¼ θd.

Itoh and Yamada (1987) pointed out several problems associated with the Tallis
(1985) PPG-PSI:

1. When the number of restrictions imposed on the PPG-PSI expected genetic gains
increases, θ tends to zero and then the accuracy of the PPG-PSI decreases.

2. The θ values could be negative, in which case PPG-PSI results have no meaning
in practice.

3. The PPG-PSI may cause the population means to shift in the opposite direction to
the predetermined desired direction; this may happen because of the opposite
directions between the economic values and the predetermined desired direction.

Itoh and Yamada (1987) thought that one possible solution to those problems
could be to use the linear phenotypic selection index with desired gains.

3.2.4 Numerical Examples

The estimated phenotypic (bP) and genetic (bG) covariance matrices described in Sect.
3.1.4 of this chapter for RLPSI are used as the first example. First, Eq. (3.11) is
described to obtain the PPG-LPSI vector of coefficients. Let d02 ¼ 7 �3½ � be the
vector for 2 predetermined restrictions, then, the Mallard (1972) matrix is

D0 ¼ �3 �7½ �, while matrix U
0
is U0

2 ¼
1 0 0 0
0 1 0 0

� �
. Matrix M0 ¼ D0U0 bG

for 2 predetermined restrictions will be
M0 ¼ D0U0

2
bG ¼ �18:12 �52:49 �1:25 7:46½ �, whence

bQM ¼ bP�1M
�
M0bP�1M

��1
M0 ¼

0:084 0:242 0:006 �0:034
0:313 0:906 0:022 �0:129
0:037 0:106 0:003 �0:015
�0:019 �0:055 �0:001 0:008

2664
3775 and

bKM ¼ �
I4 � bQM

� ¼ 0:916 �0:242 �0:006 0:034
�0:313 0:094 �0:022 0:129
�0:037 0:106 0:997 0:015
0:019 0:055 0:001 0:992

2664
3775;

I4 is an identity matrix of size 4 � 4.
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The estimated LPSI and PPG-LPSI vectors of coefficients werebb0 ¼ 0:554 �1:053 1:090 1:058½ � and bb0
M ¼ �bKM

bb�0 ¼ 0:793 �0:159½
1:1941:004� respectively, and the estimated PPG-LPSI was bIM ¼ 0:793T1�
0:159T2 þ 1:194T3 þ 1:004T4. The standard deviation of the estimated variance

of bIM was bσ IM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q
¼ 9:526, whereas the estimated correlation value

between the PPG-LPSI and the net genetic merit was bρHIP ¼ bσ IMbσH
¼ 0:85, where bσH

¼
ffiffiffiffiffiffiffiffiffiffiffi
wbGw

p
¼ 11:202 is the estimated standard deviation of the variance of the net

genetic merit.
Suppose that the selection intensity was 10% (kI ¼ 1.755); then, the estimated

PPG-LPSI expected genetic gain per trait and the estimated selection response arebE0
M ¼ 1:755

bb0
MGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q ¼ 8:013 �3:434 3:541 1:730½ � and bRM ¼ 1:755ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q
¼ 1:755ð Þ 9:526ð Þ ¼ 16:717 respectively.

Now, let d03 ¼ 7 �3 5½ � be the vector for three predetermined restrictions,
then there are three possible predetermined Mallard matrices, i.e.,

D0
1 ¼

5 0 �7
0 5 3

� �
, D0

2 ¼
�3 �7 0
0 5 3

� �
, and D0

3 ¼
�3 �7 0
5 0 �7

� �
, and

matrix U
0
for three restrictions is U0

3 ¼
1 0 0 0
0 1 0 0
0 0 1 0

24 35. Thus, for three

predetermined restrictions matrix M0 ¼ D0U0 bG shall have three possible forms,

i.e., M0
1 ¼ D0

1U
0
3
bG ¼ 122:60 �40:85 �27:97 12:58

�39:60 55:00 12:88 �10:72

� �
, but

M0
2 ¼ D0

2U
0
3
bG ¼ M0

3 ¼
�18:12 �52:49 �1:25 7:46
122:60 �40:85 �27:97 12:58

� �
. Note that matrix

M0
1 is different from matrices M0

2 and M0
3, and that the two latter are the same;

however, both matrices should lead to the same estimated PPG-LPSI vector of

coefficients and to the same estimated PPG-LPSI expected genetic gain per trait

and selection response. It can be shown that for matrices M0
1,M

0
2, andM

0
3, matricesbQM and bKM ¼ �

I4 � bQM

�
are the same and can be written as

bQM ¼
0:771 0:080 �0:145 0:026
0:123 0:951 0:063 �0:145
�1:131 0:382 0:258 �0:117
0:118 �0:087 �0:031 0:020

2664
3775 and

bKM ¼
0:229 �0:080 0:145 �0:026
�0:123 0:049 �0:063 0:145
1:131 �0:382 0:742 0:117
�0:118 0:087 0:031 0:980

2664
3775:
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The estimated LPSI vector of coefficients was equal tobb0 ¼ 0:554 �1:053 1:090 1:058½ �, whereas the estimated PPG-LPSI vector

of coefficients was bb0
M ¼ �bKM

bb�0 ¼ 0:342 �0:035 1:960 0:914½ �. The esti-
mated PPG-LPSI was bIM ¼ 0312T1 � 0:035T2 þ 1:960T3 þ 0:914T4 and the stan-

dard deviation of the estimated variance of bIM was bσ IM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q
¼ 8:68. The

estimated correlation value between the PPG-LPSI and the net genetic merit wasbρHIP ¼ bσ IMbσH
¼ 0:775, where bσH ¼

ffiffiffiffiffiffiffiffiffiffiffi
wbGw

p
¼ 11:202 is the estimated standard

deviation of the variance of the net genetic merit.
Using a selection intensity of 10% (kI ¼ 1.755), the estimated PPG-LPSI

expected genetic gain per trait and the estimated selection response werebE0
M ¼ 1:755

bb0
MGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q ¼ 6:410 �2:747 4:579 1:496½ � and bRM ¼ 1:755ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb0MbPbbM

q
¼ 1:755ð Þ 8:68ð Þ ¼ 15:32, respectively:

According to Eq. (3.14), the estimated Tallis (1985) vector of coefficients can be
obtained as bbT ¼ bbR þ bθbδ, where bbR ¼ bKbb is the estimated RLPSI,

bδ ¼ bP�1C
�
C0bP�1C

��1
d, bθ ¼

bb0C�C0bP�1C
��1

d

d0
�
C0bP�1C

��1
d

is the estimated constant of pro-

portionality, bb ¼ bP�1 bGw is the estimated LPSI vector of coefficients, and d0 ¼
d1 d2 � � � dr½ � is the vector of predetermined restrictions.
In Sect. 3.1.4 of this chapter we described how to obtain bbR ¼ bKbb, and we also

obtained matrix C0 ¼ U0 bG for two and three null restrictions as

C0
2 ¼ U0

2
bG ¼ 36:21 �12:93 8:35 2:74

�12:93 13:04 �3:40 �2:24

� �
and C0

3 ¼ U0
3
bG ¼

36:21 �12:93 8:35 2:74
�12:93 13:04 �3:04 �2:24
8:35 �3:40 9:96 0:16

24 35, whence the bbR ¼ bKbb values for two and

three null restrictions were bb0
R2

¼ �0:164 0:162 0:680 0:856½ � andbb0
R3

¼ �0:032 0:136 0:059 0:890½ � respectively.
The bθ and bδ values for two and three predetermined restrictions were

bθ2 ¼ bb0C2

�
C0

2
bP�1C2

��1
d2

d02
�
C0

2
bP�1C2

��1
d2

¼ 6:213, bθ3 ¼ bb0C3

�
C0

3
bP�1C3

��1
d3

d03
�
C0

3
bP�1C3

��1
d3

¼ 4:529,

bδ02 ¼ bP�1C2
�
C0

2
bP�1C2

��1
d2

� �0
¼ 0:153 �0:052 0:083 0:024½ �, andbδ03 ¼ bP�1C3

�
C0

3
bP�1C3

��1
d3

� �0
¼ 0:083 �0:038 0:420 0:005½ �. With these

results, the estimated Tallis (1985) vectors of coefficients for two and three
predetermined restrictions were bb0

T2
¼ 0:793 �0:159 1:194 1:004½ � and bb0

T3

¼ 0:342 �0:035 1:960 0:914½ � respectively. These latter two vectors of coef-
ficients are the same as the vectors of coefficients obtained using the Mallard (1972)
method for two and three predetermined restrictions. These results corroborate that,
in effect, the Mallard (1972) and Tallis (1985) PPG-LPSIs are the same.
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With the data set described in Sect. 2.8.1 of Chap. 2 we constructed Table 3.4,
which presents the estimated LPSI selection response and heritability, and the
estimated PPG-LPSI selection response and heritability for one, two, and three
predetermined restrictions for seven simulated selection cycles using a selection
intensity of 10% (kI ¼ 1.755). The averages of the estimated PPG-LPSI selection
responses were 14.19, 14.00, and 12.58 for one, two, and three restrictions respec-
tively. Note that 14.19 is also the average value for the estimated LPSI selection
response. This means that the PPG-LPSI and the LPSI selection responses are the
same for only one predetermined restriction. However, the estimated PPG-LPSI
selection responses for two and three restrictions tend to decrease (Table 3.4). The
same is true for the estimated PPG-LPSI heritability. That is, the estimated
PPG-LPSI heritability for one predetermined restriction is equal to the estimated
LPSI heritability. The estimated PPG-LPSI heritability for two predetermined
restrictions decreased, but increased for three predetermined restrictions
(Table 3.4). This is because the simulated true heritabilities of traits T1, T2, T3, and
T4 were 0.4, 0.6, 0.6, and 0.8 respectively.

Table 3.5 presents the estimated LPSI expected genetic gain per trait without
restrictions, and the estimated PPG-LPSI expected genetic gain per trait for one, two,
and three predetermined restrictions for seven simulated selection cycles using a
selection intensity of 10% (kI ¼ 1.755). Once again, note that for one predetermined
restriction, the estimated PPG-LPSI expected genetic gains were equal to the
estimated LPSI expected genetic gains, and for two predetermined restrictions, the
estimated PPG-LPSI expected genetic gains were similar to the estimated LPSI
expected genetic gains; however, for three predetermined restrictions, the estimated
PPG-LPSI expected genetic gains tended to decrease.

Table 3.4 Estimated LPSI selection response and heritability, and estimated predetermined pro-
portional gain LPSI (PPG-LPSI) selection response and heritability for one, two, and three
predetermined restrictions for seven simulated selection cycles

Cycle

LPSI

PPG-LPSI

Selection response for
one, two, and three
restrictions

Heritability for one,
two, and three
restrictions

Selection response Heritability 1 2 3 1 2 3

1 17.81 0.84 17.81 16.72 15.23 0.84 0.77 0.83

2 15.69 0.80 15.69 15.59 14.39 0.80 0.78 0.83

3 14.22 0.77 14.22 14.16 13.18 0.77 0.76 0.80

4 14.34 0.76 14.34 14.33 11.56 0.76 0.75 0.78

5 13.64 0.75 13.64 13.56 12.16 0.75 0.75 0.79

6 12.04 0.71 12.04 12.04 10.77 0.71 0.71 0.76

7 11.61 0.72 11.61 11.59 10.75 0.72 0.71 0.76

Average 14.19 0.76 14.19 14.00 12.58 0.76 0.75 0.79

The selection intensity was 10% (kI ¼ 1.755) and the vectors of predetermined proportional gains
for one, two, and three predetermined restrictions were d01 ¼ 7, d02 ¼ 7 �3½ � and
d03 ¼ 7 �3 5½ � respectively
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The first part of Table 3.6 presents the estimated correlation of the net genetic
merit (H ¼ w

0
g) with the estimated LPSI and RLPSI values for one, two, and three

null restrictions. In addition, this first part presents the estimated LPSI versus RLPSI
efficiency p¼ 100(λR� 1) (Eq. 2.21, Chap. 2). The second part of Table 3.6 presents
the estimated correlation of H ¼ w

0
g with the estimated LPSI and PPG-LPSI values

for one, two, and three predetermined restrictions, and the estimated LPSI versus
RLPSI efficiency p ¼ 100(λP � 1). Finally, the third part of Table 3.6 presents the
estimated variance of the predicted error (VPE) of the LPSI ( 1� ρ2HI

� �
σ2H ), the

RLPSI ( 1� ρ2HIR

� �
σ2H), and the PPG-LPSI ( 1� ρ2HIP

� �
σ2H) for one, two, and three

restrictions for seven simulated selection cycles.
The estimated VPE of the RLPSI is higher than that of the LPSI and PPG-LPSI

for one, two, and three restrictions for the seven simulated selection cycles; however,
the estimated VPE of PPG-LPSI is only greater than that of the LPSI for two and
three predetermined restrictions.

Table 3.5 Estimated LPSI expected genetic gain per trait, and estimated PPG-LPSI expected
genetic gain per trait for one, two, and three predetermined restrictions for seven simulated selection
cycles

Cycle

LPSI expected gain per trait
PPG-LPSI expected gain per trait for one
restriction

T1 T2 T3 T4 T1 T2 T3 T4

1 7.90 �4.67 3.33 1.92 7.90 �4.67 3.33 1.92

2 7.06 �3.59 3.17 1.86 7.06 �3.59 3.17 1.86

3 6.67 �3.21 2.82 1.52 6.67 �3.21 2.82 1.52

4 7.53 �3.45 2.07 1.29 7.53 �3.45 2.07 1.29

5 7.14 �2.66 2.51 1.33 7.14 �2.66 2.51 1.33

6 6.23 �2.62 1.98 1.21 6.23 �2.62 1.98 1.21

7 5.38 �2.55 2.47 1.22 5.38 �2.55 2.47 1.22

Average 6.85 �3.25 2.62 1.48 6.85 �3.25 2.62 1.48

PPG-LPSI expected gain per trait for two
restrictions

PPG-LPSI expected gain per trait for three
restrictions

Cycle T1 T2 T3 T4 T1 T2 T3 T4

1 8.01 �3.43 3.54 1.73 6.41 �2.75 4.58 1.50

2 7.39 �3.17 3.22 1.81 5.89 �2.52 4.21 1.77

3 6.86 �2.94 2.77 1.60 5.48 �2.35 3.91 1.45

4 7.65 �3.28 2.12 1.27 4.76 �2.04 3.40 1.35

5 6.88 �2.95 2.41 1.33 5.08 �2.18 3.63 1.28

6 6.20 �2.66 1.98 1.21 4.39 �1.88 3.14 1.36

7 5.50 �2.36 2.53 1.19 4.41 �1.89 3.15 1.30

Average 6.93 �2.97 2.65 1.45 5.20 �2.23 3.72 1.43

The selection intensity was 10% (kI ¼ 1.755) and the vectors of predetermined proportional gains
for one, two, and three restrictions were d

0 ¼ 7, d0 ¼ 7 �3½ � and d0 ¼ 7 �3 5½ � respectively
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Thus, according to the results obtained for the LPSI, the RLPSI, and the
PPG-LPSI, the best predictor of the net genetic merit was the LPSI followed by
the PPG-LPSI and the RLPSI.

Table 3.6 Correlation of the net genetic merit with the LPSI, the RLPSI, and the PPG-LPSI for
one, two, and three null and predetermined restrictions; LPSI versus RLPSI efficiency and LPSI
versus PPG-LPSI efficiency, and estimated variance of the predicted error (VPE) of the LPSI, the
RLPSI, and the PPG-LPSI for one, two, and three restrictions for seven simulated selection cycles

Cycle LPSI Correlation

RLPSI correlation for one,
two, and three null restrictions

LPSI versus RLPSI efficiency in
percentage terms for one, two,
and three null restrictions

1 2 3 1 2 3

1 0.91 0.35 0.28 0.21 159.16 221.34 331.65

2 0.88 0.48 0.33 0.24 85.69 164.19 267.25

3 0.87 0.44 0.35 0.25 98.42 145.51 241.61

4 0.86 0.40 0.30 0.22 114.77 183.56 285.28

5 0.86 0.38 0.32 0.20 126.47 164.15 321.00

6 0.83 0.44 0.36 0.23 89.09 132.96 264.22

7 0.83 0.41 0.32 0.22 101.23 161.60 275.26

Average 0.86 0.41 0.32 0.23 110.69 167.62 283.75

Cycle LPSI Correlation

PPG-LPSI correlation for one,
two, and three predetermined
restrictions

LPSI vs. PPG-LPSI efficiency in
percentage terms for one, two,
and three predetermined
restrictions

1 2 3 1 2 3

1 0.91 0.91 0.85 0.77 0 17.13 22.74

2 0.88 0.88 0.88 0.81 0 3.44 10.42

3 0.87 0.87 0.86 0.80 0 3.35 10.21

4 0.86 0.86 0.86 0.70 0 2.32 22.96

5 0.86 0.86 0.85 0.76 0 0.30 10.09

6 0.83 0.83 0.83 0.74 0 0.83 11.13

7 0.83 0.83 0.83 0.77 0 2.35 7.74

Average 0.86 0.86 0.85 0.77 0 4.25 13.61

Cycle LPSI VPE

RLPSI VPE for one, two, and
three null restrictions

PPG-LPSI VPE for one, two,
and three predetermined
restrictions

1 2 3 1 2 3

1 22.53 110.16 115.52 119.96 22.53 50.44 57.14

2 22.66 79.40 91.13 96.65 22.66 27.88 37.03

3 21.95 70.92 76.70 81.97 21.95 26.14 33.55

4 22.84 75.16 81.33 85.14 22.84 25.84 45.46

5 22.13 70.75 73.86 79.11 22.13 22.49 32.69

6 21.18 55.07 59.56 64.68 21.18 21.95 30.13

7 19.47 52.44 56.85 60.14 19.47 21.45 25.53

Average 21.82 73.41 79.28 83.95 21.82 28.03 37.36
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3.3 The Desired Gains Linear Phenotypic Selection Index

The most important aspect of the desired gains linear phenotypic selection index
(DG-LPSI) is that it does not require economic weights. Note that the LPSI expected
genetic gain per traitE ¼ kIGb

σI
is maximized when b¼ P�1Gw and is proportional to

kI and σI. Now let Gb be written as

Gb ¼ d, ð3:21Þ
where d is the vector of desired gains. From Eq. (3.21), E can be written as

E ¼ kI
d
σI

: ð3:22Þ

Equation (3.22) indicates that E is inversely proportional to σI; then we can
minimize σI with respect to b subject to the constraints Gb ¼ d and then E is
maximized (Brascamp 1984; Itoh and Yamada 1986). That is, we need to take the
derivative of the function

ΦDG b; vð Þ ¼ 0:5 b0Pbð Þ þ v0 Gb� dð Þ ð3:23Þ
with respect to b and v, where v is a vector of Lagrange multipliers, assuming that P,
G, and d are known. The restriction Gb ¼ d in Eq. (3.23) is similar to the Tallis
(1985) restriction U

0
Gb ¼ θd, but with U

0 ¼ I and θ ¼ 1, or θ ¼ kI
σI
(Tallis 1962).

It can be shown that the vector that minimizes σI and maximizes E can be written
as

bDG ¼ P�1G GP�1G
� ��1

d: ð3:24Þ
thus, in effect, asGb¼ d, bDG¼ P�1G(GP�1G)�1d¼ P�1G(GP�1G)�1Gb¼ b. In
Eq. (3.24) we are assuming that the traits in the index are the same as those in the net
genetic merit. However, this may not be the case, that is, the number of traits could
be different from the number of genotypes. In the latter case, Eq. (3.21) should be
written as G

0
b ¼ d and Eq. (3.24) as bDG ¼ P�1G(G

0
P�1G)�1d (Itoh and Yamada

1986).
According to Itoh and Yamada (1986, 1988), Eq. (3.24) does not maximize the

correlation between I and H (ρIH) nor the selection response because the covariance
between I and H is not defined, given that Cov(H, I ) ¼ w

0
Gb requires the economic

weight vector w
0
and DG-LPSI does not use economic weights. However, note that

becauseGb¼ d, the variance of the DG-LPSI is Var(IDG)¼ d
0
(GP�1G)�1d¼ b

0
Pb.

In practice, d is chosen arbitrarily and then we are in the same situation as when
economic weights need to be selected. Pesek and Baker (1969), Yamada et al.
(1975), and Itoh and Yamada (1986, 1988) argued that this should not be a problem
for experienced breeders because they must know the relative merits and demerits of
their strains. However, this may be true only for some breeders and the selection of
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d is always subjective. Another problem with this index is that, as it is not associated
with H ¼ w

0
g, it is not a predictor of H ¼ w

0
g.

3.4 Applicability of the LPSI, RLPSI, and PPG-LPSI

In the context of animal breeding, Hazel (1943) pointed out that because any index is
constructed from data on a herd in one locality, it may not be widely applicable. The
reasons for this are:

1. Relative economic values for a trait may vary according to the particular locality
or nature of the enterprise.

2. The genetic constitution of herds may differ, especially when they are under
distinctly nonrandom mating systems such as intense inbreeding.

3. Different managerial practices may cause standard deviations for the traits to vary
in different herds. The standard deviations for subjective traits such as market
conformation measured by judging or by scores may vary because different
judges vary the range over which they spread their scores.

4. Few herds are large enough to provide enough data to make the sampling errors of
the genetic constants small. These limitations are applicable to the LPSI, RLPSI,
and PPG-LPSI, and to all selection indices described in this book.
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