
Chapter 6

When Gumbel met Galambos

Christian Genest and Johanna G. Nešlehová

Abstract The well known bivariate Gumbel and Galambos copulas have analytical
forms whose similarity is intriguing. As explored here, several deep connections
indeed exist between these two parametric families of copulas in any dimension.

6.1 Introduction

Emil Gumbel (1891–1966) and János Galambos (1940–) are two early contributors
to extreme-value theory who wrote influential books on the subject [10, 11, 16].
While they probably never met, they are frequently cited together in the statistical
literature on extremes, such as [1, 5], through families of multivariate dependence
structures that bear their name. In the context of copula theory, which Roger Nelsen
promoted and developed through research and the two editions of his book [28, 30],
the Gumbel and Galambos parametric families of copulas are well known.

The bivariate Gumbel copula with parameter ρ ∈ (0,1) is defined, for all u1,u2 ∈
(0,1), by

GUρ(u1,u2) = exp[−{| ln(u1)|ρ + | ln(u2)|ρ}1/ρ ]. (6.1)

The limiting cases ρ = 0 and ρ = 1 correspond respectively to the Fréchet–
Hoeffding upper bound M and the independence copula Π , where for all u1,u2,
M(u1,u2) = min(u1,u2) and Π(u1,u2) = u1u2.

As for the bivariate Galambos copula with parameter ρ ∈ (0,∞), it is defined, for
all u1,u2 ∈ (0,1), by
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(Québec) Canada H3A 0B9 e-mail: christian.genest@mcgill.ca

Johanna G. Nešlehová
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GAρ(u1,u2) =
u1u2

exp[−{| ln(u1)|−1/ρ + | ln(u2)|−1/ρ}−ρ ]
. (6.2)

The limiting cases ρ = 0 and ρ = ∞ correspond to the Fréchet–Hoeffding upper
bound M and the independence copula Π , respectively.

Beyond the fact that both families belong to the class of extreme-value copulas,
they have expressions that seem tantalizingly similar. The purpose of this contri-
bution to Roger Nelsen’s Festschrift is to unveil some of the deep connections that
exist between these two families of bivariate copulas and the following d-variate
extensions thereof, defined for arbitrary u1, . . . ,ud ∈ (0,1), by

GUρ(u1, . . . ,ud) = exp
[
−
{ d

∑
i=1

| ln(ui)|ρ
}1/ρ]

,

GAρ(u1, . . . ,ud) = exp
[

∑
A⊆{1,...,d}, A�= /0

(−1)|A|
{

∑
i∈A

| ln(ui)|−1/ρ
}−ρ]

.

In Section 6.2 we explore the Gumbel family from the perspective of Archimedean
copulas. In Section 6.3 we embed the Galambos family in the reciprocal Archimedean
class, newly introduced in [13]. Finally, Section 6.4 highlights the similarities be-
tween the two families when viewed as members of the extreme-value copula class.

6.2 Gumbel copulas as Archimedean copulas

Copulas of the form (6.1) were introduced implicitly by Gumbel, almost as an after-
thought, at the end of a paper studying new bivariate exponential distributions [17].
These copulas are easily seen to be Archimedean [28, 30, 36] and they are in fact
the only copulas that are both extreme-value and Archimedean [14].

In arbitrary dimension d ≥ 2, a copula is called Archimedean if it can be ex-
pressed, for all u1, . . . ,ud ∈ [0,1], in the form

Cψ(u1, . . . ,ud) = ψ{ψ−1(u1)+ · · ·+ψ−1(ud)}, (6.3)

where ψ : [0,∞) → [0,1] is d-monotone on (0,∞) and such that ψ(0) = 1 and
ψ(x) → 0 as x → ∞; see [24, 26]. By convention, ψ−1(0) = inf{x ∈ R : ψ(x) =
0}. Following [38], a function f is said to be d-monotone on (0,∞) if for all
k ∈ {0, . . . ,d − 2}, the kth derivative of f exists everywhere on (0,∞) and satisfies
(−1)k f (k) ≥ 0, and if (−1)d−2 f (d−2) is non-increasing and convex.

The Gumbel copula is of the form (6.3) in every dimension d ≥ 2. Its generator
is defined, for all x ∈ [0,∞), by ψρ(x) = exp(−xρ). This generator is completely
monotone and has been identified as the Laplace transform of a variable Tρ whose
distribution γρ is positive stable with parameter ρ ∈ (0,1) and unit scaling [8]. The
copula GUρ may thus be regarded as the dependence structure of a multiplicative
hazard model [25, 31]. It was actually introduced as such by Hougaard [21], inde-
pendently of Gumbel’s work. Specifically, if X1, . . . ,Xd are mutually independent
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unit exponential random variables that are independent of the frailty Tρ , GUρ is the
survival copula of the random vector (X1, . . . ,Xd)/Tρ . This fact can be used, e.g.,
for sampling [25].

The Gumbel generator ψρ is also the survival function of the Weibull distribution
with shape parameter ρ and unit scaling. By Sklar’s Theorem for survival functions,
the mapping defined, for all x1, . . . ,xd ∈ [0,∞), by

GUρ{ψρ(x1), . . . ,ψρ(xd)}= ψρ(x1 + · · ·+ xd)

is thus a d-variate survival function with Weibull margins. Because this survival
function depends on x1, . . . ,xd only through their sum, it is Schur-constant.

As recognized by Nelsen [29], the survival copula of a Schur-constant survival
function is necessarily Archimedean. The converse is also true, as shown in [26]. In
fact, distributions on [0,∞)d with Schur-constant survival function coincide with the
class of �1-norm symmetric distributions. In particular, GUρ is the survival copula
of the random vector Rρ × (S1, . . . ,Sd), where (S1, . . . ,Sd) is uniformly distributed
on the unit simplex Sd = {(w1, . . . ,wd)∈ [0,1] : w1+ · · ·+wd = 1} and independent
of the strictly positive radial random variable Rρ . Put differently, the Gumbel copula
is the dependence structure of a resource sharing model, in which a random resource
Rρ is distributed equitably among d ≥ 2 agents [27].

The distribution function of Rρ is given through the inverse of the Williamson
d-transform of ψρ ; see [26]. That is, for all r ∈ (0,∞),

Pr(Rρ ≤ r) = 1−
d−1

∑
k=0

(−1)k

k!
rkψ(k)

ρ (r).

The derivatives of ψρ seem cumbersome to compute at first sight. Thanks to [20],
however, it is known that, for all d ∈ N and x ∈ (0,∞),

(−1)dψ(d)
ρ (x) =

ψρ(x)
xd

d

∑
k=1

xkρ akd(ρ),

where for all k ∈ {1, . . . ,d}, adk(ρ) is a constant given in terms of the Stirling num-
bers s and S of the first and second kind, respectively, viz.

adk(ρ) = (−1)d−k
d

∑
i=k

ρ is(d, i)S(i,k) =
d!
k!

k

∑
i=1

(
k
i

)(
ρi
d

)
(−1)d−i.

A simple calculation shows that the density of Rρ is given, for all r ∈ (0,∞), by

gρ(r) =
(−1)d

(d −1)!
rd−1ψ(d)

ρ (r) =
d

∑
k=1

mdk(ρ)
{

ρ
(k−1)!

rρk−1e−rρ
}
, (6.4)

where, for each k ∈ {1, . . . ,d}, mdk(ρ) = adk(ρ)(k−1)!/{(d −1)!ρ}. In (6.4), the
term in curly brackets is the density of Q1/ρ , where Q is a Gamma random variable
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with shape parameter k ∈ {1, . . . ,d} and unit scaling, called a generalized Gamma
in [37]. As the weights md1(ρ), . . . ,mdd(ρ) are positive and add up to 1 for all
ρ ∈ (0,1), gρ can be recognized as a d-fold mixture of generalized Gamma ran-
dom variables. This leads to an easy implementation of the alternative sampling
algorithm for Archimedean copulas described in [26].

6.3 Galambos copulas as reciprocal Archimedean copulas

Formula (6.2) and its d-variate extension were obtained by Galambos [9] as the de-
pendence structure of the extremal attractor of Mardia’s multivariate survival Pareto
distribution. Just as Gumbel copulas are the only extreme-value copulas that are
Archimedean, Galambos copulas are the only extreme-value copulas that are recip-
rocal Archimedean in the sense of [13]. In the latter paper, a copula C is said to be
reciprocal Archimedean if it can be expressed, for all u1, . . . ,ud ∈ [0,1], in the form

CF(u1, . . . ,ud) = ∏
A∈Pd,o

F
{
∑
k∈A

F−1(uk)
}/

∏
A∈Pd,e

F
{
∑
k∈A

F−1(uk)
}
, (6.5)

where Pd,o = {A ⊆ {1, . . . ,d} : A �= /0 and |A| is odd}, Pd,e = {A ⊆ {1, . . . ,d} :
A �= /0 and |A| is even}, and the reciprocal Archimedean generator F is a continuous
univariate distribution with support [0,xF ], where 0 < xF ≤ ∞. In the case d = 2,
formula (6.5) reduces, for all u1,u2 ∈ [0,1], to the “reciprocal Archimedean” form

CF(u1,u2) =
u1u2

F{F−1(u1)+F−1(u2)} ,

which justifies in part the terminology. The copula GAρ is indeed of this form with
generator defined, for all x ∈ [0,∞), by Fρ(x) = exp(−x−ρ), i.e., its generator is the
Fréchet distribution function with parameter ρ ∈ (0,∞).

By Sklar’s Theorem, the distribution function given, for all x1, . . . ,xd ∈ [0,∞), by

HF(x1, . . . ,xd) =CF{F(x1), . . . ,F(xd)}= ∏
A∈Pd,o

F
(
∑
k∈A

xk
)/

∏
A∈Pd,e

F
(
∑
k∈A

xk
)

(6.6)
has margins F and a reciprocal Archimedean copula with generator F . Clearly, the
survival function corresponding to HF in (6.6) is not Schur-convex. However, HF
admits an alternative expression in which Schur-convexity plays a prominent role.

As shown in [13], Eq. (6.5) defines a copula if and only if Λ = − ln(F) is d-
monotone on (0,∞). The authors further prove that HF is max-infinitely divisible
(max-id), i.e., H p

F is a bona fide d-variate distribution function for any p > 0. More-
over, one has, for all x1, . . . ,xd ∈ [0,∞),

HF(x1, . . . ,xd) = exp
{−μF([−∞,x1]×·· ·× [−∞,xd ])

�},
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where the complement is taken with respect to the set Ed = [0,∞]d \{(0, . . . ,0)} and
μF is a measure on Ed such that, for all k ∈ {1, . . . ,d}, μF{(x1, . . . ,xd) ∈ Ed : xk =
0}= 0, and for all (x1, . . . ,xd) ∈ Ed ,

μF((x1,∞]×·· ·× (xd ,∞]) = Λ(x1 + · · ·+ xd).

In other words, the generalized survival function induced by μF is Schur-convex.
Alternatively, the exponent measure μF is �1-norm symmetric. It is further proved

in [13] that the class of max-id distributions whose exponent measure is �1-norm
symmetric has a stochastic representation which parallels that of �1-norm symmetric
distributions. Indeed, given a distribution of the form (6.6), define first the radial
measure νF on (0,∞] in such a way that, for all r ∈ (0,∞),

νF(r,∞] =
d−2

∑
k=0

(−1)kΛ (k)(r)
k!

rk +
(−1)d−1Λ (d−1)

+ (r)
(d −1)!

rd−1,

where Λ (d−1)
+ denotes the right-hand derivative of Λ (d−2). Next introduce a Pois-

son random measure ζ = ∑k δ (rk,sk1, . . . ,skd) on (0,∞]× Sd with mean measure
νF ×σd , where δ denotes a Dirac point measure and σd is the uniform probability
measure on Sd . Then HF is the distribution function of the random vector

Y = (Y1, . . . ,Yd) = max
k

{rk × (sk1, . . . ,skd)}∨ (0, . . . ,0),

where the maximum is taken component-wise and a∨b = max(a,b) for any vectors
a,b ∈ Rd . As discussed in [13], this representation leads, among other things, to
simulation algorithms for copulas of the form (6.5).

For the Galambos copula with parameter ρ ∈ (0,∞), one has Fρ(x) = exp(−x−ρ)
for all x ∈ [0,∞), i.e., Λρ(x) = − ln{Fρ(x)} = x−ρ . This function is completely
monotone and, for all k ∈ N, its kth derivative is given, for all x ∈ (0,∞), by

Λ (k)
ρ (x) = (−1)kx−ρ−k

k−1

∏
j=0

(ρ + j).

Furthermore, the corresponding radial measure νFρ is such that, for all r ∈ (0,∞),

νFρ (r,∞] =
d−1

∑
k=0

(−1)k

k!
rk(−1)kx−ρ−k

k−1

∏
j=0

(ρ + j) = r−ρ Γ (ρ +d)
Γ (d)Γ (ρ +1)

,

where Γ is the Gamma function. Moreover, Λρ is the Laplace transform of a mea-
sure γρ on [0,∞) with γρ [0, t] = tρ/Γ (1+ρ) for all t ∈ [0,∞), as for all x ∈ (0,∞),∫ ∞

0
e−txγρ(t) =

ρ
Γ (1+ρ)

∫ ∞

0
e−txtρ−1dt = x−ρ = Λρ(x).

Now let E1 denote the unit exponential distribution on (0,∞) and consider a Pois-
son random measure ξ = ∑k δ (xk1, . . . ,xkd , tk) on (0,∞)d × [0,∞) with mean mea-
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sure E1×·· ·×E1×γρ . The function HFρ given in (6.6) is the distribution function of

(Z1, . . . ,Zd) = max
k

{(xk1, . . . ,xkd)/tk}∨ (0, . . . ,0),

as established in [13]. This stochastic representation parallels the interpretation
of Archimedean copulas with completely monotone generators as the dependence
structures of multiplicative frailty models. The measure γρ plays the role of the
frailty distribution. However, the crucial difference is that γρ([0,∞)) is infinite, so
that γρ cannot be scaled to be a probability measure.

6.4 Gumbel and Galambos brought together

Being extreme-value, the Gumbel and Galambos copulas can both be written, for
all u1, . . . ,ud ∈ (0,1), in the form

C�(u1, . . . ,ud) = exp[−�{− ln(u1), . . . ,− ln(ud)}], (6.7)

in terms of a function � : [0,∞)d → [0,∞) called the stable tail dependence function
[12, 15, 19] whose analytical characterization is given in [3, 34].

The stable tail dependence function of the Gumbel copula with parameter ρ ∈
(0,1) is given, for all x1, . . . ,xd ∈ [0,∞), by

�GU
ρ (x1, . . . ,xd) =

(
x1/ρ

1 + · · ·+ x1/ρ
d

)ρ
.

In contrast, the stable tail dependence function of the Galambos copula with param-
eter ρ ∈ (0,∞) is given, for all x1, . . . ,xd ∈ [0,∞), by

�GA
ρ (x1, . . . ,xd) = ∑

A⊂{1,...,d}, A�= /0
(−1)|A|+1

(
∑
i∈A

x−1/ρ
i

)ρ
.

As already mentioned, members of the Gumbel and Galambos families are the
only extreme-value copulas that are Archimedean and reciprocal Archimedean, re-
spectively. It is also known that Gumbel copulas are the only extreme-value attrac-
tors of the Archimedean class [4, 14, 23]. Proposition 6.1 below establishes a similar
result for the Galambos family within the class of reciprocal Archimedean copulas.

Recall first that an arbitrary copula C lies in the maximum domain of attraction
of an extreme-value copula C0 if, for all u1, . . . ,ud ∈ [0,1],

lim
n→∞

Cn(u1/n
1 , . . . ,u1/n

d ) =C0(u1, . . . ,ud).

Proposition 6.1. Let CF be a d-variate reciprocal Archimedean copula with gener-
ator F such that 1−F is regularly varying with index −ρ for ρ ∈ (0,∞), i.e., such
that for any x ∈ (0,∞), {1−F(xt)}/{1−F(t)} → x−ρ as t → ∞. Then CF is in the
maximum domain of attraction of the Galambos copula GAρ .
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Proof. Recall from [33] that if 1−F is regularly varying with index −ρ , there exists
a sequence (an) of positive constants such that, for any x ∈ (0,∞), Fn(anx)→ e−x−ρ

as n → ∞. Thus HF given in Eq. (6.6) satisfies, for all x1, . . . ,xd ∈ (0,∞),

lim
n→∞

Hn
F(anx1, . . . ,anxd) = lim

n→∞ ∏
A∈Pd,o

Fn(an ∑
k∈A

xk
)/

∏
A∈Pd,e

Fn(an ∑
k∈A

xk
)

= ∏
A∈Pd,o

exp{−(
∑
k∈A

xk
)−ρ}

/
∏

A∈Pd,e

exp{−(
∑
k∈A

xk
)−ρ}.

The last expression is easily recognized as the distribution function HFρ , where
for all x ∈ (0,∞), Fρ(x) = exp(−x−ρ) is the Galambos generator. Consequently, the
copula of HF is in the maximum domain of attraction of GAρ , as claimed. �

Regular variation of 1 − F required in Proposition 6.1 parallels the condition
needed for an Archimedean copula Cψ to be in the domain of attraction of GUρ ,
namely that 1−ψ(1/·) is regularly varying with index −ρ ∈ [−1,0). The limiting
case ρ = 1 refers to the independence copula Π .

In the remainder of this section, we show that the Gumbel and Galambos fami-
lies can in fact be embedded in a single parametric class of extreme-value copulas.
To this end, note that the stable tail dependence function in (6.7) can also be conve-
niently characterized in terms of a probability measure υd on Sd , called the spectral
distribution, with the property that, for all k ∈ {1, . . . ,d},∫

Sd

wk dυd(w1, . . . ,wd) =
1
d
.

Following [11, 32], one then has, for all x1, . . . ,xd ∈ [0,∞),

�(x1, . . . ,xd) = d
∫
Sd

max(w1x1, . . . ,wdxd)dυd(w1, . . . ,wd).

In the special case of the Gumbel copula, a simple calculation shows that the
density of the spectral distribution υd is given, for all (w1, . . . ,wd) ∈ Sd , by

hGU
ρ (w1, . . . ,wd) =

Γ (d −ρ)
dρd−1Γ (1−ρ)

( d

∏
k=1

wk

)−1/ρ−1( d

∑
k=1

w−1/ρ
k

)ρ−d
, (6.8)

which is the spectral density of Gumbel’s multivariate logistic model; see [6, 18].
For the Galambos copula, the density of υd is given, for all (w1, . . . ,wd) ∈ Sd , by

hGA
ρ (w1, . . . ,wd) =

Γ (d +ρ)
dρd−1Γ (1+ρ)

( d

∏
k=1

wk

)1/ρ−1( d

∑
k=1

w1/ρ
k

)−ρ−d
, (6.9)

which is the spectral density of the negative logistic model; see, e.g., [6, 22].
Comparing (6.8) and (6.9), one can see that the formulas are again strikingly

similar. In fact, it turns out that they can be embedded in one and the same family
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of spectral densities as follows. For all (w1, . . . ,wd) ∈ Sd and ρ ∈ (−∞,1)\{0}, let

hG
ρ (w1, . . . ,wd) =

Γ (d −ρ)
d|ρ|d−1Γ (1−ρ)

( d

∏
k=1

wk

)−1/ρ−1( d

∑
k=1

w−1/ρ
k

)ρ−d
. (6.10)

Then, for all (w1, . . . ,wd) ∈ Sd , one finds

hG
ρ (w1, . . . ,wd) =

{
hGU

ρ (w1, . . . ,wd) if ρ ∈ (0,1),
hGA−ρ (w1, . . . ,wd) if ρ ∈ (−∞,0).

The family of stable tail dependence functions with spectral density (6.10) is a
special case of the scaled extremal Dirichlet model derived in [2]. As shown therein,
this model has a simple stochastic representation which is stated and proved below
in the specific case of hG

ρ .

Proposition 6.2. For arbitrary ρ ∈ (−∞,1) \ {0}, the stable tail dependence func-
tion �G

ρ with spectral density (6.10) is given, for all x1, . . . ,xd ∈ [0,∞), by

�G
ρ (x1, . . . ,xd) =

Γ (d −ρ)
Γ (d)Γ (1−ρ)

E{max(x1S−ρ
1 , . . . ,xdS−ρ

d )}

=
1

Γ (1−ρ)
E{max(x1X−ρ

1 , . . . ,xdX−ρ
d )},

where (S1, . . . ,Sd) is uniformly distributed on the unit simplex Sd and X1, . . . ,Xd are
mutually independent unit exponential random variables.

Proof. As is well known, X = X1 + · · ·+Xd is independent of (X1/X , . . . ,Xd/X)
and the latter has the same distribution as (S1, . . . ,Sd). Moreover, X is Gamma with
shape parameter d and unit scaling. Therefore, E(X−ρ) = Γ (d −ρ)/Γ (d) and thus

E{max(x1X−ρ
1 , . . . ,xdX−ρ

d )}= Γ (d −ρ)
Γ (d)

E{max(x1S−ρ
1 , . . . ,xdS−ρ

d )}.

Furthermore, the left-hand side can be computed to be

1
Γ (1−ρ)

∫ ∞

0
· · ·

∫ ∞

0
max(x1t−ρ

1 , . . . ,xdt−ρ
d )

( d

∏
k=1

e−tk
)

dt1 · · ·dtd . (6.11)

Now set q = t−ρ
1 + · · ·+ t−ρ

d and wk = t−ρ
k /q for all k ∈ {1, . . . ,d − 1}. Let also

wd = 1− (w1 + · · ·+wd−1) so that, for all k ∈ {1, . . . ,d}, tk = (qwk)
−1/ρ . As the

absolute value of the Jacobian of this transformation is

|J|= 1
|ρ|d q−d/ρ−1

( d

∏
k=1

wk

)−1/ρ−1
,

the expression (6.11) can be rewritten as
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1
|ρ|dΓ (1−ρ)

∫
Sd

max(x1w1, . . . ,xdwd)
( d

∏
k=1

wk

)−1/ρ−1

×
∫ ∞

0
q−d/ρ e−q−1/ρ ∑d

k=1 w−1/ρ
k dqdw1 · · ·dwd−1.

Equation (6.10) now follows from the fact that

∫ ∞

0
q−d/ρ e−q−1/ρ ∑d

k=1 w−1/ρ
k dq = |ρ|Γ (d −ρ)

( d

∑
k=1

w−1/ρ
k

)ρ−d
.

This concludes the argument. �

Further note that, for all x1, . . . ,xd ∈ [0,∞),

lim
ρ→0

�G
ρ (x1, . . . ,xd) = max(x1, . . . ,xd),

which is the stable tail dependence function of the Fréchet–Hoeffding upper bound
[28, 30], i.e., the copula M of d comonotonic uniform random variables. The spectral
distribution of M is degenerate; it places mass 1 at (1/d, . . . ,1/d).

From Proposition 6.2 one sees that, for any x1, . . . ,xd ∈ [0,∞) and any ρ ∈ (0,1),

�GU
ρ (x1, . . . ,xd) =

1
Γ (1−ρ)

E{max(x1X−ρ
1 , . . . ,xdX−ρ

d )} (6.12)

while for any ρ ∈ (0,∞),

�GA
ρ (x1, . . . ,xd) =

1
Γ (1+ρ)

E{max(x1Xρ
1 , . . . ,xdXρ

d )}. (6.13)

It is interesting to note that when X is unit exponential and ρ > 0, E(Xρ) =Γ (1+ρ)
is always finite, while E(X−ρ) is finite and equal to Γ (1− ρ) only when ρ < 1.
Thus the parameter space of the Gumbel copula can only be extended to [0,1] but
not beyond; the case ρ = 1 corresponds to independence.

Beyond highlighting the kinship between the Gumbel and Galambos families
of copulas, formulas (6.12)–(6.13) lead to a unified simulation algorithm for these
two dependence structures. This procedure, adapted from [7, 35], is presented in a
broader context in [2]. Gumbel and Galambos are thereby united, at last.
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18. Gumbel, E.J.: Distributions des valeurs extrêmes en plusieurs dimensions. Publ. Inst. Statist.

Univ. Paris 9, 171–173 (1960)
19. de Haan, L., Resnick, S.I.: Limit theory for multivariate sample extremes. Z. Wahrschein-

lichkeitstheorie und Verw. Gebiete 40, 317–337 (1977)
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