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Abstract. We study the problem of developing efficient approaches
for proving worst-case bounds of non-deterministic recursive programs.
Ranking functions are sound and complete for proving termination and
worst-case bounds of non-recursive programs. First, we apply ranking
functions to recursion, resulting in measure functions, and show that
they provide a sound and complete approach to prove worst-case bounds
of non-deterministic recursive programs. Our second contribution is the
synthesis of measure functions in non-polynomial forms. We show that
non-polynomial measure functions with logarithm and exponentiation
can be synthesized through abstraction of logarithmic or exponentiation
terms, Farkas’ Lemma, and Handelman’s Theorem using linear program-
ming. While previous methods obtain worst-case polynomial bounds, our
approach can synthesize bounds of the form O(n log n) as well as O(nr)
where r is not an integer. We present experimental results to demonstrate
that our approach can efficiently obtain worst-case bounds of classical
recursive algorithms such as Merge-Sort, Closest-Pair, Karatsuba’s algo-
rithm and Strassen’s algorithm.

1 Introduction

Automated analysis to obtain quantitative performance characteristics of pro-
grams is a key feature of static analysis. Obtaining precise worst-case complexity
bounds is a topic of both wide theoretical and practical interest. The manual
proof of such bounds can be cumbersome as well as require mathematical ingenu-
ity, e.g., the book The Art of Computer Programming by Knuth presents several
mathematically involved methods to obtain such precise bounds [52]. The deriva-
tion of such worst-case bounds requires a lot of mathematical skills and is not an
automated method. However, the problem of deriving precise worst-case bounds
is of huge interest in program analysis: (a) first, in applications such as hard
real-time systems, guarantees of worst-case behavior are required; and (b) the
bounds are useful in early detection of egregious performance problems in large
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code bases. Works such as [36,37,40,41] provide an excellent motivation for the
study of automatic methods to obtain worst-case bounds for programs.

Given the importance of the problem of deriving worst-case bounds, the
problem has been studied in various different ways.

1. WCET Analysis. The problem of worst-case execution time (WCET) analysis
is a large field of its own, that focuses on (but is not limited to) sequential
loop-free code with low-level hardware aspects [67].

2. Resource Analysis. The use of abstract interpretation and type systems to
deal with loop, recursion, data-structures has also been considered [1,37,50],
e.g., using linear invariant generation to obtain disjunctive and non-linear
bounds [19], potential-based methods for handling recursion and inductive
data structures [40,41].

3. Ranking Functions. The notion of ranking functions is a powerful technique
for termination analysis of (recursive) programs [8,9,20,25,58,61,64,68].
They serve as a sound and complete approach for proving termination of
non-recursive programs [31], and they have also been extended as ranking
supermatingales for analysis of probabilistic programs [12,14,16,29].

Given the many results above, two aspects of the problem have not been
addressed.

1. WCET Analysis of Recursive Programs Through Ranking Functions. The use
of ranking functions has been limited mostly to non-recursive programs, and
their use to obtain worst-case bounds for recursive programs has not been
explored in depth.

2. Efficient Methods for Precise Bounds. While previous works present methods
for disjunctive polynomial bounds [37] (such as max(0, n) · (1 + max(n,m))),
or multivariate polynomial analysis [40], these works do not provide efficient
methods to synthesize bounds such as O(n log n) or O(nr), where r is not an
integer.

We address these two aspects, i.e., efficient methods for obtaining non-
polynomial bounds such as O(n log n), O(nr) for recursive programs, where r is
not an integer.

Our Contributions. Our main contributions are as follows:

1. First, we apply ranking functions to recursion, resulting in measure func-
tions, and show that they provide a sound and complete method to prove
termination and worst-case bounds of non-deterministic recursive programs.

2. Second, we present a sound approach for handling measure functions of spe-
cific forms. More precisely, we show that non-polynomial measure functions
involving logarithm and exponentiation can be synthesized using linear pro-
gramming through abstraction of logarithmic or exponentiation terms, Farkas’
Lemma, and Handelman’s Theorem.

3. A key application of our method is the worst-case analysis of recursive pro-
grams. Our procedure can synthesize non-polynomial bounds of the form
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O(n log n), as well as O(nr), where r is not an integer. We show the applica-
bility of our technique to obtain worst-case complexity bounds for several
classical recursive programs:

– For Merge-Sort [24, Chap. 2] and the divide-and-conquer algorithm for
the Closest-Pair problem [24, Chap. 33], we obtain O(n log n) worst-case
bound, and the bounds we obtain are asymptotically optimal. Note that
previous methods are either not applicable, or grossly over-estimate the
bounds as O(n2).

– For Karatsuba’s algorithm for polynomial multiplication (cf. [52]) we
obtain a bound of O(n1.6), whereas the optimal bound is nlog2 3 ≈
O(n1.585), and for the classical Strassen’s algorithm for fast matrix mul-
tiplication (cf. [24, Chap. 4]) we obtain a bound of O(n2.9) whereas the
optimal bound is nlog2 7 ≈ O(n2.8074). Note that previous methods are
either not applicable, or grossly over-estimate the bounds as O(n2) and
O(n3), respectively.

4. We present experimental results to demonstrate the effectiveness of our
approach.

In general, our approach can be applied to (recursive) programs where the
worst-case behaviour can be obtained by an analysis that involves only the struc-
ture of the program. For example, our approach cannot handle the Euclidean
algorithm for computing the greatest common divisor of two given natural num-
bers, since the worst-case behaviour of this algorithm relies on Lamé’s The-
orem [52]. The key novelty of our approach is that we show how non-trivial
non-polynomial worst-case upper bounds such as O(n log n) and O(nr), where r
is non-integral, can be soundly obtained, even for recursive programs, using lin-
ear programming. Moreover, as our computational tool is linear programming,
the approach we provide is also a relatively scalable one (see Remark 2). Due to
page limit, we omit the details for syntax, semantics, proofs, experiments and
other technical parts. They can be found in the full version [15].

2 Non-deterministic Recursive Programs

In this work, our main contributions involve a new approach for non-polynomial
worst-case analysis of recursive programs. To focus on the new contributions,
we consider a simple programming language for non-deterministic recursive pro-
grams. In our language, (a) all scalar variables hold integers, (b) all assignments
to scalar variables are restricted to linear expressions with floored operation, and
(c) we do not consider return statements. The reason to consider such a sim-
ple language is that (i) non-polynomial worst-case running time often involves
non-polynomial terms over integer-valued variables (such as array length) only,
(ii) assignments to variables are often linear with possible floored expressions (in
e.g. divide-and-conquer programs) and (iii) return value is often not related to
worst-case behaviour of programs.
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For a set A, we denote by |A| the cardinality of A and 1A the indicator
function on A. We denote by N, N0, Z, and R the sets of all positive integers,
non-negative integers, integers, and real numbers, respectively. Below we fix a
set X of scalar variables.

Arithmetic Expressions, Valuations, and Predicates. The set of (lin-
ear) arithmetic expressions e over X is generated by the following grammar:
e ::= c | x | ⌊

e
c

⌋ | e + e | e − e | c ∗ e where c ∈ Z and x ∈ X . Informally, (i)
�
c refers to division operation, (ii) ��� refers to the floored operation, and (iii)
+,−, ∗ refer to addition, subtraction and multiplication operation over integers,
respectively. In order to make sure that division is well-defined, we stipulate that
every appearance of c in e

c is non-zero. A valuation over X is a function ν from X
into Z. Informally, a valuation assigns to each scalar variable an integer. Under
a valuation ν over X , an arithmetic expression e can be evaluated to an integer
in the straightforward way. We denote by e(ν) the evaluation of e under ν. The
set of propositional arithmetic predicates φ over X is generated by the following
grammar: φ ::= e ≤ e | e ≥ e | ¬φ | φ∧φ | φ∨φ where e represents an arithmetic
expression. The satisfaction relation |= between valuations and propositional
arithmetic predicates is defined in the straightforward way through evaluation
of arithmetic expressions. For each propositional arithmetic predicate φ, 1φ is
interpreted as the indicator function ν �→ 1ν|=φ on valuations, where 1ν|=φ is 1
if ν |= φ and 0 otherwise.

Syntax of the Programming Language. Due to page limit, we present a
brief description of our syntax. The syntax is a subset of C programming lan-
guage: in our setting, we have scalar variables which hold integers and function
names which corresponds to functions (in programming-language sense); assign-
ment statements are indicated by ‘:=’, whose left-hand-side is a scalar variable
and whose right-hand-side is a linear arithmetic expression; ‘skip’ is the state-
ment which does nothing; while-loops and conditional if-branches are indicated
by ‘while’ and ‘if ’ respectively, together with a propositional arithmetic pred-
icate indicating the relevant condition (or guard); demonic non-deterministic
branches are indicated by ‘if ’ and ‘�’; function declarations are indicated by
a function name followed by a bracketed list of non-duplicate scalar variables,
while function calls are indicated by a function name followed by a bracketed list
of linear arithmetic expressions; each function declaration is followed by a curly-
braced compound statement as function body; finally, a program is a sequence
of function declarations with their function bodies. Given a recursive program in
our syntax, we assign a distinct natural number (called label in our context) to
every assignment/skip statement, function call, if/while-statement and terminal
line in the program. Each label serves as a program counter which indicates the
next statement to be executed.

Semantics Through CFGs. We use control-flow graphs (CFGs) to specify
the semantics of recursive programs. Informally, a CFG specifies how values for
scalar variables and the program counter change in a program.
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Definition 1 (Control-Flow Graphs). A control-flow graph (CFG) is a triple
which takes the form (†)

(
F ,

{(
Lf ,Lf

b,L
f
a,L

f
c,L

f
d, V

f , �fin, �
f
out

)}
f∈F

, {→f}f∈F

)

where:

– F is a finite set of function names;
– each Lf is a finite set of labels attached to the function name f, which is

partitioned into (i) the set Lf
b of branching labels, (ii) the set Lf

a of assign-
ment labels, (iii) the set Lf

c of call labels and (iv) the set Lf
d of demonic

non-deterministic labels;
– each V f is the set of scalar variables attached to f;
– each �fin (resp. �fout) is the initial label (resp. terminal label) in Lf ;
– each →f is a relation whose every member is a triple of the form (�, α, �′) for

which � (resp. �′) is the source label (resp. target label) of the triple such that
� ∈ Lf (resp. �′ ∈ Lf), and α is (i) either a propositional arithmetic predicate
φ over V f (as the set of scalar variables) if � ∈ Lf

b, (ii) or an update function
from the set of valuations over V f into the set of valuations over V f if � ∈ Lf

a,
(iii) or a pair (g, h) with g ∈ F and h being a value-passing function which
maps every valuation over V f to a valuation over V g if � ∈ Lf

c, (iv) or � if
� ∈ Lf

d.

W.l.o.g, we consider that all labels are natural numbers. We denote by Valf
the set of valuations over V f , for each f ∈ F . Informally, a function name f,
a label � ∈ Lf and a valuation ν ∈ Valf reflects that the current status of a
recursive program is under function name f, right before the execution of the
statement labeled � in the function body named f and with values specified by
ν, respectively.

Example 1. We consider the running example in Fig. 1 which abstracts the run-
ning time of Binary-Search. The CFG for this example is depicted in Fig. 2.

�
It is intuitive that every recursive program in our setting can be transformed

into a CFG. Based on CFGs, the semantics models executions of a recursive
program as runs, and is defined through the standard notion of call stack. Below
we fix a recursive program P and its CFG taking the form (†). We first define
the notion of stack element and configurations which captures all information
within a function call.

Fig. 1. A program for Binary-Search Fig. 2. The CFG for Fig. 1
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Stack Elements and Configurations. A stack element c (of P ) is a triple
(f, �, ν) (treated as a letter) where f ∈ F , � ∈ Lf and ν ∈ Valf ; c is non-terminal
if � ∈ Lf \ {�fout}. A configuration (of P ) is a finite word of non-terminal stack
elements (including the empty word ε). Thus, a stack element (f, �, ν) specifies
that the current function name is f, the next statement to be executed is the one
labelled with � and the current valuation w.r.t f is ν; a configuration captures
the whole trace of the call stack.

Schedulers and Runs. To resolve non-determinism indicated by �, we consider
the standard notion of schedulers, which have the full ability to look into the
whole history for decision. Formally, a scheduler π is a function that maps every
sequence of configurations ending in a non-deterministic location to the next
configuration. A stack element c (as the initial stack element) and a scheduler
π defines a unique infinite sequence {wj}j∈N0 of configurations as the execution
starting from c and under π, which is denoted as the run ρ(c, π). This defines
the semantics of recursive programs.

We now define the notion of termination time which corresponds directly to
the running time of a recursive program. In our setting, execution of every step
takes one time unit.

Definition 2 (Termination Time). For each stack element c and each sched-
uler π, the termination time of the run ρ(c, π) = {wj}j∈N0 , denoted by T (c, π),
is defined as T (c, π) := min{j | wj = ε} (i.e., the earliest time when the
stack is empty) where min ∅ := ∞. For each stack element c, the worst-case
termination-time function T is a function on the set of stack elements defined
by: T (c) := sup{T (c, π) | π is a scheduler for P}.
Thus T captures the worst-case behaviour of the recursive program P .

3 Measure Functions

In this section, we introduce the notion of measure functions for recursive pro-
grams. We show that measure functions are sound and complete for nonde-
terministic recursive programs and serve as upper bounds for the worst-case
termination-time function. In the whole section, we fix a recursive program P
together with its CFG taking the form (†). We now present the standard notion
of invariants which represent reachable stack elements. Due to page limit, we
omit the intuitive notion of reachable stack elements. Informally, a stack element
is reachable w.r.t an initial function name and initial valuations satisfying a pre-
requisite (as a propositional arithmetic predicate) if it can appear in the run
under some scheduler.

Definition 3 (Invariants). A (linear) invariant I w.r.t a function name f∗

and a propositional arithmetic predicate φ∗ over V f∗ is a function that upon
any pair (f, �) satisfying f ∈ F and � ∈ Lf\{�fout}, I(f, �) is a propositional
arithmetic predicate over V f such that (i) I(f, �) is without the appearance of
floored expressions (i.e. ���) and (ii) for all stack elements (f, �, ν) reachable
w.r.t f∗, φ∗, ν |= I(f, �). The invariant I is in disjunctive normal form if every
I(f, �) is in disjunctive normal form.
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Obtaining invariants automatically is a standard problem in programming
languages, and several techniques exist (such as abstract interpretation [26] or
Farkas’ Lemma [19]). In the rest of the section we fix a(n initial) function name
f∗ ∈ F and a(n initial) propositional arithmetic predicate φ∗ over V f∗ . For each
f ∈ F and � ∈ Lf\{�fout}, we define Df,� to be the set of all valuations ν w.r.t
f such that (f, �, ν) is reachable w.r.t f∗, φ∗. Below we introduce the notion of
measure functions.

Definition 4 (Measure Functions). A measure function w.r.t f∗, φ∗ is a
function g from the set of stack elements into [0,∞] such that for all stack
elements (f, �, ν), the following conditions hold:

– C1: if � = �fout, then g(f, �, ν) = 0;
– C2: if � ∈ Lf

a\{�fout}, ν ∈ Df,� and (�, h, �′) is the only triple in →f with
source label � and update function h, then g(f, �′, h(ν)) + 1 ≤ g(f, �, ν);

– C3: if � ∈ Lf
c\{�fout}, ν ∈ Df,� and (�, (g, h), �′) is the only triple in →f with

source label � and value-passing function h, then 1+g(g, �gin, h(ν))+g(f, �′, ν) ≤
g(f, �, ν);

– C4: if � ∈ Lf
b\{�fout}, ν ∈ Df,� and (�, φ, �1), (�,¬φ, �2) are namely two triples

in →f with source label �, then 1ν|=φ · g(f, �1, ν) + 1ν|=¬φ · g(f, �2, ν) + 1 ≤
g(f, �, ν);

– C5: if � ∈ Lf
d\{�fout}, ν ∈ Df,� and (�, �, �1), (�, �, �2) are namely two triples

in →f with source label �, then max{g(f, �1, ν), g(f, �2, ν)} + 1 ≤ g(f, �, ν).

Intuitively, a measure function is a non-negative function whose values strictly
decrease along the executions regardless of the choice of the demonic scheduler.
By applying ranking functions to configurations, one can prove the following
theorem stating that measure functions are sound and complete for the worst-
case termination-time function.

Theorem 1 (Soundness and Completeness). (1) (Soundness). For all mea-
sure functions g w.r.t f∗, φ∗, it holds that for all valuations ν ∈ Valf∗ such that
ν |= φ∗, we have T (f∗, �f

∗
in, ν) ≤ g(f∗, �f

∗
in, ν). (2) (Completeness). T is a measure

function w.r.t f∗, φ∗.

By Theorem 1, to obtain an upper bound on the worst-case termination-time
function, it suffices to synthesize a measure function. Below we show that it suf-
fices to synthesize measure functions at cut-points (which we refer as significant
labels).

Definition 5 (Significant Labels). Let f ∈ F. A label � ∈ Lf is significant if
either � = �fin or � is the initial label to some while-loop appearing in the function
body of f.

We denote by Lf
s the set of significant locations in Lf . Informally, a significant

label is a label where valuations cannot be easily deduced from other labels,
namely valuations at the start of the function-call and at the initial label of a
while loop.
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The Expansion Construction (from g to ĝ). Let g be a function from{
(f, �, ν) | f ∈ F , � ∈ Lf

s, ν ∈ Valf
}

into [0,∞]. One can obtain from g a function
ĝ from the set of all stack elements into [0,∞] in a straightforward way through
iterated application of the equality forms of C1–C5.

4 The Synthesis Algorithm

By Theorem 1, measure functions are a sound approach for upper bounds of the
worst-case termination-time function, and hence synthesis of measure functions
of specific forms provide upper bounds for worst-case behaviour of recursive
programs. We first define the synthesis problem of measure functions and then
present the synthesis algorithm, where the initial stack element is integrated into
the input invariant. Informally, the input is a recursive program, an invariant
for the program and technical parameters for the specific form of a measure
function, and the output is a measure function if the algorithm finds one, and
fail otherwise.

The RecTermBou Problem. The RecTermBou problem is defined as follows:

– Input: a recursive program P , an invariant I in disjunctive normal form and
a quadruple (d, op, r, k) of technical parameters;

– Output: a measure function h w.r.t the quadruple (d, op, r, k).

The quadruple (d, op, r, k) specifies the form of a measure function in the
way that d ∈ N is the degree of the measure function to be synthesized,
op ∈ {log, exp} signals either logarithmic (when op = log) (e.g., n ln n) or expo-
nential (when op = exp) (e.g., n1.6) measure functions, r is a rational number
greater than 1 which specifies the exponent in the measure function (i.e., nr)
when op = exp and k ∈ N is a technical parameter required by Theorem3. In
the input for RecTermBou we fix the exponent r when op = exp. However,
iterating with binary search over an input bounded range we can obtain a mea-
sure function in the given range as precise as possible. Moreover, the invariants
can be obtained automatically through e.g. [19]. Below we present our algorithm
SynAlgo for synthesizing measure functions for the RecTermBou problem.
The algorithm is designed to synthesize one function over valuations at each
function name and appropriate significant labels so that C1–C5 are fulfilled.
Due to page limit, we only illustrate the main conceptual details of our algo-
rithm. In the following, we fix an input from the RecTermBou problem to our
algorithm.

Overview. We present the overview of our solution which has the following five
steps.

1. Step 1. Since one key aspect of our result is to obtain bounds of the form
O(n log n) as well as O(nr), where r is not an integer, we first consider general
form of upper bounds that involve logarithm and exponentiation (Step 1(a)),
and then consider templates with the general form of upper bounds for sig-
nificant labels (Step 1(b)).
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2. Step 2. The second step considers the template generated in Step 1 for sig-
nificant labels and generate templates for all labels. This step is relatively
straightforward.

3. Step 3. The third step establishes constraint triples according to the invariant
given by the input and the template obtained in Step 2. This step is also
straightforward.

4. Step 4. The fourth step is the significant step which involves transforming
the constraint triples generated in Step 3 into ones without logarithmic and
exponentiation terms. The first substep (Step 4(a)) is to consider abstrac-
tions of logarithmic, exponentiation, and floored expressions as fresh vari-
ables. The next step (Step 4(b)) requires to obtain linear constraints over
the abstracted variables. We use Farkas’ lemma and Lagrange’s Mean-Value
Theorem (LMVT) to obtain sound linear inequalities for those variables.

5. Step 5. The final step is to solve the unknown coefficients of the template from
the constraint triples (without logarithm or exponentiation) obtained from
Step 4. This requires the solution of positive polynomials over polyhedrons
through the sound form of Handelman’s Theorem (Theorem3) to transform
into a linear program.

We first present an informal illustration of the key ideas through a simple
example.

Example 2. Consider the task to synthesize a measure function for Karatsuba’s
algorithm [52] for polynomial multiplication which runs in c · n1.6 steps, where
c is a coefficient to be synthesized and n represents the maximal degree of the
input polynomials and is a power of 2. We describe informally how our algorithm
tackles Karatsuba’s algorithm. Let n be the length of the two input polynomials
and c · n1.6 be the template. Since Karatsuba’s algorithm involves three sub-
multiplications and seven additions/subtractions, the condition C3 becomes (*)
c ·n1.6 −3 ·c ·(n

2

)1.6 −7 ·n ≥ 0 for all n ≥ 2. The algorithm first abstracts n1.6 as
a stand-alone variable u. Then the algorithm generates the following inequalities
through properties of exponentiation: (**) u ≥ 21.6, u ≥ 20.6 · n. Finally, the
algorithm transforms (*) into (***) c ·u−3 ·(1

2

)1.6 ·c ·u−7 ·n ≥ 0 and synthesizes
a value for c through Handelman’s Theorem to ensure that (***) holds under
n ≥ 2 and (**). One can verify that c = 1000 is a feasible solution since
(
1000 − 3000 · (1/2)1.6

)
· u − 7 · n =

7
20.6

· (
u − 20.6 · n

)
+

1000 · 21.6 − 3014
21.6

· (
u − 21.6

)
+

(
1000 · 21.6 − 3014

) · 1.

Hence, Karatsuba’s algorithm runs in O(n1.6) time. �

4.1 Step 1 of SynAlgo

Step 1(a): General Form of a Measure Function

Extended Terms. In order to capture non-polynomial worst-case complexity of
recursive programs, our algorithm incorporates two types of extensions of terms.
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1. Logarithmic Terms. The first extension, which we call log -extension, is the
extension with terms from ln x, ln (x − y + 1) where x, y are scalar variables
appearing in the parameter list of some function name and ln (�) refers to the
natural logarithm function with base e. Our algorithm will take this extension
when op is log.

2. Exponentiation Terms. The second extension, which we call exp-extension,
is with terms from xr, (x − y + 1)r where x, y are scalar variables appearing
in the parameter list of some function name. The algorithm takes this when
op = exp.

The intuition is that x (resp. x − y + 1) may represent a positive quantity to be
halved iteratively (resp. the length between array indexes y and x).

General Form. The general form for any coordinate function η(f, �, �) of a measure
function η (at function name f and � ∈ Lf

s) is a finite sum

e =
∑

i ci · gi (1)

where (i) each ci is a constant scalar and each gi is a finite product of no more
than d terms (i.e., with degree at most d) from scalar variables in V f and loga-
rithmic/exponentiation extensions (depending on op), and (ii) all gi’s correspond
to all finite products of no more than d terms. Analogous to arithmetic expres-
sions, for any such finite sum e and any valuation ν ∈ Valf , we denote by e(ν)
the real number evaluated through replacing any scalar variable x appearing in
e with ν(x), provided that e(ν) is well-defined.

Semantics of General Form. A finite sum e at f and � ∈ Lf
s in the form (1)

defines a function �e� on Valf in the way that for each ν ∈ Valf : �e�(ν) := e(ν) if
ν |= I(f, �), and �e�(ν) := 0 otherwise. Note that in the definition of �e�, we do
not consider the case when log or exponentiation is undefined. However, we will
see in Step 1(b) below that log or exponentiation will always be well-defined.

Step 1(b): Templates. As in all previous works (cf. [12,16,20,25,40,58,61,68]),
we consider a template for measure function determined by the triple (d, op, r)
from the input parameters. Formally, the template determined by (d, op, r)
assigns to every function name f and � ∈ Lf

s an expression in the form (1) (with
degree d and extension option op). Note that a template here only restricts (i)
the degree and (ii) log or exp extension for a measure function, rather than
its specific form. In detail, the algorithm sets up a template η for a measure
function by assigning to each function name f and significant label � ∈ Lf

s an
expression η(f, �) in a form similar to (1), except for that ci’s in (1) are inter-
preted as distinct template variables whose actual values are to be synthesized.
In order to ensure that logarithm and exponentiation are well-defined over each
I(f, �), we impose the following restriction (§) on our template: lnx, xr (resp.
ln (x − y + 1), (x−y+1)r) appear in η(f, �) only when x−1 ≥ 0 (resp. x−y ≥ 0)
can be inferred from the invariant I(f, �). To infer x − 1 ≥ 0 or x − y ≥ 0 from
I(f, �), we utilize Farkas’ Lemma.
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Theorem 2 (Farkas’ Lemma [28,60]). Let A ∈ R
m×n, b ∈ R

m, c ∈ R
n and

d ∈ R. Assume that {x | Ax ≤ b} �= ∅. Then {x | Ax ≤ b} ⊆ {x | cTx ≤ d} iff
there exists y ∈ R

m such that y ≥ 0, ATy = c and bTy ≤ d.

By Farkas’ Lemma, there exists an algorithm that infers whether x − 1 ≥ 0
(or x−y ≥ 0) holds under I(f, �) in polynomial time through emptiness checking
of polyhedra (cf. [59]) since I(f, �) involves only linear (degree-1) polynomials in
our setting.

Then η naturally induces a function �η� from
{
(f, �, ν) | f∈F , � ∈ Lf

s, ν ∈Valf
}

into [0,∞] parametric over template variables such that �η�(f, �, ν) = �η(f, �)�(ν)
for all appropriate stack elements (f, �, ν). Note that �η� is well-defined since
logarithm and exponentiation is well-defined over satisfaction sets given by I.

4.2 Step 2 of SynAlgo

Step 2: Computation of �̂η�. Let η be the template constructed from Step
1. This step computes �̂η� from η by the expansion construction of significant
labels (Sect. 3) which transforms a function g into ĝ. Recall the function �e� for
e is defined in Step 1(a). Formally, based on the template η from Step 1, the
algorithm computes �̂η�, with the exception that template variables appearing
in η are treated as undetermined constants. Then �̂η� is a function parametric
over the template variables in η.

By an easy induction, each �̂η�(f, �, �) can be represented by an expression in
the form

max
{∑

j 1φ1j · h1j , . . . ,
∑

j 1φmj
· hmj

}
(2)

where each φij is a propositional arithmetic predicate over V f such that for each
i,

∨
j φij is tautology and φij1 ∧ φij2 is unsatisfiable whenever j1 �= j2, and each

hij takes the form similar to (1) with the difference that (i) each ci is either a
scalar or a template variable appearing in η and (ii) each gi is a finite product
whose every multiplicand is either some x ∈ V f , or some �e� with e being an
instance of 〈expr〉, or some ln e (or er, depending on op) with e being an instance
of 〈expr〉. For this step we use the fact that all propositional arithmetic predicates
can be put in disjunctive normal form.

4.3 Step 3 of SynAlgo

This step generates constraint triples from �̂η� computed in Step 2. By applying
non-negativity and C2–C5 to �̂η� (computed in Step 2), the algorithm establishes
constraint triples which will be interpreted as universally-quantified logical for-
mulas later.

Constraint Triples. A constraint triple is a triple (f, φ, e) where (i) f ∈ F ,
(ii) φ is a propositional arithmetic predicate over V f which is a conjunction of
atomic formulae of the form e′ ≥ 0 with e′ being an arithmetic expression, and
(iii) e is an expression taking the form similar to (1) with the difference that
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(i) each ci is either a scalar, or a template variable c appearing in η, or its
reverse −c, and (ii) each gi is a finite product whose every multiplicand is either
some x ∈ V f , or some �e� with e being an instance of 〈expr〉, or some ln e (or er,
depending on op) with e being an instance of 〈expr〉. For each constraint triple
(f, φ, e), the function �e� on Valf is defined in the way such that each �e�(ν) is
the evaluation result of e when assigning ν(x) to each x ∈ V f ; under (§) (of
Step 1(b)), logarithm and exponentiation will always be well-defined.

Semantics of Constraint Triples. A constraint triple (f, φ, e) encodes the following
logical formula: ∀ν ∈ Valf . (ν |= φ → �e�(ν) ≥ 0) . Multiple constraint triples
are grouped into a single logical formula through conjunction.

Step 3: Establishment of Constraint Triples. Based on �̂η� (computed in
the previous step), the algorithm generates constraint triples at each significant
label, then group all generated constraint triples together in a conjunctive way.
To be more precise, at every significant label � of some function name f, the algo-
rithm generates constraint triples through non-negativity of measure functions
and conditions C2–C5; after generating the constraint triples for each significant
label, the algorithm groups them together in the conjunctive fashion to form a
single collection of constraint triples.

Example 3. Consider our running example (cf. Example 1). Let the input
quadruple be (1, log,−, 1) and invariant (at label 1) be n ≥ 1 (length of
array should be positive). In Step 1, the algorithm assigns the template
η(f, 1, n) = c1 · n + c2 · ln n + c3 at label 1 and η(f, 4, n) = 0 at label 4.
In Step 2, the algorithm computes template at other labels and obtains that
η(f, 2, n) = 1 + c1 · �n/2� + c2 · ln �n/2� + c3 and η(f, 3, n) = 1. In Step 3, the
algorithm establishes the following three constraint triples q1, q2, q3:

– q1 := (f, n − 1 ≥ 0, c1 · n + c2 · ln n + c3) from the logical formula
∀n.(n ≥ 1) → c1 ·n+c2 · ln n+c3 ≥ 0 for non-negativity of measure functions;

– q2 := (f, n − 1 ≥ 0 ∧ 1 − n ≥ 0, c1 · n + c2 · ln n + c3 − 2) and q3 := (f, n − 2 ≥
0, c1 · (n − �n/2�) + c2 · (ln n − ln �n/2�) − 2 from resp. logical formulae

• ∀n.(n ≥ 1 ∧ n ≤ 1) → c1 · n + c2 · ln n + c3 ≥ 2 and
• ∀n.(n ≥ 2) → c1 · n + c2 · ln n + c3 ≥ c1 · �n/2� + c2 · ln �n/2� + c3 + 2

for C4 (at label 1). �

4.4 Step 4 of SynAlgo

Step 4: Solving Constraint Triples. To check whether the logical formula
encoded by the generated constraint triples is valid, the algorithm follows a
sound method which abstracts each multiplicand other than scalar variables
in the form (2) as a stand-alone variable, and transforms the validity of the
formula into a system of linear inequalities over template variables appearing in
η through Handelman’s Theorem and linear programming. The main idea is that
the algorithm establishes tight linear inequalities for those abstraction variables
by investigating properties for the abstracted arithmetic expressions, and use
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linear programming to solve the formula based on the linear inequalities for
abstraction variables. We note that validity of such logical formulae are generally
undecidable since they involve non-polynomial terms such as logarithm [33].

Below we describe how the algorithm transforms a constraint triple into one
without logarithmic or exponentiation term. Given any finite set Γ of polynomi-
als over n variables, we define Sat(Γ ) := {x ∈ R

n | h(x) ≥ 0 for all h ∈ Γ} . In
the whole step, we let (f, φ, e∗) be any constraint triple such that φ =

∧
j ej ≥ 0;

moreover, we maintain a finite set Γ of linear (degree-1) polynomials over scalar
and freshly-added variables. Intuitively, Γ is related to both the set of all ej ’s (so
that Sat(Γ ) is somehow the satisfaction set of φ) and the finite subset of poly-
nomials in Theorem 3. Due to lack of space, we only illustrate the part of the
algorithm for logarithmic terms (i.e., the case when op = log); exponentiation
terms can be treated in a similar fashion.

Step 4(a): Abstraction of Logarithmic, Exponentiation, and Floored
Expressions. The first sub-step involves the following computational steps,
where Items 2–4 handle variables for abstraction, and Item 6 is approximation
of floored expressions, and other steps are straightforward.

1. Initialization. First, the algorithm maintains a finite set of linear (degree-1)
polynomials Γ and sets it initially to the empty set.

2. Logarithmic and Floored Expressions. Next, the algorithm computes the fol-
lowing subsets of 〈expr〉:

– EL := {e | ln e appears in e∗ (as sub-expression)} upon op = log .
– EF := {e | e appears in e∗ and takes the form � �

c�}.
Let E := EL ∪ EF .

3. Variables for Logarithmic and Floored Expressions. Next, for each e ∈ E , the
algorithm establishes fresh variables as follows:

– a fresh variable ue which represents ln e for e ∈ EL;
– a fresh variable we indicating e for e ∈ EF .

After this step, the algorithm sets N to be the number of all variables (i.e.,
all scalar variables and all fresh variables added up to this point). In the
rest of this section, we consider an implicit linear order over all scalar and
freshly-added variables so that a valuation of these variables can be treated
as a vector in R

N .
4. Variable Substitution (from e to ẽ). Next, for each e which is either t or some ej

or some expression in E , the algorithm computes ẽ as the expression obtained
from e by substituting (i) every possible ue′ for ln e′, and (ii) every possible
we′ for e′ such that e′ is a sub-expression of e which does not appear as sub-
expression in some other sub-expression e′′ ∈ EF of e. From now on, any e or ẽ
or is treated as a polynomial over scalar and freshly-added variables. Then any
e(x) or ẽ(x) is the result of polynomial evaluation under the correspondence
between variables and coordinates of x specified by the linear order.

5. Importing φ into Γ . The algorithm adds all ẽj into Γ .
6. Approximation of Floored Expressions. For each e ∈ EF such that e = � e′

c �,
the algorithm adds linear constraints for we recursively on the nesting depth
of floor operation as follows.



54 K. Chatterjee et al.

– Base Step. If e = � e′
c � and e′ involves no nested floored expression, then

the algorithm adds into Γ either (i) ẽ′ − c · we and c · we − ẽ′ + c − 1 when
c ≥ 1, which is derived from e′

c − c−1
c ≤ e ≤ e′

c , or (ii) c · we − ẽ′ and
ẽ′ − c · we − c − 1 when c ≤ −1, which follows from e′

c − c+1
c ≤ e ≤ e′

c .
Second, given the current Γ , the algorithm finds the largest constant te′

through Farkas’ Lemma such that ∀x ∈ R
N .

(
x ∈ Sat(Γ ) → ẽ′(x) ≥ te′

)

holds; if such te′ exists, the algorithm adds the constraint we ≥
⌊

te′
c

⌋
into

Γ .
– Recursive Step. If e = � e′

c � and e′ involves some nested floored expression,
then the algorithm proceeds almost in the same way as for the Base Step,
except that ẽ′ takes the role of e′. (Note that ẽ′ does not involve nested
floored expresions.)

7. Emptiness Checking. The algorithm checks whether Sat(Γ ) is empty or not
in polynomial time in the size of Γ (cf. [59]). If Sat(Γ ) = ∅, then the algo-
rithm discards this constraint triple with no linear inequalities generated, and
proceeds to other constraint triples; otherwise, the algorithm proceeds to the
remaining steps.

Example 4. We continue with Example 3. In Step 4(a), the algorithm first estab-
lishes fresh variables u := lnn, v := ln �n/2� and w := �n/2�, then finds that
(i) n − 2 · w ≥ 0, (ii) 2 · w − n + 1 ≥ 0 and (iii) n − 2 ≥ 0 (as Γ ) implies that
w − 1 ≥ 0. After Step 4(a), the constraint triples after variable substitution and
their Γ ’s are as follows:

– q̃1 = (f, n − 1 ≥ 0, c1 · n + c2 · u + c3) and Γ1 = {n − 1};
– q̃2 = (f, n − 1 ≥ 0 ∧ 1 − n ≥ 0, c1 · n + c2 · u + c3 − 2) and Γ2 = {n − 1, 1 − n};
– q̃3 := (f, n − 2 ≥ 0, c1 · (n − w) + c2 · (u − v) − 2) and Γ3 = {n − 2, n − 2 · w, 2 ·

w − n + 1, w − 1}. �
For the next sub-step we will use Lagrange’s Mean-Value Theorem

(LMVT) [6, Chap. 6] to approximate logarithmic and exponentiation terms.

Step 4(b): Linear Constraints for Abstracted Variables. The second sub-
step consists of the following computational steps which establish into Γ linear
constraints for logarithmic or exponentiation terms. Below we denote by E ′ either
the set EL when op = log or EE when op = exp. Recall the ẽ notation is defined
in the Variable Substitution (Item 4) of Step 4(a).

1. Lower-Bound for Expressions in EL. For each e ∈ EL, we find the largest con-
stant te ∈ R such that the logical formula ∀x ∈ R

N . (x ∈ Sat(Γ ) → ẽ(x) ≥ te)
holds, This can be solved by Farkas’ Lemma and linear programming, since
ẽ is linear. Note that as long as Sat(Γ ) �= ∅, it follows from (§) (in Step 1(b))
that te is well-defined (since te cannot be arbitrarily large) and te ≥ 1.

2. Mutual No-Smaller-Than Inequalities over EL. For each pair (e, e′) ∈ EL × EL

such that e �= e′, the algorithm finds real numbers r(e,e′), b(e,e′) through Farkas’
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Lemma and linear programming such that (i) r(e,e′) ≥ 0 and (ii) both the
logical formulae

∀x ∈ R
N .

[
x ∈ Sat(Γ ) → ẽ(x) −

(
re,e′ · ẽ′(x) + be,e′

)
≥ 0

]
and

∀x ∈ R
N .

[
x ∈ Sat(Γ ) → re,e′ · ẽ′(x) + be,e′ ≥ 1

]

hold. The algorithm first finds the maximal value r∗
e,e′ over all feasible

(re,e′ , be,e′)’s, then finds the maximal b∗
e,e′ over all feasible (r∗

e,e′ , be,e′)’s. If
such r∗

e,e′ does not exist, the algorithm simply leaves r∗
e,e′ undefined. Note

that once r∗
e,e′ exists and Sat(Γ ) �= ∅, then b∗

e,e′ exists since be,e′ cannot be
arbitrarily large once r∗

e,e′ is fixed.
3. Mutual No-Greater-Than Inequalities over EL. For each pair (e, e′) ∈ EL × EL

such that e �= e′, the algorithm finds real numbers r(e,e′), b(e,e′) through Farkas’
Lemma and linear programming such that (i) r(e,e′) ≥ 0 and (ii) the logical
formula

∀x ∈ R
N .

[
x ∈ Sat(Γ ) →

(
re,e′ · ẽ′(x) + be,e′

)
− ẽ(x) ≥ 0

]

holds. The algorithm then finds the minimal value (r∗e,e′ ,b∗
e,e′) similarly as

above.
4. Constraints from Logarithm. For each variable ue, the algorithm adds into

Γ first the polynomial expression ẽ −
(
1te≤e · e + 1te>e · te

ln te

)
· ue from the

fact that the function z �→ z
ln z (z ≥ 1) has global minima at e (so that the

inclusion of this polynomial expression is sound), and then the polynomial
expression ue − ln te due to the definition of te.

5. Mutual No-Smaller-Than Inequalities over u′
es. For each pair (e, e′) ∈ EL ×

EL such that e �= e′ and r∗
e,e′ , b∗

e,e′ are successfully found and r∗
e,e′ > 0, the

algorithm adds ue − ln r∗
e,e′ −ue′ +1b∗

e,e′ <0 ·
(

te′ +
b∗
e,e′

r∗
e,e′

)−1

·
(

− b∗
e,e′

r∗
e,e′

)
into Γ .

This is due to the fact that �e�−(
r∗
e,e′ · �e′� + b∗

e,e′
) ≥ 0 implies the following:

ln �e� ≥ ln r∗
e,e′ + ln

(
�e′� + (b∗

e,e′/r∗
e,e′)

)

= ln r∗
e,e′ + ln �e′� +

(
ln

(
�e′� + (b∗

e,e′/r∗
e,e′)

) − ln �e′�
)

≥ ln r∗
e,e′ + ln �e′� − 1b∗

e,e′ <0 · (
te′ + (b∗

e,e′/r∗
e,e′)

)−1 · (−b∗
e,e′/r∗

e,e′
)
,

where the last step is obtained from LMVT and by distinguishing whether
b∗
e,e′ ≥ 0 or not, using the fact that the derivative of the natural-logarithm is

the reciprocal function. Note that one has te′ +
b∗
e,e′

r∗
e,e′

≥ 1 due to the maximal

choice of te′ .
6. Mutual No-Greater-Than Inequalities over u′

es. Similar to the previous item,
the algorithm establishes mutual no-greater-than inequalities over ue’s.

Although in Item 4 and Item 6 above, we have logarithmic terms such as ln te and
ln r∗

e,e′ , both te and r∗
e,e′ are already determined constants, hence their approxi-

mations can be used. After Step 4, the constraint triple (f, φ, e∗) is transformed
into (f,

∧
h∈Γ h ≥ 0, ẽ∗).
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Example 5. We continue with Example 4. In Step 4(b), the algorithm establishes
the following non-trivial inequalities:

– (From Item 2,3 in Step 4(b) for q̃3) w ≥ 0.5 · n − 0.5, w ≤ 0.5 · n and n ≥
2 · w, n ≤ 2 · w + 1;

– (From Item 4 in Step 4(b) for q̃1, q̃2) n − e · u ≥ 0 and u ≥ 0;
– (From Item 4 in Step 4(b) for q̃3) n − e · u ≥ 0, u − ln 2 ≥ 0 and w − e · v ≥

0, v ≥ 0;
– (From Item 6,7 in Step 4(b) for q̃3) u − v − ln 2 ≥ 0 and v − u + ln 2 + 1

2 ≥ 0.

After Step 4(b), Γi’s (1 ≤ i ≤ 3) are updated as follows:

– Γ1 = {n − 1, n − e · u, u} and Γ2 = {n − 1, 1 − n, n − e · u, u};
– Γ3 = {n − 2, n − 2 · w, 2 · w − n + 1, w − 1, n − e · u, u − ln 2, w − e · v, v, u −

v − ln 2, v − u + ln 2 + 1
2}. �

Remark 1. The key difficulty is to handle logarithmic and exponentiation terms.
In Step 4(a) we abstract such terms with fresh variables and perform sound
approximation of floored expressions. In Step 4(b) we use Farkas’ Lemma and
LMVT to soundly transform logarithmic or exponentiation terms to polynomials.

�

4.5 Step 5 of SynAlgo

This step is to solve the template variables in the template established in Step
1, based on the sets Γ computed in Step 4. While Step 4 transforms logarithmic
and exponentiation terms to polynomials, we need a sound method to solve poly-
nomials with linear programming. We achieve this with Handelman’s Theorem.

Definition 6 (Monoid). Let Γ be a finite subset of some polynomial ring
R[x1, . . . , xm] such that all elements of Γ are polynomials of degree 1. The monoid
of Γ is defined by: Monoid(Γ ) :=

{∏k
i=1 hi | k ∈ N0 and h1, . . . , hk ∈ Γ

}
.

Theorem 3 (Handelman’s Theorem [38]). Let R[x1, . . . , xm] be the poly-
nomial ring with variables x1, . . . , xm (for m ≥ 1). Let g ∈ R[x1, . . . , xm] and Γ
be a finite subset of R[x1, . . . , xm] such that all elements of Γ are polynomials of
degree 1. If (i) the set Sat(Γ ) is compact and non-empty and (ii) g(x) > 0 for
all x ∈ Sat(Γ ), then

g =
∑n

i=1 ci · ui (3)

for some n ∈ N, non-negative real numbers c1, . . . , cn ≥ 0 and u1, . . . , un ∈
Monoid(Γ ).

Basically, Handelman’s Theorem gives a characterization of positive poly-
nomials over polytopes. In this paper, we concentrate on Eq. (3) which pro-
vides a sound form for a non-negative polynomial over a general (i.e. possibly
unbounded) polyhedron.
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Step 5: Solving Unknown Coefficients in the Template. Now we use the
input parameter k as the maximal number of multiplicands in each summand
at the right-hand-side of Eq. (3). For any constraint triple (f, φ, e∗) which is
generated in Step 3 and passes the emptiness checking in Item 7 of Step 4(a),
the algorithm performs the following steps.

1. Preparation for Eq. (3). The algorithm reads the set Γ for (f, φ, e∗) computed
in Step 4, and computes ẽ∗ from Item 4 of Step 4(a).

2. Application of Handelman’s Theorem. First, the algorithm establishes a fresh
coefficient variable λh for each polynomial h in Monoid(Γ ) with no more than
k multiplicands from Γ . Then, the algorithm establishes linear equalities over
coefficient variables λh’s and template variables in the template η established
in Step 1 by equating coefficients of the same monomials at the left- and
right-hand-side of the following polynomial equality ẽ∗ =

∑
h λh ·h . Second,

the algorithm incorporates all constraints of the form λh ≥ 0.

Then the algorithm collects all linear equalities and inequalities established in
Item 2 above conjunctively as a single system of linear inequalities and solves it
through linear-programming algorithms; if no feasible solution exists, the algo-
rithm fails without output, otherwise the algorithm outputs the function �̂η�
where all template variables in the template η are resolved by their values in the
solution. We now state the soundness of our approach for synthesis of measure
functions.

Theorem 4. Our algorithm, SynAlgo, is a sound approach for the
RecTermBou problem, i.e., if SynAlgo succeeds to synthesize a function g
on

{
(f, �, ν) | f ∈ F , � ∈ Lf

s, ν ∈ Valf
}
, then ĝ is a measure function and hence an

upper bound on the termination-time function.

Example 6. Continue with Example 5. In the final step (Step 5), the unknown
coefficients ci’s (1 ≤ i ≤ 3) are to be resolved through (3) so that logical formulae
encoded by q̃i’s are valid (w.r.t updated Γi’s). Since to present the whole tech-
nical detail would be too cumbersome, we present directly a feasible solution for
ci’s and how they fulfill (3). Below we choose the solution that c1 = 0, c2 = 2

ln 2
and c3 = 2. Then we have that

– (From q̃1) c2 · u + c3 = λ1 · u + λ2 where λ1 := 2
ln 2 and λ2 := 2;

– (From q̃2) c2 · u + c3 − 2 = λ1 · u;
– (From q̃3) c2 · (u − v) − 2 = λ1 · (u − v − ln 2).

Hence by Theorem 1, T (f, 1, n) ≤ η(f, 1, n) = 2
ln 2 ·ln n+2. It follows that Binary-

Search runs in O(log n) in worst-case. �
Remark 2. We remark two aspects of our algorithm. (i) Scalability. Our algo-
rithm only requires solving linear inequalities. Since linear-programming solvers
have been widely studied and experimented, the scalability of our approach
directly depends on the linear-programming solvers. Hence the approach we
present is a relatively scalable one. (ii) Novelty. A key novelty of our approach
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is to obtain non-polynomial bounds (such as O(n log n), O(nr), where r is not
integral) through linear programming. The novel technical steps are: (a) use of
abstraction variables; (b) use of LMVT and Farkas’ lemma to obtain sound lin-
ear constraints over abstracted variables; and (c) use of Handelman’s Theorem
to solve the unknown coefficients in polynomial time. �

5 Experimental Results

We apply our approach to four classical recursive algorithms, namely Merge-
Sort [24, Chap. 2], the divide-and-conquer algorithm for the Closest-Pair prob-
lem [24, Chap. 33], Strassen’s Algorithm for matrix multiplication [24, Chap. 4]
and Karatsuba’s Algorithm for polynomial multiplication [52]. We implement
our algorithm that basically generates a set of linear constraints, where we use
lp solve [56] for solving linear programs. Our experimental results are presented
in Table 1, where all numbers are rounded to 10−2 and n represents the input
length of those algorithms. All results were obtained on an Intel i3-4130 CPU
3.4 GHz 8 GB of RAM. For Merge-Sort and Closest-Pair, our algorithm obtains
the worst-case bound O(n log n). For Strassen’s Algorithm, we use a template
with n2.9 so that our algorithm synthesizes a measure function, hence proving
that its worst-case behaviour is no greater than O(n2.9), near the worst-case
complexity O(n2.8074). For Karatsuba’s Algorithm, we use a template with n1.6

so that our algorithm synthesizes a measure function (basically, using constraints
as illustrated in Example 2), hence proving that O(n1.6) is an upper bound on
its worst-case behaviour, which is near the worst-case complexity O(n1.5850). In
the experiments we derive simple invariants from the programs directly from the
prerequisites of procedures and guards of while-loops. Alternatively, they can be
derived automatically using [19].

Table 1. Experimental results where η(�0) is the part of measure function at the initial
label.

Example Time (in seconds) η(�0)

Merge-Sort 6 25.02 · n · ln n + 21.68 · n − 20.68

Closest-Pair 11 128.85 · n · ln n + 108.95 · n − 53.31

Karatsuba 3 2261.55 · n1.6 + 1

Strassen 7 954.20 · n2.9 + 1

6 Related Work

The termination of recursive programs or other temporal properties has already
been extensively studied [5,21–23,27,53–55,66]. Our work is most closely related
to automatic amortized analysis [4,32,40,42–46,50,51,63], as well as the SPEED
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project [35–37]. There are two key differences of our methods as compared to
previous works. First, our methods are based on extension of ranking functions to
non-deterministic recursive programs, whereas previous works either use poten-
tial functions, abstract interpretation, or size-change. Second, while none of the
previous methods can derive non-polynomial bounds such as O(nr), where r is
not an integer, our approach can derive such non-polynomial bounds through
linear programming.

Ranking functions for intra-procedural analysis have been widely stud-
ied [8,9,20,25,58,61,64,68], and have been extended to ranking supermartin-
gales [12–14,16,17,29] for probabilistic programs. Most works focus on linear
or polynomial ranking functions/supermartingales [12,14,16,20,25,58,61,64,68].
Polynomial ranking functions alone can only derive polynomial bounds, and
needs additional structures (e.g., evaluation trees) to derive non-polynomial
bounds such as O(2n) (cf. [10]). In contrast, we directly synthesize non-
polynomial ranking functions without additional structures. The approach of
recurrence relations for worst-case analysis is explored in [1–3,30,34]. A related
result is by Albert et al. [2] who considered using evaluation trees for solv-
ing recurrence relations, which can derive the worst-case bound for Merge-Sort.
Their method relies on specific features such as branching factor and height
of an evaluation tree, and cannot derive bounds like O(nr) where r is not an
integer. Another approach through theorem proving is explored in [65]. This app-
roach is to iteratively generate control-flow paths and then to obtain worst-case
bounds over generated paths through theorem proving (with arithmetic theo-
rems). Several other works present proof rules for deterministic programs [39] as
well as for probabilistic programs [49,57]. None of these works can be automated.
Other related approaches are sized types [18,47,48], and polynomial resource
bounds [62]. Again none of these approaches can yield bounds like O(n log n) or
O(nr), for r non-integral.

7 Conclusion

In this paper, we developed a ranking-function based approach to obtain non-
polynomial worst-case bounds for recursive programs through (i) abstraction
of logarithmic and exponentiation terms and (ii) Farkas’ Lemma, LMVT, and
Handelman’s Theorem. Moreover our approach obtains such bounds using lin-
ear programming, thus is an efficient approach. Our approach obtains non-
trivial worst-case complexity bounds for classical recursive programs: O(n log n)-
complexity for both Merge-Sort and the divide-and-conquer Closest-Pair algo-
rithm, O(n1.6) for Karatsuba’s algorithm for polynomial multiplication, and
O(n2.9) for Strassen’s algorithm for matrix multiplication. The bounds we obtain
for Karatsuba’s and Strassen’s algorithm are close to the optimal bounds. An
interesting future direction is to extend our technique to data-structures. Other
future directions include investigating the application of our approach to invari-
ant generation and using integer linear programming instead in our approach.
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