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Abstract When looking at teaching and learning processes in mathematics
education students with mathematical learning difficulties or disabilities are of great
interest. To approach the question of how research can support practice, an
important step is to clarify the group or groups of students that we are talking about.
The following contribution firstly concentrates on the problem of labelling the
group of students having mathematical difficulties as there does not exist a single
definition. This problem might be put down to the different roots of mathematics
education on the one hand and special education on the other hand. Research results
with respect to concepts and models for instruction are multifaceted and related to
specific content and mathematical topics as well as underlying views of mathe-
matics. Taking into account inclusive education, a closer orientation to mathe-
matical education can be identified and the potential of selected teaching and
learning concepts can be illustrated. Beyond this, the role of the teacher and the
corresponding teacher education programs are discussed.
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Introduction: Mathematics Learning, Special Education
and Inclusion—Setting the Scene

The following paper reports part of the work of the survey team “Assistance of
students with mathematical learning difficulties—How can research support prac-
tice?” for ICME-13. When starting the work, the important aspects of defining
students with mathematical learning difficulties, the role of teachers and teacher
education programs as well as effective teaching programs and concepts of what
teacher effective means came into the focus. Looking back to the ICME conferences
of the last 20 years, we identified contributions in the corresponding topic study
groups or discussion groups. It became obvious that we would have to take into
account different disciplines; alongside mathematics education, special education,
psychology and pedagogy also play important roles. Our aim was

• to describe definitions of mathematical learning difficulties and the problem of
labelling,

• to discuss findings related to effective teaching practices and intervention
strategies,

• to discuss concepts of assistance in the context of inclusive education, and
• to draw conclusions for teacher education.

Our paper is organized as follows: First, we discuss various definitions and
assumptions concerning mathematical learning difficulties or disabilities. In
Section “Effective Mathematics Teaching for All Students”, we present a synthesis
of results of selected meta-analyses and intervention studies, followed by some
reflections upon the meaning of inclusive mathematics education and the kinds of
learning environments that can support it. We conclude with implications for tea-
cher education and perspectives for future research.

Mathematical Learning Difficulties: Definitions and Usage

In the title of this paper the term “students with mathematical learning difficulties”
has been chosen to point to a group of learners perceived as being in particular need
of assistance. But who is included in this group? In the first instance, we might
interpret the term “students with mathematical learning difficulties” to be synony-
mous with terms such as “students with mathematical disabilities” or “students with
special needs in relation to mathematics”, but a closer look at the terms and the
contexts in which they are used reveals that they may be associated with different
approaches to teaching and learning, and to whether difficulty in learning mathe-
matics is seen essentially as an individual attribute or as a consequence of barriers
imposed by society (for this discussion see also Gervasoni & Lindenskov, 2011).

When the question of diagnosis is at the forefront, it is medical models and
models which posit achievement as something inherent to the individual that tend to
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dominate. For example, according to 10th International Classification of Diseases
(ICD 10, WHO, 2016), amongst the entries associated with specific developmental
disorders of scholastic skills, is the category specific disorder of arithmetical skills
(F81.2). This disorder is described as a “specific impairment in arithmetical skills
that is not solely explicable on the basis of general mental retardation or of inad-
equate schooling. The deficit concerns mastery of basic computational skills of
addition, subtraction, multiplication, and division rather than of the more abstract
mathematical skills involved in algebra, trigonometry, geometry, or calculus” (ICD
10, WHO, 2016).

This definition is used as a basis for the widespread, if heavily criticised, use of
the IQ-discrepancy model, where a mathematical learning disorder is diagnosed as a
result of a discrepancy between IQ and mathematics performance level. Critics of
this model argue that it can lead to over-identification at upper levels and
under-identification at lower levels of IQ and that it leaves unspecified the point at
which a discrepancy becomes significant (Francis et al., 2005). They also question
whether the differences in IQ levels, permit the identification of the particular
characteristics of different student groups (Murphy et al., 2007).

In the light of such criticisms, another influential classification system, the fifth
Diagnostic and Statistical Manual of Mental Disorders (DSM V) published by the
American Psychiatry Association (APA), no longer makes use of the discrepancy
model. In previous versions, what was called a mathematics disorder was listed,
however, in DSM V, this has been redefined as one of the subtypes of a “specific
learning disorder”, that is, a neurodevelopmental disorder that impedes the ability to
learn or use specific academic skills. The symptoms are described as follows:

Difficulties mastering number sense, number facts, or calculation (e.g., has poor under-
standing of numbers, their magnitude, and relationships; counts on fingers to add
single-digit numbers instead of recalling the math fact as peers do; gets lost in the midst of
arithmetic computation and may switch procedures). Difficulties with mathematical rea-
soning (e.g., has severe difficulty applying mathematical concepts, facts, or procedures to
solve quantitative problems) (DSM V, 2016).

The changes from the DSM IV to the DSM V definitions of learning disorders
reflect the lack of consensus as to the precise nature of the so-called specific
learning disorders and the problems that arise when learning difficulties in math-
ematics are treated using exclusively neuropsychological perspectives. Healy and
Powell (2013) reviewed some of the critiques and pointed to problems such as the
lack of a robust consensus around characteristics of so-called disorders (Mazzocco
& Myers, 2003; Gifford, 2005), the use of standard calculation procedures in
diagnostic procedures (Ellemor-Collins & Wright, 2007; Gifford, 2005), the
assumption that learning can be expected to be homogenous (Dowker, 2004;
Ginsburg, 1997) and the failure to recognize environmental and socio-emotional
factors (Kaufmann et al., 2013).

In the light of the difficulties associated with definitions which reside in the
medical rather than educational community, recent publications of the Eurydice
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Network1 suggest the use of a broader concept of mathematical difficulties, using
the term to refer to any group of students with low achievement in mathematics:

Low achievement is the situation where a child fails to acquire basic skills while they do not
have any identified disability and have cognitive skills within the normal range. In those
cases, low achievement may be considered as a failure of the education system (European
Commission, n. d., p. 4).

This definition stresses how, regardless of the causes, it is important to offer
students with mathematical learning difficulties environments that enable them to
thrive mathematically. How then might the teaching community intervene in ways
that enable students to negotiate the difficulties they experience? To explore this
question, the next section focuses on the results of studies into interventions aimed
at improving the performance of students with mathematical learning difficulties.

Effective Mathematics Teaching for All Students

In this section we briefly review the results from meta-analyses and consider the
findings of particular studies at various levels of schooling, that illustrate the
complex conditions surrounding special education teaching before discuss inclusive
education.

What Do We Know About Effective Teaching Practices in Mathematics
Classrooms?—Intervention Studies

The absence of a generally accepted definition of mathematical learning disabilities
implies a cautious approach is adopted when comparing results from different
studies, particularly since intervention studies have pursued different objectives
arising from different views of teaching and learning mathematics, the choice of the
topics for the interventions, and the settings investigated.

According to the meta-analyses of Kroesbergen and Van Luijt (2003) and
Gersten et al. (2009), direct instruction, self-instruction or explicit instruction led to
practically and statistically important increases in effect size. However, it is not
always clear what is meant by “guided instruction” or “explicit instruction”. Whilst
some authors understand it in the sense of scaffolding, others understand explicit
instruction in a narrow way.

Kroesbergen and Van Luijt (2003) observed that the majority of interventions
studies have concerned the field of basic arithmetic skills. Some of these studies
have examined only the impact of training for procedural competencies like
retrieval (Fuchs et al., 2009, 2010). Long-term effects have not been investigated in

1Network on education systems and policies in Europe http://eacea.ec.europa.eu/education/
eurydice/index_en.php.
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these studies and no information is available as to whether the students actually
improved with fact retrieval, or simply used counting strategies more quickly. Other
research (e.g., Andersson, 2010) has underscored the importance of fostering the
domains of conceptual knowledge (e.g., place value, base-ten system, relationships
within and between arithmetic operations) and procedural knowledge. The research
undertaken by Ennemoser and Krajewski (2007), Pedrotty Bryant et al. (2008),
Wißmann et al. (2013) and Pfister et al. (2015) showed significant effects for such
interventions with primary school students. Intervention studies at secondary level
have often focused on direct instruction and “drill and practice” teaching (Maccini
et al. 2007). Nevertheless, Woodward and Brown (2006) and Moser Opitz et al. (in
press) reported having successfully implemented a middle school program
emphasizing conceptual understanding of primary arithmetic and problem solving.

With regard to the settings in which interventions have been implemented,
research results are inconsistent. For example, a meta-analysis by Ise et al. (2012) of
studies from German-speaking countries showed one-to-one training to have
advantages over small group interventions, computer-based programs, and inter-
ventions integrated into the classroom. However, Moser Opitz et al. (in press) found
a significant effect for an intervention in middle school which was partly integrated
in the classroom teaching.

Taken together these results present challenges: First, it is not always clear what
is meant by “guided instruction” or “explicit instruction”. Second, even if some of
the studies focus on conceptual understanding, the interventions reported do not
cover the whole range of mathematical domains, but focus on topics that are known
to be “stumbling blocks” for many—but not for all—students with learning diffi-
culties in mathematics. Developing interventions for students with learning diffi-
culties in mathematics is, therefore, a “balancing act” between giving guidance and
taking into account the learners strategies and concepts; and focussing on well
known “stumbling blocks” without forgetting that mathematics means more than
arithmetic.

Inclusive Education

The UNESCO International Bureau of Education (2009) defined inclusive educa-
tion is “an ongoing process aimed at offering quality education for all while
respecting diversity and the differing needs and abilities, characteristics and
learning expectations of students and communities, eliminating all forms of dis-
crimination” (p. 18).

As with the terms “learning disabilities in mathematics” and “mathematical
learning difficulties” there does not exist a common understanding of the term
“inclusive education” (Ainscow, 2013) and there are many possible ways of
viewing the notion of inclusion. For example, conceptions are likely to be mediated
by factors such as the organisation of the school system (differentiated or com-
prehensive), legal regulations related to the provisions for students eligible for
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special education, policies related to the progression between grades (exam-based
or age-based) and practices related to the organisation of classes (mixed-ability or
streaming). Skovsmose (2015) has argued that inclusion represents an example of
what he calls a contested concept, a concept that can be given different interpre-
tations that operate in different ways in different discourses. For him, contested
concepts represent controversies that can be of a profound political and cultural
nature. His view of inclusion is one that rejects the idea of bringing learners into
some (politically) presumed “normality”. “Instead inclusive education comes to
refer to new forms of providing meetings among differences” (Skovsmose, 2015,
p. 7). In the remainder of this section, we consider some attempts to construct
learning situations that permit such meetings.

Substantial and Rich Learning Environments—Multiple
Opportunities

Constructivist and socio-constructivist theories open ways of viewing “knowing”
(Ernest, 1994; Von Glasersfeld, 1995) and learning in a social environment (e.g.,
Wittmann, 2001). For mathematics education, investigative learning and productive
practicing are seen as the main elements of these paradigms (e.g., Wittmann, 2001).
Productive practicing is to be understood in contrast to bare reproduction of
knowledge. It should enable pupils to think, to construct and to extend their
knowledge. The teacher has to offer learning situations, that enable the students to
make discoveries but this requires that the student possesses powerful tools in the
form of (context)-models, schemes, and symbols (Streefland & Treffers, 1990,
p. 313f).

With respect to heterogeneous learning groups, several studies have confirmed
that investigative learning combined with productive practicing is appropriate for
all learners—especially for low achievers and children with special needs (e.g.,
Ahmed, 1987; Moser Opitz, 2000; Scherer, 1999, 2003; Scherer & Moser Opitz,
2010, p. 49 ff.; Trickett & Sulke, 1988; Van den Heuvel-Panhuizen, 1991).
According to this view all learners should be confronted with complex learning
environments characterised by investigative learning and productive practicing.
Such holistic approaches to mathematics teaching and learning require all learners
to see relationships between numbers, shapes, and so forth in order to understand
mathematical structures (Trickett & Sulke, 1988, p. 112).

Taking into account some of the research reviewed in the Sections “What Do
We Know About Effective Teaching Practices in Mathematics Classrooms?—
Intervention Studies” and “Inclusive Education”, it seems that there still exists
scepticism with respect to constructivist or socio-constructivist approaches for
students with mathematical learning difficulties. For example, although the results
of Kroesbergens’s and van Luijt’s meta-analysis (2003) suggest that direct
instruction could be the most beneficial type of instruction for these students, this
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conclusion neglects the fact that students with mathematical learning difficulties
profit from teaching specific cognitive learning strategies like self-regulated
learning (see Mitchell, 2014).

Moreover, to identify children’s existing difficulties, it is necessary to give them
opportunities to show what they are capable of. More attention should be paid to the
creation of substantial and rich mathematical learning environments for inclusive
settings, in which different learning trajectories and different forms of interacting
with mathematical objects are explicitly recognized (Fernandes & Healy, 2016).
The development of such environments is crucially dependent upon differentiation.
Learning tasks directed towards levels of difficulty predetermined by the teacher
carry the risk that some students are overtaxed or misjudged or fixed at a specific
level as viewed by the teacher. Research shows that learning environments that
allow natural differentiation (ND) can reduce these risks (cf. Wittmann, 2001;
Scherer & Krauthausen, 2010). Natural differentiation means that the learning
environment provided is substantial and complex and offers multiple ways of
learning and multiple strategies for solving a given problem.

Consistent with natural differentiation, learning environments allowing own pro-
ductions or free productions (cf. Streefland, 1990) offer various opportunities for
students’ use of their own strategies and provide their own solutions and thus support
suitable differentiation. Examples show that especially students with mathematical
learning difficulties often make use of the affordances of such environments and show
unexpected competencies (e.g., DeBlois, 2014, 2015; Scherer, 1999).

This more open approach brings in specific requirements for the teacher: In
general, classroom practice should require more than getting the correct result or
being able to perform an algorithm but also explaining and reasoning about solution
strategies, and considering solution strategies and associated reasoning. Teachers
“need to know how to use pictures or diagrams to represent mathematics concepts
and procedures for students, provide students with explanations for common rules
and mathematical procedures, and analyze students’ solutions and explanations”
(Hill et al., 2005, p. 372).

For a more detailed discussion of the complex field of teacher education—
pre-service as well as in-service—teachers’ beliefs, their mathematical and didac-
tical knowledge and the awareness of interactions in classroom see Scherer et al.
(2016; also Beswick, 2008; Peltenburg and Van den Heuvel-Panhuizen, 2012).

Conclusions and Perspectives

In this paper various aspects of the situation of students with mathematical learning
difficulties have been discussed. The separation of mathematics education and
special education has given rise to specific requirements and problems for research
which are further complicated by the different conditions in different countries.

Exploring the different ways in which students with mathematics learning dif-
ficulties are identified and described in different areas, suggests that many factors
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can interact to impede the mathematical development of learners and, rather than
dichotomising learners into those who experience mathematical learning difficulties
and those who do not, it might be more useful to adopt approaches to mathematics
education that recognise and value the diversity of learners’ mathematical experi-
ences. This is in contrast to treating differences in learning trajectories as evidence
of a deficiency or disorder that necessarily impedes learning or justify segregation.
A starting point in constructing a more inclusive mathematics curriculum, therefore,
involves envisioning learning scenarios designed to facilitate multiple ways of
interacting with mathematical objects, and relationships that respect the diverse
experiences (sensory, cognitive, socio-emotional and cultural) and identities of the
students with whom we work (Healy et al., 2013). There is need for more
evidence-based research in this area.

For teacher education programs, first, it is necessary to distinguish between the
needs of teachers and needs of pre-service teachers. For pre-service teachers, there
is a need to create situations that help them to distance themselves from their own
experiences of learning mathematics as school students (DeBlois & Squalli, 2002).
In addition, curriculum, beliefs, personal decompression of mathematical knowl-
edge (Proulx & Bednarz, 2008) and social activities must be discussed in order to
manage needs of students with mathematics learning difficulties. The challenge for
the teacher is to interpret the events that happen in the classroom in order to make
pedagogical and didactical choices (DeBlois, 2006).

In this paper, the focus has mainly been on students, but the challenge of
providing a quality mathematics education all goes way beyond the classroom level
and involves a rethinking of the institutional structures which mediate both teaching
and learning, structures such as curriculum and assessment for example. Experience
tells us that it is more efficient to build an accessible building from scratch than to
attempt to adapt inaccessible buildings. Can we learn from this as we attempt to
build inclusive school mathematics? Perhaps the question is not how we can assist
students with mathematical learning difficulties, but how we can learn to build a
mathematics education system that no longer disables so many mathematics
students.
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