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To Jeremy Butterfield



Preface

‘Der Kopf, so gesehen, hat mit dem Kopf, so gesehen, auch nicht die leiseste Ahnlichkeit
(...) Der Aspektwechsel. “Du wiirdest doch sagen, dass sich das Bild jetzt génzlich
gedndert hat!” Aber was ist anders: mein Eindruck? meine Stellungnahme? (...) Ich
beschreibe die Anderung wie eine Wahrnehmung, ganz, als hitte sich der Gegenstand vor
meinen Augen geindert. (Wittgenstein, Philosophische Untersuchungen 11, §§127, 129).!

As the well-known picture above is meant to allegorize, some physical systems
admit a dual description in either classical or quantum-mechanical terms. According
to Bohr’s “doctrine of classical concepts”, measurement apparatuses are examples
of such systems. More generally—as hammered down by decoherence theorists—
the classical world around us is a case in point. As will be argued in this book, the
measurement problem of quantum mechanics (highlighted by Schrodinger’s Cat) is
caused by this duality (rather than resolved by it, as Bohr is said to have thought).

! “The head seen in rhis way hasn’t even the slightest similarity to the head seen in thar way (...)
The change of aspect. “But surely you’d say that the picture has changed altogether now! But what
is different: my impression? my attitude? (...) I describe the change like a perception; just as if the
object has changed before my eyes.” Translation: G.E.M. Anscombe, P.M.S. Hacker, & J. Schulte
(Wittgenstein, 2009/1953, pp. 205-206).

vii



viii Preface

The aim of this book is to analyze the foundations of quantum theory from the
point of view of classical-quantum duality, using the mathematical formalism of
operator algebras on Hilbert space (and, more generally, C*-algebras) that was orig-
inally created by von Neumann (followed by Gelfand and Naimark). In support of
this analysis, but also as a matter of independent interest, the book covers many of
the traditional topics one might expect to find in a treatise on the foundations of
quantum mechanics, like pure and mixed states, observables, the Born rule and its
relation to both single-case probabilities and long-run frequencies, Gleason’s Theo-
rem, the theory of symmetry (including Wigner’s Theorem and its relatives, culmi-
nating in a recent theorem of Hamhalter’s), Bell’s Theorem(s) and the like, quantiza-
tion theory, indistinguishable particle, large systems, spontaneous symmetry break-
ing, the measurement problem, and (intuitionistic) quantum logic. One also finds
a few idiosyncratic themes, such as the Kadison—Singer Conjecture, topos theory
(which naturally injects intuitionism into quantum logic), and an unusual emphasis
on both conceptual and mathematical aspects of limits in physical theories.

All of this is held together by what we call Bohrification, i.c., the mathematical
interpretation of Bohr’s classical concepts by commutative C*-algebras, which in
turn are studied in their quantum habitat of noncommutative C*-algebras.

Thus the book is mostly written in mathematical physics style, but its real subject
is natural philosophy. Hence its intended readership consists not only of mathemati-
cal physicists, but also of philosophers of physics, as well as of theoretical physicists
who wish to do more than ‘shut up and calculate’, and finally of mathematicians who
are interested in the mathematical and conceptual structure of quantum theory.

To serve all these groups, the native mathematical language (i.e. of C*-algebras)
is introduced slowly, starting with finite sets (as classical phase spaces) and finite-
dimensional Hilbert spaces. In addition, all advanced mathematical background that
is necessary but may distract from the main development is laid out in extensive
appendices on Hilbert spaces, functional analysis, operator algebras, lattices and
logic, and category theory and topos theory, so that the prerequisites for this book
are limited to basic analysis and linear algebra (as well as some physics). These
appendices not only provide a direct route to material that otherwise most readers
would have needed to extract from thousands of pages of diverse textbooks, but they
also contain some original material, and may be of interest even to mathematicians.

In summary, the aims of this book are similar to those of its peerless paradigm:

‘Der Gegenstand dieses Buches ist die einheitliche, und, soweit als moglich und angebracht,
mathematisch einwandfreie Darstellung der neuen Quantenmechanik (...). Dabei soll das
Hauptgewicht auf die allgemeinen und prinzipiellen Fragen, die im Zusammenhange mit
dieser Theorie entstanden sind, gelegt werden. Insbesondere sollen die schwierigen und
vielfach noch immer nicht restlos geklérten Interpretationsfragen néher untersucht werden.’
(von Neumann, Mathematische Grundlagen der Quantenmechanik, 1932, p. 1).2

2 “The object of this book is to present the new quantum mechanics in a unified presentation which,
so far as it is possible and useful, is mathematically rigorous. (. ..) Therefore the principal emphasis
shall be placed on the general and fundamental questions which have arisen in connection with this
theory. In particular, the difficult problems with interpretation, many of which are even now not
fully resolved, will be investigated in detail.” Translation: R.T. Beyer (von Neumann, 1955, p. vii).



Preface ix

Two other quotations the author often had in mind while writing this book are:

‘And although the whole of philosophy is not immediately evident, still it is better to add
something to our knowledge day by day than to fill up men’s minds in advance with the
preconceptions of hypotheses.” (Newton, draft preface to Principia, 1686).3

‘Juist het feit dat een genie als DESCARTES volkomen naast de lijn van ontwikkeling is bli-
jven staan, die van GALILEI naar NEWTON voert (.. .) [is] een phase van den in de historie
zoo vaak herhaalden strijd tusschen de bescheidenheid der mathematisch-physische meth-
ode, die na nauwkeurig onderzoek de verschijnselen der natuur in steeds meer omvattende
schemata met behulp van de exacte taal der mathesis wil beschrijven en den hoogmoed van
het philosophische denken, dat in één genialen greep de heele wereld wil omvatten (...).’
(Dijksterhuis, Val en Worp, 1924, p. 343).4
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Introduction

After 25 years of confusion and even occasional despair, in March 1926 physicists
suddenly had rwo theories of the microscopic world (Heisenberg, 1925; Schrodinger,
1926ab), which hardly could have looked more differently. Heisenberg’s matrix me-
chanics (as it came to be called a bit later) described experimentally measurable
quantities (i.e., “observables”) in terms of discrete quantum numbers, and appar-
ently lacked a state concept. Schrodinger’s wave mechanics focused on unobserv-
able continuous matter waves apparently playing the role of quantum states; at the
time the only observable within reach of his theory was the energy. Einstein is even
reported to have remarked in public that the two theories excluded each other.
Nonetheless, Pauli (in a letter to Jordan dated 12 April 1926), Schrodinger
(1926¢) himself, Eckart (1926), and Dirac (1927) argued—it is hard to speak of
a complete argument even at a heuristic level, let alone of a mathematical proof
(Muller, 1997ab)— that in fact the two theories were equivalent! A rigorous equiv-
alence proof was given by von Neumann (1927ab), who (at the age of 23) was the
first to unearth the mathematical structure of quantum mechanics as we still under-
stand it today. His effort, culminating in his monograph Mathematische Grundlagen
der Quantenmechanik (von Neumann, 1932), was based on the abstract concept of
a Hilbert space, which previously had only appeared in examples (i.e. specific real-
izations) going back to the work of Hilbert and his school on integral equations.
The novelty of von Neumann’s abstract approach may be illustrated by the advice
Hilbert’s former student Schmidt gave to von Neumann even at the end of the 1920s:

‘Nein! Nein! Sagen Sie nicht Operator, sagen Sie Matrix!” (Bernkopf, 1967, p. 346).

Von Neumann proposed that observables quantities be interpreted as (possibly un-
bounded) self-adjoint operators on some Hilbert space, whilst pure states are real-
ized as rays (i.e. unit vectors up to a phase) in the same space; finally, the inner prod-
uct provides the probabilities introduced by Born (1926ab). In particular, Heisen-
berg’s observables were operators on £2(N), whereas Schrodinger’s wave-functions
were unit vectors in L?(R3). A unitary transformation between these Hilbert spaces
then provided the mathematical equivalence between their competing theories.

5 “No! No! You shouldn’t say operator, you should say matrix!’



2 Introduction

This story is well known, but it is worth emphasizing (cf. Zalamea, 2016, §1.1)
that the most significant difference between von Neumann’s mathematical axiom-
atization of quantum mechanics and Dirac’s heuristic but beautiful and systematic
treatment of the same theory (Dirac, 1930) was not so much the lack of mathemat-
ical rigour in the latter—although this point was stressed by von Neumann (1932,
p. 2) himself, who was particularly annoyed with Dirac’s §-function and his closely
related assumption that every self-adjoint operator can be diagonalized in the naive
way of having a basis of eigenvectors—but the fact that Dirac’s approach was rela-
tive to the choice of a (generalized) basis of a Hilbert space, whereas von Neumann’s
was absolute. In this sense, as a special case of his (and Jordan’s) general transfor-
mation theory, Dirac showed that Heisenberg’s matrix mechanics and Schrodinger’s
wave mechanics were related by a (unitary) transformation, whereas for von Neu-
mann they were two different realizations of his abstract (separable) Hilbert space.
In particular, von Neumann’s approach a priori dispenses with a basis choice alto-
gether; this is precisely the difference between an operator and a matrix Schmidt al-
luded to in the above quotation. Indeed, von Neumann’s abstract approach (which as
a co-founder of functional analysis he shared with Banach, but not with his mentor
Hilbert) was remarkable even in mathematics; in physics it must have been dazzling.

It is instructive to compare this situation with special relativity, where, so to
speak, Dirac would write down the theory in terms of inertial frames of reference,
so as to subsequently argue that due to Poincaré-invariance the physical content of
the theory does not depend on such a choice. Von Neumann, on the other hand (had
he ever written a treatise on relativity), would immediately present Minkowski’s
space-time picture of the theory and develop it in a coordinate-free fashion.

However, this analogy is also misleading. In special relativity, all choices of iner-
tial frames are genuinely equivalent, but in quantum mechanics one often does have
preferred observables: as Bohr would argue from his Como Lecture in 1927 onwards
(Bohr, 1928), these observables are singled out by the choice of some experimental
context, and they are jointly measurable iff they commute (see also below). Though
not necessarily developed with Bohr’s doctrine in mind, Dirac’s approach seems
tailor-made for this situation, since his basis choice is equivalent to a choice of
“preferred” physical observables, namely those that are diagonal in the given basis
(for Heisenberg this was energy, while for Schrédinger it was position).

Von Neumann’s abstract approach can deal with preferred observables and ex-
perimental contexts, too, though the formalism for doing so is more demanding.
Namely, for reasons ranging from quantum theory to ergodic theory via unitary
group representations on Hilbert space, from 1930 onwards von Neumann devel-
oped his theory of “rings of operators” (nowadays called von Neumann algebras),
partly in collaboration with his assistant Murray (von Neumann, 1930, 1931, 1938,
1940, 1949; Murray & von Neumann, 1936, 1937, 1943). For us, at least at the
moment the point is that Dirac’s diagonal observables are formalized by maximal
commutative von Neumann algebras A on some Hilbert space. These often come
naturally with some specific realization of a Hilbert space; for example, on Heisen-
berg’s Hilbert space ¢>(N) on has A; = ¢*(N), while Schrodinger’s L?(R?) is host
to A. = L= (IR?), both realized as multiplication operators (cf. Proposition B.73).
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Although the second (1931) paper in the above list shows that von Neumann was
well aware of the importance of the commutative case of his theory of operator al-
gebras, he—perhaps deliberately—missed the link with Bohr’s ideas. As explained
in the remainder of this Introduction, providing this link is one of the main themes
of this book, but we will do so using the more powerful formalism of C*-algebras.
Introduced by Gelfand & Naimark (1943), these are abstractions and generaliza-
tions of von Neumann algebras, so abstract indeed that Hilbert spaces are not even
mentioned in their definition. Nonetheless, C*-algebras remain very closely tied to
Hilbert spaces through the GNS-construction originating with Gelfand & Naimark
(1943) and Segal (1947b), which implies that any C*-algebra is isomorphic to a
well-behaved algebra of bounded operators on some Hilbert space (see §C.12).

Starting with Segal (1947a), C*-algebras have become an important tool in math-
ematical physics, where traditionally most applications have been to quantum sys-
tems with infinitely many degrees of freedom, such as quantum statistical mechan-
ics in infinite volume (Ruelle, 1969; Israel, 1979; Bratteli & Robinson, 1981; Haag,
1992; Simon, 1993) and quantum field theory (Haag, 1992; Araki, 1999).

Although we delve from the first body of literature, and were at least influenced
by the second, the present book employs C*-algebras in a rather different fashion,
in that we exploit the unification they provide of the commutative and the noncom-
mutative “worlds” into a single mathematical framework (where one should note
that as far as physics is concerned, the commutative or classical case is not purely
C*-algebraic in character, because one also needs a Poisson structure, see Chapter
3). This unified language (supplemented by some category theory, group(oid) the-
ory, and differential geometry) gives a mathematical handle on Wittgenstein’s As-
pektwechsel between classical and quantum-mechanical modes of description (see
Preface), which in our view lies at the heart of the foundations of quantum physics.
This “change of perspective”, which roughly speaking amounts to switching (and
interpolating) between commutative and noncommutative C*-algebras, is added to
Dirac’s transformation theory (which comes down to switching between generalized
bases, or, equivalently, between maximal commutative von Neumann algebras).

The central conceptual importance of the Aspektwechsel for this book in turn
derives from our adherence to Bohr’s doctrine of classical concepts, which forms
part of the Copenhagen Interpretation of quantum mechanics (here defined strictly
as a body of ideas shared by Bohr and Heisenberg). We let the originators speak:

‘It is decisive to recognize that, however far the phenomena transcend the scope of classical
physical explanation, the account of all evidence must be expressed in classical terms. The
argument is simply that by the word experiment we refer to a situation where we can tell
others what we have done and what we have learned and that, therefore, the account of
the experimental arrangements and of the results of the observations must be expressed in
unambiguous language with suitable application of the terminology of classical physics.’
(Bohr, 1949, p. 209)

‘The Copenhagen interpretation of quantum theory starts from a paradox. Any experiment
in physics, whether it refers to the phenomena of daily life or to atomic events, is to be
described in the terms of classical physics. The concepts of classical physics form the lan-
guage by which we describe the arrangement of our experiments and state the results. We
cannot and should not replace these concepts by any others.” (Heisenberg 1958, p. 44)
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The last quotation even opens Heisenberg’s only systematic presentation of the
Copenhagen Interpretation, which forms Chapter 111 of his Gifford Lectures from
1955; apparently this was the first occasion where the name “Copenhagen Interpre-
tation” was used (Howard, 2004). In our view, several other defining claims of the
Copenhagen Interpretation appear to be less well founded, if not unwarranted, al-
though they may have been understandable in the historical context where they were
first proposed (in which the new theory of quantum mechanics needed to get going
even in the face of the foundational problems that all of the originators—including
Bohr and Heisenberg—were keenly aware of). These spurious claims include:

e The emphatic rejection of the possibility to analyze what is going on during mea-
surements, as expressed in typical Bohr parlance by claims like:

‘According to the quantum theory, just the impossibility of neglecting the interaction
with the agency of measurement means that every observation introduces a new uncon-
trollable element.” (Bohr, 1928, p. 584),

or, with similar (but somehow less off-putting) dogmatism by Heisenberg:

‘So we cannot completely objectify the result of an observation’ (1958, p. 50).

e The closely related interpretation of quantum-mechanical states (which Heisen-
berg indeed referred to as “probability functions’) as mere catalogues of the prob-
abilities attached to possible outcomes of experiments, as in:

‘what one deduces from observation is a probability function, a mathematical expression
that combines statements about possibilities or tendencies with statements about our
knowledge of facts” (Heisenberg 1958, p. 50),

In addition, there are two ingredients of the avowed Copenhagen Interpretation Bohr
and Heisenberg actually seem to have disagreed about. These include:

o The collapse of the wave-function (i.e., upon completion of a measurement),
which was introduced by Heisenberg (1927) in his paper on the uncertainty rela-
tions. As we shall see in Chapter 11, this idea was widely adopted by the pioneers
of quantum mechanics (and it still is), but apparently it was never endorsed by
Bohr, who saw the wave-function as a “symbolic” expression (cf. Dieks, 2016a).

e Bohr’s doctrine of Complementarity, which—though never precisely articulated—
he considered to be a revolutionary philosophical insight of central importance to
the interpretation of quantum mechanics (and even beyond). Heisenberg, on the
other hand, regarded complementary descriptions (which Bohr saw as incompat-
ible) as mathematically equivalent and at best paid lip-service to the idea. The
reason for this discord probably lies in the fact that Heisenberg was typically
guided by (quantum) theory, whereas Bohr usually started from experiments;
Heisenberg once even referred to his mentor as a ‘philosopher of experiment’.
Therefore, Heisenberg was satisfied that for example position and momentum
were related by a unitary operator (i.e. the Fourier transform), whereas Bohr had
the incompatible experimental arrangements in mind that were required to mea-
sure these quantities. Their difference, then, contrasted theory and experiment.
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Let us now review the philosophical motivation Bohr and Heisenberg gave for their
mutual doctrine of classical concepts. First, Bohr (in his typical convoluted prose):

‘The elucidation of the paradoxes of atomic physics has disclosed the fact that the unavoid-
able interaction between the objects and the measuring instruments sets an absolute limit
to the possibility of speaking of a behavior of atomic objects which is independent of the
means of observation. We are here faced with an epistemological problem quite new in nat-
ural philosophy, where all description of experience has so far been based on the assump-
tion, already inherent in ordinary conventions of language, that it is possible to distinguish
sharply between the behavior of objects and the means of observation. This assumption
is not only fully justified by all everyday experience but even constitutes the whole basis
of classical physics. (...) As soon as we are dealing, however, with phenomena like indi-
vidual atomic processes which, due to their very nature, are essentially determined by the
interaction between the objects in question and the measuring instruments necessary for
the definition of the experimental arrangement, we are, therefore, forced to examine more
closely the question of what kind of knowledge can be obtained concerning the objects. In
this respect, we must, on the one hand, realize that the aim of every physical experiment—
to gain knowledge under reproducible and communicable conditions—leaves us no choice
but to use everyday concepts, perhaps refined by the terminology of classical physics, not
only in all accounts of the construction and manipulation of the measuring instruments but
also in the description of the actual experimental results. On the other hand, it is equally
important to understand that just this circumstance implies that no result of an experiment
concerning a phenomenon which, in principle, lies outside the range of classical physics
can be interpreted as giving information about independent properties of the objects.’

This text has been taken from Bohr (1958, p. 25), but very similar passages appear
in many of Bohr’s writings from his famous Como Lecture (Bohr, 1928) onwards.
In other words, the (supposedly) unavoidable interaction between the objects and
the measuring instruments, which for Bohr represents the characteristic feature of
quantum mechanics (and which we would now express in terms of entanglement,
of which concept Bohr evidently had an intuitive grasp), threatens the objectivity
of the description that is characteristic of (if not the defining property of) of classi-
cal physics. However, this threat can be countered by describing quantum mechanics
through classical physics, which (or so the argument goes) restores objectivity. Else-
where, we see Bohr also insisting on the need for classical concepts in defining any
meaningful theory whatsoever, as these are the only concepts we really understand
(though, as he always insists, classical concepts are at the same time challenged by
quantum theory, as a consequence of which their use is necessarily limited).
Although Heisenberg’s arguments for the necessity of classical concepts start
similarly, they eventually take a conspicuously different direction from Bohr’s:

‘To what extent, then, have we finally come to an objective description of the world, espe-
cially of the atomic world? In classical physics science started from the belief—or should
one say from the illusion?—that we could describe the world or at least parts of the world
without any reference to ourselves. This is actually possible to a large extent. We know that
the city of London exists whether we see it or not. It may be said that classical physics
is just that idealization in which we can speak about parts of the world without any ref-
erence to ourselves. Its success has led to the general ideal of an objective description of
the world. Objectivity has become the first criterion for the value of any scientific result.
Does the Copenhagen interpretation of quantum theory still comply with this ideal? One
may perhaps say that quantum theory corresponds to this ideal as far as possible. Certainly
quantum theory does not contain genuine subjective features, it does not introduce the mind
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of the physicist as a part of the atomic event. But it starts from the division of the world
into the object and the rest of the world, and from the fact that at least for the rest of the
world we use the classical concepts in our description. This division is arbitrary and his-
torically a direct consequence of our scientific method; the use of the classical concepts is
finally a consequence of the general human way of thinking. But this is already a reference
to ourselves and in so far our description is not completely objective. (...)

The concepts of classical physics are just a refinement of the concepts of daily life and are
an essential part of the language which forms the basis of all natural science. Our actual
situation in science is such that we do use the classical concepts for the description of the
experiments, and it was the problem of quantum theory to find theoretical interpretation of
the experiments on this basis. There is no use in discussing what could be done if we were
other beings than we are. (...)

Natural science does not simply describe and explain nature; it is a part of the interplay
between nature and ourselves; it describes nature as exposed to our method of questioning.’
(Heisenberg, 1958, p. 55-56, 56, 81)

The well-known last part may indeed have been the source of the crucial ‘I'm the
one who knocks’ episode in the superb tv-series Breaking Bad (whose criminal main
character operates under the cover name of “Heisenberg”). This is worth mentioning
here, because Heisenberg (and to a lesser extent also Bohr) displays a puzzling
mixture between the hubris of claiming that quantum mechanics has restored Man’s
position at the center of the universe and the modesty of recognizing that nonetheless
Man has to know his limitations (in necessarily relying on the classical concepts he
happens to be familiar with at the current state of evolution and science).

Our own reasons for favoring the doctrine of classical concepts are threefold.
The first is closely related to Heisenberg’s and may be expressed even better by the
following passage from a book by the renowned Dutch primatologist Frans de Waal:

‘Die Verwandlung [i.e., The Metamorphosis by Franz Kafka, in which Gregor Samsa fa-
mously wakes up to find himself transformed into an insect], published in 1915, was an
unusual take-off for a century in which anthropocentrism declined. For metaphorical rea-
sons, the author had picked a repulsive creature, forcing us from the first page onwards to
feel what it would be like to be an insect. Around the same time, the German biologist
Jakob von Uexkiill drew attention to the fact that each particular species has its own per-
spective, which he called its Umwelt. To illustrate this new idea, Uexkiill took his readers
on a tour through the worlds of various creatures. Each organism observes its environment
in its own peculiar way, he argued. A tick, which has no eyes, climbs onto a grass blade,
where it awaits the scent of butyric acid off the skin of mammals that pass by. Experiments
have demonstrated that ticks may survive without food for as long as 18 years, so that a tick
has ample time to wait for her prey, jump on it, and suck its warm blood, after which she
is ready to lay her eggs and die. Are we in a position to understand the Umwelt of a tick?
Its seems unbelievably poor compared to ours, but Uexkiill regarded its simplicity rather as
a strength: ticks have set themselves a narrow goal and hence cannot easily be distracted.
Uexkiill analysed many other examples, and showed how a single environment offers hun-
dreds of different realities, each of which is unique for some given species. (...) Some
animals merely register ultraviolet light, others live in a world of odors, or of touch, like a
star nose mole. Some animals sit on a branch of an oak, others live underneath the bark of
the same oak, whilst a fox family digs a hole underneath its roots. Each animal observes the
tree differently.” (De Waal, 2016, pp. 15-16. Translation by the author).

Indeed, it is hardly an accident that De Waal preceded this passage by a quotation
from Heisenberg almost identical to the last one above.
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A second argument in favour of the doctrine lies in the possibility of a peaceful
outcome of the Bohr—Einstein debate, or at least of an important part of it; cf. Lands-
man (2006a), which was inspired by earlier work of Raggio (1981, 1988) and Bac-
ciagaluppi (1993). This debate initially centered on Einstein’s attempts to debunk
the Heisenberg uncertainty relations, and subsequently, following Einstein’s grudg-
ing acceptance of their validity, entered its most famous and influential phase, in
which Einstein tried to prove that quantum mechanics, although admittedly correct,
was incomplete. One could argue that both antagonists eventually lost this part of
the debate, since Einstein’s goal of a local realistic (quantum) physics was quashed
by the famous work of Bell (1964), whereas against Bohr’s views, deterministic ver-
sions of quantum mechanics such as Bohmian mechanics and the Everett (i.e. Many
Worlds) Interpretation turned out to be at least logical possibilities.

However incompatible the views of Einstein and Bohr on physics and its goals
may have been, unknown to them a common battleground did in fact exist and could
even have led to a reconciliation of at least the epistemological views of the great ad-
versaries. The common ground referred to concerns the problem of objectification,
which at first sight Bohr and Einstein approached in completely different ways:

e Bohr objectified a quantum system through the specification of a classical exper-
imental context, i.e. by looking at it through appropriate classical glasses.
e FEinstein objectified any physical system by claiming its independent existence:

‘The belief in an external world independent of the perceiving subject is the basis of all
natural science.” (Einstein, 1954, p. 266).

On a suitable mathematical interpretation, these conditions for the objectification
of the system turn out to be equivalent! Namely, identifying Boht’s apparatus with
Einstein’s perceiving subject, calling its algebra of observables A, and denoting the
algebra of observables of the quantum system to be objectified by B, our reading of
the doctrine of classical concepts (to be explained in more detail below) is simply
that A be commutative. Einstein, on the other hand, insists that the system under
observation has its own state, so that there must be no entangled states on the tensor
product A ® B that describes the composite system. Equivalently, every pure state on
A ® B must be a product state, so that both A and B have states that together deter-
mine the joint state of A ® B. This is the case if and only if A or B is commutative,
and since B is taken to be a quantum system, it must be A (see the notes to §6.5 for
details). Thus Bohr’s objectification criterion turns out to coincide with Einstein’s!

Thirdly, the doctrine of classical concepts describes all known applications to
date of quantum theory to experimental physics; and therefore we simply have to
use it if we are interested in understanding these applications. This is true for the
entire range of empirically accessible energy and length scales, from molecular and
condensed matter physics (including quantum computation) to high-energy physics
(in colliders as well as in the context of astro-particle physics). So if people working
in a field like quantum cosmology complain about the Copenhagen Interpretation
then perhaps they should ask themselves if their field is more than a chimera.

Given its clear empirical relevance, it is a moot point whether the doctrine of
classical concepts is as necessary as Bohr and Heisenberg claimed it was:
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‘In their attempts to formulate the general content of quantum mechanics, the representa-
tives of the Copenhagen School often used formulations with which they do not merely
say how things are in their opinion, but beyond that, they say that things must be thus and
s0 (...) They chose formulations for the mere communication of an item in which at the
same time the inevitability of what is communicated is asserted. (...) The assertion of the
necessity of a proposition adds nothing to its content.” (Scheibe, 2001, pp. 402-403)

The doctrine of classical concepts implies in particular that the measuring appa-
ratus is to be described classically; indeed, along with its coupling to the system
undergoing measurement, it is its classical description which turns some device—
which a priori is a quantum system like anything else—into a measuring apparatus.
This point was repeated over and over by Bohr and Heisenberg, but in our view the
clearest explanation of this crucial point has been given by Scheibe:

‘It is necessary to avoid any misunderstanding of the buffer postulate [i.e., the doctrine
of classical concepts], and in particular to emphasize that the requirement of a classical
description of the apparatus is not designed to set up a special class of objects differing
fundamentally from those which occur in a quantum phenomenon as the things examined
rather than measuring apparatus. This requirement is essentially epistemological, and af-
fects this object only in its role as apparatus. A physical object which may act as apparatus
may in principle also be the thing examined. (...) The apparatus is governed by classical
physics, the object by the quantum-mechanical formalism.” (Scheibe, 1973, p. 24-25)

Thus it is essential to the Copenhagen Interpretation that one can describe at least
some quantum-mechanical devices classically: those for which this is possible in-
clude the candidate-apparatuses (i.e. measuring devices). In view of its importance
for their interpretation of quantum mechanics, it is remarkable how little Bohr,
Heisenberg, and their followers did to seriously address this problem of a dual de-
scription of at least part of the world, although they were clearly aware of this need:

‘In the system to which the quantum mechanical formalism is to be applied, it is of course
possible to include any intermediate auxiliary agency employed in the measuring process.
Since, however, all those properties of such agencies which, according to the aim of mea-
surements have to be compared with the corresponding properties of the object, must be
described on classical lines, their quantum mechanical treatment will for this purpose be
essentially equivalent with a classical description.” (Bohr, 1939, pp. 23-24; quotation taken
from Camilleri & Schlosshauer, 2015, p. 79)

In defense of this alleged equivalence, we read almost circular explanations like:

‘the necessity of basing the description of the properties and manipulation of the measur-
ing instruments on purely classical ideas implies the neglect of all quantum effects in that
description.” (Bohr, 1939, p. 19)

Since it delineates an appropriate regime, the following is slightly more informative:

‘Incidentally, it may be remarked that the construction and the functioning of all apparatus
like diaphragms and shutters, serving to define geometry and timing of the experimental
arrangements, or photographic plates used for recording the localization of atomic objects,
will depend on properties of materials which are themselves essentially determined by the
quantum of action. Still, this circumstance is irrelevant for the study of simple atomic phe-
nomena where, in the specification of the experimental conditions, we may to a very high
degree of approximation disregard the molecular constitution of the measuring instruments.
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If only the instruments are sufficiently heavy compared with the atomic objects under inves-
tigation, we can in particular neglect the requirement of the [uncertainty] relation as regards
the control of the localization in space and time of the single pieces of the apparatus relative
to each other. (Bohr, 1948, pp. 315-316).

Even Heisenberg restricted himself to very general comments like:

‘This follows mathematically from the fact that the laws of quantum theory are for the
phenomena in which Planck’s constant can be considered as a very small quantity, approx-
imately identical with the classical laws. (Heisenberg, 1958, pp. 57).

Notwithstanding these vague or even circular explanations, the connection between
classical and quantum mechanics was at the forefront of research in the early days
of quantum theory, and even predated quantum mechanics. For example, Jammer
(1966, p. 109) notes that already in 1906 Planck suggested that

‘the classical theory can simply be characterized by the fact that the quantum of action
becomes infinitesimally small.’

In fact, in the same context as Planck, namely his radiation formula, Einstein made
a similar point already in 1905. Subsequently, Bohr’s Correspondence Principle,
which originated in the context of atomic radiation, suggested an asymptotic re-
lationship between quantum mechanics and classical electrodynamics. As such, it
played a major role in the creation of quantum mechanics (Bohr, 1976, Jammer,
1966, Mehra & Rechenberg, 1982; Hendry, 1984; Darrigol, 1992), but the contem-
porary (and historically inaccurate) interpretation of the Correspondence Principle
as the idea that all of classical physics should be a certain limiting case of quantum
physics seems of much later date (cf. Landsman, 2007a; Bokulich, 2008).
Ironically, the possibility of giving a dual classical-quantum description of mea-
surement apparatuses, though obviously crucial for the consistency of the Copen-
hagen Interpretation, simply seems to have been taken for granted, whereas also the
more ambitious problem of explaining at least the appearance of the classical world
(i.e. beyond measurement devices) from quantum theory—which is central to cur-
rent research in the foundations of quantum mechanics—is not to be found in the
writings of Bohr (who, after all, saw the explanation of experiments as his job).
Perhaps Heisenberg could have used the excuse that he regarded the problem as
solved by his 1927 paper on the uncertainty relations; but on both technical and con-
ceptual grounds it would have been a feeble excuse. One of the few expressions of at
least some dissatisfaction with the situation from within the Copenhagen school—if
phrased ever so mildly—came from Bohr’s former research associate Landau:

‘Thus quantum mechanics occupies a very unusual place among physical theories: it con-
tains classical mechanics as a limiting case, yet at the same time it requires this limiting
case for its own formulation.” (Landau & Lifshitz, 1977, p. 3)

In other words, the relationship between the (generalized) Correspondence Principle
and the doctrine of classical concepts needs to be clarified, and such a clarification
should hopefully also provide the key for the solution of the grander problem of
deriving the classical world from quantum theory under appropriate conditions.
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As a first step to this end, Bohr’s conceptual ideas should be interpreted within
the formalism of quantum mechanics before they can be applied to the physical
world, an intermediate step Bohr himself seems to have considered superfluous:

‘I noticed that mathematical clarity had in itself no virtue for Bohr. He feared that the
formal mathematical structure would obscure the physical core of the problem, and in any
case, he was convinced that a complete physical explanation should absolutely precede the
mathematical formulation.” (Heisenberg, 1967, p. 98)

Fortunately, von Neumann did not return the compliment, since beyond its brilliant
mathematical content, his Mathematische Grundlagen der Quantenmechanik from
1932 devoted considerable attention to conceptual issues. For example, he gave the
most general form of the Born rule (which is the central link between experimen-
tal physics and the Hilbert space formalism), he introduced density operators for
quantum statistical mechanics (which are still in use), he conceptualized projection
operators as yes-no questions (paving the way for his later development of quantum
logic with Birkhoff, as well as for Gleason’s Theorem and the like), in his analysis
of hidden variables he introduced the mathematical concept of a state that became
pivotal in operator algebras (including the algebraic approach to quantum mechan-
ics), en passant also preparing the ground for the theorems of Bell and Kochen &
Specker (which exclude hidden variables under physically more relevant assump-
tions than von Neumann’s), and, last but not least, his final chapter on the measure-
ment problem formed the basis for all serious subsequent literature on this topic.
Nonetheless, much as Bohr’s philosophy of quantum mechanics would benefit
from a precise mathematical interpretation, von Neumann’s mathematics would be
more effective in physics if it were supplemented by sound conceptual moves (be-
yond the ones he provided himself). Killing two birds with one stone, we implement
the doctrine of classical concepts in the language of operator algebras, as follows:

The physically relevant aspects of the noncommutative operator algebras of quantum-
mechanical observables are only accessible through commutative algebras.

Our Bohrification program, then, splits into two parts, which are distinguished by
the precise relationship between a given noncommutative operator algebra A (rep-
resenting the observables of some quantum system, as detailed below) and the com-
mutative operator algebras (i.e. classical contexts) that give physical access to A.

While delineated mathematically, these two branches also reflect an unresolved
conceptual disagreement between Bohr and Heisenberg about the status of clas-
sical concepts (Camilleri, 2009b). According to Bohr—haunted by his idea of
Complementarity—only one classical concept (or one coherent family of classi-
cal concepts) applies to the experimental study of some quantum object at a time.
If it applies, it does so exactly, and has the same meaning as in classical physics;
in Bohr’s view, any other meaning would be undefined. In a different experimental
setup, some other classical concept may apply. Examples of such “complementary”
pairs are particle versus wave (an example Bohr stopped using after a while), space-
time description versus “causal description” (by which Bohr means conservation
laws), and, in his later years, one “phenomenon” (i.e., an indivisible unit of a quan-
tum object plus an experimental arrangement) against another. For example:
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‘My main purpose (...) is to emphasize that in the phenomena concerned we are (... ) deal-
ing with a rational discrimination between essentially different experimental arrangements
and procedures which are suited either for an unambiguous use of the idea of space loca-
tion, or for a legitimate application of the conservation theorem of momentum (. ..) which
therefore in this sense may be considered as complementary to each other (...) Indeed we
have in each experimental arrangement suited for the study of proper quantum phenomena
not merely to do with an ignorance of the value of certain physical quantities, but with the
impossibility of defining these quantities in an unambiguous way. (Bohr, 1935, p. 699).

Heisenberg, on the other hand, seems to have held a more relaxed attitude towards
classical concepts, perhaps inspired by his famous 1925 paper on the quantum-
mechanical reinterpretation (Umdeutung) of mechanical and kinematical relations,
followed by his equally great paper from 1927 already mentioned. In the former,
he introduced what we now call quantization, in putting the observables of classical
physics (i.e. functions on phase space) on a new mathematical footing by turning
them into what we now call operators (initially in the form of infinite matrices),
where they also have new properties. In the latter, Heisenberg tried to find some op-
erational meaning of these operators through measurement procedures. Since quan-
tization applies to all classical observables at once, all classical concepts apply si-
multaneously, but approximately (ironically, like most research on quantum theory
at the time, the 1925 paper was inspired by Bohr’s Correspondence Principle).

To some extent, then, Bohr’s view on classical concepts comes back mathemati-
cally in exact Bohrification, which studies (unital) commutative C*-subalgebras C
of a given (unital) noncommutative C*-algebra A, whereas Heisenberg’s interpreta-
tion of the doctrine resurfaces in asymptotic Bohrification, which involves asymp-
totic inclusions (more specifically, deformations) of commutative C*-algebras into
noncommutative ones. So the latter might have been called Heisenbergification in-
stead, but in view of both the ugliness of this word and the historical role played by
Bohr’s Correspondence Principle just alluded to, the given name has stuck.

The precise relationship between Bohr’s and Heisenberg’s views, and hence also
between exact and asymptotic Bohrification, remains to be clarified; their joint ex-
istence is unproblematic, however, since the two programs complement each other.

e FExact Bohrification turns out to be an appropriate framework for:

— The Born rule (for single case probabilities).

— Gleason’s Theorem (which justifies von Neumann’s notion of a state as a pos-
itive linear expectation value, assuming the operator part of quantum theory).

— The Kochen—Specker Theorem (excluding non-contextual hidden variables).

— The Kadison—Singer Conjecture (concerning uniqueness of extensions of pure
states from maximal commutative C*-subalgebras of the algebra B(H) of all
bounded operators on a separable Hilbert space H to B(H)).

— Wigner’s Theorem (on unitary implementation of symmetries of pure states
with transition probabilities, and its analogues for other quantum structures).

— Quantum logic (which, if one adheres to the doctrine of classical concepts,
turns out to be intuitionistic and hence distributive, rather than orthomodular).

— The topos-theoretic approach to quantum mechanics (which from our point
of view encompasses quantum logic and implies the preceding claim).
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e Asymptotic Bohrification, on the other hand, provides a mathematical setting for:

— The classical limit of quantum mechanics.

— The Born rule (for probabilities measured as long-run frequencies).
— The infinite-volume limit of quantum statistical mechanics.

— Spontaneous symmetry breaking (SSB).

— The Measurement Problem (highlighted by Schrodinger’s Cat).

On the philosophical side, the limiting procedures inherent in asymptotic Bohrifi-
cation may be seen in the light of the (alleged) phenomenon of emergence. From
the philosophical literature, we have distilled two guiding thoughts which, in our
opinion, should control the use of limits, idealizations, and emergence in physics
and hence play a paramount role in this book. The first is Earman’s Principle:

‘While idealizations are useful and, perhaps, even essential to progress in physics, a sound
principle of interpretation would seem to be that no effect can be counted as a genuine
physical effect if it disappears when the idealizations are removed.” (Earman, 2004, p. 191)

The second is Butterfield’s Principle, which in a sense is a corollary to Earman’s
Principle, and should be read in the light of Butterfield’s own definition of emer-
gence as ‘behaviour that is novel and robust relative to some comparison class’,
which among other virtues removes the reduction-emergence opposition:

“there is a weaker, yet still vivid, novel and robust behaviour that occurs before we get to
the limit, i.e. for finite N. And it is this weaker behaviour which is physically real.”
(Butterfield, 2011, p. 1065)

Indeed, the link between theory and reality stands or falls with an adherence to these
principles, for real materials (like a ferromagnet or a cat) are described by the quan-
tum theory of finite systems (i.e., i > 0 or N < oo, as opposed to their idealized
limiting cases 7 = 0 or N = ), and yet they do display the remarkable phenom-
ena that strictly speaking are only possible in the corresponding limit theories, like
symmetry breaking, or the fact that cats are either dead or alive, as a metaphor for
the fact that measurements have outcomes. This simple observation shows that any
physically relevant conclusion drawn from some idealization must be foreshadowed
in the underlying theory already for positive values of 7 or finite values of N.

Despite their obvious validity, it is remarkable how often idealizations violate
these principles. For example, all rigorous theories of spontaneous symmetry break-
ing in quantum statistical mechanics (Bratteli & Robinson, 1981) and in quantum
field theory (Haag, 1992) strictly apply to infinite systems only, since ground states
of finite quantum systems are typically unique (and hence symmetric), whilst ther-
mal equilibrium states of such systems are even always unique (see also Chapter
10). As explained in Chapter 11, the “Swiss” approach to the measurement problem
based on superselection rules faces a similar problem, and must be discarded for that
reason. Bohr’s doctrine of classical concepts is particularly vulnerable to Earman’s
Principle, since classical physics (in whose language we are supposed to express the
account of all evidence) is not realized in nature but only in the human mind, so to
speak. This necessitates great care in implementing this doctrine.
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Interestingly, in his famous lecture “Uber das Unendliche”, in which he ex-
pounded his finitary program intended to save mathematics against the devilish in-
tuitionist challenge of L.E.J. Brouwer, Hilbert (1925) expressed similar principles
controlling the use of infinite idealizations in mathematics:

“Und so wie bei den Grenzprozessen der Infinitesimalrechnung das Unendliche im Sinne
des Unendlichkleinen und des Unendlichgrof3en sich als eine bloBe Redensart erweisen lief3,
so miissen wir auch das Unendliche im Sinne der Unendlichen Gesamtheit, wo wir es jetzt
noch in den SchluBweisen vorfinden, als etwas blof3 scheinbaren erkennen. Und so wie das
Operieren mit dem Unendlichkleinen durch Prozesse im Endlichen ersetzt wurde, welche
ganz dasselbe leisten und zu ganz denselben eleganten formalen Beziehungen fiihren, so
miissen tiberhaupt die SchluBweisen mit dem Unendlichen durch endliche Prozesse ersetzt
werden, die gerade dasselbe leisten, d.h. dieselben Beweisgénge und dieselben Methoden
der Gewinning von Formeln und Sitzen ermoglichen.” (Hilbert, 1925, p. ]62).6

In addition, asymptotic Bohrification has three rather more technical roots:

1. A new approach to quantization theory developed in the 1970s under the name
of deformation quantization (Berezin, 1975; Bayen et al, 1978), where the non-
commutative algebras characteristic of quantum mechanics arise as deforma-
tions of Poisson algebras. In Rieffel’s (1989, 1994) approach to deformation
quantization, further developed in Landsman (1998a), the deformed algebras are
C*-algebras, and hence the apparatus of operator algebras and noncommutative
geometry (Connes, 1994) becomes available. Deformation quantization gives a
mathematically precise and physically relevant meaning to the limit # — 0, and
shows that quantization and the classical limit are two sides of the same coin.

2. The mathematical analysis of the BCS-model of superconductivity initiated by
Bogoliubov (1958) and Haag (1962), which, in the more general setting of mean-
field models of solid state physics, culminated in the work of Bona (1988, 2000),
Raggio & Werner (1989), and Duffield & Werner (1992). These authors showed
that in the macroscopic limit N — oo, non-commutative algebras of quantum-
mechanical observables (which are typically tensor powers of matrix algebras
M, (C)) converge to some commutative algebra (typically consisting of all con-
tinuous functions on the state space of M, (C)), at least for macroscopic averages.

3. The role of low-lying states and the ensuing instability of ground states under tiny
perturbations in the two limits at hand, discovered by Jona-Lasinio, Martinelli, &
Scoppola (1981) for the classical limit z — 0, and by Koma &Tasaki (1994) for
the macroscopic limit N — oo. In combination with the previous items, this led to
a new approach to the measurement problem (Landsman & Reuvers, 2013) and
to spontaneous symmetry breaking and emergence (Landsman, 2013), which in
particular addresses these issues in the framework of asymptotic Bohrification.

6 “Just as in the limit processes of the infinitesimal calculus, the infinite in the sense of the infinitely
large and the infinitely small proved to be merely a figure of speech, so too we must realize that
the infinite in the sense of an infinite totality, where we still find it in deductive methods, is an
illusion. Just as operations with the infinitely small were replaced by operations with the finite
which yielded exactly the same results and led to exactly the same elegant formal relationships,
so in general must deductive methods based on the infinite be replaced by finite procedures which
yield exactly the same results, i.e., which make possible the same chains of proofs and the same
methods of getting formulas and theorems.” (Benaceraff & Putnam, 1983, p. 184).
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This book is organized into two parts. Rather than following the partition of
our approach into exact and asymptotic Bohrification, these parts reflect the (math-
ematical) sophistication of the material, starting with finite sets, and ending with
a combination of C*-algebras and topos theory. Part I, called Co(X) and B(H),
gives a mathematical introduction to both classical and quantum mechanics from
an operator-algebraic point of view, in which these theories are kept separate, whilst
mathematical analogies are stressed whenever possible. This part emphasizes the
notion of symmetry, and includes some of the main abstract mathematical results
about quantum mechanics (i.e., those not involving the study of Schrodinger op-
erators and concrete models), such as the Born rule, the theorems of Gleason and
Kochen & Specker already mentioned, the one of Wigner (on symmetries) and its
numerous derivatives, including a new one on unitary implementability of symme-
tries of the poset €' (B(H)) of unital commutative C*-subalgebras of B(H), and
Stone’s Theorem on unitary implementability of time evolution in quantum me-
chanics. This part may also serve as a reference for such fundamental theorems
about quantum mechanics. An unusual ingredient of this part is our discussion of
the Kadison—Singer Conjecture, included because of its fit into (exact) Bohrification.
Also elsewhere, results are (re)phrased in a language appropriate to this ideology.

Experts in the C*-algebraic approach to quantum mechanics will be able to read
the second part independently of the first (which they might therefore skip if they
find it to be too elementary), but the spirit of Bohrification will only be instilled in
the reader if (s)he reads the entire book; indeed, it is this very spirit that keeps the
two parts together and turns the book into a whole. Part 11, entitled Between Cp(X)
and B(H), starts with a survey of some known results on the grey area between clas-
sical and quantum, such as Bell’s Theorem(s) and the so-called Free Will Theorem.
It then embarks on the asymptotic Bohrification program, including (deformation)
quantization and the classical limit (including a small excursion into indistinguish-
able particles), large systems and their (thermodynamic) limit, and the Born rule
(revisited). This part centers on a somewhat idiosyncratic treatment of spontaneous
symmetry breaking (SSB) and the closely related measurement problem of quan-
tum mechanics, which is given an unusual but technically precise formulation in the
spirit of the Copenhagen Interpretation, and hence is meant to be relevant to actual
experimental physics (which is what the Copenhagen Interpretation covers).

Our treatment of both quantization and SSB relies mathematically on continu-
ous bundles of C*-algebras, while the principles of Earman and Butterfield provide
philosophical guidance. This is also true for our approach to the measurement prob-
lem, which combines elements of quantization and SSB. Although experiments and
detailed theoretical models are lacking so far, this powerful combination of mathe-
matical and philosophical tools leads to a compelling scenario for solving the mea-
surement problem, harboring the hope of finally laying this problem to rest. Like
dynamical collapse models that require modifications of quantum mechanics, our
scenario looks at the wave-function realistically, and hence describes measurement
as a physical process, including the collapse that settles the outcome (as opposed to
reinterpretations of the uncollapsed state, as in modal or Everettian interpretations).
However, in our approach collapse takes place within unitary quantum theory.
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Insolubility theorems for the measurement problem are circumvented, because
these rely on the counterfactual that if y;, were the initial state, then for each n it
would evolve (linearly) according to the Schrodinger equation with given Hamilto-
nian h, whereas if the initial state were Y, ¢, W, also then it would evolve accord-
ing to the same Hamiltonian 4. However, Butterfield’s Principle implies that this
counterfactual is inapplicable precisely in the measurement situations it is meant
for, because the dual description of the apparatus as both classical and quantum-
mechanical causes extreme sensitivity of the wave-function to even the tiniest per-
turbations of the Hamiltonian. Indeed, such perturbations dynamically enforce some
particular outcome of the measurement. Our scenario also rejects the typical way of
looking at measurement as a two-step process (going back to von Neumann himself
and widely adopted in the literature ever since), i.e., of firstly a transition of a pure
state to a mixed one (this is his ill-fated “process 17’), followed by the registration of
a single outcome. In real measurements (like elsewhere), pure states remain pure! If
our scenario is correct, the mistaken impression that quantum theory seems to imply
the irreducible randomness of nature, then arises because measurement outcomes
are merely unpredictable “for all practical purposes”, indeed they are unpredictable
in a way that dwarfs even the apparent randomness of classical chaotic systems.

The final chapter on topos theory and quantum logic elaborates on ideas originat-
ing with Isham and Butterfield. It centers on the poset % (A) of all unital commuta-
tive C*-subalgebras of a unital C*-algebra A, ordered by inclusion; with some good-
will, one might call € (A) the mathematical home of Complementarity (although the
construction applies even when A itself is commutative). The power of this poset is
already clear in Part 1, where the special case A = B(H) leads to a new version of
Wigner Theorem on unitary implementability of symmetries. Hamhalter’s Theorem,
which is a far-reaching generalization of this version, then shows that € (A) carries
at least as much information about A as the pure state space. Furthermore, € (A)
enforces a (new) notion of quantum logic that turns out to be intuitionistic in being
distributive but denying the law of the excluded middle (on which both classical
logic and the non-distributive quantum logic of Birkhoff-von Neumann are based).
Finally, €'(A) gives rise to a quantum phase space (which is lacking in the usual
formalism), on which observables are functions and states are probability measures,
just like in classical physics (but now “internal” to a particular topos, i.e., a mathe-
matical universe alternative to set theory, in which logic is typically intuitionistic).

About a third of the book is devoted to mathematical appendices. Those on func-
tional analysis and operator algebras give thorough introductions to these subjects,
sparing the reader the effort to study books like Bratteli & Robinson (1981), Con-
way (2007), Dudley (1989), Kadison & Ringrose (1983, 1986), Lance (1995), Ped-
ersen (1989), Reed & Simon (1972), Schmiidgen (2012), and Takesaki (2002, 2003).
The appendices on logic, category theory, and topos theory, on the other hand, are
far from exhaustive (though self-contained): they provide a shortcut to the neces-
sary parts of e.g. Johnstone (1987), Mac Lane (1998), and Mac Lane & Moerdijk
(1992), or, alternatively, of Bell & Machover (1977) and Bell (1988). Though pri-
marily meant to support the main body of the book, these appendices may also be of
some interest by themselves, especially to philosophers, but even to mathematicians.
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As a “Quick Start Guide” for readers in a hurry, we now summarize the main
definitions in the theory of operator algebras. A C*-algebra is an associative algebra
(over C) equipped with an involution (i.e., a real-linear map a — a* such that

a* =a, (ab)* =b*a*, (Aa)* = Ad",

for alla,b € A and A € C), as well as a norm in which A is complete (i.e., a Banach
space), such that algebra, involution, and norm are related by the axioms

llab]| < {lall[[5]];

la*all = ||al®.

The two main classes of C*-algebras are:

e The space Cy(X) of all continuous functions f : X — C that vanish at infinity (i.e.,
for any € > 0 the set {x € X | |f(x)| > €} is compact), where X is some locally
compact Hausdorff space, with pointwise addition and multiplication, involution

fr(x) = fx),

and a norm

[1fllee = sup{|f ()]}
xeX

It is of fundamental importance for physics and mathematics that Cy(X) is com-
mutative. Conversely, Gelfand & Naimark (1943) proved that every commutative
C*-algebra is isomorphic to Cy(X) for some locally compact Hausdorff space X,
which is determined by A up to homeomorphism (X is called the Gelfand spec-
trum of A). Note that Co(X) has a unit (i.e. the function 1y that is equal to 1 for
any x) iff X is compact.

e Norm-closed subalgebras A of the space B(H) of all bounded operators on some
Hilbert space H for which a* € A iff a € A; this includes the case A = B(H ). Here
one uses the standard operator norm

lall = sup{{lay ||,y € H, [ly]| = 1},

the algebraic operations are the natural ones, and the involution is the adjoint.
If dim(H) > 1, B(H) is a non-commutative C*-algebra. An important special
case is the C*-algebra By(H) of all compact operators on H, which has no unit
whenever H is infinite-dimensional (whereas B(H) is always unital). In their
fundamental paper, Gelfand & Naimark (1943) also proved that every C*-algebra
is isomorphic to A C B(H) for some Hilbert space space X.

These classes are related as follows: in the commutative case A = Cy(X), take
H=L*X,u),

where the support of the measure y is X, on which Cy(X) acts by multiplication
operators, that is, msy = fy, where f € Co(X) and y € L>(X, 1t).
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As already noted, C*-algebras were introduced by Gelfand & Naimark (1943),
generalizing the rings of operators studied by von Neumann during 1930-1949,
partly in collaboration with Murray (von Neumann, 1930, 1931, 1938, 1940, 1949;
Murray & von Neumann, 1936, 1937, 1943). These rings are now called von Neu-
mann algebras, and arise as the special case where a C*-algebra A C B(H) satisfies

A=A"
in which for any subset S C B(H) the commutant of S is defined by
S'"={a€B(H)|ab=baVbc S},

in terms of which the bicommutant of S is given by §” = (§')’. Equivalently, a C*-
algebra is a von Neumann algebra M iff it is the dual of some Banach space M,
(which is unique, and contains the so-called normal states on M).

Generalizing von Neumann’s concept of a state on B(H ), a state on a C*-algebra
A (as first defined by Segal in 1947) is a linear map

w:A—C

that is positive in that
w(a*a) >0

for each a € A, and normalized in that, noting that positivity implies boundedness,
ol =1,

where || - || is the usual norm on the Banach dual A*. If A has a unit 14, then in the
presence of positivity, the above normalization condition is equivalent to

0)(1,4) =1.

The Riesz—Radon representation theorem in measure theory gives a bijective corre-
spondence between states @ on A = Cy(X) and probability measures i on X, viz.

o(f) = [ dus.

for any f € Cyp(X). At the other end of the operator-algebraic world, if A = B(H),
then any density operator p on H gives a state @ on B(H) by

o(a) =Tr(pa),

but if H is infinite-dimensional there are other states, which cannot be normal. Such
“singular” states are the C*-algebraic analogues of improper eigenstates for eigen-
values in the continuous spectrum of some self-adjoint operator (think of position or
momentum), and hence they make perfect sense physically. Singular states play an
important role also mathematically, especially in the Kadison—Singer Conjecture.
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Let me close this Introduction with a small personal note on the way this book
came into being. Of the three disciplines relevant to the foundations of physics,
namely mathematics, physics, and philosophy, my expertise has always been lo-
cated within the first two, more specifically in mathematical physics. Nonetheless,
my interest in the foundations of physics was triggered already at school, notably
by books like The Dancing Wu-Li Masters by Gary Zukav, The Tao of Physics by
Fritjof Capra (both of which may appear suspicious in hindsight), and especially
by Werner Heisenberg’s fascinating (though historically unreliable) autobiography
Physics and Beyond (called Der Teil und das Ganze in German). The second auto-
biography that made a huge impression on me at the time was Bertrand Russell’s,
which in particular made me want to go to Cambridge and become a so-called Apos-
tle (i.e. a member of an elitist secret conversation society that once included such
illustrious members as Moore, Keynes, Hardy, and Russell himself); the first dream
was eventually realized (see below), about the second I have to remain silent.

My interest in foundations was reinforced by two books on general relativity
which I read as a first-year physics student, namely Raum - Zeit - Materie by Weyl
(1918) and The Mathematical Theory of Relativity by Eddington (1923). Although
these were beyond my grasp at the time, they were clearly written in the spirit of
Newton’s Principia, in that they were primarily treatises in natural philosophy, for
which mathematical physics just provided the technical underpinning. Nonetheless,
despite an unforgettable seminar by Jan Hilgevoord on the Heisenberg uncertainty
relations in 1984, reporting on his recent joint work with Jos Uffink, foundations
remained dormant during my undergraduate and PhD years (1981-1989).

As a postdoc in Cambridge from 1989 onwards, I initially attended all seminars
in any subject related to mathematics and/or physics I found remotely interesting,
including the so-called Sigma Club, which at the time was organized by Michael
Redhead. Michael was surrounded by a group of people I began to increasingly like,
although I was and still am worried by their deification of John Bell (one speaker
even asked his audience to stand whilst he was reading a passage from Speakable
and Unspeakable in Quantum Mechanics). In any case, I was very kindly invited
to speak at the Sigma Club on my recent paper on superselection rules and the
measurement problem (whose approach I now eschew, since it violates Earman’s
Principle, see above as well as Chapter 11 below), followed by a private dinner in
the posh Riverside Restaurant with Michael (who asked my opinion about David
Lewis, whom I unfortunately had never heard of). Indeed, the generosity of inviting
an absolute beginner in the philosophy of physics to speak in such a prestigious
seminar endeared me even further to both the subject and the community.

My main business remained mathematical physics, but, reinforcing the earlier
spark I had got from reading Weyl and Eddington (and later also from von Neumann
as well as Newton), two people (unfortunately no longer with us) made it clear to
me that the goal of this discipline may include not only mathematics and physics,
but also foundations, i.e., natural philosophy. These were Rob Clifton, who was a
PhD student of Redhead and Butterfield, and Rudolf Haag, in whose group I had
the honour to work during my year at Hamburg (1993-1994) as an Alexander von
Humboldt Fellow (this was Haag’s last active year at the university, cf. Haag, 2010).
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My first book in 1998, which I wrote during my last two years at Cambridge,
when the prospect of having to leave Academia and hence the urge to leave a per-
manent record loomed large, did not yet reflect this attitude. But my lengthy article
on the classical-quantum interface in the Handbook of the Philosophy of Physics
edited by Butterfield and Earman already did, and so does the present book.

There is an inherent danger in a mathematical physics approach to foundations:

‘I’'m guided by the beauty of our weapons’ (Leonard Cohen)

Our mathematical weapons, that is; this book is predicated on the idea that operator
algebras provide the right language for quantum theory. If they don’t—for example,
if path integrals are really its essence, as researchers especially in quantum gravity
seem to believe, and there turns out to be a difference between the two toolkits—the
mathematical underpinning of Bohrification would fall. Since our conceptual pro-
gram is closely linked to this mathematical language, it would presumably collapse,
too. Even if operator algebras stand, once some noncommutative alien gets direct
access to the quantum world in defiance of Bohr’s doctrine of classical concepts, the
conceptual framework behind Bohrification (and with it much of this book) would
tremble. So far there has been no evidence for any of this, and as long as physics
remains an empirical science I offer this book to the reader both as an introduction
to modern mathematical methods in physics (in so far as these are relevant to foun-
dational questions), and also as an alternative to various interpretations of quantum
mechanics that seem to philosophize the physics of the problems away.

Notes

Each chapter is followed by a section called Notes, in which background and credits
for the results in the given chapter are given. Such information is therefore absent in
the main text (expect when—typically famous—theorems are named after their dis-
coverers, like Gleason, Wigner, and the like). This Introduction, which anomalously
contains some references, is an exception, but we still provide some notes to it.

Since this book is not an exegesis of Bohr but rather an exposition of some math-
ematical ideas partly inspired by his work (with no claim to retroactive endorsement
by Bohr or his followers), we hardly relied on the secondary literature on his phi-
losophy, except, as already mentioned, on Scheibe (1973) and Beller (1999), both
of which are pretty critical of Bohr. For a more balanced picture, one might consult
monographs like Folse (1985), Murdoch (1987), McEvoy (2001), Brock (2003), the
collection of essays edited by Faye & Folse (2017), as well as Dieks (2016a) and
Zinkernagel (2016). Secondary literature on Heisenberg’s philosophy of physics is
scarce, but includes Camilleri (2009b). Though irrelevant to the present book, one
cannot resist mentioning Landsman (2002) on Heisenberg’s controversial political
war record, from which he tried to escape by writing the intriguing essay Ordnung
der Wirklichkeit, published 50 years later as Heisenberg (1994).

A propos, notes on von Neumann and operator algebras follow §C.25.
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Strictly speaking, no previous knowledge of quantum mechanics is needed to un-
derstand this book, but it is hard to imagine readers of this book without such a back-
ground. Beyond standard undergraduate physics courses, for mathematically seri-
ous introductions to quantum mechanics—further to von Neumann (1932), which
founded the subject—we recommend Bongaarts (2015), Gustafson & Sigal (2003),
Hall (2013), Takhtajan (2008), and Thirring (2002). No previous acquaintance with
the philosophy of quantum theory is required either, but once again it might be
expected that typical readers of the present book have at least some awareness of
this field. In fact, the author himself has only read a few such books from cover to
cover, including Heisenberg (1958), Jammer (1966, 1974), Scheibe (1973), Earman
(1986), van Fraassen (1991), Bub (1997), Beller (1999), and Wallace (2012).

From these books, apart from its obvious source Heisenberg (1958), Bohrifi-
cation (at least in its ‘exact’ variant) is conceptually akin to the program of Bub
(1997), which was based on Clifton & Bub (1996); the past tense seems appropri-
ate here, since Bub has meanwhile abandoned this program in favour of foundations
based on information theory (Bub, 2004). Anyway, given some preferred observable
a € B(H)s, and pure state e € &2 (H) (i.e., a one-dimensional projection on H), the
Bub-Clifton approach looks for the largest C*-subalgebra A of B(H) on which one
may define something like a hidden variable compatible with the Born probabili-
ties emanating from the given state e (the emphasis on some given e comes form
the modal interpretation(s) of quantum mechanics). For generic states e and observ-
ables a, this typically allows A to be noncommutative, which blasts the conceptual
framework of exact Bohrification. Requiring compatibility with quantum mechanics
for arbitrary states e, on the other hand, would force A to be commutative. All this
relates to the Kochen—Specker Theorem; see the Notes to §6.1 for further details.

Finally, though remote from Wallace (2012) in our attempt to solve (or, in the
light of the first quotation below, one should say “address”) the measurement prob-
lem through physics rather than philosophy, even with this polar opposite author we
share the following attitude towards the foundations of quantum mechanics:

‘The basic thesis of this book is that there is no quantum measurement problem (. ..) What
I mean is that there is actually no conflict between the dynamics and ontology of (unitary)
quantum theory and our empirical observations. (...) [I do not] wish to be read as offering
yet one more “interpretation of quantum mechanics”.

This book takes an extremely conservative approach to quantum mechanics (...) quantum
mechanics can be taken literally (...) there is just unitary quantum mechanics.

The way in which cats or tables exist is as structures within the underlying microphysics
(...) [they are] emergent objects, higher-order entities.” (Wallace, 2012, pp. 1, 2, 13, 38, 40)

But although it may indeed apply to the town of Oxford, one might take issue with:

‘It is simply false that there are alternative explanatory theories to Everett-interpreted quan-
tum mechanics which can reproduce the predictions of quantum theory (...) The Everett
interpretation is the only game in town.” (Wallace, 2012, p. 43)
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Co(X) and B(H)



Chapter 1
Classical physics on a finite phase space

Throughout this chapter, X is a finite set, playing the role of the configuration space
of some physical system, or, equivalently (as we shall see), of its pure state space (in
the continuous case, X will be the phase space rather than the configuration space).
One should not frown upon finite sets: for example, the configuration space of N
bits is given by X = 2¥, where for arbitrary sets ¥ and Z, the set Y7 consists of all
functions x : Z — Y, and for any N € N we write N = {1,2,...,N} (although, fol-
lowing the computer scientists, 2 usually denotes {0, 1}). More generally, if one has
alattice A C Z¢ and each site is the home of some classical object (say a “spin”) that
may assume N different configurations, then X = N/, in that x : A — N describes
the configuration in which the “spin” at site n € A takes the value x(n) € N.
Although the setting is a priori deterministic, in that (knowing) some point x €
X in its guise as a pure state at least in principle determines everything (there is
to say), the mathematical language will be probabilistic. Even within the confines
of classicality this allows one to do statistical physics, and as such it also sheds
light on e.g. the special status of x as an extreme probability measure (see below).
Furthermore, the use of this language may be motivated by the goal of describing
classical and quantum mechanics as analogously as possible at this elementary level.
The following concepts play a central role in this chapter. Recall that the power
set Z(X) of X is the set of all subsets of X (for finite X, these are all measurable).

Definition 1.1. /. An event is a subsetU C X, i.e, U € Z(X).

2. A probability distribution on X is a function p: X — [0, 1] such that ¥, p(x) = 1.

3. A probability measure on X is a function P: Z(X) — [0,1] such that P(X) =1
and PUUV) =P(U)+ P(V) whenever UNV = 0.

4. For a given probability measure P on X, and an event V. C X such that P(V) > 0,
the conditional probability P(U|V) of U given V is defined by

PUNV)

PWIV) ="

(1.1)

5. A random variable on X is a function f : X — R.
6. The spectrum of a random variable f is the subset o(f) = {f(x) | x € X} of R.
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1.1 Basic constructions of probability theory

Probability distributions p and probability measures P determine each other by

PU) =Y p(x): (1.2)
xeU
p(x) = P({x}), (1.3)

but this is peculiar to finite sets (in general, probability measures will be primary).
Two special classes of probability measures and of random variables stand out:

e Each y € X defines a probability distribution py by py(x) = J,,, or explicitly
py(x) = 1if x =y and p,(x) = 0 if x # y; for the corresponding probability
measure one has P,(U) =1ifye U and P,(U) =0if y ¢ U.

e Eachevent U C X defines a random variable 1y (i.e., the characteristic function
of U)by ly(x) =1ifxe U and 1y(x) =0if x ¢ U. Clearly, 6(1y) = {0} when
U=0,oc(ly)={1} when U =X, and o(ly) = {0,1} otherwise. Note that
ly(x) = P(U). Conversely, any random variable f with spectrum o (f) C {0,1}
is given by f = 1y for some U C X; just take U = {x € X | f(x) = 1}. Such
functions may be construed as yes-no questions to the system (i.e. f = 1 versus
f =0) and will lie at the basis of the logical interpretation of the theory (cf. §1.4).

The single most important construction in probability theory is as follows.

Theorem 1.2. A probability distribution p on X and a random variable f : X — R
Jjointly yield a probability distribution py on the spectrum & (f) by means of

prA)= Y  p). (1.4)
xeX|f(x)=A

In terms of the corresponding probability measure P on X, one has
pr(A)=P(f=2), (1.5)

where f = A denotes the event {x € X | f(x) = A} in X. Similarly, the probability
measure Py on 6(f) corresponding to the probability distribution py is given by

Pr(A)=P(f €4), (1.6)
where A C o(f) and f € A denotes the event {x € X | f(x) € A} in X.

The proof is trivial. Instead of f = A, the notation f~'({A}) might be used, and
similarly, f~'(A) is the same as f € A. If A € o(f) is non-degenerate in that there
is exactly one x;, € X such that f(x; ) = A, then one simply has P(f = 1) = p(x,).

For example, combining both our special cases P = P, and f = 1y above yields

P(ly=1)=1andP(ly =0)=0ifye U; (1.7)
P(ly=1)=0andP(ly =0)=1ify ¢ U. (1.8)
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Given some probability measure P, the expectation value Ep(f) and the variance
Ap(f) of a random variable f with respect to P are defined by, respectively,

Ep(f) = ;(f(x)p(x); (1.9)
Ap(f) = Ep(f*) —Ep(f)*. (1.10)
A simple calculation shows that Ep may be written directly in terms of P itself as
Ep(f)= ), P(f=2)-A. (1.11)
Aeo(f)

Note that Ap(f) > 0. The special role of the point measures P, may now be clarified:

Proposition 1.3. A probability measure P takes the form P = P, for some y € X iff
Ap(f) = 0 for all random variables f: X — R.

Proof. For “=”, we compute Ep,(f) = f(y), and hence Ep,(f*) = f(y)*. In the
opposite direction, take f = py, so that f2 = f and hence Ap(f) = p(y) — p(y)*.
The assumption Ap(f) = 0 for each f implies that either p(y) =0 or p(y) =1 for
each y € X. Definition 1.1.2 then implies that p(y) = 1 for exactly one y € X. g

More generally, a collection fi, ..., f, of n random variables and a (single) prob-
ability distribution p on X jointly define a probability distribution py, . r on the
product 6(f1) X --- x o(fy,) of the individual spectra by

Phety s h) = )y p(x). (1.12)
XEX|F1 () =Ag yeens frr () =

Once again, this may be rewritten as
PhiotaAss An) = P(fi = Aasos for = M), (1.13)
where the argument of P denotes the intersection Mj_, (fi = M), 1e.,
P(fi=21,.ifu=Mn) ={xe X | filx) = A, fu(x) = An}. (1.14)

Simple calculations then yield results for the so-called marginal distributions, like

P(fl :A'l,-“afnzln):P(fl :A’17"‘7ﬁ:)’1)7 (115)

where 1 <[ < n. The above constructions also apply to the corresponding condi-
tional probabilities: given m additional random variables ay, ..., a,,, one has

) P(fi=A,y..sfu=Malar =au,...am=ty)  (1.16)

A4 1€0(fi1)s A €0 (fn)
:P(f1:11,...,f1:ll\a1:al,...am:am). (1.17)
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1.2 Classical observables and states

Given a finite set X, we may form the set C(X) of all complex-valued functions on
X, enriched with the structure of a complex vector space under pointwise operations:

(A-f)(x) = 1f(x) (A €C); (1.18)
(f+8)(x) = f(x) +g(x). (1.19)

We use the notation C(X) with some foresight, anticipating the case where X is no
longer finite, but in any case, since for the moment it is, every function is contin-
uous. Moreover, the vector space structure on C(X) may be extended to that of a
commutative algebra (where, by convention, all our algebras are associative and are
defined over the complex scalars) by defining multiplication pointwisely, too:

(f-8)(x) = f(x)g(x). (1.20)

Note that this algebra has a unit 1y, i.e., the function identically equal to 1.
For finite X, this structure suffices for X to be recovered from C(X), as follows.

Definition 1.4. The Gelfand spectrum X (A) of a (complex) algebra A is the set of
all nonzero linear maps ® : A — C that satisfy o(fg) = o(f)o(g).

These are, of course, precisely the nonzero algebra homomorphisms from A to C.

Proposition 1.5. The Gelfand spectrum X(C(X)) is isomorphic (as a set) to X.

Proof. BEach x € X defines a map @, : C(X) — C by w.(f) = f(x). One obviously
has @, € Z(C(X)), so we have amap X — X(C(X)), x — @y. We show that this map
is a bijection. Injectivity is easy: if @, = oy, then f(x) = f(y) for each f € C(X),
so taking f = &, for each z € X gives x = y (here 8,(x) = ;). To prove surjectivity,
we note that since C(X) is finite-dimensional as a vector space, with basis (8y)yex,
each linear functional @ : C(X) — C takes the form

=Y ux)f(x), (1.21)

for some function p : X — C. For @ € X(C(X)), find some z € X for which (z) #0
(this has to exist, as @ # 0). For arbitrary w € X, imposing ®(5,,6;) = @(6,)®(5;)
enforces 1t = &, (which also shows that z is unique), and hence ® = ;. (

The physically relevant set R(X) of all real-valued functions on X is obviously
a real vector space inside C(X). To recover it algebraically, we equip C(X) with an
involution, which on an arbitrary (not necessarily commutative) algebra A is defined
as an anti-linear anti-homomorphism that squares to idy, i.¢., a linear map * : A — A
(written a — a*) that satisfies (La)* = Aa*, (ab)* = b*a*, and a** = a. In our case
A = C(X), which is commutative, the latter property simply becomes (fg)* = f*g*.
In any case, we define this involution by pointwise complex conjugation, i.e.,

[ (x) = f(x). (1.22)
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We evidently recover the real-valued functions in the involutive algebra C(X) as
RX)=CX)sa={f€CX) | /" = f}. (1.23)

Finally, although we do not need this yet, we note that C(X) has a natural norm

[[£1lee = sup{|f(x)[}- (1.24)
xeX

These structures turn C(X) into a commutative C*-algebra (cf. Definition C.1).

Definition 1.6. The algebra of observables of the physical system described by the
phase space X is C(X), seen as a (commutative) C*-algebra in the above way.

Thence elements of C(X) are called observables (a term that really should be applied
only to its self-adjoint elements, i.e., those satisfying f* = f).

We have thus equipped the random variables on X with enough structure to re-
cover X itself, and now turn to the other side of the coin, viz. the probability mea-
sures on X. Here the relevant mathematical structure is that of a compact convex set,
a concept we only need to define in the context of an ambient (real) vector space.

Definition 1.7. A subset K of a (real or complex) vector space V is called convex if
the straight line segment between any two points on K lies in K. Expressed formally,
this means that whenever viw € K andt € (0,1), one hastv+ (1 —t)w € K.

The following probabilistic reformulation of this notion is very useful.

Proposition 1.8. A set K C V is convex iff for any k, given k probabilities (t1, ... ,1;)
(i.e., t; >0and Y ;t; = 1) and k points (vi,...,vx) in K, one has ):le ti-vieK.

Proof. Taking k = 2 recovers Definition 1.7 from its probabilistic version. Con-
versely, one uses induction on k, using the identity (assuming 0 < #; < 1):

5] Tk—1
vi+-o+
1—1 ! 1—1

t1v1+---+tkvk:(l—tk)( vk1>+tkvk. O

Any linear subspace of V is trivially convex, as is any translate thereof (i.e., any
affine subspace of V). Another, much more important example is the convex hull
co(S) of any subset S C V; noting that the intersection of any family of convex sets
is again convex, co(S) may be defined as the intersection of all convex subsets of V
that contain S, or, equivalently, as the smallest convex subset of V' that contains S
(whose existence is guaranteed by the previous remark). Proposition 1.8 then yields

k
co(S):{ t,~-v,~|k€N,(v1,...,vk)GSk,tiZO,Zt,-zl}. (1.25)
i=1 i

1

In particular, if S = {vy,...,v} is a finite set, then one simply has

k
CO({V],...,Vk})Z{Zti-v,'|t,'207zti=1}. (1.26)
=1 i
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The convex hull of any finite set of points in R"*! is called a convex polytope. Such
convex sets are closed and bounded (since none of the #; > 0 can walk away too far
without violating the condition ) ;#; = 1), and hence are compact. In particular,

Ay={xeR"|x>0Y x=1} (1.27)
i

is a convex polytope called a simplex. For example, A; is the line segment from
(0,1) to (1,0) in R?. We would like to say that A; is “isomorphic” to the unit interval
[0, 1], so we define two convex sets K|, K) to be isomorphic (as such) if there is a
bijection f : K| — K that is affine, in that for t € (0, 1) and v;,v; € Kj, we have

fvi+ (1 =0)v2) =tf(vi) + (1 =1)f(v2). (1.28)

Then the function f: A; — [0, 1] given by f(A,1—A) = A, where A € [0, 1], will do.
Similarly, A, C R? is isomorphic to any equilateral triangle in R? with sides of unit
length, whereas Aj is just the tetrahedron (which is one of the five Platonic solids).

There are many other convex polytopes (cf. §B.11), but simplices are of prime
importance for us, since A, is isomorphic to the set Pr(X) of all probability distribu-
tions on a set X = {0,...,n} with n+ 1 points; the identification Pr(X) 3 p <> x € A,
is given by x; = p(i+ 1). In particular, we see that for any finite set X, Pr(X) is a
compact convex set. This is also clear from Definitions 1.1 and 1.7 (and will even
be true for general compact phase spaces X, cf. Corollary B.17 and §C.25).

Definition 1.9. The state space of the physical system described by a (finite) space
X is the set Pr(X) of all probability measures on X (or, equivalently, of all probability
distributions on X ), seen as a compact convex set.

Thus a probability measure (or distribution) on X is often called a state (of the
physical system described by X). The operation of passing from states P, Q € Pr(X)
to a new state 1P+ (1 —7)Q € Pr(X), where t € (0, 1) as usual, or, more generally,
from a (finite) family of states (P;) and a set (#;) of probabilities (i.e., #; > 0 and
Y..ti =1) to the convex sum Y ;#;P,, is called mixing.

It is possible to recover X from its associated state space Pr(X), as follows.

Definition 1.10. The (extreme) boundary J,K of a convex set K consists of all
points v € K satisfying the following condition:

ifv=tw+ (1 —1)x for certain w,x € K andt € (0,1), thenv=w =x.
Elements v € d.K of the boundary are called extreme points of K.

We will now compute the boundary of Pr(X). The result may be expressed by
0.A, = {el,....e,,+1}, (1.29)

where (ey,....e,.1) is the standard basis of R"*! (i.e., e; = (1,0,...,0), etc.). How-
ever, we will give a direct probabilistic proof. We already noted the special proba-
bility measures Py, x € X. The association x — P, defines a map from X to Pr(X).
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Proposition 1.11. The set X is isomorphic to the boundary 9,Pr(X) through x — P,.

Proof. Tt is convenient to work with probability distributions p rather than prob-
ability measures P. First, x — p, is trivially injective from X to Pr(X): if x # y
then p,(x) = 1 whereas py(x) =0, so py # py. Second, p, € d.Pr(X). For sup-
pose one has py =tp+ (1 —t)g for some p,q € Pr(X) and r € (0,1). Hence
px(y) =1p(y)+ (1 —1)g(y). Taking y # x yields p(y) = q(y) =0, so that p =g = py.
Consequently, X C d,Pr(X).

The converse inclusion is (contrapositively) equivalent to the property that for
any p # py (for all x), there are g and r, g # r, and t € (0,1), with p =tg+ (1 —1)r.
Indeed, if p # py, there is some xp € X with 0 < p(xp) < 1. Now define g, r, and ¢
by g(xo) = 1 and g(x) = 0 for all x # xg, r(x9) =0 and r(x) = p(x) /(1 — p(x0)), and
finally 7 = p(xo). Then p=tq+ (1 —¢)rand g # r. O

The simplest example would be X = {0, 1}, so that Pr(X) 2 [0, 1] by mapping the
distribution p € Pr(X) to p(1). Since one may directly verify that d,[0,1] = {0,1},
under the above isomorphism one therefore has d,Pr(X) = {0,1}. Analogously,
d.(0,1) = 0, so that the boundary of a convex set may apparently be empty. Hence
we see that one remarkable ingredient of Proposition 1.11 lies in the claim that the
convex set Pr(X) actually has a (nonempty) boundary! This is no accident: by the
Krein-Milman Theorem (cf. §B.10), this is true for any compact convex set (which
is consistent with the counterexample just given). For example in quantum mechan-
ics we will encounter the case of K = B3 (i.e. the closed unit ball in R?) as the state
space of a qubit, whose (extreme) boundary is the two-sphere S2, cf. Proposition
2.9. Something similar is true in any dimension, but beware of surprises: if K = A;
is an equilateral triangle in the plane, then its extreme boundary d,.K consists of the
vertices of K (whereas its faces form the geometric boundary of the triangle).

The general problem arises whether some point v € K of a compact convex set K
may be written as a convex sum (or, more generally, an integral) of extreme points
of K, and if so, to what extent this extremal decomposition

v=Y i, ;>0,Y 1t;=1,vi € 0K, (1.30)

i€l i

which for simplicity has been assumed to be a finite sum here, is unique. Without
proof, we state a general result of convexity theory, called Caratheodory’s Theorem:

Theorem 1.12. If K is a nonempty compact convex subset of R", then d,K # 0, and
each point of K is a convex sum of at most n+ 1 points in d,K.

If K = A, then this sum generically has n+ 1 points and is unique. Probabilistically:

Proposition 1.13. If X is finite, then any probability measure P € Pr(X) may be
written in a unique way as a finite mixture of extreme probability measures, viz.

P=Y nP. (1.31)

xeX
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Proof. Take t, = P({x}) in the sense of Definition 1.1, or, equivalently, z, = Ep(J,)
in the sense of (1.9). To see that this decomposition is unique, use Proposition 1.11,
i.e. d,Pr(X) 2 X, in (1.30) to force I = X and apply both sides of (1.31) to §,. O

The state space and the algebra of observables may also be defined in terms of
each other. We start with the (re)construction of states from observables, where the
following definition and proposition may leave a hybrid impression. The rationale
behind our approach is that for many purposes it is easier to work with the com-
plex algebra C(X), but on the other hand, compact convex sets are most naturally
defined in terms of real vector spaces. Fortunately, it is easy to switch between the
two: we already know how to obtain the real part R(X) from C(X), see (1.23), and
conversely, C(X) is simply the complexification of the real vector space R(X).

Definition 1.14. A state on C(X) is a linear map @ : C(X) — C that satisfies:

1. @(f?) >0 for each f € C(X) with f* = f (positivity);
2. o(1x) = 1 (normalization).

The first condition obviously comes down to @(f) > 0 whenever f > 0 pointwise.
Equivalently, we may define a state on R(X) as a real-linear map g : R(X) — R
that satisfies the very same conditions. Indeed, a state wg on R(X) defines a
complex-linear map @ : C(X) — C by o(f +ig) = or(f) +ior(g), where f,g €
R(X). This map satisfies the same conditions of positivity and normalization. Con-
versely, @ may be restricted to the real part R(X) of C(X), so that there is no real
(sic) difference between @ and wr. Hence we will use these interchangeably, often
even dropping the suffix R on @. One advantage of this ability to switch is that a
state @ on C(X) may be regarded as an element of the real vector space R(X)*.
Doing so shows that the terminology of Definitions 1.9 and 1.14 is consistent:

Theorem 1.15. There is a bijective correspondence between states @ on C(X) and
probability measures P on X, given by @ < Ep, cf. (1.9) and (1.11). Therefore, as
a subset of the (real) vector space R(X)* of all (real-) linear maps from R(X) to R,
the set S(C(X)) of all states on C(X) coincides with the set Pr(X) of all probability
measures on X. In particular, the state space S(C(X)) of C(X) is a compact convex
set in R(X)* (as a finite-dimensional vector space with its usual topology).

Proof. Given a state @, define a function p : X — R by p(x) = @(6,). Since §, >0
pointwise, positivity of @ yields p(x) > 0. Noting that 1y = Y, §,, normaliza-
tion then forces Y, p(x) = 1, so that p is a probability distribution on X. Hence
P € Pr(X), where P is the probability measure corresponding to p. Conversely,
P € Pr(X) defines amap Ep : R(X) — R by (1.9), which is positive and normalized.
Note that compactness and convexity of the set S(C(X)) in R(X)* follow directly
from its definition, i.e., even without knowing that it equals Pr(X). O

Consequently, we may refer to S(C(X)) as the state space of C(X) without any
ambiguity, and we will always regard state spaces of (unital) C*-algebras A (cf.
Appendix C) as compact convex sets S(A), where in the present case A = C(X).
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1.3 Pure states and transition probabilities

For any C*-algebra A (with unit), and hence in particular for A = C(X), elements of
the boundary d,S(A) are called pure states, and we call

P(A) = 0.S(A) (1.32)

the pure state space of A. States that are not pure are called mixed.
Theorem 1.16. One has P(C(X)) 2 X, in that the following map is an isomorphism:
X = P(C(X)), x— @, 0f) = f(x). (1.33)
Proof. Combine Proposition 1.11 and Theorem 1.15. d

For finite X this isomorphism is merely meant as a bijection between sets (and for
general compact Hausdorff spaces X it will be a homeomorphism of topological
spaces), but we will now introduce some additional structure on pure state spaces
that will enrich Theorem 1.16 to an isomorphism of so-called sets with a transition
probability. This will be necessary in order to reconstruct the observables from the
pure states, but it also clarifies the general probabilistic structure of physics (note
that the following definition is unusual in probability theory!).

Definition 1.17. /. A transition probability on a set X is a function
T:X xX —[0,1] (1.34)
that satisfies T(x,y) = 1 iff x =y and t(x,y) = 7(y,x) (symmetry).
The simplest example of a transition probability (on any set X) is obviously
7(x,y) = Oxy- (1.35)

The point is that this transition probability may be derived from the classical C*-
algebra of observables C(X) by the following formula (assuming X finite):

8y = Inf{f(x) | £ € C(X),0 < £ < Ly, f(3) = 1}. (1.36)

Indeed, for x = y this is a tautology, whereas for x # y the infimum (which is zero)
is attained by f = 6. In terms of the pure state space P(C(X)), which is isomorphic
to but not equal to X, cf. Theorem 1.16, this formula may be written as

8y =inf{on(f) | f€CX)0< F< L@y (H) =1} (13D)

Furthermore (and this is the real point, so that we already have to mention it here,
ahead of a more detailed treatment in the context of quantum mechanics), the right-
hand side of (1.37) may be generalized to any finite-dimensional C*-algebra A by

™(0,0') =inf{o(a) |[a€A,0<a< 1,0 (a) =1}, (1.38)
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where @, @' € P(A). Since (1.38) clearly generalizes (1.37), for A = C(X) we have

X (@, 0,) = §,. (1.39)

Note that the symmetry property in Definition 1.17 is not obvious from (1.38), but
in the classical case A = C(C) it is true by computation, and the same will hold in
quantum theory. To motivate these definitions, we recall that f in (1.37), and like-
wise a in (1.38), are yes-no question to the system, so that the transition probability
74(®, ") monitors to what extent the states @ and @’ may be sharply distinguished
by asking such questions. If they can, there should be some question a for which
®'(a) = 1 and w(a) =0, so that 74 (®, ®') (if ® # @', of course). As we have seen,
in the classical case this can always be done. However, we shall see this is no longer
the case in quantum mechanics, where pure states may be thus distinguished iff they
correspond to orthogonal unit vectors in Hilbert space. Further motivation for the
expression (1.38) is post hoc, as it turns out to allow a reconstruction of the vec-
tor space of observables A, supplemented by the part of its algebraic structure that
determines its logical and probabilistic structure (viz. the ability to form squares,
a+— a?) from P(A) with its associated transition probability. See Theorem C.179.

First, we develop some theory that puts both classical and quantum mechanics
into a more general setting. Notwithstanding the formal incorporation of the former,
the underlying Hilbert space thinking will be obvious throughout.

Definition 1.18. Let (X, T) be a set with a transition probability.

1. A subset O C X is orthonormal if T(x,y) = Oy, for all x,y € O.
2. A basis of a set X with a transition probability T is an orthonormal family B C X
such that for each x € X one has

Y txu)=1. (1.40)

ueB

A basis of a subset S C X is an orthonormal family B C S such that (1.40) holds
for each x € S. Relative to such a basis B of S, we define ts: X — R by

t5(x) = Y T(x,u). (1.41)

ueB
As a special case, for S = {u} we write T(uy = Tu SO that
T.(x) = T(x,u). (1.42)
3. The orthocomplement S+ of some subset S C X is defined as
St ={yeX|t(x,y) =0VxeS}. (1.43)

4. A subset S C X is orthoclosed if S** = S (where St = (S+)*).
5. A resolution of the identity in X is a family of orthogonal orthoclosed subsets
(S));j (i.e., T(xi,x;) =0if x; €S, x; €S}, and i # j), for which }_; Ts; = lx.
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6. An observable for the pair (X, ) is a bounded function f : X — R of the form

f:ZCi"L'yi,C,'ER,y,'EX. (1.44)
i

The real vector space of such observables is called (~(X,T).
7. A spectral resolution of an observable f € {*(X,T) is a decomposition

f=YA1,, (1.45)
A

where (S),),, is a resolution of the identity and each A € R occurs at most once.

In the present section X is finite, whilst in the following section on quantum me-
chanics on finite-dimensional Hilbert spaces at least all bases will be finite, so that
there are no convergence issues. In general, B may be infinite, in which case (1.40)
is defined as the least upper bound of all finite partial sums, and all sums in Defi-
nition 1.18 are defined pointwise (i.e., in x). In that case, eq. (1.45) may need to be
adapted through limit constructions. Furthermore, one may worry about the basis-
dependence of 7g in (1.41), but fortunately it turns out that in all sets with a transi-
tion probability that arise as pure state spaces defined by C*-algebras according to
(1.38), the function 7g is independent of the basis B whenever S is orthoclosed. In
that case, spectral resolutions exists and are unique, and one may turn the real vector
space £~°(X, 1) of part 6 into a Jordan algebra by defining a product o through

A=Y A%, (1.46)
A

fog=4(f+8*—(f—g". (1.47)

In the classical case this yields the pointwise product (1.20), whereas in quantum
mechanics it recovers the anti-commutator. Both are examples of Jordan products
(cf. §C.25), i.e., commutative products o satisfying the curious axiom (C.619).

All this trivializes if T = t€X) is given by (1.35), where X need not even be finite:

Any subset O C X is orthonormal.

The set B = X itself is the only basis of (X, 1), and analogously B = S.
The orthocomplement S+ is the set-theoretic complement S¢ = X\S.
Hence any subset S C X is orthoclosed.

Any partition X = | |; §; yields a resolution of the identity.

Any bounded function f : X — R is an observable, so that when X is finite,

A S e

& (X,7) =R(X)=C(X,R); (1.48)
7. The spectral resolution (1.45) of f is given (analogously to operator theory) by

=Y Ay, (1.49)
Aeo(f)

cf. Definition 1.1.5. In particular, spectral resolutions in (1.48) are unique.
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1.4 The logic of classical mechanics

Whatever one’s route to C(X,R) as the algebra of observables, i.e. either as a start-
ing point or as a derived concept as in (1.48), it determines the logical structure of
classical mechanics (we here restrict ourselves to propositional logic). According to
the general scheme reviewed in §D.2, apart from the usual logical connectives —,
A, V, and — for not, and, or, and implies, a propositional theory needs a set Xy of
atomic propositions. These are provided by C(X,R), and Xx consist of all expres-
sions f € A (we expect no confusion between this notation for both propositions in
logic and events in probability theory), where f : X — R is a function, and A is some
subset of R. As we shall see, f € A is always false if AN o (f) =0, so we might
as well assume that A C o(f). We write f = A for f € {A}. From these elemen-
tary propositions, propositions are constructed inductively using the iterative rules
of propositional logic (see §D.2). This produces a set By = By, of propositions.

Of course, there are logical relations between our atomic propositions (and hence
between elements of Bx). For example, if A C A’, then f € A should imply f € A'.
Such relations may be formulated as axioms of some propositional theory Jx de-
scribing the logic of classical mechanics. These axioms take the following form:

(fer)—(geA) iff f1(I') Cg '(A). (1.50)

This may also be formulated through the notion of semantic entailment. For each
x € X, we define a valuation V, : Xy — {0, 1} (cf. §D.2) by

Vi(f €A) =1 iff f(x) €A, (1.51)

extended to a map V; : By — {0, 1} through the recursive use of truth tables. Defin-

ing the semantic entailment relation =x on By by a Ex B iff Vi(a) = 1 implies

Vi(B) =1 forall x € X, it is easy to see that o — 3 as defined in (1.50) iff o =x .
In order to compute the ensuing Lindenbaum algebra Ly = Ly, , we note that

(fel) «(geA) iff YN =g (A). (1.52)
Writing ~x for ~ 2 (which is the equivalence relation given by |=x, too), we find
(fed)~x (Ip1=1), (1.53)

where we recall that 14 is the characteristic (or indicator) function of A. Using the
truth tables for A and for —, we also obtain (in terms of the complement A€ =R\ A):

YNg=1(4) = 1); (154)

(feT)N(geA) ~x (11
ey =1). (1.55)

(mf€A) ~x (f€AY) ~x (1y115e
Finally, the truth tables yield logical (and hence semantic) equivalences like

aVp ~x 2(—maA-B). (1.56)
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Combining the specific and the general equivalences (1.53) - (1.56), we have:

Lemma 1.19. Any proposition in By is logically (and semantically) equivalent (rel-
ative to X) to one of the form 1y = 1, for some event U C X. Furthermore,

(—ly =1) ~x (lye = 1); (1.57)
(IUZI)/\(IVZI)NX(IUQV: ); (1.58)
(1U:1)\/(1V:l) ~x (1UUV:1)~ (1.59)

Theorem 1.20. The Lindenbaum algebra Ly is isomorphic (as a Boolean algebra)
to the power set & (X) of X under the map ¢ : Lx — & (X) induced by

o([feAlx)=f'(a). (1.60)

In particular, the logical connectives —, N\ and \ (descended to Lx) turn into set-
theoretic complementation (—)¢, intersection N, and union U, respectively, in that

o([-alx) = e([ax)% (1.61)
o([anBlx) = o(lalx) No([Blx; (1.62)
o([aVBlx) = o([alx) Ue([Blx), (1.63)

and @ maps the partial order < on Ly into set-theoretic inclusion C, i.e.,

la]x < [Blx iff o([elx) € @([B]x)- (1.64)

This is immediate from Lemma 1.19. Interestingly, the Boolean algebra structure
just derived as the governor of the (propositional) logic of classical mechanics may
be reformulated in terms of the Jordan algebraic structure (1.46) - (1.47) of £~(X 1),
or, when X is finite, of the C*-algebra of observables C(X) itself:

e Events U C X (and hence, by Theorem 1.20, logical equivalence classes of propo-
sitions) correspond bijectively to characteristic functions 1y on X, that is, with
yes-no questions (having spectrum in {0, 1}). Algebraically, these are precisely
the idempotents in (*(X, 1), i.e., those functions e satisfying e =e.

e In terms of those, the partial ordering and the logical connectives are given by

e< fiffeof=e; (1.65)

—e = lxy—e; (1.66)
eNf =eof; (1.67)
eVf=e+f—eof. (1.68)

Indeed, in this case o is pointwise multiplication (1.20). Using 1y - ly = lyny
yields (1.67), (1.65) comes downtoU CV ifft UNV =U, (1.66)is 1x — 1y = 1ye,
and (1.68) follows by writing its right-hand side as 1y — (1x —e) A (1x — f).
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1.5 The GNs-construction for C(X)

As a bridge from classical to quantum mechanics (as well as a good exercise), we
finally inject some Hilbert space theory into classical physics by discussing the GNS-
construction of C*-algebra theory for the special case of C(X), where X remains
finite. In general, for each state @ on a C*-algebra A, the GNS-construction canon-
ically yields a Hilbert space H, (which is finite-dimensional for A = C(X) with
finite X) and a representation of A on Hy,, in the sense of a (complex) linear map

Tw:A— B(Hgp) (1.69)

that satisfies
Ty (ab) = mey(a)my(b); (1.70)
ﬂw(a*) = ﬂw(a)*. (1.71)

Furthermore, Hg, contains a special unit vector €2 that is cyclic for m,, in that
Tp(A)Qp = {7y(a) Ry, a € A} = Hy, (1.72)

at least in the relevant case where dim(Hgy) < oo; otherwise, the left-hand side is
merely dense in Hy, and one needs to take the (norm) closure to obtain Hg,. Further-
more, 2, realizes the state ® as a quantum-mechanical expectation value by

o(a) = (Qp, 0 (a)Q0) i, - (1.73)
Given w € S(A), the GNS-construction starts with the vector spaces

Ny ={acA|w(a*a) =0}; (1.74)
Hgy = A/Ng. (1.75)

Now, if b € Ny and a € A, then ab € N, because of the important inequality
o(b*a*ab) < ||a||*o(b*b). (1.76)

This is true for any C*-algebra A, but below we prove it only for our example.
Assuming (1.76) for the moment, the action of A on itself by left multiplication
descends to a well-defined action on Hg,, which we call 7. In other words, if by, €
Hy, is the image of b € A under the canonical projection A — A /Ny, then

Tp(a)by = (ab)g. .77
Crucially, this vector space Hy, is equipped with a canonical inner product
(ap,bw) = ®(a*b). 1.78)

Indeed, this form is well defined, and is positive definite because  is a state.
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In general, Hy, as defined by (1.75) with inner product (1.78) is merely a pre-
Hilbert space, which needs to be completed in the associated norm, and it takes some
effort to check that the operators defined by (1.77) are bounded. In our example, on
the other hand, Hy, is finite-dimensional and hence complete. In any case, it is easy
to verify the properties (1.70) - (1.73), whilst (1.72) holds with the unit 1 = 1p.

We now prove (1.76) for A = C(X). Fom Theorem 1.15 we have @ = Ep, and by
(1.9) and (1.24), the inequality (1.76) comes down to the obviously correct result

Y 1F@)g)P < 112 Y ls (). (1.79)

Writing Ng, = Np, we may also check directly that if g € Np and f € C(X), then
fg € Np. Indeed, in terms of the set supp (P) C X defined by

supp (P) = {x € X | p(x) > 0}, (1.80)

we have
Np={feCX)| f(x) =0Vx e supp(P)}, (1.81)

and clearly g = 0 on supp (P) implies fg = 0 on supp (P). We now compute Hp and
mp. From (1.81) we have f — g € Np and hence f ~ g iff f(x) = g(x) for all x €
supp (P), where ~ is the equivalence relation whose equivalence classes fp define
elements of Hp = C(X)/Np. Hence fp is simply the restriction of f to supp (P), and

Hp =(*(X,P) (1.82)

is the Hilbert space that consists of these restriction, with inner product

(fe.gr) =Y, px)f(x)g(x). (1.83)

xesupp (P)

The representation (1.77) then trivially gives

np(f)gp = frgp, (1.84)

so that 7p(f) is the multiplication operator defined by f on ¢*>(X,P). In functional
analysis one often denotes elements gp € />(X,P) by the functions g themselves,
and similarly writes 7p(f) as f, so that (1.84) simply reads 7p(f)g = fg.

The operator norm of 7p(f) is easily computed to be

17p (f)]| = sup{|f (x)[,x € supp (P)} = [| fisupp () Il--- (1.85)
Indeed, the bound ||7tp(f)[| < || fisupp (p)ll- is immediate from the definition
I7p ()1l = sup{[|e (f)gpll, gp € Hp,llgpll =1}, (1.86)

and equality in this bound follows from applying the operator 7p(f) to the function
g = ly, where U C X is any set where | f| attains its maximum || fjsupp () [l -
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Notes

§1.1. Basic constructions of probability theory
§1.2. Classical observables and states

For (advanced) treatments of convexity theory and probability theory in contexts
relevant to mathematical physics we recommend Israel (1979), Alfsen & Shultz
(2001), and Simon (2001).

§1.3. Pure states and transition probabilities

Transition probabilities (in the abstract sense meant here) were introduced by von
Neumann, but his manuscript from 1937 was only published in 1981 as von Neu-
mann (1981/1937). This remarkable paper has remained largely unused (or even un-
known) in both mathematical physics and operator algebras; Mielnik (1968), Shultz
(1982), and Landsman (1996, 1997) are exceptions. An extensive discussion with
further references may be found in Landsman (1998a).

§1.4. The logic of classical mechanics

Unless one counts Boole (1847), it seems that the logical analysis of classical
mechanics was initiated by the famous paper of Birkhoff & von Neumann (1936),
which was primarily concerned with quantum logic (cf. §2.10). Our use of semantic
implication (also in the quantum case) was inspired by Rédei (1998).

§1.5. The GNs-construction for C(X)
See §C.12 for the GNS-construction in general.



Chapter 2

Quantum mechanics on a finite-dimensional
Hilbert space

The quantum analogue of a finite set X (in its role as a configuration space in clas-
sical mechanics) is the finite-dimensional Hilbert space ¢2(X), by which we mean
the vector space of functions ¥ : X — C, equipped with the inner product

(v, 0) =Y w(x)o(x). .1

xeX

There is no issue of convergence here, but later on we will use the same notation

for infinite sets X, where £2(X) is restricted to those functions (i.e. sequences) for

which Y.y |w(x)|?> < oo (which also guarantees convergence of the sum in (2.1)).
If X 2 n as sets (i.e., |X| = n), we have a unitary isomorphism of Hilbert spaces

(*(n)=C", 22)

through the map v +— (y(1),...,y(n)), where C" has the standard inner product.
(w,z) = ¥,;Wiz;. In particular, the function & € ¢*(n), defined by &(I) = &y, is
mapped to the k’th standard basis vector u; = |k) of C", i.e., u; = (1,0,...,0), etc.
In the special case X = N/ considered in Chapter 1, we have [X| =N Al and hence

AN =cW) = ()M - Qe =R, 23)
A

neA

where CN = CV for each n € A, so that the suffix n merely labels which copy of CV
is meant (see §C.13 for tensor products of Hilbert spaces). Explicitly, a canonical
unitary isomorphism ¢2(N4) — @, CV is given by linear extension of the map

Oy = OneA y(n)s (2.4)

where x: A — N and hence u,(y) € CN. Thus elements of the tensor product @ 4, CV
may be seen as wave-functions on spin configuration space (and vice versa). In par-
ticular, elementary tensor products of basis vectors in @, CM correspond to wave-
functions in £>(M") that are 5-peaked at some ‘classical” spin configuration.

© The Author(s) 2017 39
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2.1 Quantum probability theory and the Born rule

In preparation for this chapter, the reader would do well to review Appendix A.
The probabilistic setting of quantum mechanics is given by the following coun-
terpart of Definition 1.1 (from which conditional probabilities are lacking, though).

Definition 2.1. Let H be a finite-dimensional Hilbert space.

1. A (quantum) event is a linear subspace L of H (which is automatically closed).
2. A (quantum) probability distribution is a density operator, i.e., a positive
operator p on H (in that (y,py) > 0 for all y € H) such that

Tr(p)=1. (2.5)

We denote the set of all density operators on H by 2(H).
3. A (quantum) random variable is a self-adjoint operator a on H (i.e., a* = a).
4. The spectrum of a self-adjoint operator a is the set 6(a) C R of its eigenvalues.

Being positive, a density matrix p is self-adjoint, so by Theorem A.10, notably
(A.40), and Definition 2.1.2 we have

p= ZPi|Ui><Ui|7 pi >0, Zpi =1, (2.6)

where the (v;) form an orthonormal set in H and |v;)(v;| is the (orthogonal) pro-
jection on the one-dimensional subspace C - v;. As in the classical case, one special
class of density operators and one special class of random variables stand out:

e Each unit vector v € H defines a density operator

Py = ey =|v)(yl, 2.7

i.e., the (orthogonal) projection ey on the one-dimensional subspace C- y. A
basis (which by convention always means an orthonormal basis) of eigenvectors
of py consists of v; = y itself, supplemented by any basis (v,..., vdim(H)) of
the orthogonal complement of C - y. The corresponding probabilities in (2.6) are
evidently p; =1 and p; =0 forall i > 1.

o Each quantum event L C H defines the corresponding projection e;, (which is
self-adjoint, i.e. a random variable): If (v;) is a basis of L, then e, = Y ; |v;)(v;].
If L=H thene;, = 1 with 6(er) = {1}.If L= {0} then ¢;, = 0 with o(e) = {0}.
In all other cases, i.e. for proper subspaces L, one has o(e;) = {0,1}.
Conversely, any self-adjoint operator a with spectrum o (a) C {0,1} is given by
a = ey, for some subspace L C H; just take L = {y € H | ay = 1}. Such operators
correspond to yes-no questions to the system and lie at the basis of the logical
interpretation of quantum theory due to Birkhoff and von Neumann; see §2.10.

The following quantum analogue of Theorem 1.2 is based on Theorem A.10.
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Theorem 2.2. A density operator p on H and a self-adjoint operator a : H — H
Jjointly yield a probability distribution p, on the spectrum o (a) by the Born rule

pa(A) =Tr(pey). (2.8)
The associated probability measure P, is given at A C o(a) by (cf. (A.42))
P,(A) =Tr(pey). 2.9

Proof. Positivity of the numbers p,(A) follows by taking the trace over a basis of
eigenvectors v; of p, with corresponding eigenvalues p; > 0. This yields

r(pez) ZP:H%U:H > 0.

Eqgs. (A.38) and (2.5) then give ¥, p,(A) = 1. Eq. (2.8) follows from the equality
Pa(A) = Tsca palA), cf. (1.2), and (A.42). O

In particular, if p = py,, writing po for the associated probability, (2.8) yields

PY(A) = (y,eay) = e v (2.10)

If in addition A € o(a) is non-degenerate, so that e, = |v; )(v;, | for some unit vector
v, with av; = A vy, then the Born rule (2.9) assumes its original form

pY(A) = [(y, )] @.11)

Specializing (2.10) to the random variable a = ey, defined by an event L C H yields
P& (1) = llecy|* (2.12)

If L =C- ¢ is one-dimensional, too, in which case we write Pey = p(‘f,' , we have

po(1) = (v, @)% 2.13)
note the following equality of probability distributions on 6 (ey) = o(ey) = {0,1}:
Py (1) =py(1). 2.14)

Expectation values and variances may be defined as in the classical case, viz.

Ey(a) = Tr(pa); (2.15)
Ap(a) = Ep(a*) —Ep(a)*. (2.16)

Similar to (1.11), we may also write the expectation value as

= Y A-pa(r 2.17)

Aeo(a)
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The special case p = py, for which we write Ep,, = E\,, gives the usual formula

Ey(a) =Tr(pya) = (y,ay). (2.18)

As in the classical case one always has Ap (a) > 0, but a major contrast between
classical and quantum mechanics lies in the following result, cf. Proposition 1.3.

Proposition 2.3. For each density operator p there exists a self-adjoint operator b
such that Ay (b) > 0. On the other hand, if a* = a, then Ap(a) = 0 iff the image of p
lies in some fixed eigenspace of a, i.e., in terms of the spectral decomposition (2.6)
we have av; = AV; where A is independent of .

Proof. We first prove the first claim for H = CZ. By an appropriate choice of basis,
we may assume that p is diagonal, i.e., p = diag(p1, p2), with py, ps € [0,1] and
p1+ p2 = 1. Now take b = oy (i.e., the first Pauli matrix), so that Tr(pb) = 0 and
Tr(pb?) = 1. Hence A, (b) = 1. Secondly, for general H = C", diagonalize p and
order the eigenvectors such that the above 2 x 2 case forms the upper left block, with
at least one of the eigenvalues p, p» strictly positive. Take b to be oy in the upper
left corner, and zero elsewhere. This once again yields A, (b) = 1.
For the second claim we use (2.6), and write p; = p,,. We note the inequality

AP (a) > ZPiAp,- ((1), (219)

with equality iff p;(a) = p;(a) for all i, j; this follows from convexity of the function
x >+ x2. We now show that for any unit vector ¥ we have Ap, =0iff ay = Ay.
Assuming the latter gives Ey(a) = (y,ay) = A and likewise Ey(a*) = A%, hence
Ap, (@) = 0. In the opposite direction, using a* = a, elementary manipulations yield

Ap, (@) = [[(a— (w,ap)y)|*. (2.20)

This clearly vanishes iff ay = (y,ay)y, so ay = Ay, with A = (y,ay).
Putting y = v; gives Ay, = 0 iff av; = A;v;, and then Ay, .. (a) = 0 iff in addition
pi(a) = pj(a) for all i, j. Since p;(a) = (v;,av;) = A;, we obtain A; = A,. O

As first recognized by von Neumann, Theorem 2.2 may be generalized to a fam-
ily of self-adjoint operators as long as they commute. Thus we obtain the following
counterpart of (1.12) - (1.13): a collection ay,...,a, of n commuting self-adjoint
operators and a (single) density operator p on H jointly define a probability distri-
bution py, .. 4, on the product 6(a;) x --- x 6(a,) of the individual spectra by

1
Payoan (M An) =T (pel) e, 2.21)
The proof of positivity of these numbers requires the spectral projections egf? to com-
mute, which they do provided the a; commute (if the g; fail to commute, positivity
of (2.21) is not guaranteed, although they do still sum op to unity; the possibility of
defining joint probabilities is strictly limited to commuting random variables).
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2.2 Quantum observables and states

Given a finite-dimensional Hilbert space H, the set B(H ) of all linear operators on H
(which for H = C" may be identified with the set M,,(C) of complex n x n matrices)
forms an involutive algebra under the natural (pointwise) operations

(A-a)y = Aay); (2.22)
(a+b)y =ay+by; (2.23)
(ab)y = a(by), (2.24)

and finally with a* given by the usual operator adjoint (A.15). Compare the corre-
sponding classical expressions (1.18) - (1.20) and (1.22). Analogous to (1.24), we
also have a norm on B(H), defined by (A.18). It follows that like its classical coun-
terpart C(X), the involutive algebra B(H) (or, in this case, M, (C)) is a C*-algebra,
cf. Definition C.1 in Appendix C. It crucially differs from C(X) in that B(H) is
non-commutative. For this reason, the Gelfand spectrum, which in the classical case
allowed us to reconstruct X from C(X), turns out to be empty, cf. Proposition 2.10
below. Nonetheless, it makes good sense to copy Definition 1.14, mutatis mutandis:

Definition 2.4. A state on B(H) is a complex-linear map @ : B(H) — C satisfying:

1. o(a*a) > 0 for each a € B(H) (positivity);
2. o(1g) = 1 (normalization).

The state space S(B(H)) is the set of all states ® : B(H) — C.

Physicists may not like this definition, since it involves non-observable quantities.
As in the classical case, we may introduce the self-adjoint (or ‘real’) part of B(H):

B(H)sa ={a€B(H)|a" =a}, (2.25)
which is a real vector space (though not a real algebra in the usual sense, cf. §C.25).

Definition 2.5. A state on B(H )s, is a real-linear map ® : B(H)s, — R satisfying:
1. @(a?) > 0 for each a € B(H) with a* = a (positivity);

2. o(1) = 1 (normalization).

The state space S(B(H)s,) is the set of all states @ : B(H)s, — R.

Fortunately, there is no need for a fight over this point; the discussion is similar to
the one below Definition 1.14 and is settled as follows.

Proposition 2.6. The state spaces S(B(H)) and S(B(H)sa) may be identified: an
element @ of the former defines an element g of the latter by restriction, whilst the
unique decomposition ¢ = a+ib (where a* = a and b* = b are given by a = % (c+c*)
and b = —1i(c —c*), respectively) gives 0(c) = wr(a) + ior(b). Moreover,

|o| = [|og|| = 1. (2.26)
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Here the norm on the dual (Banach) space B(H)}, of B(H)s, is given by
o] = sup{|w(a)|,a € B(H)sa, [l =1} 2.27)

This lemma holds for any Hilbert space H (cf. Theorem C.52), but it is instructive
to restrict our proof to the finite-dimensional setting in which we currently work.

Proof. The first few claims are immediate from Proposition A.22. To prove (2.26),
it suffices to prove that for any a € B(H) one has

lo(a)| < [lall, (2.28)

since by normalization of states the bound is saturated by a = 1. Furthermore, even
if @ is seen as an element of B(H )* rather than B(H)},, eq. (2.28) needs to be shown
only for self-adjoint a, for positivity of @ implies the Cauchy—Schwarz inequality

|o(a*b)|* < w(a*a)w(b*b), (2.29)
cf. (A.1), in which we may take a = 1y to find, assuming (2.28) for self-adjoint a,
lo(b)* < @(b™b) < ||b*b|| = |1b]%, (2.30)

where the last equality holds for any b € B(H) (turning the latter into a C*-algebra).
Noting that b*b is self-adjoint, this gives (2.28) for any a. To prove (2.28) for a* = a,
then, we firstly use (A.47), and secondly use Theorem 2.7 and eq. (2.6) to obtain

|o(a)] = [Tr(pa)| = |} pi(vi,avi)| <} pil(vi,avi)|. 230
i i
Now let (&;) be a basis of H consisting of eigenvectors of a, so that
(vr.av) = (0 &) Py, Lo &P =1.
j J
Since || < [|a| and }; p; = 1, the bound (2.28) follows from the estimate
Y pil(onav)| < ¥pi X100 &) P14 < X X0 &) Pl = . 232)
i i i

Finally, combining (2.31) and (2.32) gives (2.28) for self-adjoint a. O

In view of this, we may work with either S(B(H )s,) or S(B(H)); denoting states
simply by @, the context will usually show if it is defined on B(H ), or on B(H).
Despite its easy proof, the following result is of fundamental importance.

Theorem 2.7. If H is finite-dimensional, there is a bijective correspondence be-
tween states @ on B(H) or B(H )s, and density operators p on H, given by

o(a) =Tr(pa). (2.33)
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Proof. First note that linear algebra already yields (2.33) as a bijective correspon-
dence between complex-linear maps @ and operators p, for example, because

(a,by =Tr(a*D) (2.34)

defines an inner product on B(H). Positivity and normalization of @ then translate
to the corresponding properties of p. (|

The quantum analogue of Theorem 1.15, then, is as follows.

Theorem 2.8. The state space S(B(H )sa) = S(B(H)) forms a compact convex set in
the (real) vector space B(H)?, (in its w*-topology) and, putting the corresponding
topology on P(H), eq. (2.33) defines an affine homeomorphism

S(B(H)) = 2(H). (2.35)

Proof. Convexity of S(B(H)) holds by Definition 2.4. For compactness, by Propo-
sition 2.6 the state space S(B(H)) is contained in the closed unit ball By of B(H)},,
which is compact in the w*-topology (in the case at hand this is simply because
B(H)?, is finite-dimensional). It is easy to see that a convergent sequence of states
actually converges to a state, since both conditions in Definition 2.4 are clearly pre-

served by w* limits (in which @, — @ iff ®,(a) — o(a) foreacha € B(H)). O

For infinite-dimensional Hilbert spaces eq. (2.35) is false; see §4.2. At the opposite
end, the case H = C? provides a beautiful illustration of this theorem (and more).

Proposition 2.9. The state space S(M>(C)) of the 2 x 2 matrices is isomorphic (as
a compact convex set) to the closed unit ball B> = {(x,y,z) € R? | x> +y> +7* < 1}.
On this isomorphism, the extreme boundary (cf. Definition 1.10)

0.B> =82 ={(x,y,2) eR} | 2 +y*+2 =1} (2.36)
corresponds to the set of all density matrices p = py, where y € C* with |y = 1.

Proof. Any self-adjoint 2 x 2 matrix may be parametrized by (¢,x,y,z) € R* as

t+z x—1i
p(nx,y,z)=;<x+iy tzy). 2.37)

The eigenvalues A; of p(¢,x,y,z), computed from its characteristic polynomial, are

A =Lt £V +y2+22). (2.38)
Condition (2.5) yields r = 1. Positivity of p(1,x,y,z) is equivalent to positivity of
its eigenvalues A;, which gives 2+ y2 + 7% < 1. For the second claim, note that the
Py are just the one-dimensional projections, which in turn are the density matrices
satisfying p2 = p (or require A, = 1, A_ = 0), so x> +y? +z> = 1. Finally, since
convex sums ¢v+ (1 —¢)w in B*> (0 <t < 1) are given by straight line segments
connecting w and v in R, it immediately follows geometrically that 9,B> = S?. [
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2.3 Pure states in quantum mechanics

In classical physics, the phase space X arose both as the Gelfand spectrum X(C(X))
of the C*-algebra of observables C(X), cf. Definition 1.4 and Proposition 1.5,
and as the pure state space P(C(X)) of C(X), see Definition 1.10 and Theorem
1.16. In particular, £(C(X)) = P(C(X)) at least as sets. Because of this, any pure
state @ € P(C(X)) is dispersion-free, since as an element of X(C(X)) it satisfies
o(f?) = w(f)? for any f € C(X). These two definitionally different (but classically
coinciding) guises of X will fall apart in quantum mechanics; cf. Proposition 2.3.

Proposition 2.10. If dim(H) > 1, the Gelfand spectrum X(B(H)) of B(H) is empty,
i.e., there are no nonzero linear maps @ : B(H) — C that satisfy o(ab) = w(a)w(b).

In particular, there are no nonzero linear maps @ : B(H) — C that are dispersion-
free, i.c., satisfy Ag(a) = 0, with Agp(a) = ©(a*) — ®(a)>.

Proof. Suppose @ € X(B(H)). Multiplicativity for b = a = a* implies that ® is
positive, whereas for b = 1y it implies that @ is normalized. Hence ® must be a
state. Now use Theorem 2.7 and use multiplicativity for b = a = a*, implying that
Ap(a) = 0. This contradicts Proposition 2.3. O

On the other hand, the pure state space of B(H ) is by no means empty, and despite
Proposition 2.10, we will see that the special density operators py = ey in (2.7) to
some extent do play the role of the points x € X. Let us write

P (H)={ecBH)|?=¢" =e,Tr(e) =1} (2.39)

for the set of all one-dimensional projections on H; note that Tr(e) = dim(eH ) for
ec P (H).Each e € & (H) takes the form e = ey, for some unit vector y, see (2.7).

Lemma 2.11. A density operator p is an extreme point of the convex set Z(H) of
all density operators on H iff p = py, for some unit vector Y € H.

Proof. The argument is similar to the proof of Proposition 1.11. To show that py, €
0.S(B(H)), assume py = tp; + (1 —t)p> for some ¢ € (0,1) and py,p> € S(B(H)).
Evaluating this equality at a = |@) (@], where ¢ L y yields (¢, p;¢) =0fori=1,2,
so that p; = py = py. Conversely, the spectral decomposition (2.6) shows that p ¢
9.S(B(H)) whenever p # py, for some unit vector y € H. O

Consequently, for the moment just as sets (and even as topological spaces), one has

P(2(H)) = 21(H); (2.40)
P(B(H)) = 21(H), (2.41)

where the second isomorphism is given by (2.33). Defining a state @y, by

oy (a) = (y,ay), (2.42)

cf. (2.18), the isomorphism (2.41) is the correspondence @y < ey, cf. (2.7).
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This isomorphism becomes more interesting if we note that both spaces are nat-
urally equipped with transition probabilities. For P(B(H)) we canonically have

2 ) (@, 0p) = inf{oy(a) | a € B(H),0 < a < 1y, 0p(a) =1}, (2.43)
as in (1.38) for A = B(H). Furthermore, on %, (H) we define (with some foresight)
1 ) (¢, f) = Tr (ef). (2.44)

Theorem 2.12. The pairs (P(B(H)),t™* ")) and (2,(H),t71")) are isomorphic
as sets with a transition probability. In particular, we have, cf. (2.13),

B(H (

5 (0, 0p) = (W, 0)* =Tt (eyeg) = 171 (ey, ep). (2.45)

Proof. The last equality is a simple computation. The first follows if we can show
that the infimum in (2.43) is reached at a = ey. To this end, we prove that for any
0 <a< 1y with ®y(a) = 1 we must have (y,ay) > (¢, y)|?. Indeed, the condition
wy(a) = (@,ap) =1 with ||a]| < 1 (which follows from 0 < a < 1y) and [[@| =1
imply, by Cauchy—Schwarz, that agp = ¢. Since a* = a (by positivity of a), we also
have a : (C- )" — (C- )", so we may write a = ey +d’, with ' = 0 and &’
mapping (C- )" to itself. Then a > 0 implies @’ > 0. If (y,ay) < |{@, ¥)|?, then
(w,d ) <0, which contradicts positivity of @’ (and hence of a). O

The theory of observables and spectral resolutions of the kind (1.45) may be
worked out completely for the “quantum” transition probabilities in this theorem:

Proposition 2.13. 1. There is a bijective correspondence between self-adjoint op-
erators a € B(H) and observables f on (2,(H),v71"") 4 la Definition 1.18.6:

o Given a self-adjoint operator a, define an observable f, at ey, € &1(H) by

fa(ey) =Tr(eya) = (y,ay); (2.46)
2(

e Given an observable f =Y ;c;iT,, ' H), define an operator ay by

af= Zciei. (2.47)
1

2. Each such observable f = f, has a unique spectral resolution as in (1.45), i.e.,

fa=Y, A1, (2.48)
rec(a)

where Sy, is the (automatically orthoclosed) subset of &2\ (H) whose elements e
satisfy eH C Hj, where H), C H is the eigenspace for the eigenvalue A € & (a).
3. The product defined by (1.46) - (1.47) is equal to

fi=1fes (2.49)
Ja© fo = flabtba))2- (2.50)
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Proof. Any spectral decomposition a = ¥; A;|v;)(v;| puts f, as defined in (2.46) in
the general form (1.44), with ¢; = A; and y; = ey, The rest should be clear. O

We now turn to the quantum counterpart of Proposition 1.13. The main difference
is that although extremal decompositions of mixed states into pure ones always
exist, they are no longer unique. For example, for H = C?, we have

p =diag(2/3,1/3) = 3pu, + $Pu, = 3(Pe, +Pe, )

where (u1,uy) is the standard basis of C2, and

él = (m’ \/W), 62 = (\/77_\/%)

More generally, take any basis (w;) of H = C", assume (2.6), and for each i for
which /pw; # 0 (where \/p = ¥ /p,|0;) (i), define 7; = ||\ /pwi||%, as well as the
unit vector & = /pw;/||\/pwil|. Then p = ¥;#;pe, is an extremal decomposition of
p. The above example corresponds to the special case 1] =t = 1/2, with

n=2,p1=2/3,pr=1/3,wi = (1/V2,1/V2), w2 = (1/V2,-1/V2).

One might require the &; to be mutually orthogonal, but even that does not imply
uniqueness of the extremal decomposition: take, for example, p = (1/n) - 1,,, where
1,, is the n X n unit matrix on H = C". Then any basis induces (2.6).

Nonetheless, under appropriate assumptions uniqueness does follow.

Proposition 2.14. 1. Any density operator p on H has an extremal decomposition
m

p =Y piPy: (2.51)
i=1

where m < dim(H), the p; are probabilities, and the W; are distinct unit vectors.
2. This decomposition can be chosen such that the y; are mutually orthogonal, in
which case it is unique iff each of the non-zero eigenvalues of p is simple.

Proof. The existence of the extremal decomposition (2.51) of p follows from its
spectral decomposition (2.6), which also proves claim 2. If p has some degenerate
non-zero eigenvalue, the example just given yields non-uniqueness of (2.51). For the
converse direction, use uniqueness of the decomposition (2.6) under the condition
that each of the non-zero eigenvalues of p is simple. 0

In the light of Theorem 2.7, it would be interesting to reformulate Proposition 2.14
directly in terms of the states on B(H); note our standing assumption dim(H) < !

Proposition 2.15. 1. Any state ® on B(H) has an extremal decomposition
m
o=Y pio, (2.52)
i=1

into distinct pure states @; € P(B(H)), where m < dim(H), p; >0, and }; p; = 1.
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2. The unit vectors ; that correspond to the pure states ®; in (2.52) via (2.42) are
mutually orthogonal (and hence are part or all of a basis of H) iff

o — @yl =2 (i ). 2.53)
3. Extremal decompositions (2.52) satisfying (2.53) exist and correspond bijectively
to orthogonal families (e;) of one-dimensional projections on H (i.e., ejej = §;je;

and Tr (e;) = 1, respectively) for which ®(e;) >0, ¥, w(e;) =1, and
w(ae;) = w(eja), a € B(H). (2.54)

In terms of such a family, the decomposition (2.52) is given by

pi = 0(e;); (2.55)
o 0(ae;)
w;(a) = o) (2.56)

Hence an extremal decomposition (2.52) with all @; mutually orthogonal in the
sense of (2.53) is unique iff the family (e;) with the above properties is.

Proof. Claim 1 clearly follows from no. 3. To prove (2.53), assume (2.42), so that

| @ — ;|| = sup{|{wi,aw;) — (w;,ay;)|,a € B(H), ||la| = 1}. (2.57)

Clearly, |(y.aw)| < 1 when [lall = [y = 1, hence |(ys.ays) — (yj.ay;)| <2,
and the upper bound ||w; — @;|| = 2 in (2.57) is reached iff |(yi,ay;)| =1 and
(ya,ayn) = —(y1,ayn). By Cauchy—Schwarz, this holds iff ay; = Ay; as well
as ayr, = —Ay» for some A € T. If y; L y;, then this is accomplished by the
operator a = |y;)(y;| — |y;){(y;|; note that 6(a) = {—1,1} for dim(H) = 2 and
o(a) = {—1,0,1} for dim(H) > 2, so indeed ||a|| = 1 by (A.47). If, on the other
hand, (y;, y;j) # 0, then no a with ||a|| = 1 can meet these eigenvalue equations.
One way to see this is to reduce to H = C?2, since a in (2.57) can be replaced by eae,
where e is the projection onto the linear span of y; and ;. Picking a basis of C?
(with say v; = y), the two eigenvalue equations for a yield a matrix representation
of a, from which ||a||?> = ||a*a|| may be computed by calculating the eigenvalues of
a*a and using (A.47). This gives ||a|| > 1 unless (y;, y;) = 0.

One direction of the proof of the third claim easily follows from Theorem 2.7:
any spectral decomposition (2.6) of p provides the projections

e = |‘l)i><’()i| (258)

of the proposition. For example, eq. (2.54) comes down to [p,e;] = 0, which is
the case iff ¢; commutes with all spectral projections of p, which clearly holds for
(2.58). Uniqueness of the e; then corresponds to uniqueness of (2.6) and hence to
non-degeneracy of the non-zero eigenvalues p; of p, as in Proposition 2.14.

The opposite direction, i.e., proving that (2.58) exhausts all possibilities for
(2.53) - (2.54), is based on the GNS-construction and requires an entire subsection.
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2.4 The GNSs-construction for matrices

The proof of Proposition 2.15 may be completed on the basis of the GNS-construction
began in §1.5, which in this subsection we develop for A = B(H), where, as usual,
dim(H) < oo. In that case, we may use Theorem 2.7 to simplify matters.

First, to prove (1.76) we use (2.33) and cyclicity of the trace, compute the trace
by summing over a basis (v;) of eigenvectors of a*a, say a*av; = u;;, where u; >0
by positivity of a*a, and use (A.47) (for a*a rather than a) to obtain:

o(b*a*ab) = Tr(pb*a*ab) = Y (v;,bpb*a*avy) = Y u;(v;, bpb*v;)

1

< |la*all Y {vi, bpb™ ;) = ||al*Tr (pb*b) = ||a| *&(b°b),

where we used (V;,bpb*v;) = (b*v;, pb*v;) > 0 to justify the inequality.
We now explain all cases of interest, paying special attention to the commutant

7w(A) = {B € B(Hy) | tpy(a)B = Big(a)Va € A}; (2.59)

to distinguish operators on H from operators on Hy, we write the latter in capitals.
For simplicity we also put H = C" (with the standard inner product), so that

B(H) = M,(C), (2.60)

and all operators are matrices. Performing a suitable unitary transformation or
change of basis if necessary, we also assume that the unit vectors v; in the spec-
tral decomposition (2.6) of p form (all or part of) the standard basis (vy,...,,) of
C". As in (1.74), we denote the null space by

N, = {a € B(H) | Tr(pa*a) = 0}. (2.61)

o If p = |v;)(vj|, the corresponding pure state (2.42) is w(a) = (v;,av;), with

N, ={acA|av;=0}. (2.62)

Hence a € N, iff the j’th column Cj(a) of a vanishes, so we have a —b € N, iff
Cj(a) = Cj(b). Thus the equivalence class a, € M,(C)/N, may be identified with
Cj(a). Consequently, we obtain

H, = M,(C)/N, = C", (2.63)

under the unitary isomorphism u : H, — C", ap +— Cj(a), with inverse u iz ap,
z € C", where a is the matrix with C;(a) = z and zeros elsewhere (i.e., a;; = z; and
ajx = 0 for all i and k # j). We likewise write u~'w = bp, with b;; = w; and by, =0
for all i and k # j. With ua, = z and ubp, = w, we obtain (beware: no sum over j!):

(ap,bp) =Tr(pa™b) = Zﬂjblj = ZZ,-W,- = (z,w)cr = (uap,ubp)cr.
i i
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The GNs-representation 7,, originally given on H,, by (1.77), is accordingly trans-
formed to um, (a)u~' = &, on C", which is given by

fip(a)w = ump(a)bp = u(ab)p, = Cj(ab) = aw,

and the cyclic vector u2, € C” is just the basis vector v; from which we started.
More generally, for a pure state (2.42) the GNS-representation 7, (M,(C)) is equiv-
alent to the defining representation on C", with canonical cyclic vector y. Finally,
since only multiples of the unit matrix commute with all matrices, it follows that

T, (Mn(C)) = C. (2.64)

e The ‘opposite’ case occurs when p is invertible, in other words, when the sum
over i in (2.6) has n nonzero terms. Hence

Tr(pa*a) = Y pillavi|? (2.65)
i=1

vanishes iff av; = 0 for each 7, i.e., a = 0, so that N, = {0} and hence
Hp, =M,(C). (2.66)
The GNs-constructed inner product on M, (C), cf. (1.78), given by
(ap,bp) = Tr(pa*b), (2.67)
may be transformed into the usual one (2.34) by the following linear map:

u:M,(C) - M,(C), (2.68)
uap, = appl/z. (2.69)

This map is unitary from the Hilbert space (M, (C),(-,-)p) to the Hilbert space
(M, (C), (-,-)), for it is invertible, with inverse u~'a = a,p~'/2, as well as isometric:

(u(a),u(b)) = Tr (p"a"bp"/2) = T (pa"b) = (ap.bp).
The transformed representation &, = um, (a)u~' on M, (C) is simply given by
#t,(a)b = ab, (2.70)
and the cyclic vector u€2, in M,(C) becomes pl/z, so that, as in (1.73),
(p'?, #p(a)p'/?) =Tr (pa). Q.71)
In this case, the commutant is easily computed to be

ﬁp (Mn ((C))/ = Mn ((C)7 (2-72)
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since any linear map C : M, (C) — M, (C) that satisfies C(ab) = aC(b) for each
a,b € M,(C) is of the form C(a) = ac = R.(a) for some ¢ € M,(C), namely ¢ =
C(1); to see this, just take » = 1. Since this involves right multiplication R, by c,
which messes up the order in that R.R; = Ry, one has a choice in implementing the
isomorphism (2.72) either as a linear anti-homomorphism (of algebras) C — R, or
as an anti-linear homomorphism C — R (see also Theorem C.159).

Further insight into the structure of this representation comes from the realization

M,(C)=C"@C", (2.73)
as Hilbert spaces under the unitary map v : a — };;a;;V; ® v;. This yields
vip(a)v' =a®1,, (2.74)
as an operator on C" ® C", and indeed for any Hilbert spaces H;, H, one has
(B(H,) Q) C-1p,)" = C- 14, Q) B(Hs). (2.75)

e Finally, in the ‘intermediate’ case the sum in the spectral decomposition (2.6) has
1 < m < n nonzero terms. Using the ensuing (partial) basis (vy,...,Uy) of C" (viz.
C™), analogously to (2.66) with (2.73) we obtain, up to unitary equivalence,

H, =~ C"®C™; (2.76)
Tp(a) = a®ly; 2.77)
Q=) /pivieuv: (2.78)
i=1
7, (M,,(C))' = M, (C). (2.79)

The relevance of all this to the decomposition of states on B(H) is as follows.

Proposition 2.16. Let @ be a state on B(H) = M, (C). Then each decomposition

® =) pio, (2.80)
i

where the p; are probabilities (but the states w; are not necessarily pure) is induced
by a family (A;) of nonzero operators in the commutant 7, (B(H))' that satisfy:

0<A <1, (2.81)
YAi=1 (2.82)
i

Namely, given such a family of operators A;, the decomposition (2.80) is given by:

Pi = (Q0,AiQ0); (2.83)
<QCO7 T (a)Ai-Qa)>

o) = Gy A2

(2.84)
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Proof. The claim that such a family yields (2.80) is trivial, except for the remark that
automatically p; > 0, since (Qg,A;Q24) = 0 would imply v/A;Q, = 0 and hence

VAiaw = /ATt (a) Qe = Tp(a)\/AiRe =0

for any a € B(H); by (1.72) this gives /A; = 0 and therefore A; = VA? =0.
Conversely, each state @; in (2.80) defines a sesquilinear form Q; on H, by
Qi(aw,by) = w;(a*b), which is well defined by w;(a*a) < w(a*a) and (A.1), and
is positive because j is a state. Proposition A.23 then provides us with a positive
operator A; for which Q;(aw,be) = (aw,Aibw), hence w;(a*b) = (ay,Aiby). Next,

(ap,AiTtn(C)by) = {aw,Ai(ch)y) = Wi(a*ch) = {(¢*a)w,Aibe) = (4, Tw(c)Aiby),

s0 A; € T»(B(H))'. Finally, the bound (2.81) corresponds to 0 < p; < 1 in (2.80),
whilst @(1) = 1, or equivalently ¥; p; = 1, yields (2.82). O

We now complete the proof of Proposition 2.15. We assume (2.33), where we
initially take p to be invertible. We omit the hat in (2.70) as well as the suffix @
or p on vectors. As noted, we then have £, = pl/ 2 and we also know that A; is
given by A;b = ba; for some a; € M, (C), viz. a; = A;1,, (where 1, = 1y is to be
distinguished from Q, = pl/z). In this case, (2.81) means 0 < Tr(b*ba;) < 1 for
each b with Tr(b*b) = 1, which is true iff 0 < a; < 1, whereas (2.82) immediately
yields Y;a; = 1. In terms of such a family (;) in M, (C) itself, the decomposition
(2.80) of @ = Tr(p—) into arbitrary states @; follows from (2.83) - (2.84) as

pi = Tr(pa;); (2.85)

w;i(a) = Tr(pia); (2.86)
o pl/Zaipl/Z

Pi = ) (2.87)

To obtain pure and orthogonal states m;, we subsequently ask when the new density
matrices p; are mutually orthogonal one-dimensional projections p; = |v;) (V.
To answer this, we use the spectral theorem (A.37) - (A.38) applied to p, which

gives p =) ; pje; and hence pl/2= Y.i\/Pjej, so that

p'Paip'? = Y /Pipkejaiey. (2.88)
Tk

This can only be proportional to a one-dimensional projection if each a; is a one-
dimensional projection that commutes with all spectral projections e; of p (and
hence also commutes with p itself), and all further constraints on the a; may then
only be satisfied if a; = |v;) (v;], for some basis (v;) of eigenvector v; of p.

A similar analysis applies to non-invertible p, the only new point being that pro-
jections e; orthogonal to the range of p fall into the null space Np, cf. (2.76) - (2.79),
and hence do not contribute to (2.52), so that they may be ignored. d



54 2 Quantum mechanics on a finite-dimensional Hilbert space

2.5 The Born rule from Bohrification

The Bohrification approach to quantum mechanics studies noncommutative alge-
bras of observables like B(H ) through their commutative subalgebras. In this section
we show how the Born rule (2.8) emerges from that perspective. Our discussion is
based on the interplay between the three kinds of (finite-dimensional) C*-algebras:

e C(X) is a C*-algebra under the pointwise operations (1.18) - (1.20) and the
supremum-norm (1.24); we still assume that X is finite.

e B(H) is a C*-algebra under the pointwise operations (2.22) - (2.24) and the op-
erator norm (A.18); our standing assumption remains dim(H) < oe.

e (C*(a) is the C*-algebra generated by a € B(H) and 1 (i.e., the intersection of all
unital C*-algebras in B(H) that contain a). If a* = a, then C*(a) is commutative.

Each of these is unital, since C(X) has a unit 1y (i.e. the function x — 1), B(H)
has a unit 1y (i.e. the operator ¥ — ), and C*(a) shares the unit 1y. The first
two classes overlap just in case dim(H) = 1 and X is a singleton (in which case
B(C) = C(x) = C); otherwise, the fundamental difference between the two is that
C(X) is commutative in that fg = gf for all f, g, whereas B(H) is non-commutative.
However, the system of C*-algebras C*(a) within B(H ), where a € B(H s, varies,
to some extent bridges the gap between the commutative and the non-commutative
worlds. This relatively simple situation goes to the heart of exact Bohrification.

Theorem 2.17. Let a* = a € B(H), where H is a finite-dimensional Hilbert space.

1. The commutative C*-algebra C*(a) consists of all polynomials in a.
2. Any element of C*(a) is a linear combination of the spectral projections e of a.
3. For functions f : 6(a) — C, the map f — f(a) defined by

flay="Y f(A)-e. (2.89)

A€o(a)
gives a (necessarily unital) isomorphism of commutative C*-algebras
C(o(a)) = CloWI =~ c*(q). (2.90)

Proof. Noting that any function on the finite subset c(a) of R is continuous, this is
a restatement of Theorem A.15 for finite-dimensional Hilbert spaces. U

We now come to the main point. States on unital C*-algebras A may be defined
just as in Definitions 1.14 and 2.5, i.e. as positive linear functionals @ : A — C that
satisfy @(14) = 1 (cf. Proposition C.5). Recall Theorem 1.15 and Theorem 2.7.

Theorem 2.18. Let @ be a state on B(H), represented by a density operator p via
(2.33), and let a € B(H) be a self-adjoint operator. Then the restriction of @ to
C*(a) C B(H) is a state, which also induces a state ®c(s(q)) on C(0(a)) through
(2.89) - (2.90), i.e., Wc(o(a))(f) = @(f(a)). The probability measure on c(a) that
corresponds to the state @c(q(a)) on C(0(a)), then, is given by the Born rule (2.9).
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Proof. First, the restriction of a state on a given unital C*-algebra to a unital C*-
subalgebra remains a state. Second, isomorphisms of unital C*-algebras pull back
to state spaces in that, if ¢ : A — B is an isomorphism, and @ is a state on B, then
0*w:A — Cis a state on A, where ¢*(a) = o(¢(a)). We now compute

Oc(s(a) (f) = O(f(a)) =Tr(pf(a))
= ) Tr(per)f(A)= Y

Aeo(a) Aeo(a)

= Ep,(f), .91)

where, from left to right, the first equality is just the definition of ®c(s(4)), Whereas
the others in turn follow from (2.33), (2.89), (2.8), and (1.9), respectively. O

Note that Theorem 2.18 implies Theorem 2.2. The simplest nontrivial illustration is:

0 = Wy; (2.93)
_ Zciui; (2.94)
a = diag(Ay,..., A Z)L |u) (i, (2.95)

with respect to the standard basis (;) of C", with all A; € R different, cf. (2.42). The
C*-algebra C*(a) = C" then consists of all diagonal matrices

b = diag(by,...,by). (2.96)
Since obviously
o(a)={A1,..., A}, (2.97)
the isomorphism (2.90) is given by
[ diag(f(A),., f(An))- (2.98)

The computation (2.91) in the proof of Theorem 2.18 then becomes
Oyic(o() (f) = (W, diag(f (M), f(A)w) = Y leil* £ (%)
i=1

=Y pa(A)f(X), (2.99)
i=1

from which the Born probabilities p, may be read off as the familiar expressions

pa(X) = leil*. (2.100)
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For an analogous treatment of the generalized Born rule (2.21), we first refer to
Definition A.16 for the the pertinent definitions, especially of the joint spectrum

o(a) Co(ay) x---xola,) CR"

of a family a = (ay,...,a,) of commuting self-adjoint operators. As in the case of a
single operator, we define C*(a) as the smallest unital C*-subalgebra of B(H) that
contains each a;. Generalizing Theorem A.15, we have:

Theorem 2.19. Let a = (ay, . .., a,) be commuting self-adjoint operators on H. Then
C*(a) is commutative, and there is a unique isomorphism of C*-algebras

C*(a) =C(o(a)), (2.101)

and a; € C*(a) corresponds to the projection m; : A — A; in C(c(a)).

under which 1y € C*(a) corresponds to the unit function 154 : A+ 1in C(c(a)),

For further discussion, see Appendix A, Theorem A.17.
Theorem 2.18 may then be generalized in the following way, with similar proof.

Theorem 2.20. Let @ be a state on B(H), represented by a density operator p, and
let a=(ay,...,a,) be commuting self-adjoint operators on H. Then the restriction
of @ to C*(a) C B(H) is a state, which induces a state @c(q(q)) on C(0(a)) through
the isomorphism (2.101). Then the probability measure on the joint spectrum & (a)
that corresponds to \c(s(a)) IS given by the generalized Born rule (2.21), i.e.,

Pa(A) =Tr(pey). (2.102)

Strictly speaking, in the present context one should restrict (2.21) to A € 6(a), but
the claim is correct even if one does not, for the (Born) probability assigned to values
A €o(ay) x - x o(ay) that do not lie in 6 (a) is simply zero.

As shown in Proposition A.19 in Appendix A, the multi-operator case is a spe-
cial case of the single-operator case, in that C*(a) = C*(a) for a suitable self-adjoint
operator a. Since the converse is obvious, Theorems 2.18 and 2.20 are equivalent.
Corollary A.20 in Appendix A even shows that any unital commutative C*-algebra
Cin B(H) takes the form C = C*(a) for some self-adjoint operator a € B(H). Com-
paring the restrictions of a state @ on B(H) to C as the latter varies therefore comes
down to asking how the various Born probability distributions p, on C*(a) are re-
lated to each other as a varies. It is clear from (2.8) that if p, and p; come from the
same density operator p (as the notation indicates), then for A € 6(a) and u € o (b),

eE{l) = e&b) = pa(A) = pp(1). (2.103)

Indeed, this is the only compatibility condition between p, and p;, showing that
pa(A) only depends on a and A through the associated spectral projection e;a). Con-

dition (2.103) is a version of a general property of quantum mechanics called rnon-

contextuality, which in this case means that, given its spectral projection e;a), the
‘context’ operator a is otherwise irrelevant for the Born probability p,(1).
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2.6 The Kadison-Singer Problem

It should be clear from the example in the previous section that pure states @y on
B(H) may well give rise to mixed states on C*(a); referring to (2.94) and (2.100),
this is the case whenever ¢; # 0 for more than one value of the index i. If, on the other
hand, ¢; # O for just a single value i = j, then y = u; (up to a phase), or, equivalently,
oy (a) = (uj,au;). In that case, the given state @y is pure both on B(H) and on
C*(a), and the associated probability measure ®y|c(s(4)) On the spectrum o(a) is
supported by a single point, namely A; € o(a).

This example suggests a general problem (first posed in the non-trivial case
where H is infinite-dimensional by Kadison and Singer in 1959) that is of great
relevance for the Bohrification program. Namely, let A be a maximal commutative
unital C*-algebra in B(H) and let @, be a pure state on A. We may then ask:

1. Does wy have an extension to a state ® on B(H) at all (i.e., w4 = @Wa)?
2. If so, is @ uniquely determined by its restriction wy?
3. Either way, if @ exists, can it be chosen so as to be pure (assuming ®, is)?

If dim(H) < oo, all these questions are easy to answer at one stroke:

Theorem 2.21. Let dim(H) < e and let w4 be a pure state on a maximal commu-
tative unital C*-algebra A in B(H). Then @4 has a unique extension to a state ® on
B(H), which is necessarily pure.

Proof. As explained after the proof of Corollary A.20 in Appendix A, we may sim-
ply assume that H = C" and that A consists of all diagonal matrices; call this col-
lection D,,(C) (for every other case is unitarily equivalent to this one). Clearly,

D,(C)=C", (2.104)
from which we see that if @y is pure, then it must be given on b € D,(C) by
ws(b) =bj, (2.105)

for some j, cf. (2.96). If @ exists, it is given by (2.33). Using (2.6), condition (2.105)
then enforces the following constraint on the p; and v; (where (u;) is the standard
basis of C" and (v;) is an orthonormal set diagonalizing the density operator p):

Y pil{ug 0P = 1. (2.106)

Since Y, p; = 1 and |(u;, v;)| < 1, eq. (2.106) can only hold, for given j, if
[(uj,0)| =1 (2.107)

for all i with p; > 0. Since u; is a unit vector whilst the (v;) are an orthonormal set,
(2.107) can only be true if there is a single i for which p; > 0, namely i = j (and
hence p; = 1), in which case v; must equal u; up to a phase. Hence p = |u;)(u;],
which shows that p exists, is unique, and is pure. g



58 2 Quantum mechanics on a finite-dimensional Hilbert space

At least in operational interpretations of quantum mechanics, this theorem implies
that a pure quantum state (i.e., on B(H)) is completely determined by the outcome
of a measurement of some maximal observable a, whose outcome, after all, gives
one of the eigenvalues A, in (2.95) and hence fixes the post-measurement state to be
the one given by (2.105). This is, indeed, a typical way of preparing a state.

As one might expect, this is no longer true if A = C*(a) fails to be maximal (in
which case a measurement of a would not provide enough information about the
quantum state). Namely, suppose a = }.) c5(q) A - ey, as in (A.37); the maximal case
occurs iff Tr(ey ) =dim(H, ) = 1 for all A € o(a) (equivalently, all eigenvalues A; in
(A.37) are different). If not, suppose dim(H, ) > 1 for some A. Then any unit vector
v € H), gives rise to a pure state @y on B(H ), which remains pure on A (it is given
by @y4(a) = A and hence induces the Dirac probability measure &, on 6 (a)).

Dropping the purity condition on w, loses uniqueness of the extension , too,
even if A is maximal: take b = diag(by,...,b,) € A = D,(C), and assume that

wa(b) =Y pibi (2.108)

has more than one term (with p; > 0 and }'; p; = 1 as always), cf. (2.105). Then:

e any pure state @y as in (2.94), such that |ci|? = p; for all i, extends wy;
e the “decohered” mixed state @ =Y ; p;|v;)(v;] extends @, too.

Further insight in the state extension problem comes from the following result.

Proposition 2.22. Let A be any unital C*-algebra in B(H) (i.e., A is not necessarily
commutative) and let W4 be a pure state on A. Then the set

Sa={0 € S(B(H)) | o, = s} (2.109)

of all states on B(H) whose restriction W4 to A is the given state W, is a compact
convex subspace of the total state space S(B(H)) of B(H), whose extreme boundary
0,54 consist of pure states on B(H), i.e., 9,54 C P(B(H)). Consequently, @ has a
unique extension to a state on B(H) iff it has a unique pure extension.

Proof. Convexity and (w*) compactness are obvious. Let ® € d,S4 and suppose
o =1tw;+ (1 —r1)an for some ¢ € (0,1) and w;,w; € S(B(H)). By assumption,
W7 = Wy =104+ (1 —1) @4 is pure on A, 50 )4 = W4 = W4, hence @1, @, € Sa.
Since @ € 9,84, this implies @] = @, = ®. Hence @ is pure on B(H).

Finally, S4 is a singleton iff its boundary d,S4 is (since any state in S4 has a
convex decomposition in terms of states in its boundary), yielding the last claim. [

This proposition remains true for infinite-dimensional H (and even for arbitrary
C*-algebras), but Theorem 2.21 becomes much more complicated. As we shall see,
maximal commutative unital C*-subalgebra of B(H) are no longer unique up to
unitary equivalence, and the validity of the claim depends on which type of maximal
subalgebra is considered. Also, the proof of what then is called the Kadison—Singer
Conjecture becomes extremely difficult (with questionable relevance to physics).
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2.7 Gleason’s Theorem

Gleason’s Theorem answers the following question in the positive: given probability
distributions p, on & (a), for each self-adjoint operator a € B(H ), satisfying (2.103),
is there a single state @ on B(H) inducing these probabilities through the Born rule?
This question is closely related to various others that involve equivalent structures,
cf. Definition 1.1. We denote the unit sphere in H by H; = {y € H,||y|| =1}, and
write Z(H) = {e € B(H) | ¢* = ¢* = ¢} for the set of all projections on H.

Definition 2.23. Let H be a finite-dimensional Hilbert space, with unit sphere H.
1. A probability distribution on &?(H) is a map p : H; — [0, 1] that satisfies
dimH
Z p(v;) =1, for any basis (v;) of H. (2.110)
i=1

2. A probability measure on &(H) is a map P : & (H) — [0, 1] that satisfies:

P(e+ f) = P(e)+P(f) wheneveref =0 eH | fH, (2.111)
P(ly)=1. 2.112)

Note that p is really defined on 22| (H), for we have p(zv) = p(v) forall z € T and
v € Hy; to see this, extend zv and v to a basis of H in the same way and use (2.110).
As in Definition 1.1, these notions of probability are equivalent, cf. (A.28):

e Given a probability measure P, one obtains a probability distribution p by
p(v) = P(ey). (2.113)

e Given a probability distribution p, Lemma 2.24 below guarantees that
P(e) = p(vy), (2.114)

where (v;) is any basis of eH, defines a probability measure P.

Lemma 2.24. If p is a probability distribution on &(H) and L C H is a linear
subspace, with basis (v;), then Z?;“]] @ p(v;) is independent of this basis choice.

Proof. Extend (v;) to a basis of H by adding a basis (v}) of L*. Take another basis
(v/") of L and complete it to a basis of H by using the same basis (v}) of L. Then

Y p(vi)+ ) p(v) =} p(v]) +} p(v)) =1, (2.115)
i J 2 J

where we once again used (2.110). Hence }; p(v;) = ¥, p(v/"). O
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Clearly, a state @ on B(H) induces a probability measure P on &?(H) by
P(e) = w(e) =Tr(pe), (2.116)

where p is the density operator associated to m, as in (2.33). Therefore, it is a natural
question if any probability measure on &2 (H) is induced by some state on B(H) by
(2.116). This question is equivalent to the one above:

Proposition 2.25. ¢ A probability measure P on & (H) induces non-contextual
probability distributions p, on ¢ (a) for each self-adjoint a € B(H) by

pa() = P(e}): Q2.117)

e Conversely, a family (p,) of non-contextual probability distributions (i.e. satisfy-
ing (2.103)) gives rise to a probability measure P on & (H) by

P(e) = pe(1). (2.118)

Proof. As defined by (2.117), p, is a probability distribution on o(a): by (A.38),

y Pa - Y P(e,L )_ ( y e;“)>=P(1H)=1. (2.119)

Aeo(a A€o(a Aeo(a)

Conversely, suppose ef = 0. Introduce g = 1 — e — f, and consider the self-adjoint
operator a = Aje+ Ay f + Asg, for three different real numbers A1, A4,,A3. By (2.103),

P(e):pe(]):pa(ll)vp(f) pf( ( ) ) ) Pa(A3).

Furthermore, since 6(a) = {A1,A2,A3}, we have p,(A1) + pa(A2) + pa(A3) = 1 and
hence P(e)+ P(f)+P(g) = 1. Also, P(e+ f)+P(g) =Ple+ f+g) =P(lg) = 1.
The last two equations give P(e+ f) = P(e) + P(f). O

Suppose (e;)¥_, is a family of projections on H such that ¥;e; = 1y and e;e; =
0;jei. Such a family generates a commutative unital C*-algebra C = C*(ey,...,ey)
in B(H), which coincides with C*(a) for a = }; Aje;, where all A; € R are differ-
ent, so that o(a) = {A,...,Ax}. All commutative unital C*-algebras in B(H) arise
in this way, and C is maximally abelian iff N = dim(H), i.e., iff each ¢; is one-
dimensional. The point is that a probability measure P on & (H) induces a state ®¢
on each C = C*(ey,...,ey) (or, for C = C*(a), a probability measure P, on 6(a)):

1. if a € C is self-adjoint, then we have unique spectral resolutions (A.37), and put

= Y AP(ey). (2.120)

Ae€o(a)

2. if c = a+ib € C with a and b self-adjoint, we define w¢c(c) = wc(a) +iwc(b).

By Lemma 2.24, the map @¢ thus defined coincides with the linear extension of the
map ¢; — P(e;) to C, which also shows that ¢ in linear. Clearly, ¢ is a state on C.
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Again by Lemma 2.24, the ensuing family of states @¢ on all commutative unital
C*-algebras C C B(H) is non-contextual (or, one might say compatible) in the sense
that if b € CNC', then wc(b) = wcr(b). In particular, if C" C C, then @i = @c
(where @cicr is the restriction of @w¢ to C’). Tt is convenient to extend this non-
contextual family (@¢) of states to a well-defined map @ : B(H) — C by putting

o(a+ib) = Oc+ () (a) +ioc: () (b), a,b € B(H),a* = a,b* = b. (2.121)

Definition 2.26. A quasi-state on B(H) is a map @ : B(H) — C that is positive
(w(a*a) > 0) and normalized (0(1y) = 1), ¢f: Definition 2.4, and otherwise:

1. satisfies w(a) = w(d') +iw(a"), where d = {(a+a*) and d’ = —Li(a—a*).

2. is linear on each commutative unital C*-algebra in B(H).

Note that a’ and a” are self-adjoint, so that @ is fixed by its values on B(H )s,. Hence
we have 0(za) = zw(a), z € C, and w(a+b) = w(a) + w(b) whenever ab = ba.

Proposition 2.27. The map ® : B(H) — C defined by (2.120) and (2.121) is a quasi-
state on B(H). Any quasi-state on B(H) arises in this way, giving a bijective corre-
spondence between quasi-states on B(H) and probability measures on & (H).

Proof. The first claim holds by construction. Conversely, a quasi-state ® yields a
probability measure P via P(e) = @(e), cf. (2.116). O

Theorem 1.15 shows that each state on C(X) is induced by a probability measure
(and, trivially, also the other way round). Although Theorem 2.7 is already a quan-
tum version of Theorem 1.15, an even better parallel would involve the probability
measures of Definition 2.23. This is indeed what Gleason’s Theorem achieves, en
passant answering all versions of our lead question:

Theorem 2.28. Let H be a finite-dimensional Hilbert space of dimension > 2. Then
each probability measure P on & (H) is induced by a unique state ® on B(H) via

P(e) = w(e). (2.122)
Equivalently, each probability distribution p on 2 (H) is given by

p(v)=(v,pv), (2.123)

where p is a unique density operator on H. Hence every quasi-state is a state.
This completes the following list (of which 1-5 do not require Gleason’s Theorem).

Corollary 2.29. Let H be a finite-dimensional Hilbert space. The following notions
are equivalent (i.e., there are natural bijective correspondence between):

1. Non-contextual families of states on commutative unital C*-algebras C C B(H);
2. Non-contextual families of probability measures on spectra o(a), cf. (2.103);

3. Probability distributions on Z(H);

4. Probability measures on ¥ (H);

5. Quasi-states on B(H);

6. States on B(H).
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2.8 Proof of Gleason’s Theorem

The difficulty of Theorem 2.28 should already be clear from the fact that it is false
if dim(H) = 2: as we have seen in (2.37), a state on M,(C) = B(C?) is given by
three real parameters, whereas a probability measure P on &2(C?) can assign arbi-
trary values P(e) to one-dimensional projections e, as long as P(1 —e) = 1 — P(e).
Equivalently, this time from the perspective of probability distributions p, each unit
vector in C? belongs to a unique basis (up to a phase), so that p can assign an arbi-
trary value to one of the two vectors in each basis and is unconstrained otherwise.

In higher dimensions, however, one-dimensional projections always belong to
infinitely many orthogonal sets, whilst unit vectors belong to infinitely many bases.
This constrains the possible values P or p may take, and these constraints turn out
to be strong enough to enforce (2.116).

The proof of Theorem 2.28 consists of two nontrivial parts, the second of which is
notoriously difficult. By exception in quantum-mechanical reasoning, both involve
RR? as a real Hilbert space, whose elements X = (x,y,z) have standard inner product

(x,xX') = xx' +yy + 27, (2.124)

with the ensuing (Pythagorean) norm and (Euclidean) notion of orthogonality.

Proposition 2.30. If Theorem 2.28 holds for the real Hilbert space R, then it holds
for any complex finite-dimensional Hilbert space of dimension > 2.

Proposition 2.31. Theorem 2.28 holds for the real Hilbert space R3.

Proposition 2.30 is a conjunction of two lemmas.

Lemma 2.32. If (2.123) holds for R3, where p is some symmetric operator; then
(2.123) holds for C3, where p is a self-adjoint operator.

Neither positivity nor normalization of p play a role in the argument; once we have
(2.123) in this more general sense, the conclusion that p be a density operator triv-
ially follows from the definition of p. This also applies to the second sublemma.

Lemma 2.33. If (2.123) holds for C3, then it holds for for any complex finite-
dimensional Hilbert space of dimension > 2.

It will be convenient to extend p : H; — [0, 1] to a function 0 : H — R by

0(0) = 0; (2.125)

_ 2 ([ ¥V
0(w) = v ”(nwn) (y £0), (2.126)

so that (2.123) is evidently equivalent to the analogous expression

O(y) =(v.py) (Y EH). (2.127)
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Given (2.127), the minimax principle for real symmetric matrices implies that Q is
maximized on H; by y € H, iff py = Ay, where A is the largest eigenvalue of p.
Proof of Lemma 2.32. Suppose p : C3 — [0,1] is a probability distribution (in the
sense of Definition 2.23). The first step shows that p assumes a maximum on the unit
sphere (C? (note that (C? is compact, but we do not know yet if p is continuous!).
Since 0 < p(v) < 1 for v € C3, M = sup{p(v),v € C3}} exists, and there is a
sequence (V) in C3 for which p(v,) — M. Since C3 is compact, this sequence has
a convergent subsequence, with limit V. € (C?. Furthermore, we may assume that
(Un, Vo) € R, for if not, we change to v,, = 2,0, With 2, = (Veo, Un) /| (s, Veo) |-

For each fixed n (with v, in the convergent subsequence in question), the real
linear span of V.. and v, is isomorphic to R? as a Hilbert space (with standard inner
product), embedded in any R3 < C3 one likes (where, once again, R3 is seen as a real
Hilbert subspace in the sense that all inner products of vectors in R? are real). By
assumption, (2.123) holds on R3 and hence also on R C R3, so that, in particular,

[P(Vee) = p(0n)| = [{Vee, P V) = (U, P V)| = (Voo = Vn), P (Voo + V)|
< [l [H1vee + Vn[[[[ Ve = Val| < 2| || Ve = V],

since || Veo + Vn|| < || Vool + || Vn]] and ||Veo|| = || V4|| = 1. Consequently,
(Vo) = M| < |p(Vee) = p(Vn) |+ [P(Vn — M| < 2]|p[[| Voo = Vu| + | p(02) — M|,

so letting n — oo makes both terms on the right-hand side vanish. Hence p(v..) = M.

For reasons to become clear soon, we relabel V., = v;. Take any vy € (C% with
(19, v1) = 0 and consider the real Hilbert space R> C C? spanned by v; and vg. By
assumption, (2.127) holds, and by the minimax principle, pv; = A;0; = p(v1)vy,
with p(v;) = M. Hence for any v = fp0p + 1, V1, with #o,#; € R, we have

Q(v) = (tovo+11v1,p (oo +1101)) = [to*p(v0) + |11 Pp(v1).  (2.128)
We claim that this also holds for complex coefficients #y,¢; € C. Indeed, by (2.126),

tol 111 ¢
Q(IODO +l1‘01> = |t1|2Q (:;:Ht(l):[?vo—‘r U]) = |t()|2p(1)o) + |l‘1|2p(‘01>7 (2.129)

where we used (2.128) with v, = (to/t1)/|(to/t1)|o instead of vp; this is still a
vector orthogonal to vy, and we also used Q(vy) = p(v)) = p(vo).

We now repeat this analysis on the part (C?) 1y, of (C% that consists of all unit
vectors orthogonal to v;, which remains compact. Thus p assumes a maximum at

some unit vector U, € (C3}) 4, and we may complete the pair (vy, ;) to a basis
(01,02, 03) of C*. With vy = 1,0 + 1303, the above argument (on (C3) | 4,) gives

p(vo) = Q(v9) = |2 p(02) + |t3]* p(v3). (2.130)

Combined with (2.129) at ty = 1, this gives, for any coefficients 1,t,,13 € C,
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Q(I]’U] +1HhVy +l3’l)3) = |l‘1 ‘2[7(1)1) + ‘I2|2P(1)2) + |l‘3‘2p(‘l)3). (2.131)
Hence (2.127) holds on all of C3, with

p = p(vi)|vr){vi| + p(v2)|v2) (V2| + p(v3)[V3) (V3]. O

Proof of Lemma 2.33. Let H be a complex finite-dimensional Hilbert space of di-
mension > 3, equipped with a probability distribution p, and define Q : H — R by
(2.125) - (2.126). We need to prove (2.127) for some self-adjoint operator p. By
Propositions A.4 and A.23, this is equivalent to Q being a quadratic form. Since
(A.8) evidently holds, we just need to prove (A.9). Take any three-dimensional
Hilbert space Lz C H containing v and w. By assumption, there exists a self-adjoint
operator pr, on L for which (2.127) is valid for all y € L3. Taking y = v, v = w,
¥ =v+w, and ¥ = v —w then validates (A.9). This completes the first proof.
This lemma may also be proved without invoking Proposition A.4, as follows.
If v and w are linearly independent, they are contained in a unique two-dimensional

subspace L, C H, which in turn is contained in a (non-unique) three-dimensional
subspace L3 C H. Take pr, as above and define a bilinear form B on L; by
B(v,w) = (v, pr,w). Defining the associated quadratic form Q by (A.7), we see that
(2.125) - (2.126) hold, from which we also conclude that B is independent of the
choice of L3 D L. If v and w are linearly dependent, a similar argument shows
that B is independent of the choice of the subspace L, containing v and w. Hence
B: H x H — C is well defined, and to conclude that it is a self-adjoint form we
need to check that B(v,Aw +x) = AB(v,w) 4+ B(v,x) for all vyw,x € V, A € C, cf.
Definition A.1. If v,w, and x are linearly independent, this can be done by passing
to the unique three-dimensional subspace L; C H containing these vectors. If they
are not, we are already done by the previous step. Finally, given that B is a bilinear
form, a self-adjoint operator p may be reconstructed from Proposition A.23, upon
which (2.127) holds by construction. [l

Proposition 2.31 again follows from two lemmas by modus ponens.

Lemma 2.34. Any probability distribution on R® (vf. Definition 2.23) is continuous.

Lemma 2.35. Any continuous probability distribution in R? satisfies (2.127), for
some self-adjoint operator p.

The operator p obtained by Lemma 2.35 is necessarily positive and automatically
has unit trace. Another way to phrase this is to take the complex linear span of all
probability distribution on the unit sphere R% = 52 in R3; this yields a vector space
Z (5?), whose elements are called frame functions. These are bounded functions

f:8? =,
with the property that for any basis (uy,u,,u3) of R* one has

Sap) + f(u) + f(uz) = w(f), (2.132)
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where w(f) € C does not depend on the basis and is called the weight of the frame
function f. For a probability distribution p we obviously have w(p) = 1. The natural
norm on % (§?) is the supremum-norm inherited from C(S?), and like the latter,
Z(5?) is closed in this norm (and hence is a Banach space in its own right, a fact
that will play an important technical role in Lemma 2.40 below).

As for probability distributions, (2.132) implies a lemma that will often be used:

Lemma 2.36. If (u;,uy) is a basis of some two-dimensional linear subspace of R?,
then f(uy)+ f(uy) is independent of the choice of this pair. Hence if C is some great
circle in §* and wy 1 u, foruy,uy € C, then f(uy) + f(ua) only depends on C.

Furthermore, by similar arguments any frame function is even, i.e., f(—u) = f(u).

The proof of Lemma 2.34 will actually show that every frame function on S?
is continuous, whilst the proof of Lemma 2.35 will establish the property that any
continuous frame function on $? satisfies (2.127), for some self-adjoint operator p.

Proof of Lemma 2.34. Let f : $> — R be a frame function (the complex-valued case
follows by decomposing f into a real and an imaginary part). Since constants are
frame functions, adding a constant to f if necessary we may assume

inf{f(x),x € $*} = 0. (2.133)
Hence for given & > 0 there exists p € S with

f(p) <¢g/2. (2.134)

Performing a rotation if necessary, we may assume that p = (0,0,1) is the north
pole. It is useful to introduce another frame function g : S> — R* by

8(x) = f(x) + f(R:(7/2)x), (2.135)

where R;(/2) is the (counter-clockwise) rotation around the z-axis by an angle

m/2. It is easy to see that g is constant on the equator E: for x € E, consider the

basis (x,R.(7/2)x,p) of R3, so that g(x) = w(f) — f(p) is independent of x.
Furthermore, for any U C S? consider the oscillation of f atU, defined by

Oscy (f) = supy (f) —infy (f) = sup{f(u),u € U} —inf{f(u),uc U}. (2.136)

If, for given x € S2, for any & > 0 there is a neighbourhood U C $? of x on which
Oscy (f) < €, then |f(x) — f(u)| < € for all u € U, so that f is continuous at X.
The lengthier steps in the proof of Lemma 2.34 are now as follows:

Lemma 2.37. Given that g(p) < &, there is an open set U C S* on which
Oscy(g) < 3e.

Lemma 2.38. For any non-negative frame function h, if Oscy (h) < €’ for some open
U, then each point X € S* has a neighborhood V where

Oscy (h) < 4€’.
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Assuming these lemmas (to be proved below), continuity of f easily follows:

1. Lemmas 2.37 and 2.38 applied to & = g and x = p yield Oscy (g) < 12¢ for some
neighbourhood V of p. Now g(p) < &, hence inf{g(v),v € V} < &, hence

supy (f) < supy(g) < Oscy(g) +infy(g) < 13¢.

2. Since f > 0 and hence 0 < infy (f) < supy (f), this yields Oscy (f) < 13€.

3. Applying Lemmas 2.38 to 4 = f and U =V gives that each point x € S has a
neighborhood W where Oscw (f) < 52¢.

4. Hence |f(x) — f(w)| < 52¢ for all w € W. Since € > 0 was arbitrary, it follows
that f is continuous at X, and since X was arbitrary, f is continuous on all of S2.

For p # u € N, i.e., the open northern hemisphere, let C, be the unique great
circle through u with one (and hence both) of the following equivalent properties:

o the point of greatest latitude on C,, is u;
e (, cuts the equator E at two points that are both orthogonal to u.

We write Dy, = Cy NN, and for each z € N, we introduce the set
DD, ={x € N |3y € Dy,z € Dy}. (2.137)

Geometrically, DD, consists of the points x on the northern hemisphere from which
z can be reached by “double descent”, where we say that y € N may be reached
from some point x at higher latitude by (single) descent if y € Cx. The proof of our
lemmas relies on the following two facts from spherical geometry (stated without
proof, as they have nothing to do with frame functions, though the second is easy).

Lemma 2.39. /. The set DD, in (2.137) has open interior.
2. For any x € S? there exists y € E such that X lies on the equator Ey relative to'y
regarded as the north pole (so in this terminology, E = E}).

Proof of Lemma 2.37. By definition of the infimum, for each € > 0 there exists z € N
such that
ilrelfg <g(z) < i}r\llfg—l-e. (2.138)

The open U in question will be the interior of DD,. The crucial inequality is
g(x) < g(z)+2¢ (x € DDy), (2.139)

which together with (2.138) yields infy g < g(x) < infy g + 3¢ for each x € DD,
whence Oscy (g) < 3€e. So we need to prove (2.139), given the assumption g(p) < €,
which is immediate from (2.134) and (2.135).

To prove (2.139), taker € N and s € C;NE, sor L s and hence

g(r) +g(s) <wl(g). (2.140)

Furthermore, take t,u € E, t L u, so that (t,u,p) is a basis and, g being a frame
function, we have
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g(t) +g(u) +g(p) =w(g)- (2.141)

But by construction g is constant on the equator E, so g(t) = g(u) = k, hence 2k +
g(p) = w(g), and (2.140) yields

g(r) <w(g) —g(s) =2k +g(p) —g(s) = k+g(p),

from which
k—g(r) > —g(p)- (2.142)
Furthermore, for q € N, X,r € Dg, X L1, there exists q e Dy NE such that

g(x)+g(r) =g(q) +2(q') = g(q) +£,

from which, using (2.142), we obtain

g(x) =g(q) +k—g(r) > g(q) —g(p),

and hence
8(q) <g(x)+g(p), € N,x € Dq. (2.143)

Aplying this twice to the double descent definition domain (2.137), we find

g(x) < g(y)+g(p) <g(z)+2g(p),y € Dx,z € Dy. (2.144)

Since (2.134) and (2.135) imply g(p) < &, this yields (2.139). O

Proof of Lemma 2.38. We may assume p € U = Up. Using Lemma 2.39.2, by the

argument to come we then move Uy to a neighborhood of y called Uy, and subse-

quently repeat the argument so as to move Uy to Uy =V as specified in the lemma.
We use spherical coordinates (¢,0) for x = (x,y,z) € S, given by

(x=cos¢sinB,y =sin¢sinf,z=cos @), ¢ €[0,2x), 6 € [0,7]. (2.145)

Hence the north pole p = (0,0, 1) has 6 = 0 and ¢ undefined (note that (¢, 6) are
essentially (longitude, latitude), except that the latter usually starts counting down-
wards from {7 to —1 7, with the north pole having latitude 1). Since U is open,
there exists 6 > 0 such that all points with 0 < 6 < § belong to U. Pick y € E as
above, and define r as the point with the same ¢ as y but 6, = 6y + 15 (so that r lies
a little south of y). Then inspection of S? shows that one can find a neighborhood
Uy of y with the following property: for any u € Uy there exists a great circle C
through r and u that contains two further points r’ € Up and u’ € U, such thatr L r/
and u L w'. Hence A(r) + h(r') = h(u) + h(u’). Doing this for two different points
u=u; and u = uy gives
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[h(ur) —h(up)] < |A(r}) —h(ry)| + | (h(w}) — h(u3)| < Oscy (h) +Oscy (h) < 2¢',

for by assumption, Oscy (h) < €’. Since u; and u; in Uy were arbitrary, this gives
Oscy, (h) < 2¢’. (2.146)

Repeating this with y as the north pole gives Oscy, (h) < 4¢’, i.e., the lemma. [

To prove Lemma 2.35, following Gleason himself we consider the natural action
of the rotation group SO(3) (with positive determinant) on R3, written R : x — Rx.
This action maps S? onto itself and hence induces an action U on C(S?) by pullback:

UR)f(a) = f(R 'u). (2.147)
By Lemma 2.34 we have inclusions
F(8?) € C,(S%) C C(8?), (2.148)

where % (S?) are the frame functions and C,(S?) consists of the even functions in
C(S?); both spaces are obviously stable under the action (2.147). The following
facts, due to Weyl, which we state without proof, follow from elementary represen-
tation theory, but they are also quite easily verified by explicit computation. Let

wi(x,y,2) = (x+iy)', LN, (2.149)

and restrict this function to 52, still calling it y,. Let H, C C(S?) be the vector space
spanned by all transforms U (R)y;, R € SO(3). This vector space:

e consists of all homogeneous polynomials of degree ¢ that are orthogonal (with
respect to the inner product in L%($?)) to any such polynomials of degree ¢ — 2;

o has a basis consisting of the spherical harmonics ¥}, m = —¢,—(+1,... £ —1,/;

e accordingly, has finite dimension equal to dim(Hy) = 20+ 1;

e is irreducible under the natural SO(3)-action (2.147).

Indeed, all (necessarily finite-dimensional) irreducible representations of SO(3)
arise in this way. Now .% (5?) is closed under the SO(3)-action (2.147), hence so
must be .7 (S?) N Hy. Since H, is irreducible, there are merely two possibilities:

Hy C F(5?); (2.150)
H; N Z(8%) ={0}. (2.151)

Since for even/odd values of ¢ the space H; consist of even/odd functions, and
7 (5?) only has even elements, we immediately see that (2.151) applies if £ is odd.
For even values of /, we see at once that (2.150) holds for:

e (=0, where the constant frame function f(x,y,z) = ¢ = Iw(f) # 0 is obviously
induced by the operator p = ¢ 13 (where 13 is the 3 x 3 unit matrix), cf. (2.127);
e ¢ =2, which corresponds to frame functions f with weight w(f) = 0.
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The latter functions are induced by operators p with zero trace. To see this, diago-
nalize p in C? as in (2.6), without the constraints on p;. This yields
S 2
f(x)=(x,px) =Y pil(x,0) . (2.152)

i=1

For f € Hy, since Hy | Hy in L*(S?) we must have
(Igs, f)2(92) = /S2 d*x f(x) = 0. (2.153)
For any v € C3, we have

4
/ x| (x, )2 = 25 |Jo| % (2.154)
52 3

to see this, write |(x, V) |* = |vy|2x? + |y |>y? + |v,|*2%, and use the surface element

d’x = d¢d B sin @ associated to the spherical coordinates (2.145) to compute

4
/sz dPxx2 = /sz d*x)? = /52 d’x? = ?” (2.155)

Therefore, from (2.152), noting that ||v;||> = 1 for each i = 1,2,3, we obtain

A 3 A

8 Exf(x) = — i:lei =3 Tr(p). (2.156)

To settle the case ¢ > 4, all we need to know about the spherical harmonics is
that if / is even, then, once again using spherical coordinates, one has

Y™M(x,y,2=0) ~ ™ (m even); (2.157)
Y/ (x,y,2=10) = 0 (m odd). (2.158)
If (2.150) holds, then ¥} € ZF(S?) foreachm = —¢,—(+1,...,£—1,£. But for any

(even) £ > 4, there are values of m for which Y;" cannot be a frame function. To see
this, take the following family of bases of R3, indexed by ¢:

u; = (cos@,sin¢,0); (2.159)
up = (—sin¢,cos ¢,0); (2.160)
us = (0,0, 1). (2.161)

For any frame function f, the value of f(u;)+ f(u2) = w(f) — f(u3) must therefore
be independent of ¢. However, from (2.157) - (2.158), we find

V(1) + Y] () ~ € o0 = g0 (4 g,
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which is independent of ¢ iff m = 0 or m = 2 (mod 4). For £ = 0,2 these are indeed
the only values that occur, but as soon as ¢ > 4, the value m = 4 (among others) will
ruin it. So (2.150) holds only for ¢ = 0 and ¢ = 2, whereas (2.151) is the case for all
other ¢ € N. Since Hy and H, occur in C(S?) with multiplicity one, they cannot have
greater multiplicity in . (§2) C C(S?), so the above argument suggests that

F (%) = Hy @ Ha, (2.162)

which would prove the lemma. Fortunately, this is indeed the case, but to complete
the argument we need the following technical results (left out by Gleason himself):

Lemma 2.40. /. Frame functions are uniformly continuous.

2. The representation (2.147) of SO(3) on .F (S?) is continuous (in the usual sense
that the map (R, f) — U (R) f from SO(3) x .F (S?) to .F (S?) is continuous) with
respect to the supremum-norm on F (§%).

3. A continuous representation of a compact group G on a Banach space B is com-
pletely reducible (in that B is the closure of the direct sum of all irreducible
representations of G that it contains).

Proof. 1. The first claim follows because S? is compact. Another proof starts from
the proof of Lemma 2.38, which has the feature that for given &’ > 0,if y,y € E
with y' = R;(¢) for some angle ¢, then Uy = R_(¢)U, (this is immediately clear
from the geometry). Similarly, as x € S2, different neighborhoods V = U, are
related by a rotation. Hence the size of U, is independent of x, so that the above
proof of continuity established uniform continuity of frame functions also.

2. LetR, — Rin SO(3) and f,, — f uniformly in .7 (52), i.e., || fin — f|l — O. Then,
subtracting and adding a term U (R,) f and using isometricity of U, i.e.,

U Rw) (fin =)o = 1. = Sl

we obtain the estimate

U Rn) fn = U(R) flleo < [ fin = flleo + [|U (Rn)f = U(R) f|eo,

cf. (2.147). As m — oo the first term on the right-hand side vanishes by assump-
tion, whilst the second vanishes as n — oo by uniform continuity of f.

3. This is a Banach space version of the Peter—Weyl theorem, applied to the Banach
space of frame functions equipped with the supremum-norm (see Notes). 0

Something like this is necessary, because one needs to rule out the possibility that
although (by the Stone—Weierstrass Theorem) the polynomial functions on R, re-
stricted to S2, are uniformly dense in C(S?), so that the linear span of all spherical
harmonics and hence of all H; is uniformly dense in C(S?), some frame functions
might lie in the closure of this direct sum (or, in other words, they are given by uni-
formly convergent infinite sums of certain ¥;"). Lemma 2.40 clinches the proof of
(2.162), since the third part implies that .7 (S?) would contain all irreducible repre-
sentations that contribute to the potential infinite sums; but we have already proved
that it only contains Hy and H,. Thus Lemma 2.35 now also follows. O
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2.9 Effects and Busch’s Theorem

Gleason’s Theorem is easy to state but difficult to prove; Busch’s Theorem is a
variation of it, which is more difficult to state but much easier to prove. Logically,
Busch’s Theorem is weaker than Gleason’s, as the assumptions of the latter are con-
tained in those of the former, but physically it appears to be more useful, as it covers
more situations. To wit, Busch’s Theorem revolves around certain generalizations
of projections (which took the centre stage in Gleason’s Theorem) called effects:
these are (necessarily self-adjoint) operators a € B(H) that satisfy 0 < a < lg, in
the sense defined after Proposition A.22. Thus a € B(H) is an effect iff

0<(y,ay) <1 (y€H). (2.163)

The set of effects on a Hilbert space H is denoted by &(H) or by [0, 1]). By
Theorem A.10, we have (2.163) iff a* = a and the eigenvalues A of a lie in the
interval [0, 1] (i.e., o(a) C [0,1]). This implies that ||a|| < 1, and conversely, if a > 0,
using the bound a < ||a|| - 1y for any self-adjoint operator a, which easily follows
from (A.47), we see that for a > 0, the condition ||a|| < 1 is equivalent to a € &(H).
In particular, it follows that both projections and density operators are effects.

Proposition 2.41. 1. The set &(H) of effects on H is a compact convex subset of
B(H) in its G-weak topology, with extreme boundary

0.&(H) = P (H), (2.164)

i.e., the set of all projections on H (including 0).
2. Each a € &(H) has a (typically non-unique) extremal decomposition

a=)Y tif;, (2.165)
i=0

inwhicht; > 0and Y ;t; = 1, and the f; are projections.

The o-weak topology on B(H ), defined after Corollary A.31, is the right one in this
context, but if H is finite-dimensional, as we assume here, this technicality may be
ignored, as the claim is even true with respect to the norm topology.

Proof. In Part 1, compactness and convexity are easily checked.
The inclusion 9,8 (H) C Z(H) is equivalent to the claim that any a € &(H),
a¢ P(H), does not lie in d,& (H) and hence admits a convex decomposition

a=tai+(1—1t)ay, t € (0,1),a1,a2 € &(H),a) # a # ay, (2.166)

or, equivalently, a has a nontrivial decomposition a = Y ;#;a;, for certain ¢; > 0 with
Y;t1 = 1. Indeed, the latter follows from the spectral resolution (A.37), in which the
spectral projections e, should be rescaled if necessary to as to make the coefficients
sum to unity (note that te € &(H) for any projection e and any 7 € [0, 1]).



72 2 Quantum mechanics on a finite-dimensional Hilbert space

To show the opposite inclusion #(H) C d,&(H), again assume (2.166), where
this time a = e € #(H) is a projection. “Sandwiching” between W € Hj, this yields

(v,a1y) = (y,a2) =0, y € (eH)™; (2.167)
(v,ary) = (y,axy) =1, y € eH. (2.168)

Using 0 < a; < 1,i=1,2, and (A.37), these equations imply that a; = a, = e.

The claim of part 2 is satisfied by picking the #; and f; in terms of the spectral
data associated to a (cf. Theorem A.10), as follows: with m = |o(a)|, order the
eigenvalues A € o(a) according to A} < --- < A, and take:

to=1—2Au; (2.169)
H=2A; (2.170)
ti=A—Ai1 (i>2); (2.171)
Jo=10; (2.172)
S1=1g; (2.173)
m
fi=Y e, (i>2). (2.174)
=i
The validity of (2.165) is then a trivial verification. O

Note that, in general, the extremal decomposition of a as an effect differs from its
spectral resolutions (A.37) or (A.38) as a self-adjoint operator. If a = p is a den-
sity operator, then the latter, i.e., (2.6), does provide an extremal decomposition of
a construed as an effect also, which differs from the one in (2.165). This example
shows that extremal decompositions in &(H) are not necessarily unique. Also, ob-
serve that ze, for e € Z(H) and ¢ € (0,1), does not lie in d,& (H), since it admits a
nontrivial decomposition te = re + (1 —1¢) - 0, recalling that 0 € Z(H) C &(H).
Busch’s Theorem classifies the following objects.

Definition 2.42. A probability distribution on & (H) is a function p: &(H) — [0, 1]
that satisfies the following two conditions:

L p(lg)=1;
2. If a (finite) family (a;) of effects satisfies ¥ ;a; < 1y, then

p <Za> = Zp(ai). (2.175)

Lemma 2.43. if a (finite) family (a;) of effects satisfies ¥ ;a; = 1, then Y ; p(a;) = 1.

This trivial observation implies that a probability distribution on & (H) induces a
probability distribution on &?(H) C & (H) by restriction, cf. Definition 2.23. An-
other way to see this from the perspective of probability measures is to note that
any family (e;) of projections that satisfies };e; < 1 is automatically orthogonal.
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Therefore, restricted to &?(H), Definition 2.42 reduces to Definition 2.23.2. To see
this, fix j and pick y € e;H. The condition };e; < 1 gives

Y (wew)=Y |ley]* <0,
i#j i#]

but since each term is positive, this implies e; = 0 for each i # j. Putting y =¢; 0,
where @ € H is arbitrary, this gives e;e ;¢ = 0 for all @ and hence e;e; = 0.
Clearly, any state @ on B(H) induces a probability distribution p, on &(H) by

Pola) = o(a). (2.176)
Busch’s Theorem shows the converse.

Theorem 2.44. Any probability distribution p on & (H) takes the form p = pg, for
some state ® on B(H), establishing a bijective correspondence between probability
distributions on & (H) and states on B(H).

Proof. If p: &(H) — [0,1] can be extended to a linear map @ : B(H) — C, then
 is automatically a state, for normalization is assumed and positivity follows from
the fact that any 0 # b > 0 has the form b = ra for some r € R™ and 0 < a < 1y,
namely with r = ||b|| and a = b/||b||; then a > 0 and ||a|| = 1, so that, as explained
earlier, a is an effect. Hence @(b) = @(ra) = rp(a) > 0. To achieve this extension:

1. We show that p(ra) = rp(a) for all r € QN 0,1] and 0 < a < 1y. Indeed, for
any such a and n € N we write a = (a+---+a)/n (n terms), so that by (2.175),
p(a) = np(a/n). Similarly, for any m € N and 0 < b < 1y /m, we have p(mb) =
mp(b). Take integers m,n such that (m/n) € [0,1] and put b = a/n, so that

m a

p(—a) =mp (7> = —p(a). (2.177)

n n

2. We next prove that p(ta) =tp(a) forallt € [0,1] and 0 < a < 1. Positivity of p
yields p(a) < p(a') whenever 0 < a < da’ < 1y. Given € [0, 1], take an increas-
ing sequences of rationals (r,) with r, <, as well as a decreasing sequence of
rationals (s,,) with r <s,, such that r, 17 and s,, | 7 in R. With step 1, this gives

rap(a) = p(raa) < p(ta) < p(spa) < spp(a).

Letting n — oo, this gives tp(a) < p(ta) <tp(a), and hence equality.

3. Now extend p to all a > 0, calling the extension o, by ®(a) = ||a||p(a/||al|)
at a # 0 and w(0) = 0; the previous step then easily yields the compatibility
property @o,1),,) = P and the scaling property w(ta) = t®(a) for each r > 0.

4. Fora >0 and b > 0, rescaling and (2.175) yield @(a+b) = o(a) + o(b).

5. For general a* = a we write a = ay —a_, with ax > 0, as in Proposition A.24,
and define @ on all of B(H)s, by @(a) = ®(ay) — @(a_). This is well defined
despite the lack of uniqueness of (A.74), for if a = a; —a_ = d/, —d’_, with
dy >0,thenay +d_ =d|, +a_, whence w(ay) —w(a_) = o(d,)—w(d_).
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This argument also shows that @ remains linear on general self-adjoint a and b,
since a+b = (ay +by)— (a— +b_) is a decomposition with (ax +b4) > 0.

6. Finally, for general ¢ € B(H) we (uniquely) decompose ¢ = a+ib, a* = a, b* =b,
cf. the proof of Corollary A.20, and put ©(c) = w(a) +i®(b). O

To close, we give a very brief and superficial introduction to effects as they arise
from modern (“operational”’) quantum measurement theory. This theory associates
quantum data to classical data through the concept of a Positive Operator Valued
Measure or POVM. Relative to some given “classical” space X (taken finite here)
and Hilbert space H (assumed finite-dimensional), a POVM is defined as a map

A: P(X)— EH) (2.178)

that satisfies A(X) = 1y as well as A(UUV) = A(U) +A(V) whenever U NV =0,
cf. Definition 1.1. Equivalently, a POVM is a map

a:X - &(H) (2.179)
that satisfies

Y a(x) =14 (2.180)

xeX

As in the classical case, these notions are trivially equivalent through

a(x) = A({x}); (2.181)
AU) =Y a(x). (2.182)
xeU

The motivating special case of a POVM is given by some self-adjoint operator
a € B(H), which yields X = o (a) and a(1) = e, . In that case, each density operator
p induces a probability distribution on ¢ (a) through the Born rule (2.8). More gen-
erally, a probability distribution p on &(H) and a POVM (2.179) jointly determine a
probability distribution p, on X, given by

pa(x) = p(a(x)). (2.183)

Indeed, p,(x) > 0 because a > 0, and ¥ cx pa(x) = 1 by (2.180) and Lemma 2.43.
The idea, then, is that a measurement of some POVM a has (classical) outcome x
with probability p,(x); this generalizes the traditional dogma that a measurement
of an observable a has outcome A € o(a) with (Born) probability (2.8). Indeed,
combined with (2.33), Busch’s Theorem shows that we necessarily have

Pa(x) =Tr(pa(x)), (2.184)

for some density operator p. So nothing has been gained by introducing Definition
2.42, expect perhaps for the insight that, as in Gleason’s Theorem, it is the non-
contextuality of a probability distribution on & (H)—in that p(a(x)) is independent
of the POVM a which a(x) forms part of—that eventually enforces (2.184).
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2.10 The quantum logic of Birkhoff and von Neumann

In §1.4 we showed that classical mechanics has a classical logical structure, in
which (equivalence classes of) propositions correspond to subsets of phase space.
These subsets form a Boolean lattice in which the logical connectives —, A, and V
fornegation, disjunction, and conjunction, respectively, are interpreted as their nat-
ural set-theoretic counterparts (i.e., complementation, intersection, and union).

In 1936, Birkhoff and von Neumann proposed a strikingly similar quantum logic
for quantum mechanics, in which (closed) linear subspaces of Hilbert space play
the role of (measurable) subsets of phase space, and the basic logical connectives
(except implication, which is queerly lacking in this setting) are interpreted as:

-L=1L"; (2.185)
LAM =LNM, (2.186)
LVM =L+M, (2.187)

where L' is the orthogonal complement of L, see (A.29), LNM is the (set-theoretic)
intersection of L and M, and L+ M is the (closed) linear span of L and M. If
dim(H) < o, as we continue to assume, any linear subspace of H is automatically
closed, and the infinite-dimensional case an attractive operator-algebraic and lattice-
theoretic structure arises only if the events are taken to be closed linear subspaces.
Although the Brouwer—Hilbert debate on the foundations of mathematics had
somewhat subsided in 1936, with hindsight it may be argued that the quantum
logic of Birkhoff and von Neumann (who had been a “postdoc” avant la lettre with
Hilbert) was predicated on their desire to preserve not only the law of contradiction

AN =1, (2.188)

where « is any proposition and _L is the proposition that is identically false, but also,
against Brouwer, the law of excluded middle (or tertium non datur)

av-a=T, (2.189)

where T is the proposition that is identically true. Indeed, in the Birkhoff—von Neu-
mann model (2.185) - (2.187), where | = {0} and T = H, these are identities.
Similarly, their model satisfies the law of double negation

-0 = q, (2.190)

which both in classical logic (where it is a tautology) and in intuitionistic logic
(where it is rejected in general) is equivalent to (2.189). Also, De Morgan’s Laws:

—(aVp) = -aA—p; (2.191)
—(aAB)=—-aV-p, (2.192)

hold in their quantum logic (despite their origin in classical propositional logic).
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We will now derive the Birkhoff—-von Neumann structure along similar lines as its
classical counterpart (cf. §1.4), except that in the absence of the necessary structure
for a classical propositional calculus we now rely on semantic entailment alone.

In quantum theory, the role of functions f : X — R as observables in classical
physics is played by self-adjoint operators a : H — H on some Hilbert space H, and
hence the quantum analogue of an elementary proposition f € A of classical physics
isa € A (where A C R), with special case a = A for a € {1} (with A € R).

In analogy to the points x € X of phase space, pure states @y as in (2.42), or
the corresponding density operators ey, (wWhere W € H is a unit vector), yield truth
assignments to elementary propositions. To start with the simplest case, a = A is:

o true with respect to @y iff py (1) = 1, see (2.10), or, equivalently, iff y € H,,
where H), C H is the eigenspace of a for eigenvalue A, cf. (A.36);
e false with respect to @y iff pd (1) =0, or, equivalently, iff y L H;.

The underlying idea here is arguably that, according to some naive operational in-
terpretation of quantum mechanics, a measurement of a in a state @y would give
outcome A with probability one (zero) iff a = A is true (false) with respect to 0y If
0 < pd (1) < 1, the “truthmaker” oy actually fails to assign a truth value to a = A;
the partial nature of truthmakers marks a significant difference with the classical
case, as does the closely related distinction between false and not true. Similarly,
we say that an elementary proposition a € A is frue in some state @y iff

PY(A) = |leav]? =1, (2.193)

cf. (2.9) and (A.42), and false if PY (A) = 0. In other words, a € A is true in Wy
iff y € Hy, and false if y L Hy,see (A.43). Such propositions may formally be
combined using the connectives —, A, and V (whose meaning is unfortunately far
from clear in this new setting) according to the same (inductive) formation rules as
in classical propositional logic. However, the classical truth tables for A and V are
unsound with regard to the above rules, at least if one eventually wants to arrive at
(2.185) - (2.187). For example, @y, may validate neither ¢ nor 3, yet it might make
oV B true (assuming that @ and 8 correspond to L and M, respectively, this is the
caseif y ¢ Land y ¢ M, yet y € L+M). Similarly, @, may render neither & nor 8
false, yet it may falsify o A B. Due to this complication, the approach of §1.4 has to
be modified, as follows. Our goal remains to define a semantic equivalence relation
~p, which is predicated on an inductive definition of truth we first give.

Definition 2.45. 1. a € A is true in ©y iff P (A) = 1, and false if P} (A) = 0.

2. The negation —(a € A) of an elementary proposition a € A is given by a € A°.

3. The negation —Q is true iff o is false.

4. The conjunction o A\ B is true iff both & and B are true.

5. De Morgan’s Laws (2.191) - (2.192) and the law of double negation (2.190) hold;
in particular, the disjunction aV B is true iff ~(—a A—f3) is true (as per 1-4).

. We write o |= B iff the truth of o implies the truth of B, for each state @y,.

. We write ot ~g B iff a =g B and B =q «.

8. If(X ~H ﬁ, then —o ~y ﬁﬁ.

NS
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Lemma 2.46. Definition 2.45 implies the following rules:

1. Our earlier truth attributions for the case a € A with A = {A}. In particular,
a= A is always false when A ¢ o(a), and so is a € A whenever AN o (a) =0.
2. a € A is false relative to @y iff W | Hy.
b)

3. (acA)AN(bET) istrueina)wiﬁlller\a)ﬁH} .
4. (a€ A)V(beT)istrue in Wy iﬁ‘l]/EHy)—l—HI(-b).

Hence conjunctions behave classically, as part 3 states that (a € A) A (b €T") is true
iff a € A and b € I are true). The proof of this lemma uses the following notation.

Definition 2.47. If e and f are projections on a Hilbert space H, then:

o e f is the projection onto eH N fH;
e ¢V fis the projection onto eH + fH, i.e., the (closed) linear span of eH and fH.

Note that if e and f commute, these reduce to the algebraic expressions

eNf = ef; (2.194)
eVf=e+f—ef. (2.195)

Furthermore, in case of potential ambiguity we will write e(Aa) for the spectral pro-

jection e, as defined by a, and analogously el@, etc. Similarly for Hy) etc.

Proof. The first and third claims are immediate. The second one follows from the
relation exc = ej = 1 —ey4, or, equivalently, Hye = H AL. For the fourth, use Defini-
tion 2.45.6, 3, and 2 to infer that (a € A) V(b€ I') is true iff (a € A)A (b €T) is
false. From the third claim, we note that

(@€ A)A(bET) ~y (gi(‘)Ael@ - 1), (2.196)

50 by Definition 2.45.5, (a € A°) A (b € T) is false iff ¢ Ael”) = 1 is false. Since

ei‘? N e#’) =listrueiff y € H ([i.) ﬂHl(fi), claim 2 implies e(A“C) A el@ =1 is false iff

b b b b
we (ngi) mHl(_c))L _ ((Héa))lﬂ(Hl(— ))L)L _ (Hga))LL_i_(HI(_ ))LL ZHX‘) +H1(_ )7
which finishes the proof. g
Quite analogously to the classical case, Definition 2.45 implies

(@€ A)n (bel)iftel® Cel?), (2.197)

which, once again, immediately yields (a € A) ~y (b € I') iff ega) = eg’). Taking

b= e(Aa) and I = {1}, analogously to (1.53), as in the above proof we have

acAr~ye? =1. (2.198)
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Furthermore, as in the proof of Lemma 2.46 we find

(@€ A)A(beT) ~y (eg“>Ae,<£’>:1); (2.199)
(@eA)V(beT) ~y (ega> vel) = 1) . (2.200)

Consequently, we have the following counterpart of Lemma 1.19:

Lemma 2.48. Any elementary or composite proposition is semantically equivalent
(relative to H) to one of the form e = 1, for some projection e. Furthermore,

~(e=1) ~y (eL _ 1) ; (2.201)
(e=1)A(f=1) ~pr (eAf=1); (2.202)
(e=1)V(f=1)~pg (eVf=1). (2.203)

At last, the quantum version of Theorem 1.20 reads as follows:

Theorem 2.49. The set 2(H) of equivalence classes ||y of propositions generated
by the elementary propositions a € A and the logical connectives —, \V/, and )\, is
isomorphic to the set £ (H) of linear subspaces of H, under the map

o

¢0:2(H) > Z(H); (2.204)
o(lacAly) = ei“)H. (2.205)

Under this isomorphism, the logical connectives —, N\ and \ turn into orthogonal
complementation (—)*, intersection N, and linear span +, respectively, in that

o([~alu) = o([alx)*: (2.206)
o([aABlu) = ¢([alu) N o([B]u; (2.207)
¢([eVBlu) = ¢([au) + o([Bln), (2.208)

Furthermore, if we define a partial order < on 2(X) by saying that [a]g < [Bln iff
o |=p B (which is well defined), then @ maps < into set-theoretic inclusion C, i.e.,

(] < [Blu iff e([o]n) € @([B]n)- (2.209)

With respect to these operations, £ (H) is a modular lattice (granted that dim(H) <
oo; otherwise, the lattice is merely orthomodular, cf. §D.1 for terminology).

Proof. Most of this is immediate from Lemma 2.48, expect for the last claim, which
follows from simple computations (and from the Amemiya—Araki Theorem). [

As in the classical case, there is an algebraic reformulation of this result, obtained
from the bijective correspondence between (closed) linear subspaces L of H and
projections e on H, given by L = eH (see Proposition A.8).
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Theorem 2.50. The set 2(H) of equivalence classes [-|g of propositions generated
by the elementary propositions a € A and the logical connectives —, \V, and N, is
isomorphic to the set 2 (H) of projections on H, under the map

¢ : 2(H) > P(H); (2.210)
¢'(lacAly) = e, (2.211)

where (once again) &2 (H) is the set of all projections on H.
Under this map, the logical connectives —, \ and \/ turn into (cf. Definition 2.47):

o' ([-aly) = 1-¢'([o]x) (2.212)
¢'([aABlu) = ¢'([ol) A @' ([Bl): (2.213)
¢'([eV Blu) = ¢'([elu) vV @' ([Bln), (2.214)

Furthermore, ¢’ maps the partial order < on 2(H) into the partial order on 2 (H)
defined by e < f iff eH C fH, or equivalently, iff ef = e.
Finally, with respect to these operations, &?(H) is an (ortho)modular lattice.

However, unlike (1.65) - (1.68), this result is somewhat unsatisfactory in not being
purely algebraic. This may partly be remedied through expressions like

eNf = ’}glgo(eOf)”; (2.215)
eVf=1-(1-e)A(l-f)), (2.216)

where eo f = ef + fe, and the (strong) limit in (2.215) should be taken on fixed vec-
tors ¥ € H (upon which it exists in the norm-topology of H). Even so, this specific
limit still relies on the underlying Hilbert space, and in any case the expressions fail
to be purely algebraic and look pretty artificial. Indeed, the same may be said about
Definition 2.45, which, of course, has been fine-tuned with hindsight in order to ob-
tain the “desired” answer in the form of Theorem 1.20, which in turn vindicates the
mathematically sweet Birkhoff—von Neumann Ansatz (2.185) - (2.187).

In addition, there are serious conceptual objections to this kind of quantum logic:

1. Conjunction A and disjunction V do not distribute over each other, rendering their
interpretation as “and” and “or” obscure.

2. There are propositions ¢ and 3 (namely those for which ¢'([¢t]y) and ¢'([B]n)
do not commute) for which the conjunction o A f is physically undefined.

3. There are states in which ¢\ 8 is true whilst neither ¢ nor f3 is true.

4. There are states in which o A 3 is false whilst neither o nor f3 is false.

5. In view of Schrodinger’s Cat, one would expect the law of excluded middle
(2.189) to fail in quantum mechanics, yet it holds in quantum logic (and this
is possible because neither V nor — has any familiar logical meaning in it).

6. Finally, nothing is said or done about propositions that are neither true nor false.

In Chapter 12, we will therefore replace the doomed quantum logic of Birkhoff and
von Neumann by the intuitionistic logic of Brouwer and Heyting.
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Notes

All operator theory for this chapter may be found in Kadison & Ringrose (1983).

§2.1. Quantum probability theory and the Born rule

The Born rule was first stated by Born (1926b) in the context of scattering the-
ory, following the earlier paper (Born, 1926a) in which Born omitted the absolute
value squared signs (corrected in a footnote added in proof). The application to the
position operator is due to Pauli (1927), who merely spent a footnote on it. The gen-
eral formulation is due to von Neumann (1932, §111), following earlier contributions
by Dirac (1926b) and Jordan (1927). Both Born and Heisenberg acknowledge the
profound influence of Einstein on the probabilistic formulation of quantum mechan-
ics. However, Born and Heisenberg as well as Bohr, Dirac, Jordan, Pauli and von
Neumann differed with Einstein about the fundamental nature of the Born probabil-
ities and hence on the issue of determinism. Indeed, whereas Born and the others
just listed after him believed the outcome of any individual quantum measurement
to be unpredictable in principle, Einstein felt this unpredictability was just caused
by the incompleteness of quantum mechanics (as he saw it). See, for example, the
invaluable correspondence between Einstein and Born (2005).

Mehra & Rechenberg (2000) provide a very detailed reconstruction of the histor-
ical origin of the Born rule within the context of quantum mechanics, whereas von
Plato (1994) embeds a briefer historical treatment of it into the more general setting
of the emergence of modern probability theory and probabilistic thinking. For the
earlier history of probability see Hacking (1975, 1990). See also Landsman (2009).

§2.2. Quantum observables and states
Proposition 2.10 is due to von Neumann; see also Chapter 6.

§2.3. Pure states in quantum mechanics

This kind of thinking goes back to von Neumann (1932) and Segal (1947ab).
§2.4. The GNS-construction for matrices

Again, see §C.12 for the GNS-construction in general.
§2.5. The Born rule from Bohrification

See notes to §4.1.
§2.6. The Kadison—Singer Problem

The Kadison—Singer Problem was first discussed in Kadison & Singer (1959).
See the Notes to §4.3 for more information.

§2.7. Gleason’s Theorem
§2.8. Proof of Gleason’s Theorem

Gleason’s Theorem is due to Gleason (1957), whose proof we largely follow,
with some simplifications due to Varadarajan (1985) and Hambhalter (2004). Lemma
2.40.3 or some analogous result is lacking from these references; it may be found
in Lyubich (1988), Chapter 4, §2, Theorem. It is often claimed that Gleason’s proof
has been superseded by the more elementary one due to Cooke, Keane, & Moran
(1985), which avoids all use of harmonic analysis. A similar proof, following up on
Cooke et al but using constructive analysis only, was given by Richman & Bridges
(1999). However, both because Gleason’s use of rotation invariance is very natural,
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and also since the proof of Cooke et al has already been presented and simplified in
two monographs entirely devoted to Gleason’s Theorem, viz. Dvurecenskij (1993)
and Hambhalter (2004), as well as in the highly efficient book by Kalmbach (1998),
we prefer to return to the original source (and add some technical details).

§2.9. Effects and Busch’s Theorem

Busch’s Theorem is from Busch (2003), whose proof we follow almost verbatim.
See also Caves et al (2004). For the use of POVM’s in quantum physics see, e.g.,
Busch, Grabowski, & Lahti (1998), Davies (1976), Holevo (1982), Kraus (1983),
Landsman (1998a, 1999), de Muynck (2002), and Schroeck (1996).

§2.10. The quantum logic of Birkhoff and von Neumann Our discussion is based
on Rédei (1998), with some modifications though. The original source is Birkhoff
& von Neumann (1936).



Chapter 3
Classical physics on a general phase space

Passing from finite phase spaces X to infinite ones yields many fascinating new phe-
nomena, some of which even seem genuinely “emergent” in not having any finite-
dimensional shadow, approximate or otherwise. Nonetheless, practically all results
in the previous chapter remain valid, typically after the inclusion of some technical
condition(s) that restrict the almost unlimited freedom allowed by infinite sets.

One of these restrictions is that in classical physics we assume that our phase
space X is locally compact Hausdorff, where we recall that a space is:

e compact if every open cover has a finite subcover;

e locally compact if every point has a compact neighbourhood;

e Hausdorff (or T) if every pair of distinct points x,y can be separated by open
sets (i.e., there are disjoint open sets Uy, Uy that contain x and y, respectively).

This combination of topological properties turns out to be very convenient; it in-
corporates spaces like R¥ (and more generally all non-pathological manifolds), or
lattices like Z" (the price is that we exclude systems with an infinite number of
degrees of freedom, such as classical field theories). A locally compact Hausdorff
space X is regular in that each x € X and each closed set ' C X not containing x
can be separated by open sets (i.e., there are disjoint open sets Uy > x and Ur D F).

From the perspective of C*-algebras, the main advantage of using this particular
class of spaces is that they are naturally singled out by Gelfand’s Theorem:

Theorem 3.1. Every commutative C*-algebra A is isomorphic to Cy(X) for some
locally compact Hausdorff space X, which is unique up to homeomorphism.

A proof may be found in Appendix C; here we just explain the notation and the
main idea behind the proof (cf. Definition C.1, which we do not repeat).

First, Co(X) is the set of all continuous functions f : X — C that vanish at infin-
ity,i.e., for any € > 0 the set {x € X | | f(x)| > €} is compact, or, equivalently, for any
€ > 0 there is a compact set K C X such that |f(x)| < € for all x ¢ K. For example,
if X =R, then f(x) = exp(—x?) lies in Co(R). If X is compact, then Cy(X) = C(X).

Second, Cy(X) is a vector space under pointwise operations (including pointwise
complex conjugation as the involution), and is a Banach space in the sup-norm

© The Author(s) 2017 83
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The space X making A isomorphic to Cy(X), then, is the Gelfand spectrum X(A) of
A, which we already encountered (cf. Definition 1.4) as the set of nonzero algebra
homomorphisms from A to C. This set turns out to be a locally compact Hausdorff
space in the topology of pointwise convergence, and the isomorphism A — Cy(X) is
the Gelfand transform a — d, where d(®) = w(a). Conversely, if X is given, then
we associate the commutative C*-algebra Cy(X) to it, as in Chapter 1.

Generalizing Definition 1.14, as a special case of the notion of a state we have:

Definition 3.2. A state on Cy(X) is a positive (and hence bounded) linear functional
0 :Cy(X)— Cwith ||o| = 1.

If X is compact, given positivity one has ||| = 1 iff ®(1x) = 1, cf. Lemma C.4.
The appropriate generalization of Theorem 1.15 then reads (cf. Corollary B.21):

Theorem 3.3. Let X be a locally compact Hausdorff space. There is a bijective cor-
respondence between states on Cy(X) and probability measures on X, namely

o(f) = /X dif, f € Co(X). (3.2)

Moreover, pure states correspond to Dirac measures and hence to points of X.

In particular, a nonzero linear functional @ : Cp(X) — C is multiplicative iff it is a
pure state. This recovery of probability measures on phase space as states of the as-
sociated algebra of observables Cy(X ), and of points in phase space as the associated
pure states, already familiar from the finite case, remains of great importance.

As in quantum mechanics, many interesting observables in classical mechanics
fail to be bounded, let alone Cy; coordinate functions (on non-compact phase spaces)
and the usual kinetic energy are a case in point. This is not a serious problem, es-
pecially not if, as we shall assume from now on, X is a (smooth) manifold (those
unfamiliar with this notion may always have X = R¥ in mind). In that case, there is a
very natural class of (typically unbounded) functions on X, viz. C*(X) = C*(X,R),
which form a commutative algebra just like Cp(X) = Co(X,C), and provide the (al-
gebraic) basis for the theory of symmetry and dynamics in classical physics, as we
shall now show (the fact that functions in C*(X) may be freely added and multiplied
provides a major simplification compared to unbounded operators in quantum me-
chanics, even self-adjoint ones, which are most easily treated by transforming them
into bounded ones, as discussed in §B.21). In fact, the most natural mathematical
setting of classical physics is not operator theory, or even symplectic geometry (as
even mathematically minded people used to think until the 1980s), but rather the
more general and flexible framework of Poisson geometry, to which we now turn.
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3.1 Vector fields and their flows

We do not assume familiarity with differential geometry and analysis on manifolds,

so in what follows one may assume that M = R¥ for some k. However, whenever

possible we will phrase definitions and results in such a way that their more general

meaning should be clear to those who are familiar with differential geometry etc.
An old-fashioned vector field on X = R is a map

& RF 5 RK; (3.3)
E(x) = (&' (x),....E" (), (3.4

which describes something like a hyper-arrow at x. However, this is a coordinate-
dependent object, which is hard to generalize to arbitrary manifolds. Therefore, in a
modern approach a vector field is seen as the corresponding first-order differential
operator & : C*(X) — C*(X) defined by

k
/=L &0 a§§f>. (3:5)

To make the idea precise that a vector field on X is essentially the same as a first-
order differential operator on C*(X), we note that it easily follows from (3.5) that

S(fe) =8(f)g+rE(s), (3.6)
for any f,g € C*(X), where the product fg is defined pointwise, i.e.,
(f8)(x) = f(x)g(x). 3.7
Similarly, we have pointwise addition and scalar multiplication, i.e., for s, € R,
(sf +18)(x) = sf(x) +1g(x). (3.8)

This turns C*(X) into a commutative algebra (over R, as C*(X) = C*(X,R).
A derivation of an algebra A (over R) is a linear map 0 : A — A satisfying

O(ab) = 6(a)b+ad(b). 3.9)

Thus any vector field on X defines a derivation of the algebra C*(X) by (3.5). Con-
versely, a deep theorem of differential geometry states that for any manifold X, each
derivation of C*(X) takes the form (3.5), at least locally (and for X = R also glob-
ally). Therefore, either as a definition or as a theorem, we often simply identify
vector fields on X with derivations of C*(X). Derivations have a rich structure:

Definition 3.4. A (real) Lie algebra is a (real) vector space equipped with a bilinear
map [-,-] : A X A — A that satisfies [a,b] = —[b,a] (and hence [a,a] = 0) as well as

[a,[b,c]] + [c,[a,b]] + [b,[c,a]] = 0 (Jacobi identity). (3.10)
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It is easy to see that the set Vec(X) of all old-fashioned vector fields & on X (i.e.
in the sense (3.5)) forms a real Lie algebra under pointwise vector space operations
(i.e., (s&+1n)(f) = s f +1nf) and the natural bracket

[€,n] =&n—né. (3.11)

Similarly, the set Der(A) of all derivations on some algebra is a Lie algebra under
pointwise vector space operations and Lie bracket

[61,0] = 8108, — B, 06 (3.12)

Of course, the identification of Vec(X) with Der(C* (X)) identifies (3.11) and (3.12).

Vector fields (or, equivalently, derivations) may be “integrated”, at least locally,
in the following sense. First, a curve through xy € X is a smooth map ¢ : I — X,
where I C R is open and ¢(fy) = x¢ for some 7y € I. We usually assume that 0 € [
with 7o = 0 and hence ¢(0) = xo. We then say that c integrates & near xg if

¢(1) = §(c()), (3.13)
a somewhat symbolic equality that can be interpreted in two equivalent ways:
e Describing ¢ : I — R¥ by k functions ¢/ : I = R (j = 1,...,k), eq. (3.13) denotes

dcl(t)

_gi.l k s
” =&/(c(1),...,c* (1), j=1,...,k (3.14)

e More abstractly, eq. (3.13) means that for any f € C*(X) we have

& (ele)) = S 7(elt). (.15)

To pass from (3.15) to (3.14), we just have to recall (3.5), and note that

d _ o el (1) 9f(c(1))
Ef(c(t))——f( (o), ; M . (310

dt

The theory of ordinary differential equations shows that such local integral curves
exist near any point xp € X, and that they are unique in the following sense: if two
curves ¢; : [} = X and ¢ : I, — X both satisfy (3.13) with ¢ (0) = ¢2(0) = xp, then
¢1 = ¢ on I} N L. However, curves that integrate & near some point may not be
defined for all ¢, i.e., for I = R. This makes the concept of a flow of a vector field &,
which is meant to encapsulate all integral curves of &, a bit complicated. We start
with the simplest case. We say that a vector field & is complete if for any xy € X
there is a curve ¢ : R — X satisfying (3.13) with ¢(0) = xo. The simplest example
of a complete vector field is X = R and & = d/dx, so that ¢, (x) = x+¢. For an
incomplete example, take X = R and & (x) = x?d /dx. It can be shown that a vector
field & with compact support (in the sense that the set {x € X | £ (x) # 0} is bounded)
is complete. In particular, any vector field on a compact manifold is complete.
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Definition 3.5. Let X be a manifold and let & € Vec(X) be a complete vector field.
A flow of & is a smooth map @ : R x X — X, written

o (x) = o(t,x), (3.17)

that satisfies
oo(x) = x; (3.18)
G50 Qr = Qsyy, (3.19)

and that integrates & is the sense that for eacht € R and x € X,

Eo) = o), (3.20)

As before, eq. (3.20) by definition means that for each f € C*(X) we have

Ef(g ) = S 7@ ), (21)
or, equivalently, that in local coordinates, where
¢:(x) = (9 (x),.... ¢f (1)), (3.22)
we have )
%zéj(w,(x» i=1,... .k (3.23)

Indeed, the flow @ of & gives the integral curve ¢ of & through x( by

c(t) = ¢ (x0). (3.24)

According to the Picard—Lindel6f Theorem in the theory of ordinary differential
equations, any complete vector field has a unique flow. In fact, the uniqueness part
of this theorem implies that (3.19) is a consequence of (3.20) with (3.18), but it
is convenient to state (3.19) separately, so as to make the point that the flow of a
complete vector field £ on X is a smooth R-action on X, as defined by conditions
(3.18) - (3.19), whose orbits integrate £. In particular, each ¢; : X — X is invertible,
with inverse ¢! = @_,. In particular, X is a disjoint union of the integral curves of
&, which can never cross each other because of the uniqueness of the solution of the
initial-value problem (3.13) with ¢(0) = x).

If & is not complete, we do the best we can by defining the set

Dg ={(t,x) ERxX [Jc:1—=X,c(0)=x,t €[} CRxX, (3.25)

where it is understood that ¢ satisfies (3.13). Obviously {0} x X C D¢, and (less
trivially) it turns out that D¢ is open. Then a flow of Eisamap ¢: Dg — X that
satisfies (3.18) for all x, eq. (3.21) for (#,x) € D¢, as well as (3.19) whenever defined.
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3.2 Poisson brackets and Hamiltonian vector fields

To obtain flows, classical mechanics requires more than a manifold structure:
Definition 3.6. A Poisson bracket on a manifold X is a Lie bracket {—,—} on (the
real vector space) C*(X), such that for each h € C*(X) the map

Sn: f e {h,f} (3.26)

is a vector field on X (or, equivalently, a derivation of C*(X,R) with respect to
its structure of a commutative algebra under pointwise multiplication). A manifold
X equipped with a Poisson bracket is called a Poisson manifold, (C*(X),{, }) is
called a Poisson algebra, and &, is called the Hamiltonian vector field of h.

Unfolding, we have a bilinear map {—, —} : C*(X) x C*(X) — C*=(X) that satisfies

{e,f} = —{f.g} (3.27)
{Filen}y +{n{f g}t +1{g{h f}}=0; (3.28)
{f.gh} = {f.gth+g{f,h}. (3.29)

Bilinearity and the abstract properties (3.27) - (3.29) imply:
Proposition 3.7. Each Poisson bracket on X defines a Lie algebra homomorphism

C”(X) — Der(C*(X)); (3.30)
h— 5},, (3.31)

or, equivalently, a Lie algebra homomorphism

C*(X) — Vec(X); (3.32)
h &, (3.33)

The time-honored example is X = R?", with coordinates x = (p,q) and bracket

V=Y (L5528,

j=1

dpjdq/  dq/ dp; 639

In that case, the Hamiltonian vector field of % is obviously given by
* (Jh 0 dh d

The flow of &, gives the motion of a system with Hamiltonian /. Writing

o (p,q) = (p(t),q(1)),

we see from (3.23) that this flow is given by Hamilton’s equations
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dpj(t) dh(p(t),q(t))

7 g ; (3.36)
dq’(t) _ 9h(p(t),q(t))
e p; . (3.37)
Hamiltonians of the special form
»
h(p,q) =7 +V(a), (3.38)

where p* = ¥; p3, give Newton’s equation “F = ma”, where F; = —dV /d¢/, viz.

¢’ (1)

Fj(q(t)) =m (3.39)
Proposition 3.8. For any vector field & on a manifold X, we say that a function
f € C=(X) is conserved if f is constant along the flow of . If X is a Poisson
manifold and & = &, is Hamiltonian, then f is conserved iff {h, f} = 0.

The proof is trivial. A Poisson bracket on X may also be defined in terms of a Pois-
son tensor. In coordinates, this is just an anti-symmetric matrix B'/ (x) that satisfies

Jpjk o pki ij
Z(Bllaail _~_le,9£1 +sz‘3il ) =0, (3.40)
]

for each (i, j, k). In terms of B, the Poisson bracket is then defined abstractly by

{f.8} = B(df.dg), (3.41)
using standard notation of differential geometry, or, in coordinates, by
ij (o 9 (x) 98(x)
=Y BY . - 42
(o)) = LB T3 55 (3.42)

Conversely, a Poisson bracket must come from a Poisson tensor: for any derivation
0 on C*(X), the function 6(g) depends linearly on dg, so if 8¢(g) = {f,g}, then
0r(g) = —0,(f), so that {f, g} depends linearly on both df and dg. This enforces
(3.42), upon which (3.41) implies (3.40). A nice example is X = R?, with

afdg Afd afdg Afd afdg Afd
{f,g}<x):x(fg_fg>+y<f8_fg>+z<f8_fg>;
BU(x) = ) e (3.43)

Finally, we say that a Poisson manifold is symplectic if the corresponding Poisson
tensor B(x) is given by an invertible matrix, for each x € X. This requires X to be
even-dimensional. For example, R?" with Poisson bracket (3.34) is symplectic.
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3.3 Symmetries of Poisson manifolds
Two equivalent notions of symmetries of classical physics suggest themselves: one

is based on the idea of a Poisson manifold (X, B), the other comes from the equiva-
lent notion of a Poisson algebra (C*(X),{, }).

Definition 3.9. 1. A symmetry of a Poisson manifold (X,B) is a diffeomorphism
¢ : X — X (that is, an invertible smooth map with smooth inverse) satisfying

¢.B=B. (3.44)

2. A symmetry of a Poisson algebra (C*(X),{, }) is an invertible linear map
o : C*(X) — C*(X) that satisfies (for each f,g € C*(X)):
a(fg) = a(f)a(g); (3.45)
a({f.e}) = {a(f) ae)} (3.46)
Let us define the push-forward @, in (3.44). We do this in terms of the pullback ¢*
of a smooth (i.e., infinitely often differentiable) map ¢ : X — X, defined as

0" :C”(X) = C”(X); (3.47)
¢ f=Tfoo. (3.48)

If ¢ is a diffeomorphism, the push-forward ¢, of ¢, which acts on derivations, is

¢, : Der(C”(X)) — Der(C”(X)); (3.49)
(9.8)(f) = 8(@"f)oe™"; (3.50)

this may be checked to define a derivation, as follows:

(98)(f-8) = (¢ ) 6(9"(f-2))
¢ ) 8(0 (/)9 ()
1) )
)

1

*

o) (8(0"(£)0* () + 9" (/)E(9*(2)))
0.0)(f)-g+ 1 (9:5)(g).

If, given coordinates x = (x',...,x) on X, we now (without loss of general-
ity) take our derivation § to be a vector field § = ¥.;£/d/dx/, and write ¢(x) =

(@' (x),..., 0" (x)), for the image ¢, (&) we obtain
(9:6)(N)x) = (&(9* )9~ ()
N 2 T
=L @) Fgre0) (070

= L e ) Z P o )
Js

= (
= (
= (
= (
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so that

0.8/ (x) =Y, 5 (97 (1)) (07 (), (3.51)
k
or, equivalently,

0.8(90) = L 5 (WE (), (.52)

which only depends on & (x), so that for each x € X, ¢, may be localized to a linear
map @ (x) : TeX — Ty X. This may be done even if ¢ is not invertible. Physicists

often write this as @(x) =y = y(x!,...,x), § = v 0.& =V, so that we have a
“covariant” transformation rule (v/')’(y ) Yk i1 axj i I(x).

Taking tensor products, one obtains similar rules for higher-order tensors. For
example, if N = X, the transformation rule for the Poisson tensor B reads

¢.B7 (¢ Z

m,n=1

x) 09/ (x)
8x’" ox"

B (x), (3.53)

so that, in coordinates, the invariance requirement (3.44) reads

Z 3xm)a(§;£)3’"”() B (9(x)). (3.54)

m,n=1

Theorem 3.10. The two parts of Definition 3.9 are equivalent, in that:

1. Given a diffeomorphism ¢ : X — X satisfying (3.44), the map
o= (3.55)

Le, a(f) = foe, is linear, invertible, and satisfies (3.45) - (3.46).

2. Given an invertible linear map a : C*(X) — C*(X) that satisfies (3.45) - (3.46),
there is a unique diffeomorphism ¢ : X — X inducing o as in (3.55).

3. This correspondence defines an anti-isomorphism between the group Diff(X,B)
of diffeomorphisms of X satisfying (3.44) and the group Aut(C*(X),{, }) of in-
vertible linear maps o : C(X) — C(X) that satisfy (3.45) - (3.46).

Here an anti-isomorphism of groups is just an isomorphism that inverts the order of
multiplication. This complication may be removed by writing ¢! instead of ¢ in
(3.55), but that change would make the next proposition a bit less natural.

Proof. The first claim is true by construction. The hard part is the second claim,
which follows from a more general result about manifolds (note that in our termi-
nology, manifolds are by definition assumed to be Hausdorff):

Proposition 3.11. Let X and Y be a smooth manifolds. Then (3.55) establishes a
bijective correspondence berween linear maps o : C*(X) — C=(Y) satisfying (3.45)
and smooth maps ¢ : Y — X.
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The proof is quite similar to a central part of the proof of Gelfand duality for commu-
tative C*-algebras, in which (3.55) establishes a bijective correspondence between
C*-homomorphisms ¢ : C(X) — C(Y) and continuous maps @ : ¥ — X, where X
and Y are compact Hausdorff spaces; see §C.3 and especially Proposition C.22.

For any commutative real algebra A, let £(A) be the space of non-zero algebra
homomorphisms @ : A — R (these are just the non-zero multiplicative linear maps),
equipped with the weakest topology that makes each function @ : X(A) — R contin-
uous, where d(®) = @(a). Furthermore, if B is another commutative real algebra,
then any homomorphism ¢ : A — B induces a continuous map o* : X(B) — Z(A)
in the obvious way, that is, by a@*® = @ o a. In the special case A = C*(X) (and
similarly if A = C(X)), one has a canonical map evX : X — X(C(X)), given by
evX¥(f) = f(x). The whole point (in which the entire difficulty of the proof lies)
is that this map is a bijection (see Proposition C.21), which simultaneously equips
X with a smooth structure that makes evX a diffeomorphism (by definition of the
smooth structure on X(C(X)). In view of all this, given a multiplicative linear map
o :C*(X) — C(Y), we obtain a continuous map ¢ : ¥ — X by

o= (ev!) o oev”. (3.56)

Eq. (3.55) then holds by construction. Smoothness of ¢, then, is a consequence of
the fact that o(f) = f o ¢ must be a smooth function on Y for any f € C(X).
Applying this to the setting of Theorem 3.10 easily yields all claims. g

In what follows, we look at smooth actions of Lie groups on (Poisson) manifolds
X, in other words, at homomorphisms ¢ : G — Diff(X) or ¢ : G — Diff(X, B), where
G is a Lie group, Diff(X) is the group of all diffeomorphisms of a manifold, and
Diff(X,B) is the group of all diffeomorphisms of a Poisson manifold preserving
the Poisson structure. Foregoing the underlying differential geometry, we take a
pragmatic attitude and only study linear Lie groups, defined as closed subgroups G
of GL,(R) or GL,(C), with group multiplication given by matrix multiplication and
hence group inverse being matrix inverse. Here one may think of SU(2) C GL,(C)
or SO(3) C GL3(R), but also abelian Lie groups like the additive groups R” fall
under this scope, since one may identify a € R" with the 2n X 2n-matrix

az((l)“l’), (3.57)

in which case matrix multiplication indeed reproduces addition. Similarly, the 2n +
1-dimensional Heisenberg group H, is the group of real (n+2) X (n+ 2)-matrices

lal c+ %aTb

(a,be)={01, b , (3.58)
00 1

where a,b € R", ¢ € R, and a’ b = (a, b); this gives the multiplication rule

(a,b,c)-(d',b',c')=(a+d ,b+b c+c — %((a,b’) —{d,b))). (3.59)
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If G is a linear Lie group, its Lie algebra g may be defined as the vector space
g={AeM,(K) | e GV eR}, (3.60)

where K = R or C, as determined by the embedding G C GL,(R)) or G C GL,(C).
Either way, g is seen as a real vector space, equipped with the Lie bracket

[A,B] = AB— BA. (3.61)
This is trivially a bilinear antisymmetric map g x g — g satisfying the Jacobi identity
[A,[B,C]] +[C,[A,B]] + [B,[C,A]] =0, (3.62)
which in turn expresses the fact that for fixed A € g the map 84 : g — g defined by
04(B) =[A,B] (3.63)

is a derivation of g with respect to its Lie bracket, i.e.,
04([B,C]) = [64(B),C] + B, 84(C)]. (3.64)

The exponential map exp : g — G is then just given by its usual power series, which
for matrices is norm-convergent. Conversely, one may pass from G to g through

d

A= E(e“‘)‘,zo. (3.65)

If G=R", we also have g = R", and eq. (3.57) implies that exp is the identity map.
For example, since SO(3) is the subgroup of GL3(R) consisting of matrices R
that satisfy RTR = 13, its Lie algebra so(3) consists of all matrices a that satisfy

a’ = —a. As a vector space have s50(3) = R3, which follows by choosing a basis
00 0 001 0-10
Ji=100-1],h=1 000 )|,5s=(100]. (3.66)
010 -100 000

of the 3 x 3 real antisymmeric matrices. The commutators of these elements are
J1,2] = 35 3, 01] = Jos [T, 5] = Ji. (3.67)

For the Lie algebra of the Heisenberg group we obtain h,, = R?>"*!, with basis

00 0 0el 0 001
P=|100-¢ |,0,={000],Z=1000], (3.68)
00 O 000 000
where (ej,...,e,) is the usual basis of R”, satisfying commutation relations

[P,Q;] = 6;Z; [P,Pj)=[0i,0;]=[P.Z] =[0Q;,Z] =0. (3.69)



94 3 Classical physics on a general phase space
3.4 The momentum map
Leaving out the Poisson structure for the moment, let X be a manifold, let G be a

Lie group, and let ¢ : G — Diff(X) be a homomorphism; as already mentioned, this
corresponds to a smooth action ¢ : G x X — X, which we simply write as

Y-x = @y(x) = (v, x).

In terms of the pullback @7 (f) = f o ¢y, we then automatically have

?,(fg) = oy (f)oy(g)- (3.70)
For each A € g we then define a map 84 : C*(X) — C*(X) by

841 () = (e )0 @7

This map is obviously linear. Moreover, it can be shown that J is well behaved:

Proposition 3.12. The map 6 : g — Der(C*(X)), A — 64 is a homomorphism of Lie
algebra, i.e., each 8, is a derivation, 8 is linear in A, and, for each A,B € g,

(84, O8] = )4 p)- (3.72)

The proof relies on Hadamard’s Lemma, which we only need for complete vector
fields, or, equivalently, for derivations with complete flow (i.e., defined for all 7).

Lemma 3.13. If 6 is a derivation of C*(X) with complete flow ¢, and f € C*(X),
then there is a function g(t,x) = g,(x) such that for all x and t,

go(x) = 6f(x); (3.73)
fl@(x) = f(x) +1g(x). (3.74)

Indeed, if the flow is complete one may take

S|
g (x) = /0 dsF (st ,x), (3.75)

where F(t,x) = f(¢,(x)) and (in Newton’s notation) F is the time derivative of F.

Proof. To prove that &4 is linear in A, let ¢ be the flow of da, i.e., ¢ (x) = e x.

For B € g, Hadamard’s Lemma with § ~» 84 and x ~» ¢~'Bx then gives us

Fle e Bx) = f(@ (") = (e ) +rgi(e x);
d

= fle™™e™™x) 0 = Spf(x) +go(x) = Spf(x) + 8af (). (3.76)

On the other hand, since A and B are matrices, we may use the CBH-formula
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o—Ap—1B _ eft(A+B)+%r2 [A,B]+0(t3)7 (3.77)

which gives e Ae~B = ¢~1(4+B) (1 1 O(s2)), and hence

%f(eftAefth)

d

[t=0 = Zf(eit(AJrB)x)\t:O = O+ (x). (3.78)

Comparing (3.76) with (3.78) gives 0q1+p = 84 + 8. The property 84 = 504 is triv-
ial. We now prove (3.72). Within the (matrix) Lie algebra g we have

d —tAB tA —_B
[4,B] = —=-(¢ Be),_g = —lim "=

i
dt =0 t (3.79)

1

Furthermore, for any g € G one has 858 ' = geBg~!, so linearity of § gives

1
Oy, f (x) = —lim — (§,1apen f (x) = Bp.f (x))
= lim — (df(e_’AeSBetAx) - jsf(eSBx)>

1
— 1i —tA sB tA_\ —tA tA sB
.Y,IILHOSI (f(e e x) f(e ¢ x))

= lim 1 (fo @ (eBex) — fo (pt(e’AeSBx))

s,t—0 St

1 1
li sB tA N\ tA _sB - SB tA_ N\ tA sB
Jim (st (f(eex) — f(ee x))—i—s(g,(e ¢x) — gi(e"e’x))

= [, 351 (%),

since in the limit # — O the third term in the penultimate line cancels the fourth. [

Now suppose that, in addition, X is a Poisson manifold, and that each ¢, acts on
X as a Poisson symmetry, in that

¢,B=B, (3.80)
cf. (3.44), or, equivalently, cf. (3.46),
oy ({£,83) = {@y (f): @y (2)}- (3.81)
This implies, for each A € g, and each f, g € C*(X),
oa({f.8}) ={8a(f), 8} +{/,0a(g)}- (3.82)
Compare this with the following property 4 already has since it is a derivation:
64(f8) = 6a(f)g+ f0a(g)- (3.83)

We may call a derivation 6 : C*(X) — C*(X) satisfying the like of (3.82), i.e.,
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6({1.84) ={8(f).8} +1{r,8(g)}, (3.84)

a Poisson derivation. We are already familiar with a large class of Poisson deriva-
tions: for each h € C*(X), the corresponding map &, defined by (3.26) is a Poisson
derivation (this follows from the Jacobi identity). Let us call a Poisson derivation of
the kind &, inner. This raises the question if our derivations J4 are inner.

Definition 3.14. A momentum map for a Lie group G acting on a Poisson manifold
X is a map
J:X—g" (3.85)

such that for each A € g,
8 = 0y,, (3.86)

where the function J, € C*(X) is defined by by
Ja(x) = ((x),A) = J(x)(A). (3.87)
In other words, for each A € g and f € C*(X) we must have

0a(f) = {Ja. f}. (3.88)
A Lie group action admitting a momentum map is called Hamiltonian.

Equivalently, a momentum map is a linear map
J g = C7(X) (3.89)
such that 84 = ;- (4); the connection between the two definitions is given by
Ja=J*(A). (3.90)

The pullback notation J* would suggest that it is a map C*(g*) — C*(X), which is
not quite the case, but it is a near miss: we embed g — C*(g*) by A — A, where
A(8) = 0(A), so J* : g — C(X) is the restriction of the pullback J* to g. Another
near miss would be to read J* as the adjoint to J, which maps g** = g to the ‘dual’
X*, but since X may not be a vector space, this dual cannot be defined as in linear
algebra, so instead of all linear maps from X to R we might as well say that it
consists of all smooth functions on X. Either way, the symbol J* seems justified.

Proposition 3.15. Let G be a connected Lie group that acts on a Poisson manifold
X. If this action is Hamiltonian (i.e., if it has a momentum map), then G acts on
(X, B) by Poisson symmetries (in the sense that (3.81) holds).

Proof. An easy computation shows that (3.82) holds. We omit the proof of the fact
that for connected Lie groups this “infinitesimal” property is equivalent to (3.81);
this relies on the fact that G is generated by the image of the exponential map. [

The converse is not true: if G acts by Poisson symmetries, the action is not neces-
sarily Hamiltonian. For example, take X = R2, with the unusual Poisson bracket
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_ (dfdg Jfdg
{f.et(p,g)=p (apaq - awp) , (3.91)

and let G = R act on R? by b- (p,q) = (p,q+b). This action satisfies (3.81), and

has a single generator § = —d/dq. But there clearly is no function J € C**(R?) such

that {J, f} = —df/dq (it should be J(p,q) = —log(p), which is singular at p = 0).
However, in most “everyday situations” momentum maps exist:

1. Take X = R% = R3 x R3, with coordinates x = (p,q), where p = (p1, p2, p2) and
q=(q',4*,4*), equipped with the canonical Poisson bracket (3.34).

a. Let G =R® act on X by
(a,b)-(p,q) = (p+a,q+b). (3.92)

This action is Hamiltonian, with momentum map

J(p,q) = (q,—p)- (3.93)

b. Let G = SO(3) act on the same space X by

R-(p,q) = (Rp,Rq). (3.94)

Also this action is Hamiltonian, with momentum map

J(p,q) =pxq. (3.95)

2. Let G = SO(3) act on X = R3, equipped with the Poisson bracket (3.43), through
its defining representation. This action has a momentum map

J(x) =x, (3.96)

where we have identified g with R? by choosing the basis (3.66) of g, and have
identified g* with g (and hence with R3 also) by the usual inner product on R3.

3. The previous example is a special case of the Lie—Poisson structure. Let G be a
Lie group with Lie algebra g. Choose a basis (7) of g, with associated structure
constants C;; defined by the Lie bracket on g as

[T.,Ty) = ) Coy T (3.97)

We write 6 in the dual vector space g* as 0 =Y, 0,0°, where (®,) is the dual
basis to a chosen basis (T,) of g, i.e., @,(T,) = 8,p. In terms of these coordinates,
the Lie—Poisson bracket on C*(g*) is defined by

{f.g}(0) =C;,6, agée) agéf). (3.98)

Equivalently, the Poisson bracket (3.98) may be defined by the condition
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{A,B}=[A,B], (3.99)

where A,B € g and A € C*(g*) is the evaluation map A(0) = 6(A).
Now G canonically acts on g* through the coadjoint representation, defined by

(x-0)(A) = 0(x 'Ax). (3.100)

This action is Hamiltonian with respect to the Lie—Poisson bracket (3.98), the
associated momentum map simply being the identity map g* — g*, as in (3.96).
In other words, we have

A~

Ja=A, (3.101)

whose correctness may be verified from the computation

81B(0) = L Ble™0), = 4 8(Be ), g
= 0((4.5]) = [4.5)(6) = (4,8} (6)
— (aB)(6)

Let X = T*Q for some manifold Q. e.g. 0 = R”" and hence X = R?*. We take
G = Diff(Q), (3.102)

i.e., the diffeomorphism group of Q. This is an infinite-dimensional Lie group (if
described in the right way). The defining action of ¢ € G on Q induces an action
called ¢* on T*Q, given (in coordinates) by

9" (p.q) = (P4); (3.103)
(¢") = ¢'(9); (3.104)
n a —1 j
pi=1Y, ij. (3.105)
j=1 q

This may be taken as a definition, but in the language of differential geometry
this comes down to the neater prescription that if 6 =} ;p;dq’ € T;Q, then

¢*6 € T, Q is the one-form that maps a vector X € Ty, Q to 0(p, (X)), ie.,

(¢"0)(X) = 0(0, ' (X)), (3.106)

where @, '(X) =X, ¢, (X)/9/dq’ is given componentwise by, cf. (3.52),

Ay (9" (q) .«
0; XJ_;iaqk x*. (3.107)

If Q =R3 and ¢ = R € SO(3), then, using R~' = R, we find that (3.104) -
(3.105) simply become R*(p,q) = (Rp,Rq), as in (3.94).
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Furthermore, if @(q) = q + b, then the partial derivatives in (3.105) form the
identity matrix, so that ¢*(p,q) = (p,q+b). To show that the action of Diff(Q)
on T*Q is Hamiltonian and compute its momentum map, we need to know that
the Lie algebra of Diff(Q) is the space Vec(X) of all vector fields on Q, with
its canonical Lie bracket (3.61)! We will not prove this, but the exponential map
exp : g — G is given through the flow @ of the vector field & on Q by (cf. (3.20))

¢t =g, (3.108)
Theorem 3.16. The action of Diff(Q) on T*Q has momentum map

Jx(p,q) ==Y piX'(q), (3.109)
7

and hence is Hamiltonian. Moreover, this momentum map satisfies
Ve, Inte = —Jie - (3.110)

Proof. First note that (pf1 = ¢_4, so from (3.71), (3.108), and (3.104) - (3.105),
d *
O f(p.a) = - f(0(P,4))i=0

vy of, o d (99 v 9f, d
=) ap,-(p’q)df( oq t_opj+2i:aq,-(p,q)dt¢z(q)t=o

9X/(q) 9 9
=) p; aq(iq)gi(nq);?f’(q)(%lé(p’q)

iJ

From this and (3.109), using the canonical Poisson bracket (3.34) we find

{Je, [} =061
Finally, verifying (3.110) is a simple exercise. L.

Thus the momentum map is a generalization of (minus) the momentum, whence
its name; the quantity in (3.95) is (minus) the angular momentum. These annoying
minus signs could be removed by putting a minus sign in (3.86), but that would have
other negative (sic) consequences. For example, with our sign choice one often has

{Ja, I8} = Ja ) (3.111)

in which case the accompanying map (3.89) is a homomorphism of Lie algebras,
or, equivalently, J is a morphism with respect to the given Poisson bracket on X
and the Lie—Poisson bracket on g*. Such a momentum map is called infinitesimally
equivariant, for if G is connected, (3.111) is equivalent to the equivariance property

J(g-x)=g-J(x). (3.112)
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Here the G-action on g* on the right-hand side is the coadjoint representation.

All of this is true for our examples (3.95), (3.96), (3.101), and (3.109); in the
latter case we note that the Lie bracket in the Lie algebra of Diff(Q) is minus the
commutator of vector fields. However, (3.111) does not always hold (in which case
a fortiori also (3.112) fails). For example, it fails for (3.93): if we take the usual
basis (e,f) = (e1,e2,e3, fi, f2, f3) of g = R and relabel e; = Q; and f; = —P;, then

Jr(p.q) = pis (3.113)
Jo;(p,q) = g, (3.114)
cf. (3.93), and hence, although [F;, P;] = [Q;,Q,] = [P, Q;] = 0, we obtain

{J13,~7J13_,-} = {JQi,JQ_,.}ZO; (3.115)

{JPI.,JQJ.} = 8;jlps. (3.116)

Fortunately, in cases like that one can often find a central extension Gy of G (see

§5.10 below for notation) that acts on X through its quotient group G and does have

an infinitesimally equivariant momentum map. In the case at hand, the Heisenberg

group Hj does the job, whose central elements (0,0,c) then act trivially on RS. In

terms of the generators (3.68) we take Jp, and JQ_,. as in (3.113) - (3.114), and add

J7 = lpse; according to (3.69) and (3.115) - (3.116) we then have (3.111), as desired.

Finally, the above formalism leads to a clean formulation of Noether’s Theorem,
providing the well-known link between symmetries and conserved quantities:

Theorem 3.17. Let X be a Poisson action equipped with a Hamiltonian action of
some Lie group G (so that there is a momentum map J : X — g*). Suppose h € C*(X)
is G-invariant, in that h(y-x) = h(x) for each y € G and x € X. Then for each A € g,
the function Jy is constant along the flow of the vector field X;,. In other words,

Ja(@r(x)) = Ja(x) (3.117)
for any x € X and any t € R for which the flow @,(x) of X}, is defined.

Proof. Using all assumptions as well as the definition of a flow, we compute:
I (98)) =X, U) (@) = &) ((x)
= {1 JaH (@ (x)) = —{Ja; 1} (@1 (x))
= 8(R)(@(x)) = LA oco
= S h( ()0 = 0

For example, a Hamiltonian (3.38) has conserved (angular) momentum if the poten-
tial V is translation (rotation) invariant, reflecting (3.93) and (3.95), respectively.
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Notes

The traditional symplectic approach to classical mechanics, culminating in the mo-
mentum map, is exhaustively covered in Guillemin & Sternberg (1984) and Abra-
ham & Marsden (1985). A founding paper for Poisson geometry is Weinstein
(1983). The modern Poisson approach to mechanics may be found in Marsden &
Ratiu (1994), from which most of the material in this chapter originates.

Our proof of Proposition 3.11 is based on Navarro Gonzélez & Sancho de Salas
(2003), §2.1. Burtscher (2009) is a nice survey of many similar results.



Chapter 4
Quantum physics on a general Hilbert space

In this chapter we generalize the results of Chapter 2 to infinite-dimensional Hilbert
spaces. So let H be a Hilbert space and let B(H) be the set of all bounded op-
erators on H. Here a notable point is that linear operators on finite-dimensional
Hilbert spaces are automatically bounded, whereas in general they are not. Thus we
impose boundedness as an extra requirement, beyond linearity. This is very con-
venient, because as in the finite-dimensional case, B(H) is a C*-algebra, cf. §C.1.
At the same time, assuming boundedness involves no loss of generality whatsoever,
since we can alway replace closed unbounded operators by bounded ones through
the bounded transform, as explained in §B.21. Nonetheless, even the relatively easy
setting of bounded operators leads to some technical complications we have to deal
with. First, Definition 2.1 must be adjusted as follows:

Definition 4.1. Let H be a Hilbert space.

1. A (quantum) event is a closed linear subspace L of H.

2. A density operator is a positive trace-class operator p on H such that Tr (p) = 1;
we continue to denote the set of all density operators on H by 2(H).

3. A (quantum) random variable is a bounded self-adjoint operator on H.

4. The spectrum o (a) of a bounded operator a is the set of all A € C for which the
operator a— A is not invertible in B(H) (cf. Definition B.80).

As shown in Corollary B.88, if H is finite-dimensional this notion of a spectrum
reduces to the set of eigenvalues of a. Even H is infinite-dimensional, the spectrum
of a self-adjoint operator a is real (i.e., o(a) C R); this is also true if @ is unbounded
(see Theorem B.93). For any H, unit vectors y still define special density matrices
ey, as in (2.7); we will later see that these are pure states on B(H), although the
set of pure states is no longer exhausted by such density matrices. Finally, quantum
events in H still bijectively correspond with projections on H; see Proposition B.76.
The Born rule as well as the correspondence between density matrices and states
require a separate discussion, to which we now turn.
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4.1 The Born rule from Bohrification (11)

In this section we extend the characterization of the Born rule in §2.5, which was
restricted to finite phase spaces X and finite-dimensional Hilbert spaces H, to the
general case. Recall that a probability space is a measure space (X, X, ) for which
U(X) =1, and that, for compact X, a state on C(X) is a positive map ¢ : C(X) — C
that is positive and satisfies ¢(1x) = 1. Theorem B.15 and Corollary (B.17) yield:

Theorem 4.2. Let X be a compact Hausdorf{f space. There is a bijective correspon-
dence between probability measures |1 on X and states @ on C(X), given by

:/Xduf, fecx). @1

More precisely, the correspondence in question is between complete regular proba-
bility spaces (X, X, 1) and states on C(X), and this is understood in what follows.
Second, we recall that if H is a Hilbert space and a € B(H), then C*(a) is the
C*-algebra generated by a and 1y (i.e., the norm-closure of the algebra of all poly-
nomials in a). Theorems B.84, B.94, and B.93 give the following spectral theorem:

Theorem 4.3. [f a* = a € B(H), then C*(a) is commutative, 6(a) C R is compact,
and there is an isomorphism of (commutative) C*-algebras

C(o(a)) =C (a), 4.2)

written f — f(a), which is unique if it is subject to the following conditions:

1. the unit function 15, : : A — 1 corresponds to the unit operator 1y;
2. the identity function id : A — A is mapped to the given operator a.

Furthermore, this continuous functional calculus satisfies the rules

(tf +8)(a) = tf(a) +g(a); (4.3)
(f8)(a) = f(a)g(a); (4.4)
fla)" = f*(a). 4.5)

Combining Theorems 4.2 and 4.3 gives a result of great importance:

Corollary 4.4. Let H be a Hilbert space, let a* = a € B(H), and let Wy € H be a unit
vector. There exists a unique probability measure [y on the spectrum o (a) such that

(v, f(a) / duy f, f € C(o(a)). (4.6)

In terms of the spectral projections e, = 14(a) (defined for Borel sets A C o(a))
constructed in (B.305) - (B.307) and Theorem B.102, the Born measure is given by

Hy(4) = [leay]. @7
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More generally, a density operator p € 9(H) induces a unique probability measure
Up on o (a) for which
Te(ps(@) = [ dup . < Clota).; (48)
a
Up(A) = Tr(pey). 4.9)
This measure on o(a) is called the Born measure (defined by a and v or p).

Proof. The point is that the map f +— (y, f(a)y) defines a state on C(c(a)):

e Linearity follows from linearity of the continuous functional calculus f +— f(a);
e Positivity follows because if f > 0, then f = /f -/, so that by (4.4) and (4.5),

(v.fla)y) = Vi(@y]*>0;
e Unitality follows from Theorem 4.3.1, i.e., (¥, 15(4) (@) ¥) = (¥, luyy) = 1.

To prove (4.7), use Lemma B.97 to approximate 1,4 by functions f, € C(c(a)) as
stated. By Theorem B.13.2 (i.e., the Lebesgue Monotone Convergence Theorem),
we have [y dly fn = [g(0) dly 1a = 1y (A), whereas by (B.315) with a, = f,(a),
one has (v, f,(a)y) — (w,eaw) = |leay|*. Hence (4.7) follows from (4.6).

The proof for density operators is analogous. 0

Defining the mean value (a) of a with respect to the Born measure jiy, by

@y= [ duy(ox (4.10)
o(a)
and similarly for p, using Theorem 4.3.2 we easily obtain

(a)y = (y,ay); .11
(a)p = Tr(pa). (4.12)

As an important special case, suppose that 6(a) = 6,,(a) (i.e., each A € o(a) is
an eigenvalue); this always happens if H is finite-dimensional. Eq. (A.57) then gives

(v f@w)= Y fA) lleawl?,

Aeo(a)
where e, is the projection onto the eigenspace Hy = {y € H | ay = Ay }. Thus
uy(A) = ey, (4.13)

and using the notation Py (a = A) for py (1), eq. (4.11) just becomes

(a)yy=Y, A-Pyla=A4). (4.14)
rec(a)

It is customary to extend the Born measure on ¢ (a) C R to a (probability) measure
“‘/4/ on all of R by simply stipulating that
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Hy(4) = 1y (AN 6 (a)); (4.15)

we will often assume this and omit the prime. This obviously implies that piy,(A) =0
for any Borel set A C R disjoint from o(a); in particular, if 6(a) is discrete, then
My is concentrated on the eigenvalues A4 of a, in that

wy(A) =Y uy(d). (4.16)
AeAno(a)

To state an interesting property of the Born measure we need Hausdorff’s solu-
tion to the relevant special case of the famous Hamburger Moment Problem:

Theorem 4.5. If K C R is compact, then any finite measure [l on K is determined
by its moments

Oy :/d,u(x)x”. (4.17)
K
Using f(x) = x" in (4.6), we therefore obtain:

Corollary 4.6. The Born measure [y is determined by its moments

o, = (y,d"y). (4.18)

More precisely, we need to be sure that numbers (¢,) of the kind (4.18) are the
moments of some (probability) measure. This follows from the spectral theorem by
running the above argument backwards, but one may also use the general solution
of the Hamburger Moment Problem, which we here state without proof:

Theorem 4.7. A sequence of real numbers (0.,) forms the moments of some measure
w on R iff for all N € N and (Bi,...,By) € CV one has ¥V, _o Bnfna™ > 0.
Furthermore, if there are constants C and D such that |Otn|§ CD"n), then U is
uniquely determined by its moments (¢, ).

These conditions are easily checked from (4.18).

If a is unbounded, but still assumed to be self-adjoint (in the sense appropriate
for unbounded operators, cf. Definition B.70), the spectrum & (a) remains real (see
Theorem B.93) but it is no longer compact. Nonetheless, the Born measure on ¢(a)
may be constructed in almost exactly the same way as in the bounded case, this time
invoking Corollary B.21 and Theorem B.158 instead of Theorems 4.2 and B.94,
respectively. Corollary 4.4 then holds almost verbatim for the unbounded case:

Corollary 4.8. Let H be a Hilbert space, let a* = a, and let y € H be a unit vector.
There exists a unique probability measure |y on the spectrum o (a) such that

. s@w) = | B T € Colota). (4.19)

Also, egs. (4.7) and (4.9) hold, as does (4.8), with f € Co(c(a)).
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There is no need to worry about domains, since even if a is unbounded, f(a) is
bounded for f € Cp(o(a)), and hence also for f € Cy(c(a)).
The physical relevance of the Born measure is given by the Born rule:

If an observable a is measured in a state p, then the probability Py(a € A) that the
outcome lies in A C R is given by the Born measure i, defined by a and p, i.e.,

PylacA)=pp(A). (4.20)

As in the finite-dimensional case, the Born measure may be generalized to fami-
lies (ay,...,a,) of commuting self-adjoint operators. Assuming these are bounded,
the C*-algebra C*(ay,...,a,) is defined in the obvious way, i.e., as the smallest C*-
algebra containing each a;, or, equivalently, as the norm-closure of the algebra of all
finite polynomials in the (ay,...,a,). This C*-algebra is commutative, as a simple
approximation argument shows: polynomials in the @; obviously commute, and this
property extends to the closure by continuity of multiplication. However, even in the
bounded case, the correct notion of a joint spectrum is not obvious. In order to mo-
tivate the following definition, it helps to recall Definition 1.4, Theorem C.24, and
especially the last sentence before the proof of the latter, making the point that the
spectrum & (a) of a single (bounded) self-adjoint operator coincides with the image
of the Gelfand spectrum X(C*(a)) in C under the map @ — ®(a).

Definition 4.9. 1. The joint spectrum o (a) = 6(ay,...,a,) C R" of a finite family
a=(ai,...,a,) of commuting bounded self-adjoint operators is the image of the
Gelfand spectrum X(C*(ay,...,a,)) = X(C*(a)) under the map

2(C*(ayy...,an)) > R", o~ (0(ay),...,0(a,)). 4.21)
Since ®(a;) only utilizes the restriction of @ to C*(a;) C C*(a), we have ®(a;) €
o(a;) CR, so that X(C*(a)) C o(ay) X -+ X o(ay) is a compact subset of R".
To justify this definition, we note that:

e For n = 1, this definition reproduces the usual spectrum, cf. Theorem C.24.

e Forn > 1 and dim(H) < o, we recover the joint spectrum of Definition A.16.

e For n > 1 and dim(H) = oo, Weyl’s Theorem B.91 generalizes in the obvious
way: we have A € o(a) iff there exists a sequence () of unit vectors in H with

lim || (a; — X)) wi || =0, (4.22)
k—yo0
foreach i=1,...,n. The proof is similar.

One way to see the second claim is to use Proposition C.14 joined with the ob-
servation that, as in the case of A = B(H) for finite-dimensional H, any pure state
on a finite-dimensional C*-algebra A C B(H) is a vector state (2.42), too. To see
this, we first specialize Theorem C.133 to the finite-dimensional case (where the
proof becomes elementary), so that each state on C*(a) takes the form (2.33). Sub-
sequently, we use the spectral decomposition (2.6), and use the definition of purity:
suppose @(b) = Tr(pb) =Y, pi(vi,bv;) = Y, piwy,(b) is pure, where b € C*(a).
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Then w,, = @ for each i, so that @ is a vector state, say @(b) = (y,by) where v is
one of the v;. Once we know this, suppose A = (A1,...,4,) € 6(a), with A; = ©(a;).
Multiplicativity of @ implies that for any finite polynomial in » real variables we
have (y,p(a)y) = p(1), which easily gives a;y = A;y for each i; for example,
take p(x) = (x; — A;)?, so that the previous equation gives ||(a; — A;)y||> = 0.

Conversely, if A is a joint eigenvalue of g, then by definition there exists a joint
eigenvector Y whose vector state 0(b) = (y,by) on C*(a) is multiplicative.

Using this (perhaps contrived) notion of a joint spectrum, Theorem 2.19 now
holds by construction also if dim(H) = oo, where the pertinent isomorphism f
f(a) is given as in the single operator case, that is, by starting with polynomials and
using a continuity argument to pass to arbitrary continuous functions.

Theorem 2.18 and Corollary 4.4 then generalize to:

Theorem 4.10. Let H be a Hilbert space, let a = (ay,...,a,) be a finite family of
commuting bounded self-adjoint operators, and let Wy € H be a unit vector. There
exists a unique probability measure [y on the joint spectrum o (a) such that

v = | v f € Co@), 4.23)
or, equivalently, for special Borel sets A = Ay X --- X A, C o(a), where A; C 6(a;),

ty(A) = |lea, ---ea, V|, (4.24)

where the e, = 14, (a;) are the pertinent spectral projections (which commute).

Similarly for density operators instead of pure states.

If (some of) the operators ¢; are unbounded, we use the trick of §B.21 and pass
to their bounded transforms b;, see Theorem B.152. We say that the b; commute iff
the corresponding bounded operators b; do; this is equivalent to commutativity of
all spectral projections of the a;. We then define, in self-explanatory notation,

o(a) = {A(1-2) 2 |2 € o(b) N (~1,1)"}. (425)
This leads to Born measures on ¢(a) defined either as in (4.23), with f € C(o(a))

replaced by f € Co(o(a)), cf. (4.19), or as in (4.24).
For example, if H = L*(R") and a;y(x) = x;y(x), defined on the domain

Dia) = {y e P®") | [ dxxtly(x)P <=}, (4.26)

as in (B.242), then by (x) = x;(1 4+ x7)~/2y(x), so that o(b) = [—1,1]" and hence
o (a) = R". For a measurable region A C R” we then have Pauli’s famous formula

py(a) = [ d'xly(oP @27)

for finding the particle in the region A, given that the system is in a pure state y.
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4.2 Density operators and normal states

Definition 2.4 of a state still makes good sense in the infinite-dimensional case, as
it simply specializes the general definition of a state on a C*-algebra A to the case
A = B(H). Thus we continue to say that a state on B(H) is a complex-linear map
o : B(H) — C satisfying w(b*b) > 0 for each b € B(H) and @(1y) = 1. Despite
this lack of novelty in the definition of a state (i.e., compared to finite-dimensional
Hilbert spaces), Theorem 2.7 no longer holds if H is infinite-dimensional: although
it (almost trivially) remains true that density operators p on H define states on B(H)
through the fundamental correspondence @(a) = Tr(pa), a € B(H), cf. (2.33), there
are (many) states that are not given in that way (see below). Fortunately, states that
do arise through (2.33) can be characterized in a simple way.

Definition 4.11. A state ® : B(H) — C is called normal if for each orthogonal
family (e;) of projections (i.e., e; = e; and e;e; = &;je;) one has

» <Zei> = Zw(ei). (4.28)

Here Y ; e; is defined as the projection on the smallest closed subspace K of H that
contains each e;H (that is, Y ;e; = Ve;, Le., the supremum in the poset Z(H) of all
projections on H with respect to the partial order e < f iff eH C fH). Furthermore,
the sum over i on the right-hand side is defined by (B.11), i.e., as the supremum (in
R) of the set of all sums Y ;cr ®(e;) over finite subsets F C I of the index set I in
which i takes values. It is finite because Y ;cr e; < 1y and hence, since O is positive,

Zw(e,-) < (1)(11-1) =1.

icF
For example, let (v;) be a basis of H with associated one-dimensional projections
e; = |v;) (vil. (4.29)
If w is assumed to be a state, then the additivity condition (4.28) implies

Y oe) =1, (4.30)

or, equivalently, using Definition B.6 etc. as well as the notation er =Y ;cr e,

li}nw(ep) =1 (4.31)
If H is separable, any orthogonal family (e;) of projections is necessarily countable,
and (4.28) is analogous to the countable additivity condition defining a measure.

Theorem 4.12. A state @ on B(H) takes the form o(a) = Tr(pa) for some (unique)
density operator p € P(H) iff it is normal.
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Proof. First, eq. (2.33) implies (4.28). To see this, take the trace with respect to
some basis (v;) of H that is adapted to the family (e;) in the sense that for each j,
either e;v; = v; (i.e., V; € ¢;H) for one value of 7, or ¢;0; = v; for all i. Then

f5) o) oS
i i J i J

where the sum Z’j is over those j for which v; € K = V,e;H. On the other hand,
since the basis is adapted, we have v; € K iff there is an i for which ¢;v; = v; (since
otherwise e;v; = 0 and hence v; L ¢;H for each i, so that v; € KJ-), SO

!

Y o(er) =) Tr (pei) =}, Y (v).peiv;) =sup Y (v, pv;) =Y (v;,pv;),

FC]j‘ejF j

where Jr consists of those j for which v; € };cpe;H. This gives (4.28).
Conversely, assume  is normal. For the e; in (4.28) we now take the projections
(4.29) determined by some basis (v;). For each a € B(H) we then have

o(a) = li}n o(era). (4.32)

Indeed, using Cauchy—Schwarz for the positive semi-definite form (a,b) = @(a*b),
as in (C.197), and using };¢; = 1y and hence @(a) = o (Y, e;a) we have

|o(a) — o(era)|* = |o(erca))? < o(a*a)o(ere) < ||a|*@(ere), (4.33)

since epe =Yg e; is a projection. Since @(er) + ®(epc) = 0(1y) = 1, eq. (4.31)
gives limp @(epc) = 0, so that (4.33) gives (4.32). For each finite F C I, the oper-
ator era has finite rank and hence is compact. According to Theorem B.146, the
restriction of @ : B(H) — C to the C*-algebra By(H) of compact operators on H is
induced by a trace-class operator p, which (from the requirement that @ be a state)
must be a density operator. Hence (era) = Tr(pera), and we finally have

o(a)= lifr_n o(era) = li;nTr (pera) =Tr(pa). (4.34)

To derive the final equality, we rewrite Tr (pera) = Tr (erap), cf. (A.78) and Propo-
sition B.144, note that ap € Bj(H), as shown in Corollary B.147, and observe
that for any b € Bi(H) we have limg Tr (epb) = Tr(b). To see this, simply com-
pute the trace in the basis (v;) defining the projections e; through (4.29), so that
Tr(epb) = ¥ ;cr(Vi,bV;), and note that by Definition B.6,

lim Z <Di,b’l)l‘> = Z<’Ui,b’0i> =Tr (b)
ieF i

Finally, suppose w(a) = Tr(pja) = Tr(paa) for each a € B(H) and hence for
each a € By(H). It follows from (B.476) that Tr (pa) = 0 for alla € By(H) iff p = 0.
Hence p; = py, i.e., a normal state ® uniquely determines a density operator p. [J



4.2 Density operators and normal states 111

If w is normal, we may therefore use the spectral resolution (2.6) of the corre-
sponding density operator p, i.e., p = Y; p;|V:)(v;|, where (v;) is some basis of H
consisting of eigenvectors of p (which exists because p is compact and self-adjoint),
and the corrsponding eigenvalues satisfy p; > 0 and ) ; p; = 1; see the explanation
after Definition B.148. Computing the trace in the same basis gives

Tr(pa) =Y pi(vi,av;). (4.35)

We may characterize normality in a number of other ways. First note that because
of the duality B (H)* = B(H) of Theorem B.146, cf. (B.477), we may equip B(H)
with the w*-topology in its role as the dual of the trace-class operators Bj (H), see
§B.9; this means that a;, — a iff Tr (pa, ) — Tr(pa) for each p € B;(H), or, equiva-
lently, for each p € 9(H), since each trace-class operator is a linear combination of
at most four density operators, as follows from Lemma C.53 with (C.8) - (C.9). The
w*-topology on B(H), seen as the dual of B; (H), is called the c-weak topology. By
Proposition B.46, the 6-weakly continuous linear functionals ¢ on B(H) are just
those given by ¢(a) = Tr(pb) for some trace-class operator b € By (H).

Secondly, B(H) is monotone complete, in the sense that each net (a, ) of positive
operators that is bounded (i.e., 0 < ay < c¢- 1y for some ¢ > 0 and all A € A) and
increasing (in that ay < ay, whenever A < A’) has a supremum a with respect to the
standard ordering < on B(H), which supremum coincides with the strong limit of
the net (i.e., limy, a) ¥ = ay for each y € H); the proof is the same as for Proposition
B.98, and also here we write a; " a to describe this entire situation.

Corollary 4.13. The following conditions on a state ® € S(B(H)) are equivalent:

1. @ is normal, cf. Definition 4.11;

2. o(a) =limy o(ay) ifay S a;

3. o(a) = Tr(pa) for some density operator p € D (H);
4. w is o-weakly continuous.

Proof. We have seen 1 <+ 3 <+ 4, and 2 — 1 is obvious, so establishing 3 — 2 would
complete the proof. To this effect, we first note that because the sum (4.35) is con-
vergent, for € > 0 we may find a finite subset F' C I for which };¢r p; < €/2]|a||
(assuming a # 0). Since 0 < a;, < a also implies a;, < ||a|| - 1y (since a < ||a|| - 1),
we therefore have | Yi¢r pi(Vi; (ay —a)v;)| < 2€/3, uniformly in A. Moreover, since
F is finite and a; — a strongly, we can find Ay such that for all A > Ay we have

1Y pi(vi, (a —a)vi)| < &/3. (4.36)
ieF

Consequently, for such 4,

2 1
Tr(p(ap —a))| < 1Y pilvi, (ap —a)v) |+ Y pilvi, (ap —a)vi)| < 36T38=¢
icF i¢F

This shows that limy |Tr(p(ay, —a))| =0, so that assumption 3 implies no. 2. [
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We denote the normal state space of B(H), i.e., the set of all normal states on
B(H) by S,(B(H)). Itis easy to see from Definition B.148 that S,(B(H)) is a convex
(but not necessarily compact!) subset of the total state space S(B(H)).

Corollary 4.14. The relation w(a) = Tr(pa) induces an isomorphism
Sn(B(H)) = 2 (H) 4.37)
of convex sets (i.e., ® <> p). Furthermore, for the corresponding pure states we have
F(B(H)) = 21(H), (4.38)

i.e., any pure state ® on By(H), as well as any normal pure state on B(H), is given
by ® = oy for some unit vector y € H, where ®(a) = (y,ay), cf. (2.42).

The proof of (4.38) is practically the same as in the finite-dimensional case. From
Theorem B.146 we obtain another characterization of S, (B(H)) and hence of Z(H):

Corollary 4.15. If Bo(H) is the C*-algebra of compact operators on H, we have

S(Bo(H)) = Su(B(H)); (4.39)
P(By(H)) = P,(B(H)), (4.40)

in the sense that any (pure) state ® on Bo(H) has a unique normal extension to a
(pure) state @' on B(H), given by the same density operator p that yields .

It can be shown that any state @ € S(B(H)) has a convex decomposition
0=t0,+(l—1) oy, (4.41)

where 7 € [0,1], ®, is a normal state, and @ is called a singular state. In particular,
since for z € (0, 1) the state @ is mixed, a pure state is either normal or singular.

Singular states are not as aberrant as the terminology may suggest: such states are
routinely used in the physics literature and are typically denoted by |4 ), where A lies
in the continuous spectrum of some self-adjoint operator (that has to be maximal for
this notation to even begin to make sense, see §4.3 below). Examples of such “im-
proper eigenstates” are |x) and |p), which many physicists regard as idealizations.
However, mathematically such states are at least defined, namely as singular pure
states on B(H). The key to the existence of such states lies in Proposition C.15 and
its proof, which should be reviewed now; we only need the case a* = a.

Proposition 4.16. Let a = a* € B(H) have non-empty continuous spectrum, so that
there is some A € o (a) that is not an eigenvalue of a. Then @), (f(a)) = f(1) defines
a pure state on A = C*(a), whose extension to B(H) by any pure state is singular.

Proof. Normal pure states on B(H) take the form wy (b) = (y,by), where y € H is
aunit vector and b € B(H ). We know from Proposition C.14 that @, is multiplicative
on C*(a). However, if some multiplicative state @ on C*(a) has the form @ = @y,
then y must be eigenvector of a; cf. the proof of Proposition 2.3. g
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4.3 The Kadison-Singer Conjecture

To obtain deeper insight into singular pure states, and as a matter of independent
interest, we return to the Kadison—Singer problem, cf. §2.6. Recall that this problem
asks if some abelian unital C*-algebra A C B(H) has the Kadison-Singer property,
stating that a pure state @4 on A has a unigue pure extension ® to B(H ). Here the is-
sue is uniqueness rather than existence, since at least one such extension exists: since
A is necessarily unital (with 14 = 1y) and W, is a state on A, so that in particular
@4 (14) = ||wal| = 1, Corollary B.41 gives the existence of a bounded extension @
satisfying @(1g) = ||| = 1, which by Proposition C.5 is a state on B(H ). Proposi-
tion 2.22 then gives the existence of a pure extension . As in the finite-dimensional
case, the Kadison—Singer property forces A to be maximal (in the poset € (B(H)) of
all abelian unital C*-subalgebras of B(H ), ordered by inclusion):

Proposition 4.17. If some abelian unital C*-subalgebra A of B(H) has the Kadison—
Singer property, then A is necessarily maximal.

Proof. We use the Gelfand isomorphism A = C(P(A)), where P(A) is the pure state
space of A, cf. Theorem C.8 and Proposition C.14. If A has the Kadison—Singer
property and A C B C B(H), where B is an abelian unital C*-subalgebra A of B(H),
then @4 has a unique pure extension @ on B(H ), which restricts to some state @z on
B. The same reasoning as in the proof of Proposition 2.22 shows that wp is a pure
state on B, so that we obtain a unique map

P(A) — P(B); (4.42)
Wy — Mp. (4.43)

The inverse of this map is simply the pullback of the inclusion A — B, i.e., W €
P(B) defines my € P(A) by restriction, so that we have a bijection P(A) = P(B),
w4 < @p. Since for any pair of C*-algebras A C B the pullback S(B) — S(A) is
continuous (in the pertinent w*-topology), the map wg — @, is continuous. As in
Lemma C.20, this implies that it is in fact a homeomorphism, so that A = B through
the inclusion A — B. This gives A = B, and hence A is maximal. OJ

Maximality of A implies A’ = A, so that A is a von Neumann algebra, sharing the
unit of B(H). To see the relevance of singular states for the Kadison—Singer prob-
lem, we first settle the normal case. We know what it means for a state on B(H)
to be normal (cf. Definition 4.11 and Corollary 4.13); for arbitrary von Neumann
algebras A C B(H) the situation is exactly the same: we define normality by (4.28)
and characterize it by the equivalent properties in Corollary 4.13, where the o-weak
topology on A may be defined either as the one inherited from B(H), or, more in-
trinsically, and the w*-topology from the duality A = A}, where the Banach space
A, is the so-called predual of A, e.g., £2° 22 ¢' and L*(0,1), = L'(0,1), cf. §B.9.

Theorem 4.18. Let H be a separable Hilbert space and let ws be a normal pure
state on a maximal commutative unital C*-algebra A in B(H ). Then wa has a unique
extension to a state @ on B(H ), which is necessarily pure and normal.
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Proof. As noted after (4.41), a pure state on B(H) is either normal or singular. The
possibility that @y is normal whereas @ is singular is excluded by Corollary 4.13.3,
so @ must be normal and hence given by a density operator. The proof of uniqueness
is then the same as in the finite-dimensional case, cf. Theorem 2.21. OJ

We now recall the classification of maximal maximal abelian *-algebras (and
hence of maximal abelian von Neumann algebras) A in B(H) up to unitary equiva-
lence (cf. Theorem B.118). This classification is the relevant one for the Kadison—
Singer problem, since, as is easily seen, A C B(H) has the Kadison—Singer property
iff uAu~" C B(uH ) has it. The uniqueness of the finite-dimensional case will be lost:

Theorem 4.19. If H is separable and infinite-dimensional, and A C B(H) is a maxi-
mal abelian *-algebra, then A is unitarily equivalent to exactly one of the following:

1. L=(0,1) C B(L*(0,1));
2. 02 C B(£?);
3. L7(0,1) @ >(x) C B(L*(0,1) & £*(x)),

where (= = (*(N), (2 = (*(N), and x is either {1,...,n}, in which case £*(x) = C"
and (* (k) = D,(C), or k = N, in which case (*(x) = > and £ (k) = (.

This classification sheds some more light on Theorem 4.18. Since L™(0, 1) has no
pure normal states and D, (C) has been dealt with in Theorem 2.21, the interesting
case is ¢”. Using Corollary 4.13.3 (or the analysis below), it is easy to check that
the normal pure states on £~ are given by @4 (f) = f(x) for some x € N; these are
vector state of the kind wu (f) = (y,msy) with ¥ = dy, or, in other words, they are
given by wa(f) = Tr(pmy) with p = |8,)(5;|. We now invoke a fairly deep result:

Proposition 4.20. A pure state @ on B(H) is singular iff one (and hence all) of the
following equivalent conditions is satisfied:

o w(a)=0foreacha € By(H);
o w(e) = 0 for each one-dimensional projection e;
o Y. m(e;) = 0 for the projections e; = |0;){V;| defined by some basis (V;).

One direction is easy: a normal pure state certainly does not satisfy the condition
in question. For example, given (2.42) one may take a = |y)(y|, which as a one-
dimensional projection lies in Bo(H ), so that @y (a) = 1. We omit the other direction
of the proof. We conclude from this proposition that a pure singular state on B(£?)
cannot restrict to a normal pure state on ¢, which reconfirms Theorem 4.18.

We now study the Kadison—Singer property for each of the three cases in Theo-
rem 4.19 (where the third will be an easy corollary of the first and the second). Since
the proofs of the first two cases are formidable, we just sketch the argument.

Theorem 4.21. o There exist (necessarily singular) pure states on L*(0, 1) that do
not have a unique extension to B(L*(0,1)), and similarly for L(0,1) & £~ (k).
e Any pure state on £ has a unique extension to B(Ez).
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The statement about ¢~ is the Kadison—Singer Conjecture, which dates from 1959
but was only proved in 2013. The first claim (which was already known to Kadison
and Singer themselves) is equally remarkable, however, as is the contrast between
the two parts of Theorem 4.21. In particular, Dirac’s notation |A) may be ambiguous.
The key to the proof of the first claim lies in the choice of a total countable
family of normal states on L*(0, 1), from which all pure states may be constructed
by a limiting operation. Here we call a (countable) family (@, ),cn of states on some
C*-algebra A total if, for any self-adjoint a € A, the conditions @, (a) > 0 for each n
imply a > 0 (the converse is trivial). For example, the well-known Haar basis (h,)
of L2(0,1) provides such a family. The functions forming this basis are defined via
some bijection 3 between the set of pairs (k,/) and N, e.g., B(k,]) = k+2/, by

hn = xlsfl(n), (neN={1,2,...}); (4.44)
Haa(x) = 252g(2%x 1), (ke NU{0},0 < < 25); (4.45)
g(x) = Ljo,172)— ljj21) (4.46)

Basic analysis then shows that the Haar functions %, form a basis of L*(0,1) and
that the associated vector states @, on L*(0, 1) form a total set, where obviously

Ou(f) = U, mphy) / f. (4.47)

The relevance of total sets to the conjecture is explained by the following lemma.

Lemma 4.22. If T C S(A) is a total set of states on a unital C*-algebra A, then

S(A) =co(T); (4.48)
P(A)C T, (4.49)

where co(T)~ is the w*-closure of the convex hull of T in A* or in S(A).

Proof. The inclusion co(T)~ C S(A) is obvious, since T C S(A) and S(A) is a com-
pact (and hence a closed) convex set. To prove the converse inclusion, suppose
a=a" € A and s € R are such that @(a) > s foreach @ € T. Then w(a—s-14) >0
and hence w(a) > s for each ® € S(A). Using Theorem B.43 (of Hahn-Banach
type), this property would lead to a contradiction if S(A) were not contained in
co(T)~.

The second claim, which is the one we will use, follows from the first through a
corollary of the Krein—-Milman Theorem B.50, stating that if 7 C K is any subset of
a compact convex set K such that K = co(T')~, then d,K C T~. This corollary may
be proved (by contradiction) from Theorem B.43 in a similar way. g

Our next aim is to get rid of the closure in (4.49). The Haar basis yields a map

h:N— S(L*(0,1)); (4.50)
n— o, 4.51)
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with image T, i.e., the set of Haar states. Since S(A) is a compact Hausdorff space (in
its w*-topology), the universal property (B.135) of the Cech—Stone compactification
BN of N implies that / extends (uniquely) to a continuous map

Bh: BN — S(A),

whose image is compact and hence closed (since BN is compact). Since T = h(N) C
S(A) we have T C Bh(BN) and hence T~ C Bh(BN), so that, from (4.49),

P(L™(0,1)) C Bh(BN). 52)
Hence each pure state @, = @;~ (0,1) On L=(0,1) takes the form @, = L(U), where
o) () =limou(f) = {ou(f) [n€A}™ FELOD), (453
AeU

and U € BN is some ultrafilter on N, cf. (B.136). The point of this analysis, then, is
that @y can immediately be extended to B(L?(0, 1)) by the same formula, i.e.,

oY)(a) = lim @, (a) = () {@a(a) |n €A}, ac B(L*(0,1)), (4.54)
AeU

where @, (a) = (hn,ahy). If L(0,1) had the Kadison—Singer property, this were the
unique extension of @y, and we will show that this leads to a contradiction.

Apart from the use of ultrafilters, the technically most challenging part of the
argument disproving the Kadison—Singer property for L*(0, 1) is as follows. If A =
C([0,1]), for any f € A and any pure state @ € P(A) there is some x € [0,1] such
that @(f) = f(x); see Propositions C.14 and C.19. For A = L*(0, 1) the situation is
not that simple due to measure zero complications. Nonetheless, it is easy to show
that for each positive f € L*(0,1) and @, € P(L*(0,1)) and each € > 0 one has

u({x e (0,1) [ f(x) € [@c(f) — & @c(f) +€]}) > 0. (4.55)

where U is Lebesque measure on (0, 1). Taking the projection

€ = Lixe(0,1)|f(x)eloe(f)—e/2.00(f)+€/2]}5

it follows that for each positive f € L*(0,1), @ € P(L*(0,1)) and € > O there exists
a projection e € Z(L*(0,1)) with w(e) =1 and |lef —ea.(f)|| < €. Hard analysis
then generalizes this property from L™(0,1) to B(L?*(0,1)), as follows:

Lemma 4.23. If o, € P(L™(0,1)) has a unique extension @ to B(L*(0,1)) (which is
necessarily pure if it is unique), then for each a € B(L*(0, 1)) and € > 0O there exists
a projection e € (L*(0,1)) with w.(e) = 1 and

lea —ew(a)| < &. (4.56)
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To derive a contradiction between (4.54) and (4.56), we use a bijection b : N — N
that cyclically permutes the ordered subsets (2" +1,... ,2k+1), k=0,1,..., that is,
(1,2), (3,4), (5,6,7,8), (9,...,16), etc. This bijection induces a unitary operator

u:L2(0,1) — L*(0,1); (4.57)
uhy = hy(n, (4.58)

which is easily shown to have the following properties:

o,(u) = 0, n € N; (4.59)
|leue|| =1, e € Z(L7(0,1)),e #0. (4.60)

To show that L(0, 1) fails to have the Kadison—Singer property, suppose it does, so
that any @, € P(L*(0,1)) has a unique extension @ € P(B(L?*(0,1))). As already

noted, we may then assume that w, = a)CU , as in (4.53), whilst ® = a)<U), as in
(4.54). Taking a = u then gives w(u) =0, see (4.59), so that ||eu|| < € by (4.56). But
this contradicts (4.60), finishing the sketch of the proof of the first claim in Theorem
4.21. The remark about L= (0, 1) @ £ (k) follows from the one about L= (0, 1).

We now pass to the (even) more difficult case of £~ C B(¢?). Although this will
not be used in the proof, it gives some insight to know which states on ¢~ we are
actually talking about, i.e., the singular pure states, and compare this with (4.53).

Theorem 4.24. There is a bijective correspondence

wy(f) = /Nduf 4.61)

between states @, on £ and finitely additive probability measures |1 on N, where:

1. wy is normal iff W is countably additive (and hence is a probability measure).
2. wy is pure iff U corresponds to some ultrafilter U on N, in which case:
@y is normal iff U is principal (and hence singular iff U is free).

This follows from case no. 5 in §B.9, notably egs. (B.153) - (B.154). In other words,
the pure states @, on ¢ are given by ultrafilters U on N through

o () = BAU) = lim f(n): (4.62)

the analogy with (4.53) is even clearer if we write f(n) = (8,,ms0,) = wu(f). If
U = U, is a principal ultrafilter, n € N, we thus recover the normal pure states

o™ (f) = f(n). (4.63)
As in (4.54), we find at least one natural extension oY) of a)((lu) to B(Ez), namely

oY) (a) = lim o, (a). (4.64)
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We now show that that ¢~ has the Kadison—Singer property, making oY) the
only extension of a)c(iw. The proof relies on an extremely difficult lemma from linear
algebra (formerly known as a paving conjecture). We first define a linear map D :

M,(C) = D,(C) by D(a)ii = ajj, i =1,...,n, and D(a);; = 0 whenever i # j.

Lemma 4.25. For any € > 0 there exist | € N such that for alln € N and a € M,,(C)
with D(a) = 0, there are | projections (e1,...,e;) in D,(C) such that

!
Y e =14 (4.65)

k=1
|leiaei]| < g|lall, i=1,...,L (4.66)

Since this estimate is uniform in n, the lemma extends to £2, where D : B({?) — (*
is defined analogously, i.e., D(a) is diagonal in the canonical basis (§,) of £> with

D(a)d, = w,(a)d,, n € N. 4.67)
Lemma 4.26. For any € > 0 there exist | € N such that for all a € B((*) with D(a) =
0, there are [ projections (ey,...,e;) in £ such that
/
Y e =1u: (4.68)
k=1
leiaei|| < g|lall, i=1,...,1. (4.69)

Now suppose that @y € P(£*), that @ € S(B(£?)) extends @y, and that a € B(£?) has
D(a) = 0. Let ¢; be one of the projections in Lemma 4.26. Using Cauchy—Schwarz
for the sesquilinear form (a,b) = @(a*b), we obtain (using e? = e = ¢;)

| (eiae;)|* < o(e;)w(eja*ae;); (4.70)

| (eiae;)|* < o(a*ea)w(e;). 4.71)
Since w(e;) = wy(e;) and @y is a pure state (and hence is multiplicative), we have
(e;) € {0,1}, since ¢; is a projection. Moreover, in view of (4.68) and the nor-
malization @(1g) = 1, there must be exactly one value of i = 1,...,1, say i = o,
such that w(e;,) = 1, and w(e;) = 0 for all i # ip. Eqs. (4.70) - (4.71) there-
fore imply that w(e;ae;) # 0 iff i = j = ip. Using (4.68) once more, we see that
o(a) = Y w(ejae;) = w(ejyae;,), so that |0(a)| < ||@||||e,ae; | < 1-€|lal| by
(4.66). Letting € — 0, we proved:
Lemma 4.27. If ® € S(B((?)) extends @ € P({), and D(a) = 0, then w(a) = 0.

Since D? = D, we have D(a— D(a)) = 0, so that for any a € B(¢?), we have
o(a) = o(D(a)) = @4(D(a)), 4.72)

provided that @ extends @, as before. This shows that w is determined by w,; and
hence is unique, completing the proof (sketch) of Theorem 4.21.
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4.4 Gleason’s Theorem in arbitrary dimension

To a large extent the thrust and difficulty of the proof of Gleason’s Theorem 2.28
already lies in its finite-dimensional version, but some care is needed in the gen-
eral case, and also Corollary 2.29 needs to be refined. A major point here is that
Definition 2.23 has no unambiguous generalization to arbitrary Hilbert spaces.

Definition 4.28. Let H be an arbitrary Hilbert space with unit sphere Hy.
1. A probability distribution on Z(H) is a map p : H) — [0, 1] that satisfies

Zp(vi) =1, for any basis (v;) of H, (4.73)

iel

where, as in §B.12, the sum (over a possibly uncountable index set) is meant as
in Definition B.6. In particular, if H is separable and the basis is labeled and
ordered by I =N, then it is an ordinary convergent sum of the kind Y ;| - - -.

2. Amap P: P (H) — [0,1] that satisfies P(1y) = 1 is called a:

a. finitely additive probability measure if

P (Z e,) =) P(e)) (4.74)

jer =

for any finite collection (e;) je; of mutually orthogonal projections on H (i.e.,
e;H | exH, or equivalently, eje = 0, whenever j # k); this is equivalent to
the condition P(e+ f) = P(e) + P(f) whenever ef =0, cf. Definition 2.23.2.

b. probability measure if (4.74) holds for any countable collection (e;) ey of
mutually orthogonal projections on H, where the first sum is defined in the
strong operator topology; note that the strong sum Y. ;e; coincides with the
supremum \/ j e of the given family, defined with respect to the usual ordering
of projections (that is, e < f iffeH C fH).

c. completely additive probability measure if (4.74) holds for arbitrary col-
lections (e;) jej of mutually orthogonal projections on H (the first sum again
meant in the strong operator topology, with the same comment as above).

Thus a probability measure is by definition o-additive in the usual sense of mea-
sure theory; the other two cases are unusual from that perspective. However, if H is
separable, then J can be at most countable, so that complete additivity is the same
as o-additivity and hence any probability measure is completely additive. Surpris-
ingly, assuming the Continuum Hypothesis (CH) of set theory, it can be shown that
this is even the case for arbitrary Hilbert spaces. The fundamental distinction, then,
is between finitely additive probability measures and probability measures (which
by definition are countably additive). As we shall see, this reflects the distinction
between arbitrary and normal states on B(H), respectively, cf. §4.2. In what fol-
lows, in dealing with non-separable Hilbert spaces we assume CH, in which case
probability distributions on H are equivalent to probability measures on & (H).
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The proof is the same as in finite dimension (taking into account that infinite sums
over projections are defined strongly). Even without CH, Gleason’s Theorem still
holds for non-separable Hilbert spaces if we assume P to be completely additive, and
probability distributions are equivalent to completely additive probability measures
on #(H). For separable Hilbert spaces, CH is irrelevant and unnecessary altogether.
We then have the following generalization (and bifurcation) of Theorem 2.28.

Theorem 4.29. Let H be a Hilbert space of dimension > 2.

1. Each probability measure P on &2 (H) is induced by a unique normal state on
B(H) via (2.122), i.e.,
P(e) =Tr(pe), (4.75)

where p is a density operator on H uniquely determined by P.
Equivalently, each probability distribution p on & (H) is given by (2.123), or

p(v) = (v,pv). (4.76)

Conversely, each density operator p on H defines a probability measure P on

P (H) via (4.75), as well as as a probability distribution p on & (H) via (4.76).

2. Each finitely additive probability measure P on & (H) is induced by a unique
state @ on B(H) via

P(e) = w(e), 4.77)

and similarly each probability distribution p on & (H) is given by
p(v) = w(ey). (4.78)

Conversely, each state ® on H defines a probability measure P on & (H) via
(4.77), as well as as probability distribution p on & (H) via (4.78).

Proof. The proof of part 1 is practically the same as in finite dimension, except for
the fact that in the proof of Lemma 2.33 the reference to Proposition A.23 should be
replaced by Proposition B.79, upon which one obtains a bounded positive operator p
for which (2.123) holds. The normalization condition (2.110) then yields Tr(p) = 1
if the trace is taken over any basis of H, and since p is positive this implies p €
B (H), see §B.20 (complete additivity of P is just necessary to relate it to p).
Unfortunately, the proof of part 2 exceeds the scope of this book (see Notes). [

In infinite dimension, Corollary 2.29 becomes more complicated, too; for one
thing, Definition 2.26 of a quasi-state bifurcates into two possibilities. The one given
still makes perfect sense and is natural from the point of view of Bohrification; to
avoid confusion we call a map o : B(H) — C satisfying the conditions in Defi-
nition 2.26 a strong quasi-state. In the context of Gleason’s Theorem, a slightly
different notion is appropriate: a weak quasi-state on B(H) satisfies Definition 2.26,
except that linearity is only required on commutative C*-algebras in B(H) of the
form C*(a), where a = a* € B(H) (these are singly generated). Since commutative
unital C*-subalgebras of B(H) are not necessarily singly generated, and a specific
counterexample exists, weak quasi-states are not necessarily strong quasi-states.
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Proposition 4.30. The map ® — o5y gives a bijective correspondence between
weak quasi-states © on B(H) and finitely additive probability measures on & (H).

Proof. For some finite family (ey,...,e,) of mutually orthogonal projections on H,
add eg = 1y — Y ;e; if necessary and leta = i Ajej, with all A; € R different.
Then 6(a) = {4, ..., A}, so that C*(a) = C(o(a) = C"*! (cf. Theorem B.94) co-
incides with the linear span of the projections e;. If @ is a weak quasi-state, then it
is linear on C*(a) and hence also on the ¢}, so that O () 1s finitely additive.

Conversely, let 1 be a finitely additive probability measure on &(H).Ifa=a* €
B(H) is given, using the notation (B.328) we symbolically define @ on a by

w(a) = du(ey) 2. (4.79)

Jo(a)

More precisely, for any € > 0 we use Corollary B.104 to define we(a) =Y/ Aitt(eq;)
and let ®(a) = limg_,0 @¢ (a); it follows from Lemma B.103 (or the theory underly-
ing the Riemann-Stieltjes integral (4.79)) that this limit exists. Now let b, c € C*(a),
so that b = f(a) and ¢ = g(a) for certain f,g € C(c(a)),and b+c = (f +g)(a), cf.
Theorem B.94. By (B.325) we therefore have @z (b+c¢) =YL, (f +8)(Ai)u(ea,),
which, since (f +g)(4;) = f(A4) + g(4i), again by (B.325) equals @¢(b) + @¢(c).
Since this holds for every € > 0, letting € — 0 we obtain w(b+c¢) = 0(b) + @(c),
making @ linear on C*(a). It is clear that the quasi-state @ thus obtained, on re-
striction to &?(H) reproduces i, making the map ® > @5y surjective. Finally,
injectivity of this map follows from Corollary B.104. 0.

Corollary 4.31. [f dim(H) > 2, then each weak quasi-state on B(H ) (and a fortiori
each strong quasi-state) is linear and hence is actually a state.

This is immediate from Theorem 4.29.2. and Proposition 4.30.
Another corollary of Gleason’s Theorem is the Kochen—Specker Theorem, which
we will explain in detail in Chapter 6, where it will also be proved in a different way.

Theorem 4.32. [fdim(H) > 2, there are no weak quasi-states ® : B(H) — C whose
restriction to each C*-subalgebra C*(a) C B(H) is pure (where a = a* € B(H)).

Equivalently, there are no nonzero maps @' : B(H)s, — R that are:

e Dispersion-free, i.e., ®' (a*) = @'(a)? for each a € B(H )s,;
o Quasi-linear, i.e., linear on commuting operators.

Cf. Definitions 6.1 and 6.3. To see that these conditions are equivalent to those stated
in Theorem 4.32 (despite the impression that linearity on all commuting self-adjoint
operators seems stronger than linearity on each C*(a)), extend @’ to @ : B(H) —
C by complex linearity, as in Definition 2.26.1, and note that dispersion-freeness
implies positivity and hence continuity on each subalgebra C*(a) (cf. Theorem C.52
and Lemma C.4). We then see that the two conditions just stated imply that @ is
multiplicative on C*(a), and hence pure, see Proposition C.14, which conversely
implies that pure states on C*(a) are dispersion-free. We now prove Theorem 4.32.
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Proof. If e is a projection, then e? = e, so that w(e?) = ®(e). Since  is dispersion-
free (as just explained), we also have @(e?) = w(e)?, whence ®(e)> = w(e) and
hence w(e) € {0,1}. Furthermore, since  is a state by Corollary 4.31, we may ap-
ply the GNS-construction, see Theorem C.88 (whose notation we use). In particular,
for any projection e, using the fact that 7, (e) = 7y (e)* 7y (€), by (C.196) we have

w(e) = (Qp, Tp(e)Qp) = || 7w (e) Q0] (4.80)

If w(e) =0, then 7,(e)R2y, = 0 from the second equality. If w(e) = 1, then
T (e)Qp = Q4 from the first inequality and Cauchy—Schwarz (in which we have
equality, so that 7, (e) Qg = 22 for some z € T, upon which (4.80) forces z = 1).

By the spectral theorem (e.g. in the form Corollary B.104) or the theory of von
Neumann algebras, the linear span of ?(H) is norm-dense in B(H). Since £, is
cyclic for 7, (B(H)) by the GNS-construction, it must be that Hy = C - 4, and
hence 7, (a) = w(a) - 1y, for any a € B(H). Since 7y (ab) = my(a)my(b) by the
GNS-construction, this gives w(ab) = w(a)w(b) for all a,b € B(H). However, such
multiplicative states® on B(H) cannot exist if dim(H) > 1. This is clear if o is
normal, cf. Proposition 2.10, so that the following argument (which also covers the
normal case) is especially meant for the case where @ is singular.

1. If dim(H) = n < o, there are n one-dimensional projections (e, ...,e,) such
that ) ;e; = 1. (indeed, we may assume that B(H) = M, (C) and take diagonal
matrices e; = diag(1,0,...,0), etc.). Now for any pair (e;,e;) there is some v €

B(H) (which by definition is a partial isometry) such that ¢; = w*, e; = v*v (in
the above case ¢; and e; are thus related if v;; = 1 and vy = 0 otherwise). Hence

o(e;) =o(w') =)o) =o(v) = wle)), (4.81)

since @ is multiplicative. But @ is also additive, which implies

iw(e,»):w<zn:ej> =o(ly)=1. (4.82)
j=1

j=1

Since also w(e;) € {0,1}, eqgs. (4.81) - (4.82) are clearly contradictory.

2. If dim(H) = oo, separable or not, a similar contradiction arises from the halving
lemma, which states that there is a projection e and an operator v such that e =
w*, 1y — e = v*v. For example, in the separable case assume H = ¢> and take e
the projection onto the closed linear span £2 of the basis vectors (8,) with x € N
even, so that 1y — e projects onto the closed linear span £2 of the basis vectors
(6;) with x € N odd. Then #2 = (2@ (2; take v =0 on ¢2 and v : /2 — /2 any
unitary operator. In general, a similar method works, for if I is a set indexing
some basis of H one may find a subset E C I that has the same cardinality as its
complement I\ E, upon which ¢?(E) = ¢*(I\E), cf. Theorem B.63.
Multiplicativity of @ then leads to similar contradiction between the properties
w(e)=w(lg—e),asin (4.81),and w(e)+ o(ly —e) = w(1y) = 1, as in (4.82):
if w(e) =0 one finds 0 = 1, whereas @(e) = 1 implies 2 = 1. O
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Notes

§4.1. The Born rule from Bohrification (1)

The Born measure (and its construction along the lines of this section) is well
known in functional analysis, cf. Pedersen (1989), §4.5. For the Hamburger Mo-
ment Problem see, for example, Reed, M. & Simon, B. (1975), Methods of Modern
Mathematical Physics. Vol Il. Fourier Analysis, Self-adjointness (New York: Aca-
demic Press), Theorem X.4, p. 145 and Example 4, p. 205. In fact, the proof uses
spectral theory! Corollary 4.6 was suggested by the treatment of the Born rule in
Hall (2013). Definition 4.9 of the joint spectrum goes back (at least) to Arens (1961)
and Hormander (1966), §3.1.13.

§4.2. Density operators and normal states
These are really results about von Neumann algebras and come from the pertinent
literature; our proofs derive from Li (1992), §1.8 and Takesaki (2002), Ch. 111.

§4.3. The Kadison-Singer Conjecture

As already mentioned in the notes to §2.6, the Kadison—Singer Conjecture was
first discussed in Kadison & Singer (1959) and was finally proved by Marcus, Spiel-
man, & Srivastava (2014ab), following important intermediate contributions by e.g.
Anderson (1979) and Weaver (2004). For an introduction including a complete proof
see Stevens (2016), and for applications of the conjecture and its proof to other ar-
eas of mathematics see Casazza et al (2005) as well as Casazza & Tremain (2016).
Proposition 4.20 is due to Glimm (1960).

§4.4. Gleason’s Theorem in arbitrary dimension

The extension of Gleason’s Theorem to non-separable Hilbert space assuming
complete additivity of P is due to Maeda (1980). Maeda (1990) generalizes this
result to von Neumann algebras without summands of type . The proof that as-
suming CH countable additivity implies complete additivity (and hence Gleason’s
Theorem) was given by Eilers & Horst (1975). Proposition 4.30 is due to Aarens
(1970), whose Theorem 1 is wrong: see Aarens (1991). The proof of Theorem 4.32
is due to Doring (2004), using results of Hamhalter (1993).



Chapter 5
Symmetry in quantum mechanics

Roughly speaking, a symmetry of some mathematical object is an invertible trans-
formation that leaves all relevant structure as it is. Thus a symmetry of a set is just a
bijection (as sets have no further structure, whence invertibility is the only demand
on a symmetry), a symmetry of a topological space is a homeomorphism, a sym-
metry of a Banach space is a linear isometric isomorphism, and, crucially important
for this chapter, a symmetry of a Hilbert space H is a unitary operator, i.c., a linear
map u : H — H satisfying one and hence all of the following equivalent conditions:

o uu* =uu=1g;

e uisinvertible with u~! = u*;

e u is a surjective isometry (or, if dim(H) < oo, just an isometry);

e uisinvertible and preserves the inner product, i.e., (u@,uy) = (@, y) (@, y € H).

The discussion of symmetries in quantum physics is based on the above idea, but the
mathematically obvious choices need not be the physically relevant ones. Even in el-
ementary quantum mechanics, where A = B(H), i.e., the C*-algebra of all bounded
operators on some Hilbert space H, the concept of a symmetry is already diverse.
The main structures whose symmetries we shall study in this chapter are:

1. The normal pure state space &\ (H), i.e., the set of one-dimensional projections
on H, with transition probability 7: 22| (H) x £ (H) — [0, 1] defined by (2.44).
The normal state space 9 (H ), i.e. the convex set of density operators p on H.
The self-adjoint operators B(H)s, on H, seen as a Jordan algebra (see below).
The effects & (H) = [0, 1](x), seen as a convex partially ordered set (poset).
The projections & (H) on H, seen as an orthocomplemented lattice.

The unital commutative C*-subalgebras ¢ (B(H)) of B(H), seen as a poset.

AN

Each of these structures comes with its own notion of a symmetry, but the main
point of this chapter will be to show these notions are equivalent, corresponding
in all cases to either unitary or—surprisingly—anti-unitary operators, both merely
defined up to a phase. The latter subtlety will open the world of projective unitary
group representation to quantum mechanics (without which the existence of spin-1
particles such as electrons, and therewith also of ourselves, would be impossible).

© The Author(s) 2017 125
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5.1 Six basic mathematical structures of quantum mechanics

We first recall the objects just described in a bit more detail. We have:

P1(H)={ecB(H)|e* =" =e,Tr(e) = dim(eH) = 1}; (5.1)
P(H) = {p € B(H) | p > 0,Tr(p) = 1}; 52)
B(H)sa={a€B(H)|a" =a}; (5.3)
&H)={aeBH)|0<a<ly}; (5.4)
PH)={ecBH)|e*=¢" =e}; (5.5)

% (B(H)) ={C C B(H) | C commutative C*-algebra, 5 € C}. (5.6)

The point is that each of these sets has some additional structure that defines what it
means to be a symmetry of it, as we now spell out in detail.

Definition 5.1. Let H be a Hilbert space (not necessarily finite-dimensional).

1. AWigner symmetry (of H) is a bijection

that satisfies
Tr(W(e)W(f)) =Tr(ef), e, f € Z1(H). (5.8)

2. A Kadison symmetry is an affine bijection
K:2(H)— 2(H), (5.9
i.e. a bijection K that preserves convex sums: fort € (0,1) and p1,p2 € Z(H),
K(tpr+ (1 —1)p2) = 1Kp1 + (1 = 1)Kpa. (5.10)
3. a. A Jordan symmetry is an invertible Jordan map
J:B(H)sa = B(H)sa, (5.11)

i.e., an R-linear bijection that satisfies the equivalent conditions

J(aob) = J(a)o J(D); (5.12)
J(@®) = J(a)*. (5.13)

Here
aob=1(ab+ba) (5.14)

is the Jordan product on B(H )s,, which turns the (real) vector space B(H )g,
into a Jordan algebra, cf. §C.25.

b. A weak Jordan symmetry is an invertible weak Jordan map, i.e., a bijection
(5.11) of which the restriction Jic,, is a Jordan map for each C € €' (B(H)).
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4. A Ludwig symmetry is an affine order isomorphism

L:&(H)— &(H). (5.15)
5. A von Neumann symmetry is an order isomorphism

N:ZH)— P(H) (5.16)

preserving orthocomplementation, i.e. N(1 —e) =1 —N(e) for each e € Z(H).
6. A Bohr symmetry is an order isomorphism

B: € (B(H)) — €(B(H)). (5.17)

In nos. 3 and 5-6, an order isomorphism O of the given poset is a bijection that
preserves the partial order < (i.e., if x <y, then O(x) < O(y)) and whose inverse
O~! does so, too; cf. §D.1. The names in question have been chosen for historical
reasons and (except perhaps for the first and third) are not standard.

Let us note that any Jordan map has a unique extension to a C-linear map

Jc 1 B(H) — B(H); (5.18)
Je(@®) = Jc(a)”, (5.19)

which satisfies (5.12) for all a, b, as well as
Je(a+ib) = J(a)+iJ(b), (5.20)

with notation as in Proposition 2.6. Conversely, such a Jordan map (5.18) defines
a real Jordan map (5.11) by J = Jjp(y),,. Similarly, a weak Jordan symmetry is
equivalent to a map (5.18) that satisfies (5.19), preserves squares as in (5.13), and is
linear on each subspace C of B(H), with C € € (B(H)). In other words (in the spirit
of Bohrification), J¢ is a homomorphism of C*-algebras on each commutative unital
C*-subalgebra C C B(H). Therefore, either way J and Jc are essentially the same
thing, and if no confusion may arise we call it J. Note that a weak Jordan map J a
priori satisfies (5.12) only for commuting self-adjoint a and b. It follows that weak
(and hence ordinary) Jordan symmetries are unital: since

J(b) =J(1gob) =J(1y) 0 (D) (5.21)
for any b, we may pick b = J~!(1p) to find, reading (5.21) from right to left,
J(lH):J(IH)OIH:h-]. (522)

The special role of unitary operators u now emerges: each such operator defines
the relevant symmetry in the obvious way, namely, in order of appearance:
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W(e) = ueu™; (5.23)
K(p) = upu’; (5.24)
L(a) = uau™; (5.25)
J(a) = uau™; (5.26)
N(e) = ueu™; (5.27)
B(C) = uCu”, (5.28)

where a* = a in (5.26). If not, this formula remains valid also for the map J¢. Fur-
thermore, in (5.28) the notation uCu* is shorthand for the set {uau* | a € C}, which
is easily seen to be a member of ¥’ (B(H)). Here, as well as in the other three cases,
it is easy to verify that the right-hand side belongs to the required set, that is,

ueu* € P\ (H), upu* € 2(H), upu” € &(H), (5.29)
uau® € B(H )y, upu* € Z(H), uCu* € ¢(B(H)), (5.30)

respectively, provided, of course, that
ec Z1(H), pe P2(H), ac &H) a€ B(H)s,, e€ P(H), C€ % (B(H)).
Indeed, if, in (5.23), e = ey, = |y) (y/| for some unit vector y € H, then
ueyu" = eyy. (5.31)

If p > 0 in that {(y,py) > 0 for each y € H, then clearly also upu* > 0, and if
Tr(p) = 1, then also Tr (upu*) = 1. If a* = a, then

(wau*)* =u**a*u* = uau™. (5.32)

However, one may also choose « in these formulae to be anti-unitary, as follows:
Definition 5.2. I. A real-linear operator u : H — H is anti-linear if
u(zy) =zy (z€C). (5.33)

2. An anti-linear operator u : H — H is anti-unitary if it is invertible, and

(up,uy) = (9. y) (¢,y € H). (5.34)
The adjoint u* of a (bounded) anti-linear operator u is defined by the property
(o, v) = (p,uy) (¢,y € H), (5.35)

in which case u* is anti-linear, too. Hence we may equally well say that an anti-linear
operator is anti-unitary if uu* = u*u = 1. The simplest example is the map
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Jz=17, (5.36)
ie.,if z=(z1,...,2,) € C", then (Jz); = Z;. Similarly, one may define

J: 02— 62;
V=1, (5.37)

and likewise on L2, where complex conjugation is defined pointwise, that is,

() (x) = y(x). (5.38)

For any Hilbert space one may pick a basis (v;) and define J relative to this basis by

J (Zc,-v,) =Y G (5.39)

For future use, we state two obvious facts.

Proposition 5.3. . The product of two anti-unitary operators is unitary.
2. Any anti-unitary operator u : H — H takes the form u = Jv, where v is unitary
and J is an anti-unitary operator on H of the kind constructed above.

It is an easy verification that (5.23) - (5.28) still define symmetries if u is anti-
unitary. Note that in terms of the complexification J¢, eq. (5.26) should read

Je(a) = ua*u*. (5.40)

The goal of the following sections is to show that these are the only possibilities:
Theorem 5.4. Let H be a Hilbert space, with dim(H) > 1.

1. Each Wigner symmetry takes the form (5.23);
2. Each Kadison symmetry takes the form (5.24);
3. Each Ludwig symmetry takes the form (5.25);
4. a. Each Jordan symmetry takes the form (5.26);

b. If dim(H) > 2, also each weak Jordan symmetry takes this form;
5. If dim(H) > 2, each von Neumann symmetry takes the form (5.27);
6. Again if dim(H) > 2, each Bohr symmetry takes the form (5.28),

where in all cases the operator u is either unitary or anti-unitary, and is uniquely
determined by the symmetry in question up to a phase (that is, u and u' implement
the same symmetry by conjugation iff u' = zu, where 7 € T).

As we shall see, the reason why the case H = C? is exceptional with regard to weak
Jordan symmetries, von Neumann symmetries, and Bohr symmetries is that in those
cases the proof relies on Gleason’s Theorem, which fails for H = C2.

To see this more explicitly, and also to prove the positive cases (i.e., nos. 1-4a) in
a simple situation without invoking higher principles, before proving Theorem 5.4
in general it is instructive to first illustrate it in the two-dimensional case H = C2.
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5.2 The case H = C2

We start with some background. Any complex 2 x 2 matrix a can be written as

3
a = a(xo,x1,x2,x3) = % Z 1oy (xy € C); (5.41)
H:

on (1) 0= () o=(15) (3. o

i.e., the Pauli matrices. Furthermore, if we equip the vector space M (C) of complex

2 x 2 matrices with the canonical inner product (2.34), then the rescaled matrices

G,fl =ou/ /2 form a basis (= orthonormal basis) of the ensuing Hilbert space.
Writing x = (x1,x2,x3), some interesting special cases are:

e xo € R, x=ivwithve€R?andx}+v}+v35+v3 = 1, which holds iff a € SU(2);

e xy € R foreach u =0,1,2,3, which is the case iff a* = a.
e xo=1,xeR3, and ||x|| = 1, which holds iff a is a one-dimensional projection.

The first case follows because SU(2) consist of all matrices of the form

( O‘B), a.BeC, o +|BP=1. (5.43)
The second case is obvious, and the third follows from Proposition 2.9.

Assume the third case, so that a = e with e = ¢* = ¢ and Tr(e) = 1. If a linear
map u : C*> — C? is unitary, then simple computations show that ¢/ = ueu* is a one-
dimensional projection, too, given by ¢’ = EZzZOxL oy with x) = 1, x' € R?, and
x| = 1. Writing X' = Rx for some map R : S*> — S?, we have

u(x-o)u* = (Rx)- o, (5.44)

where X- 0 = Ziilxjcj. This also shows that R extends to a linear isometry R :
R3 — R3. Using the formula Tr (0;0;) = 2§;;, the matrix-form of R follows as

R;j = }Tr(uocju*o;). (5.45)

Define U (2) as the (connected) group of all unitary 2 x 2 matrices (whose connected
subgroup SU (2) of elements with unit determinant has just been mentioned). Also,
recall that O(3) is the group of all real orthogonal 3 x 3 matrices M, a condition that
may be expressed in (at least) four equivalent ways (like unitarity):

MMT = MMM = 13;
M invertible and M7 = M~;

[
[
e M is an isometry (and hence it is injective and therefore invertible);
e M preserves the inner product: (Mx, My) = (x,y) for all x,y € R3.
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This implies det(M) = %1 (as can be seen by diagonalizing M; being a real linear
isometry, its eigenvalues can only be +1, and det(M) is their product). Thus O(3)
breaks up into two parts O+ (3) = {R € O(3) | det(R) = £1}, of which O =S0O(3)
consists of rotations. Using an explicit parametrization of SO(3), e.g., through Euler
angles, or, using surjectivity of the exponential map (from the Lie algebra of SO(3),
which consist of anti-symmetric real matrices), it follows that O (3) are precisely
the two connected components of O(3), the identity of course lying in O, (3).

Proposition 5.5. The map u — R defined by (5.44) is a homomorphism from U (2)
onto SO(3). In terms of SU(2) C U(2), this map restricts to a two-fold covering

#:SU(2) = SO(3), (5.46)

with discrete kernel

ker(7t) = {12, —15}. (5.47)

Proof. As a finite-dimensional linear isometry, R is automatically invertible (this
also follows from unitarity and hence invertibility of u), hence R € O(3). It is ob-
vious from (5.44) that u — R is a continuous homomorphism (of groups). Since
U (2) is connected and u — R is continuous, R must lie in the connected component
of O(3) containing the identity, whence R € SO(3). To show surjectivity of 7, take
some unit vector u € R? and define u = cos(10) +isin(16)u- o. The corresponding
rotation Rg (u) is the one around u by an angle 6, and such rotations generate SO(3).

Finally, it follows from (5.44) that u € ker(7) iff ¥ commutes with each o; and
hence, by (5.41), with all matrices. Therefore, u = z- 1, for some z € C, upon which
the the condition det(u) = 1 (in that u € SU(2)) enforces z = +£1. O

Note that the covering (5.46) is topologically nontrivial (i.e., SU(2) # SO(3) x Z»),
since SU(2) = §% is simply connected, whereas SO(3) is doubly connected: a closed
path 7 — Rz (u), 7 € [0,1] in SO(3) (starting and ending at 13) lifts to a path

t — cos(mt) +isin(nt)u- o

in SU(2) that starts at the unit matrix 1, and ends at —1,.

To incorporate O_(3), let U,(2) be the set of all anti-unitary 2 x 2 matrices.
These do not form a group, as the product of two anti-unitaries is unitary, but the
union U (2) UU,(2) is a disconnected Lie group with identity component U (2).

Proposition 5.6. The map u — R defined by (5.44) is a surjective homomorphism

' UQ2)UUL(2) — 0(3), (5.48)
with kernel U(1), seen as the diagonal matrices z- 15, z € T. Moreover, 7' maps
U (2) onto SO(3) and maps U,(2) onto O_(3).

Proof. The map u — R in (5.44) sends the anti-unitary operator « = J on C? to
R=diag(1,—1,1) € 0_(3). Since U,(2) =J-U(2) and similarly O_(3) =R-SO(3),
the last claim follows. The computation of the kernel may now be restricted to U (2),
and then follows as in the last step op the proof of the previous proposition. ]
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We now return to Theorem 5.4 and go through its special cases one by one.
Part 1 of Theorem 5.4 is Wigner’s Theorem, which in the case at hands reads:

Theorem 5.7. Each bijection W : 2,(C?) — 2,(C?) that satisfies
Tr (W(e)W()) = Tr(ef) (5.49)

for each e, f € P1(C?) takes the form \(e) = ueu*, where u is either unitary or
anti-unitary, and is uniquely determined by W up to a phase.

To prove, this we transfer the whole situation to the two-sphere, where it is easy:
Proposition 5.8. The pure state space 2?1(C?) corresponds bijectively to the sphere

S ={(xy2) R [P +y +7 =1},

in that each one-dimensional projection e € 21(C?) may be expressed uniquely as

1+zx—i
6(x,y,1)£<x+iy 1—zy)’ (5.50)

where (x,y,z) € R and x* +y*> + 7> = 1. Under the ensuing bijection
AR (5.51)
Wigner symmetries W of C? turn into orthogonal maps R € O(3), restricted to S>.

Proof. The first claim restates Proposition 2.9. If w and y’ are unit vectors in C?
with corresponding one-dimensional projections ey, (x,y,z) and ey (x',y',Z') then, as
one easily verifies, the corresponding transition probability takes the form

Tr(eyey) = 3 (1+(x,x')) = cos*(16(x,y)), (5.52)

where 0(x,y) is the arc (i.e., geodesic) distance between x and y. Consequently,
if W: 2(C?) — 22,(C?) satisfies (5.8), then the corresponding map R : §> — §2
(defined through the above identification 22 (C?) = §?) satisfies

(R(x),R(x)) = (x,x') (x,x € S?). (5.53)

Lemma 5.9. If some bijection R : S> — §? satisfies (5.53), then R extends (uniquely)
to an orthogonal linear map (for simplicity also called) R : R3 — R3.

Proof. With (uj,uy,us) the standard basis of R3, define a 3 x 3 matrix by
Ry = (ug, R(wy)). (5.54)

It follows from (5.53) that R~!(u;)x = Rjx, which implies (R~ (u;),x) = Y R jxx,
or, once again using (5.53), R(x); =Y Rjyxi. Hence the map x — Y ;  Rjpxpuy, i.e.,
the usual linear map defined by the matrix (5.54), extends the given bijection R.
Orthogonality of this linear map is, of course, equivalent to (5.53). g
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Wigner’s Theorem then follows by combining Propositions 5.6 and 5.8: given
the linear map R just constructed, read (5.44) from right to left, where u exists by
surjectivity of the map (5.48), and the precise lack of uniqueness of u as claimed in
Theorem 5.4 is just a restatement of the fact that (5.48) has U(1) as its kernel. [

Kadison’s Theorem is part 2 of Theorem 5.4. Explicitly, for H = C? we have:

Theorem 5.10. Each affine bijection K : 2(C?) — 2(C?) is given as K(p) = upu*,
where u is unitary or anti-unitary, and is uniquely determined by K up to a phase.

Proof. We once again invoke Proposition 2.9, implying that any density matrix p

on C? takes the form
3
p=1 <12+ Zxﬂo,l>, (5.55)

u=l1
with ||x|| < 1. Moreover, the ensuing bijection Z(C?) = B3, p + x, is clearly affine,

in that a convex sums 7p + (1 —¢)p’ of density matrices correspond to convex sums
tx+ (1 — )X’ of the corresponding vectors in R>.

Lemma 5.11. Any affine bijection K of the unit ball B> in R? is given by an orthog-
onal linear map R € O(3).

Proof. First, K must map the boundary 9,B> = S? to itself (necessarily bijectively):
if x € % and K(x) = tx' + (1 —¢)x”, then x = tK ' (x') + (1 — 1)K~ (x""), whence

K 'x)=k"'(x"), (5.56)

since x is pure, whence x' = x”, so that also K(x) is pure.
Second, the basis of all further steps is the property

K(0) = 0. (5.57)

This is because 0 is intrinsic to the convex structure of B: it is the unique point
with the property that for any x € S? there exists a unique x’ such that Ix+1x' =0,
namely X’ = —x. Thus 0 must be preserved under affine bijections. For a formal
proof (by contradiction), suppose K(0) # 0, and define y = K(0)/||[K(0)|| € $2. Then
K(0) has an extremal decomposition K(0) =ty + (1 —¢)y’, withy = —y and t =
1(1+|K(0)]|). Applying the affine map K~! then gives

LK)

—1/o\ | -1 PR S
I =KW k)

Now y € 52 and hence K~!(y) € S? by part one of this proof (applied to K~1), so
that |[K~!(y)|| = 1. But this implies ||[K~'(y")|| > 1, which is impossible because
y € 5% and hence |[K~!(y')|| = 1.

Third, for x € B* and ¢ € [0, 1] the preceding point implies that

K(rx) = K(rx+ (1 —1)0) = tK(x) + (1 —7)K(0) = K (x). (5.58)
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The same then holds for x € B3 and all ¢ > 0 as long as tx € B3: for take ¢ > 1, so
that7=! € (0, 1), and use the previous step with x ~» tx and 7 ~ t~! to compute

K(tx) = 1t~ 'K(1x) = K (¢~ 11x) = 1K(x).
Also, (5.58) and affinity imply that for any x,y € B> for which x +y € B3, we have
K(x-+y) =2K(x+ 1y) =2- (1K) + 1K) = KM +K@E). (559
With our earlier result (5.57), this also gives
K(—x) = —K(x). (5.60)

For some nonzero x € R?, take s > ||x|| and ¢ > ||x||. Then by (5.58) we have

tX
sK(x/s) = sK (E?) = 1K (x/1).
We may therefore define a map R : R3 — R? by

R(0) = 0; (5.61)
R(x) = s-K(x/s) (x#0), (5.62)

for any choice of s > ||x||. For x € B® we may take s = 1, so that R extends K.
To prove that R is linear, for x € R? and ¢ > 0 pick some s > ¢||x|| and compute

R(1x) = sK (éx) — 5K <|x||§”f{> —s ||x||£K (@) —RKX).  (5.63)
For 1 < 0, we first show from (5.60) and (5.62) that
R(—x) = —R(x), (5.64)
upon which (5.63) gives
R(x) = R(| - (—x)) = [[R(—x) = —[(|[R(x) = —R(x).  (5.65)

Furthermore, for given x,y € B, pick s’ > 0 such that s’ > ||x|| and s’ > |y||, so that
s =2s' > ||x+y|| by the triangle inequality, and use (5.59) to compute

R(x+y)=sK (ij> =sK (§ + %) = sK(x/s) +sK(y/s)
= R(x) +R(y). (5.66)

Finally, R is an isometry by (5.62) and step one of the proof. Being also linear and
invertible, R must therefore be an orthogonal transformation. 0
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Given step one, an alternative proof derives this lemma from Proposition 5.18 below,
which shows that the transition probabilities (5.52) on S? are determined by the
convex structure of B3, so that affine bijections must preserve them. In other words,
the boundary map S — S? defined by K preserves transition probabilities and hence
satisfies the conditions of Lemma 5.9. This reasoning effectively reduces Kadison’s
Theorem to Wigner’s Theorem, a move we will later examine in general.

In any case, Theorem 5.10 now follows from Lemma 5.11 is exactly the same
way as Theorem 5.7 followed from the corresponding Lemma 5.9. 0

We have given this proof in some detail, because step 3 will recur on other occasions
where a given affine bijection is to be extended to some linear map.

Ludwig’s Theorem is part 3 of Theorem 5.4. For H = C?, we have:

Theorem 5.12. Each affine order isomorphism L : &(C?) — &(C?) reads L(a) =
uau®, where u is unitary or anti-unitary, and is uniquely fixed by L up to a phase.

Proof. Using the parametrization (5.41), we have a(xo,x1,x2,x3) € &(C?) iff each
xy is real and 0 < xo % ||x|| < 2. In particular, we have 0 <xo < 2. This easily follows
from (2.38), noting that a € &(C?) just means that a* = a and that both eigenvalues
of a lie in [0, 1]. Thus &(C?) is isomorphic as a convex set to a convex subset C of
R* that is fibered over the xp-interval [0,2], where the fiber Cy, of C over xy is the
three-ball B?co with radius ||x|| = xo as long as 0 < xp < 1, whereas for 1 < xp <2
the fiber is B%fx(), so at xo = 1 the fiber is C; = B> = B3 (in one dimension less,
this convex body is easily visualizable as a double cone in R3, where the fibers are
disks). The partial order on C induced from the one on & (C?) is given by

(x0,X) < (x0,x') iff x{ —x0 > ||[X' —x][, (5.67)

which follows from (5.41) and (2.38), noting that for matrices one has a < ' iff
a' — a has positive eigenvalues. A similar argument to the one proving (5.57) then
shows that any affine bijection L of C must map the base space [0,2] to itself (as
an affine bijection), and hence either xy — xp or xo — 2 — xo. The latter fails to
preserve order, so L must fix xo. Similarly, L maps each three-ball Cy, to itself by
an affine bijection, which, by the same proof as for Kadison’s Theorem above, must
be induced by some element Ry, of O(3). Finally, the order-preserving condition
xy—Xo > ||X' —x|| = x{ —x0 > ||R/gOX/ — R, x|| obtained from (5.67) and the property
L(xo) = xo just found can only be met if R, is independent of xo. d

Part 3 of Theorem 5.4 does not carry an official name; it may be attributed to Kadi-
son, too, but the hard part of the proof was given earlier by Jacobson and Rickart.
Rather than a contrived (though historically justified) name like “Jacobson—Rickart—
Kadison Theorem”, we will simply speak of Jordan’s Theorem (for H = C?):

Theorem 5.13. Each linear bijection J : Mp(C)sy — M3 (C)s, that satisfies (5.13)
and hence (5.12) takes the form J(a) = uau®, where u is either unitary or anti-
unitary, and is uniquely determined by J up to a phase.
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Proof. First, any Jordan map (and hence a fortiori any Jordan automorphism)
trivially maps projections into projections, as it preserves the defining conditions
¢ = ¢* = e. Second, any Jordan automorphism J maps one-dimensional projections
into one-dimensional projections: if e € &2 (H), then J(e) # 0 and J(e) # 12, both
because J is injective in combination with J(0) = 0 and J(1,) = 15, respectively.
Hence J(e) € &1 (H), since this is the only remaining possibility (a more sophisti-
cated argument shows that this is even true for any Hilbert space H). From (5.41)

and subsequent text, as in (5.44), by linearity of J we therefore have

3 3
J (Zx,-c,) =Y (Rx);0;, (5.68)
Jj=1

j=1

from some map R : 2 — $2, which is bijective because J is. Linearity of J then
allows us to extend R to a linear map R® — R3, with matrix

3
Rj= % ZTI‘(G/(J(GJ')), (5.69)

cf. (5.45). By (5.69), this linear map restricts to the given bijection R : §* — §2,
which also shows that it is isometric. Thus we have a linear isometry on R3, which
therefore lies in O(3). The proof may then be completed as in Theorem 5.7. 0

The case H = C? was already exceptional in the context of Gleason’s Theorem, and
it remains so as far as weak Jordan symmetries and Bohr symmetries are concerned.

Proposition 5.14. The poset ¢ (Ma(C)) is isomorphic to { L} URP?, where the real
projective plane RP? is the quotient S*/ ~ under the equivalence relation X ~ —X,
and the only nontrivial ordering is 1. < p for any p € RP?.

Proof. 1tis elementary that M, (C) has a single one-dimensional unital *-subalgebra,
namely C- 1, the multiples of the unit; this gives the singleton L in € (M>(C)).
Furthermore, any two-dimensional unital *-subalgebra C of M;(C) is generated
by a one-dimensional projection e, in that C is the linear span of ¢ and 1,. Hence C
is also the linear span of (the projection) 1, — e and 1;. In our parametrization of all
one-dimensional projections e on C? by S? (cf. Proposition 2.9), if e corresponds to
x, then 1 — e corresponds to —x. This yields the remainder RP? of €' (M,(C)).
Finally, commutative unital *-subalgebras D of M,(C) of dimension > 2 do not
exist. For any such algebra D would contain some two-dimensional C just defined,
but a simple computation (for example, in a basis were C consists of all diagonal
matrices) shows that the only matrices that commute with all elements of C already
lie in C (i.e., are diagonal). Hence no commutative extension of C exists. O

Bohr symmetries B for C? therefore correspond to bijections of RP?. Similarly,
weak Jordan symmetries J for C? corresponds to bijections of $? (the difference
with Bohr symmetries lies in the fact that J may also map C = span(e, 1) to itself
nontrivially, i.e., by sending e to 1, — e, which for B would yield the identity map).
In both cases, few of these bijections are (anti-) unitarily implemented.
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5.3 Equivalence between the six symmetry theorems

If dim(H) > 1, the first three claims of Theorem 5.4 are equivalent; if dim(H) > 2,
all claims are. We will show this in some detail, if only because the proofs of the
various equivalences relate the six symmetry concepts stated in Definition 5.1 in
an instructive way. We will do this in the sequence Wigner <+ Kadison <> Jordan,
and subsequently Jordan <+ Ludwig, Jordan <+ von Neumann, and Jordan <+ Bohr.
Consequently, in principle only one part of Theorem 5.4 requires a proof. Although
redundant, we will, in fact, prove both Wigner’s Theorem and Jordan’s (indeed, no
independent proof of the other parts of Theorem 5.4 seems to be known!). The most
transparent way to state the various equivalences is to note that in each case the set
of symmetries of some given kind (i.e., Wigner, ...) forms a group. In all cases, the
nontrivial part of the proof is the establishment of a “natural” bijection, from which
the group homomorphism property is trivial (and hence will not be proved).

Proposition 5.15. There is an isomorphism of groups between:

o The group of affine bijections K : 2(H) — P (H);
o The group of bijections W : 2\ (H) — 22\ (H) that satisfy (5.8), viz.

W = K\fﬂl(H); (570)
K <Zl,-evi> =Y AW(vy,), (5.71)

where p =Y ; Ajey, is some (not necessarily unique) expansion of p € 2 (H) in terms
of a basis of eigenvector v; with eigenvalues A;, where A; > 0 and Y;A; = 1. In
particular, (5.70) and (5.71) are well defined.

Proof. 1tis conceptually important to distinguish between B(H )s, as a Banach space
in the usual operator norm || - ||, and By (H )s,, the Banach space of trace-class oper-
ators in its intrinsic norm || - ||;. Of course, if dim(H) < oo, then B(H )sy = B1(H)sa
as vector spaces, but even in that case the two norms do not coincide (although
they are equivalent). The proof below has the additional advantage of immediately
generalizing to the infinite-dimensional case. We start with (5.70).

1. Since &£(H) = d.2(H), by the same argument as in the proof of Lemma 5.11,
any affine bijection of the convex set Z(H) must preserve its boundary, so that
K maps | (H) into itself, necessarily bijectively. The goal of the next two steps
is to prove that (5.70) satisfies (5.8), i.e., preserves transition probabilities.

2. An affine bijection K : 2(H) — 2(H) extends to an isometric isomorphism K; :
B (H)sa — B (H)s, with respect to the trace-norm || - ||, as follows:

a. PutK;(0)=0and forb>0,b € B|(H),i.e.b € Bi(H)4, and b # 0, define

Ki(b) = [|bll1K(B/][b]l1).- (5.72)
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By construction, K is isometric and preserves positivity. For b € B|(H ) we
have Tr (b) = ||b||1, hence b/||b||1 € Z(H), on which K is defined.
Linearity of K with positive coefficients (as a consequence of the affine prop-
erty of K) is verified as in the proof of Lemma 5.11; this time, use

a b
b= (al (ol (= s (1—n -2 573
a+b=(|lal+ 6] <||a||1 ( )Hle) o

with ¢ = ||a||1/(]|all1 +|b]]1). Note thatif a,b € B|(H) 4, thena+b € By (H) +.
b. For b € B{(H)s, decompose b = b — b_, where by > 0; see Proposition
A.24 (this remains valid in general Hilbert spaces). We then define

Ki(b) = Ki(bs) — Ky (b-). (5.74)

To show that this makes K; linear on all of B (H )s,, suppose b = b, — b’
with &/, > 0. Then &/, +b_ = b, +b’_, and since each term is positive,

Ko (0, 4 b-) = Ky (8,) +Ki(b-) = K(by +8) = Ky (b)) +Ki (B),

by the previous step. Hence K; (b)) —K;(b") = Ki(b;) — Ki(b-), so that
(5.74) is actually independent of the choice of the decomposition of b as long
as the operators are positive. Hence for a,b € Bj (H)s, we may compute

Ki(a+b) = Ki(ay+by—(a-+b-)) =Ki(ay +by) —Ki(a- +b-)
= Ki(a+) +Ki(by) = Ki(a-) = Ki(b-) = Ki(a) + K ((b),

since a4 + b and a_ + b_ are both positive.

The key point in verifying isometry of K; is the property |b| = by + b_, which
follows from (A.76) or Theorem B.94. Using this property, we have

IKi(b) 1 = Tr(K1b]) = Te (K (b+) — K1 (b-)]) = Tr(Ki (b) +Ki (b))
— Tr(bs+b_) = Tr(|bs —b_|) = Tr (b)) = [|b]|.

3. For any two unit vectors ¥, ¢ in H we have the formula
lley —epll1 =24/1—Tr(eyeq), (5.75)

which can easily be proved by a calculation with 2 x 2 matrices (since everything
takes place is the two-dimensional subspace spanned by y and ¢, expect when
¢ =z, z € T, in which case (5.75) reads 0 = 0 and hence is true also). Since K|
is linear as well as isometric with respect to the trace-norm, we have

[Ki(ey) —Kileg)ll1 = [Ki(ey —ep)ll1 = lley —eqll1,

and hence, by (5.75), Tr (K (ey)Ki(ep)) = Tr(eyeq). Eq. (5.70) then gives (5.8).
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We move on to (5.71). The main concern is that this expression be well defined,
since in case some eigenvalue A > 0 of p is degenerate (necessarily with finite mul-
tiplicity, even in infinite dimension, since p is compact), the basis of the eigenspace
H), that takes part in the sum Y; Ajey, is far from unique. This is settled as follows:

Lemma 5.16. Let W : &, (H) — &1 (H) be a bijection that satisfies (5.8), let LC H
be a (finite-dimensional) subspace, and let (v;) and (V]) be bases of L. Then

ZW(euj) = ZW(evl_/). (5.76)
J i

Proof. As usual, for projections e and f on H we write e < f iff eH C fH. From
(B.212) and (B.214) we have Zj|<vj,w>\2 < 1 for any unit vector ¥ € H, with
equality iff y € L. In other words, ey < ey iff }; Tr(ey,ey) = 1. Furthermore, by
(5.8) the images W(ey;) remain orthogonal; hence ) ;W/(ey,) is a projection, and
e <Y jW(ey,) iff ¥; Tr(W(ey,)e) = 1. By (5.8), this condition is satisfied for e =
W(ey,), so that W(e,;) < ¥,;W(ey,) for each j. Since also the projections W(ey,)
are orthogonal, this gives }; W (e}, ) <Y.; W(ey,). Interchanging the roles of the two
bases gives the converse, yielding (5.76). O

Finally, to prove bijectivity of the correspondence K <+ W, we need the property

K (Z)Lievl) =Y AiK(ey,). (5.77)

since this implies that K is determined by its action on & (H) C Z(H). In finite
dimension this follows from convexity of K, and we are done. In infinite dimension,
we in addition need continuity of K, as well as convergence of the sum Y ; A;ey,
not only in the operator norm (as follows from the spectral theorem for self-adjoint
compact operators), but also in the trace norm: for finite n,m,

m m i
1Y Aiewlli < Y 1illlew i = Y A,
i=n i=n i=n

since ||ey,||1 = 1. Because };A; = 1, the above expression vanishes as n,m — oo,
whence p, = Y| Aiey, is a Cauchy sequence in B; (H), which by completeness of
the latter converges (to an element of Z(H), as one easily verifies).

The proof of continuity is completed by noting that K is continuous with respect
to the trace norm, for it is isometric and hence bounded (see step 2 above). O

It is enlightening to give a rather more conceptual proof that K| 5, (i) satisfies (5.8),
which is based on a result to be used more often in the future. In what follows, for
any convex set C, the notation A,(K) stands for the real vector space of bounded
affine functions f : C — R, that is, bounded functions satisfying

flix+(1=0)y)=tf(x)+(1—1)f(y), x,y e C,t € (0,1). (5.78)

It is easily checked that A, (K) with the supremum-norm is a real Banach space.
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Proposition 5.17. For any Hilbert space H we have an isometric isomorphism

Ay(2(H)) = B(H)sa, (5.79)
fea (5.80)
f(p) = Tr(pa), (5.81)

which preserves the unit (i.e., 1 gy <> 1) as well as the order (i.e, f > 0 iffa > 0).

Note that under the identification Z(H) = S,(B(H)) (where in finite dimension the
normal state space S, (B(H)) simply coincides with the state space S(B(H))), where
p < wasin (2.33), i.e., ®(a) = Tr(pa), the above isomorphism simply reads

Ap(Sa(B(H))) = B(H)sa, (5.82)
a< a (5.83)
d(w) = w(a). (5.84)

Proof. 1t is clear that for each a € B(H ), the function f : p — Tr(pa) (or, equiv-

alently, d : @ — ®(a)) is affine as well as real-valued, and is bounded by (A.100)

(supplemented, if dim(H) = e, by Lemma B.142), noting that ||p||; = 1 for p €

P(H), and in fact (B.483) yields the equality || f]| = ||a|| (or ||@| = ||@|])-
Conversely, f € Ay(2(H)) defines a function Q : H — R by

0(0) = 0; (5.85)
Q(w) = |wl*f(ey/yy) (w#0). (5.86)

This function is clearly bounded on the unit ball of H, as in
QW) < £l wl*- (5.87)

To check that Q in fact defines a quadratic form on H, we verify the properties (A.8)
- (A.9). The first is trivial. The second follows from the easily verified identity

te viw +(17[)€ v—w — §€ v +(17S)€L, (588)

,
Tvwll =l vl Iwll

where v,w # 0, v # w, and the coefficients s, are given by

v+ wl?
= : (5.89)
2(|[vI1+ [Iwll?)
v]?
_ , (5.90)
(V]2 +[Iwl|

The affine property (5.78) then immediately yields (A.9). According to Proposition
B.79, we obtain a unique operator a € B(H )y, such that Q(y) = (y,ay), i.e.,

(w,ay) = fley), v € H,||y| = 1. (5.91)
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Since also (y,ay) = Tr(eya), we have established (5.81) for each p = ey,, where
v € H,||y|| = 1. To extend this result to general density operators p =Y ; A;eq,, we
use (A.100) as well as convergence of the above sum in the trace norm || - ||1, cf. the
proof of Lemma 5.16; the details are analogous to the proof of Theorem B.146. [

Proposition 5.18. For any unit vectors ¥, ¢ € H we have

T (eyeq) = inf{f(ey) | £ € Ay(2(H),0< F< 1. fleg) =1}.  (5.92)

The virtue of this formula is that the expression on the left-hand side, which defines
the transition probabilities on d,Z(H) = 22| (H), is intrinsically given by the con-
vex structure of Z(H). Consequently, any affine bijection of this convex set (which
already preserves the boundary) must preserve these probabilities.

Proof. By the previous proposition, eq. (5.92) is equivalent to
Tr(eyey) = inf{(y,ay) |a € B(H)sa,0<a < 1,(,ap) =1}. (5.93)

Since Tr(eyeq) = (W,ep V), we are ready if we can show that the infimum is
reached at a = ey. Therefore, we prove that for any a as specified we must have
(y,ay) > Tr(eyeq) = |(@, ¥)|%. To do so, we are going to find a contradiction if

(v,ay) < Tr(eyegp), (5.94)

for some such a. Indeed, (¢,a@p) = 1 with ||a|]| < 1 (which follows from 0 < a < 1)
and ||@|| = 1 imply, by Cauchy—Schwarz, that agp = @. Since a* = a (by positivity of
a), we alsohave a: (C- @)+ — (C- @)+, so we may write a = ey +d’, witha'¢ =0
and @’ mapping (C- @)™ to itself. Then a > 0 implies @’ > 0. If (5.94) holds, then
(w,d'y) <0, which contradicts positivity of @’ (and hence of a). O

We now turn to the equivalence between Jordan’s Theorem and Kadison’s Theorem.

Proposition 5.19. There is an isomorphism of groups between:

o The group of affine bijections K : 2(H) — P (H);
o The group of Jordan automorphisms J : B(H)sy — B(H )sa,

such that for any a € B(H )s, one has

Te(K(p)a) = Tr(pJ(a)) (p € Z(H)). (5.95)
This immediately follows from the following lemma (of independent interest):

Lemma 5.20. [. There is a bijective correspondence between:

e daffine bijections K: Z2(H) — 2(H);
e unital positive (i.e. order-preserving) linear bijections & : B(H)sy — B(H )sa,

such that for any a € B(H )s, one has (5.95).

2. A map o : B(H) — B(H) is a unital positive linear bijection iff it is a Jordan
automorphism.
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Proof. 1. An affine bijection K : 2(H) — Z(H) induces an isomorphism

K*:Ay(2(H)) — Ap(2(H)); (5.96)
f= foK, (5.97)

which is evidently unital, positive, and isometric. Consequently, by Proposition
5.17, K* corresponds to some isomorphism ¢ : B(H)s, — B(H )sa, Which neces-
sarily shares the properties of being unital, positive, and isometric; this follows
abstractly from the proposition, but may also be verified directly from (5.95).
Conversely, such a map «a yields a map K directly by (5.95); to see this, we
identify Z(H) with the normal state space of B(H) through p <+ ®, as usual, cf.
(2.33), and note that Ko is the state defined by (Kw)(a) = w(a(a)), or briefly
Kw = w o a. This is often written as K = o*, and for future reference we write

a*w(a) =w(a(a)). (5.98)
2. The nontrivial direction of the proof (i.e. positive etc. = Jordan) is based on a
number of facts from operator theory:

a. Unital positive linear maps maps on B(H )s, preserve & (H), cf. (2.164).

b. Any two projections e and f are orthogonal (ef = 0) iff e+ f < 15 (easy).

c. Any a € B(H)s, is a norm-limit of finite sums of the kind }; A;e;, where A; € R
and the ¢; are mutually orthogonal projections (this follows from the spectral
theorem for bounded self-adjoint operators in the form of Theorem B.104)

d. Any unital positive linear map o : B(H )sa — B(H )sa is continuous. Since

llall- 17 <a < —la||- 14 (a € B(H)s), (5.99)
by (C.83), applying the positive map ¢ and using a(1y) = 1y yields
—llall- 1z < et(a) < —|la] - 14

This is possible only if ||a(a)|| < ||a||, and hence o is continuous with norm
bounded by ||a|| < 1. In fact, since a is unital we have |||l = 1.

Therefore, any unital positive linear map o preserves orthogonality of projec-
tions, so if a = ¥; A;e; (finite sum), then

O!(az) = (Zli26i> = Z)Liza(ei) = Z?L,-kja(ei)a(ej) = Ot(a)z, (5.100)
i i LJ

since e;e; = J;je; and by the above comment also o(e;)ct(e;) = 6;ja(e;). By
continuity of ¢, this property extends to arbitrary a € B(H )s,. Finally, since

aob=1L((a+b)*—da*—b?), (5.101)

preserving squares as in (5.100) implies preserving the Jordan product o. U
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We now turn to the equivalence between Ludwig symmetries and Jordan ones.
Proposition 5.21. There is an isomorphism of groups between:

o The group of affine order isomorphism L: &(H) — &(H);
o The group of Jordan automorphisms J : B(H)s, — B(H )s,.

Proof. Since L is an order isomorphism, it satisfies L(0) = 0 (as well as L(1y) =
1), since 0 is the bottom element of & (H) as a poset (and 1 is its the top element).
As in the proof of Lemma 5.11, one shows that this property plus convexity implies
L(ta) =tL(a) and L(a+ b) = L(a) + L(b) whenever defined. Defining J by

J(0) = 0; (5.102)
Ja) =s-L(a/s) (a>0,s > |a||); (5.103)
J(a) = —J(—a) (a<0), (5.104)

where a > 0 means a > 0 and a # 0, and a < 0 means —a > 0 and a # 0, once
again the reasoning near the end of the proof of Lemma 5.11 shows that J is linear;
it is a untital order-preserving bijection by construction. Hence J is a Jordan auto-
morphism by Lemma 5.20.2 Of course, instead of (5.104) one could equivalently
have defined J on general a € B(H ), by J(a) = J(ay) — J(a_), using the (by now
hopefully familiar) decomposition a = a4y —a_ withar > 0andara_ =0.
Conversely, once again using Lemma 5.20.2, a Jordan automorphisms (5.11) pre-
serves order as well as the unit, so that the inequality 0 < a < 1y characterizing
a € &(H) is preserved, i.e., 0 < J(a) < 1y. Thus J preserves & (H), where it pre-
serves order. Convexity is obvious, since L = J|¢(;) comes from a linear map. [

The equivalence between Jordan’s Theorem and von Neumann’s Theorem (provided
dim(H) > 3) hinges on the following corollary of Gleason’s Theorem (cf. §D.1).

Corollary 5.22. Let dim(H) > 2. Then an isomorphism N of &(H) as an ortho-
complemented lattice has a unique extension to a linear map o : B(H)sy — B(H )sa,
which is (automatically) invertible, unital, and positive.

Proof. According to Lemma D.2, N preserves all suprema in &?(H). Since we have
Y.ei =V e; for any family of mutually orthogonal projections and since N by defi-
nition preserves the orthocomplementation e~ = 1 — e and hence preserves orthog-
onality of projections, we may compute

N (Ze,) =N <\/ei> = \i/N(e,») =Y N(e). (5.105)

i i

1

Consequently, for any normal state @ on B(H), the map e — woN(e) is a probability
measure on % (H ), which by Gleason’s Theorem has a unique linear extension to
B(H) and hence a fortiori to B(H)s,. We use this in order to define o, as follows.
First, let a € B(H )s, and suppose a = Y. ; A; f; for some finite family (f;) of pro-
jections (not necessarily orthogonal), and some A; € R. Then ¥ ; ;N(f;) is inde-
pendent of the particular decomposition of a that has been chosen, so we may put
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= L AN(S). (5.106)
J

To see this, puta =Y. » l}’.,fj’., and hence o' (a) =Yy k]’.,N(fj’.,), and suppose o' (a) #
o(a). By (B.477) there exists a normal state @ such that o(a'(a)) # o(o(a));
indeed, each element of B (H) is a linear combination of at most four density op-
erators, so that each normal linear functional on B(H) is a linear combination of at
most four normal states. But since @ o N is linear, this implies @ oN(a) # @ oN(a),
which is a contradiction. Hence o' (a) = o(a) and accordingly, (5.106) is well de-
fined. Because it is independent of the decomposition of a into projections, & is
linear: ifa =Y ;A;f;anda’ = ¥ ljl-/f]'»/, thena+d =Y ;A fi+¥L; ?L]'-/f]/-/, so that

N(a+d')= (Zajfﬁxk f) ZAN i) +ZA’ (a) +N(a').

Similarly, for any ¢ € R we have

N(ta) =N <Zl},/fj> = ZIAJN(f/) = IZAJN(f/) = tN(a).

We may now extend « to all of B(H)s, by continuity. Indeed, according to the
spectral theorem in the form (B.326), the set of all operators of the forma =Y ; 4, f;
with all f; mutually orthogonal (so that a is given by its spectral resolution) is norm-
dense in B(H )sa. Applying (5.106), and noting that [|a|| = sup, [A;], we may estimate

lee(a) || = HZA N <Sup{\7L I}H):N Sl < llall

since the N(f;) are mutually orthogonal and hence sum to some projection, which
has norm 1 (unless a = 0). For general a € B(H )s,, we may therefore define N by
N(a) = lim, N(a,), where each a,, is of the above (spectral) form and ||a, —al| — 0.

To prove that o is positive, we show that @(a) > 0 whenever a > 0. As in the pre-
ceding step, initially suppose that @ =Y ; A;f; has a finite spectral resolution. Then
a > 01iff A; > 0 for each j, and hence ¢t(a) > 0 by (5.106), since by orthogonality
of the N(f;) this equation states the spectral resolution of o(a). Now if a, > 0 and
an — a (in norm), then (y,a,y¥) — (y,ay), which must remain positive, so that
a > 0. Hence positivity of & on all of B(H ), follows by continuity.

Finally, & inherits invertibility from N, and it is unital by (5.105), taking e¢; =
|v;) (v;] for some basis (v;) of H (or using the fact that it preserves T = 1p). O

Subsequently, we use Lemma 5.20 to further extend & by complex linearity to a
Jordan isomorphism of B(H); see Definition 5.1.

Finally, the equivalence between weak Jordan symmetries and Bohr symmetries
follows from Hambhalter’s Theorem 9.4, whereas Theorem 9.7 strengthens this to an
equivalence between Jordan symmetries and Bohr symmetries. The proof of these
theorems does not seem to simplify in the special case at hand, i.e. A = B(H).
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5.4 Proof of Jordan’s Theorem

In view of the equivalence between the six parts of Theorem 5.4, we only need to
prove one of them. In the literature, one only finds proofs of Jordan’s Theorem and
of Wigner’s Theorem, and we present each of these (surprisingly but instructively,
these proofs look completely different). We start with Jordan’s Theorem:

Theorem 5.23. Any Jordan automorphism Jc of B(H) is given by either

Je(a) = ay(a) = uau™, (5.107)
where u is unitary (and is determined by Jc up to a phase), or by

Je(a) = &) (a) = ua*u*, (5.108)

where u is anti-unitary (and is determined by Jc up to a phase, too).
The difficult part of the proof is Theorem C.175, which implies:

Proposition 5.24. A Jordan automorphism o of B(H) is either an automorphism or
an anti-automorphism.

Recall that an automorphism of B(H) is a linear bijection o : B(H) — B(H)) that sat-
isfies a(a*) = a(a)* and a(ab) = a(a)o(b); an anti-automorphism, on the other
hand, satisfies the first property whilst the latter is replaced by a(ab) = a(b)a(a).
Clearly, both automorphisms and anti-automorphisms are Jordan automorphisms.
Granting this result, we may deal with the two cases separately.

Proposition 5.25. Any automorphism o, : B(H) — B(H) takes the form oo = @, see
(5.107), where u : H — H is unitary, uniquely determined by & up to a phase.

The proof uses the following lemmas. The first follows from Theorem C.62.4.
Lemma 5.26. If o : B(H) — B(H) is an automorphism and a € B(H), then

le(a)|| = lla]- (5.109)

Lemma 5.27. If oo : B(H) — B(H) is an automorphism and e € B(H) is a one-
dimensional projection, then so is ¢(e).

Proof. Tt should be obvious that automorphisms o preserve projections e (whose
defining properties are ¢> = ¢* = ¢). Furthermore, o preserves order, i.e., if a > 0
(in that, as always, (y,ay) > 0 for each y € H, or, equivalently, a = b*b), then
o(a) > 0 (this is clear from the second way of expressing positivity). Consequently,
if a < b (in that b — a > 0), then o(a) < a(b). We notice that if we define e < f iff
eH C fH, then e < f iff e < f as self-adjoint operators (in that (y,ey) < (y, fy)
for each v € H); see Proposition C.170. With respect to the ordering < the one-
dimensional projections e are atomic, in the sense that 0 < e (but ¢ # 0) and if 0 <
f < e, then either f =0 or f = e. Now automorphisms of the projection lattice B(H )
restrict to isomorphisms of &?(H ), which preserve atoms (as these are intrinsically
defined by the partial order). ]
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We are now ready for the (constructive!) proof of Proposition 5.25.

Proof. For some fixed unit vector } € H, take the corresponding one-dimensional
projection e, and define a new unit vector ¢ (up to a phase) by

ep =0 (ey). (5.110)

Now any y € H may be written as ¥ = a@, for some a € B(H). Attempt to define
an operator u by uy = a(a)y, i.e.,

uap = aa)y. (5.111)

This looks dangerously ill-defined, since many different operators a may give rise
to the same y. Fortunately, we may compute

lagllr = llaep@lln = llaeqllsm) = llot(acq) | pe)
= a(a)aleg) sy = llo(@)ey s = l(@) xlla

= [luag||u,

so that if ag = b, then o(a)y = a(b)x and hence u is well defined. By this
computation u is also isometric and since it is clearly surjective, it is unitary. The
property a(a) = uau® is equivalent to ua = o(a)u, which in turn is equivalent to
uab@ = o(a)ubg for any b € B(H), which by definition of u is the same as

ofab)y = ala)a(b)y. (5.112)

But this holds by virtue of o being an automorphism. Finally, all arbitrariness in u
lies in the lack of uniqueness of ¢ given its definition (5.110). ]

Proposition 5.28. Any antiautomorphism o, : B(H) — B(H) takes the form a = o,
cf. (5.108), where u: H— H is anti-unitary, uniquely determined by o up to a phase.

Proof. Pick an arbitrary anti-unitary operator J : H — H and define

B:B(H)— B(H);
Bla) =Ja*J*. (5.113)

Then a o B is an automorphism, to which Proposition 5.25 applies, so that
oo fB(a) = dai*, (5.114)
for some unitary ii. Hence
a(a)=a(BoB Y a)) =aoB(J a")) = i) a*Jii*,

so that ot(a) = ua™*u* with u = aJ*.
The precise lack of uniqueness of u is inherited from the unitary case. g
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5.5 Proof of Wigner’s Theorem

We recall Wigner’s Theorem, i.c. Theorem 5.4.1:

Theorem 5.29. Each bijection W : &2\ (H) — 22\ (H) that satisfies
Tr(W(e)W(f)) =Tr(ef), (e.f € Z1(H)), (5.115)

is given by W(e) = ueu* = ay,(e), where the operator u is either unitary or anti-
unitary, and is uniquely determined by W up to a phase.

The problem is to lift a given map W : 22| (H) — &2 (H) that satisfies (5.115) to
either a unitary or an anti-unitary map u : H — H such that

Wi(ey) = ey = ueyu’. (5.116)

Suppose W(ey) = ey Since e,y = ey, for any z € T, and likewise for e, this means
that uy = zy’ for some z € T; the problem is to choose the z’s coherently all over
the unit sphere of H. There are many proofs in the literature, of which the following
one—partly based on an earlier proof by Bargmann (1964)—has the advantage of
making at least the construction of u explicit (at the cost of opaque proofs of some
crucial lemma’s). We assume dim(H) > 2, since H = C? has already been covered.

Fix unit vectors y € H and y' € W(ey)H; clearly, y’ is unique up to multiplica-
tion by z € T, whose choice turns out to completely determine u (i.e., the ambiguity
in Y’ is the only one in the entire construction). For a modest start, we put

uy =y (5.117)

Lemma 5.30. IfV C H is a k-dimensional subspace (where k < o), then there is a
unique k-dimensional linear subspace V' C H with the following property:

For all unit vectors W € H, we have y € V iff W(ey)H C V'.

Proof. Pick a basis (vi,..., 1) of V and find unit vectors v/ € H such that v/ €
W(ey,)H, i=1,...,k. Then, using (5.115) we compute

‘<Dzvvj>| Tr(evi’el)}) =Tr (W(eui)W(evj)) =Tr (evievj) = |<'l)i, vj>‘2 = 6ij7

so that the vectors (vf,...,v;) form an orthonormal set and hence form a basis
of their linear span V’. Now, as mentioned below (B.214), we have w € V iff
Y5 (v, w)|? = 1 and similarly v’ € V" iff ¥*_, |(v!, y')|> = 1. Since W preserves
transition probabilities, a computation similar to one just given yields

Y v, w I—ZI VAT (5.118)

i=1

=~

so that both sides do or do not equal unity, and hence y € V iff y' € V'. g



148 5 Symmetry in quantum mechanics

Wigner’s Theorem for H = C? (i.e. Theorem 5.7) implies:
Lemma 5.31. IfV and V' are related as in Lemma 5.30, and

dim(V) = dim(V') = 2, (5.119)
then there is a unitary or anti-unitary operator uy .V — V' such that
W(e) = uyeuy, (5.120)

for any one-dimensional projection e € Z1(V), where 21(V) C P (H) consists of
all e € 22\ (H) with eH C V. Moreover, uy is unique up to a phase.

Proof. A choice of basis for both V and V' gives unitary isomorphisms u : V 5c?
and «’ : V/ = C?, which jointly induce a map

W =u/'Wu™! . 2,(C?) — 2,(C?). (5.121)

This maps satisfies the hypotheses of Wigner’s Theorem in d = 2, and so it is (anti-)
unitarily induced as W' = a,, where v : C> — C? is (anti-) unitary. Then the operator
uy = (u')~'vu does the job; its lack of uniqueness stems entirely from v. O

Lemma 5.32. Given a Wigner symmetry W, the ensuing operator uy is either uni-
tary or anti-unitary for all two-dimensional subspaces V. C H (simultaneously).

Proof. We first design a “unitarity test” for W. Define a function

T:21(H)x 2 (H)x P (H)— C,; (5.122)
T(e,f,g) =Tr(efg), (5.123)
T(ey, ey, ey;) = (Wi, ¥2) (¥2, v3) (W3, 1), (5.124)

Let V C H be two-dimensional and pick an orthonormal basis (v;, V). Define
X =01, x2= (01 —0)/V2, x3=(vi—iv)/V2. (5.125)
A simple computation then shows that
T(ey, e €x) = 5(1410). (5.126)
It follows from (5.124) that for u unitary and v anti-unitary, we have

T (euy, s euysseuy;) =T (ey, ey, ey, ); (5.127)
T (evy,,evy,,evy;) = T ey, ey, ey;)- (5.128)

Eq. (5.126) implies that if W : V — V' is (anti-) unitarily implemented, we have

T(W(ey, ), W(ey,),W(eys)) = T(euy, s u s uys) = 5(1 £, (5.129)
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with a plus sign if u is unitary and a minus sign if u is anti-unitary. Now take a
second pair (V, V') as above, and pick a basis (0, D) of V, with associated vectors
(%1,7%2,73), as in (5.125). Suppose u : V — V' implementing W is unitary, whereas
ii: V — V' implementing W is anti-unitary. It then follows from (5.129) that

T(W(ey, ), Wley,):W(ey)) =T (euy s uzseuy;) =
T(W(ezl)vw(eiz)vw(e&)) = T(eliﬂh 78115(276115[3) =

(1+i); (5.130)
(1—i). (5.131)

S N

In view of (C.637), the following expression defies a metric d on & (H):

d(ey,eq) = [0y — 0| = |ley —eg|l1 =24/ 1= [{@, y)|?, (5.132)

with respect to which both W and T are continuous (the latter with respect to the
product metric on 2 (H)3, of course). Let # — (01 (), 02(¢)) be a continuous path of
orthonormal vectors (i.e., in H x H), with associated vectors () (¢), x2(¢), x3(t)), as
in (5.125). Then the function f(¢) = T(W(x1(1)),W(x2(1)),W(x3(¢))) is continu-
ous, and by (5.129) it can only take the values }(14). Hence f(r) must be constant.
However, taking a path such that (v;(0),2(0)) = (v1,12) and (v;(1),02(1)) =
(D1, D), gives f(0) = 1(1+1) and f(1) = }(1—i), which is a contradiction. O

Lemma 5.33. Wigner’s Theorem holds for three-dimensional Hilbert spaces.

Proof. Let (v1,0,3) be some basis of of H (like the usual basis of H = C3). We
first show that if W is the identity if restricted to both span(v;, v;) and span(vy, 3 ),
then W is the identity on H altogether. To this end, take Y =Y, ¢;V;, initially with
c1 € R\{0}. Take a unit vector y' € W(ey ), with y = }¥; c/v;. By the first assump-
tion on W we have (v, y')| = |(v, y)| for any unit vector v € span(vy, ;). Taking

v=0, V=1 V=(V+0)/V2, v=(+in)/V2, (5.133)
gives the equations
il =leil, [Al=leal, [ef+chl=lei+eal, |6) —ich| =|e1 —ica], (5.134)

respectively. By a choice of phase we may and will assume ¢} = ¢y, in which case
the only solution is ¢ = ¢} (geometrically, the solution ¢} lies in the intersection
of three different circles in the complex plane, which is either empty or consists
of a single point). Similarly, the second assumption on W gives c¢3 = ¢4, whence
v’ = y. The case c; = 0 may be settled by a straightforward limit argument, since
inner products (and hence their absolute values) are continuous on H x H.

Given a Wigner symmetry W : &) (H) — &1 (H ), we now construct u as follows.

1. Fix a basis (v1, 02, v3) with “image” (v}, v}, v5) under W, i.e, W(ey,) = ey

2. The unitarity test in the proof of Lemma 5.32 settles if the operators should be
chosen to be unitary or anti-unitary; for simplicity we assume the unitary case.

3. Define a unitary u; : H — H by u;v} = v; for i = 1,2,3, and subsequently de-
fine Wi = ay, oW, which (being the composition of two Wigner symmetries)
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is a Wigner symmetry. Clearly, W (ey,) = ey, (i = 1,2,3), so that W; maps
P\ (H(1)) to itself, where H(5) = span(v;,v2). Hence Lemma 5.31 gives a uni-
tary map il : H(12) — H(12) such that the restriction of W to H13) is &, -

4. Define a unitary up : H — H by up = ﬁl_l on H(]z) and uy 3 = V3, followed by the
Wigner symmetry W = o, o Wy. By construction, W»(ey,) = ey, fori =1,2,3)
(W5 is even the identity on &1 (H(yy))), so that W» maps & (H(;3)) to itself,
where H13) = span(vy, v3). Hence the restriction of W5 to Hy3) is implemented
by a unitary i, : H(13) — H(13), whose phase may be fixed by requiring ii; V1 = .

5. Similarly to up, we define u3 : H — H by u3 = ﬁ;l on H(j3y and u3vz = 02, s0o
that u3 is the identity on H(y). Of course, we now define a Wigner symmetry

W3 = o, oW3 = @ty 0t 0 0, 0 W, (5.135)

which by construction is the identity on both &\ (H3)) and &) (H|;3)), and so
by the first part of the proof it must be the identity on all of 22| (H). Hence

= — S, g
W—(Xul—loauz—loaua—l =0y (u=uy uy uz"). O

Lemma 5.34. As in Lemma 5.30, if dim(V) = dim(V') = 3, then there is a unitary
or anti-unitary operator uy : V — V' such that W(e) = uyeu;, for any e € 2, (V),

Proof. Given Lemma 5.33, the proof is practically the same as for Lemma 5.31. [

We now finish the proof of Wigner’s Theorem. We assume that the outcome
of Lemma 5.32 is that each uy is unitary; the anti-unitary case requires obvious
modifications of the argument below. The first step is, of course, to define u(Ay) =
Auy, A € C (so this would have been Auy in the anti-unitary case). Let ¢ € H be
linearly independent of y and consider the two-dimensional space V spanned by y
and ¢. Define u(¢@) = uy ¢. With (5.117), this defines u on all of H. To prove that
u is linear, take ¢ and ¢ linearly independent of each other and of y, so that the
linear span V3 of y, @y, and ¢, is three-dimensional. Let V; be the two-dimensional
linear span of y and @;, i = 1,2. Then u@; = uy,@;, where the phase of uy, is fixed
by (5.117). Let w : V3 — V be the unitary that implements W according to Lemma
5.33.2, with phase determined by (5.117). Since uy, and uy, and w are unique up
to a phase and this phase has been fixed for each in the same way, we must have
uy, = wyy, and uy, = Wiy, - Finally, we have V}, spanned by y and ¢; 4 ¢, and by
the same token, uy,, = w)y,,. Now w is unitary and hence linear, so

u(@1+@2) = uy, (@1 + @2) = w(P1 + @2) = w(@1) +w(¢2)
= uy, (@1) +uy,(@2) = u(@1) +u(@2),

since this is how u was defined. Since each uy is unitary, so is u, and similarly it is
easy to verify that u implements W, because each uy does so. 0
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5.6 Some abstract representation theory

Since all symmetries we have considered (named after Wigner, Kadison, Jordan,
Ludwig, von Neumann, and Bohr) are implemented by either unitary or anti-unitary
operators, which are determined (by the given symmetry) only up to a phase z € T,
the quantum-mechanical symmetry group ¢/ of a Hilbert space H is given by

9" — (UH)UU,(H))/T, (5.136)

where U(H) is the group of unitary operators on H, and U,(H) is the set of anti-
unitary operators on H; the latter is not a group (since the product of two anti-
unitaries is unitary) but their union is. Furthermore, T is identified with the normal
subgroup T=T- 1y ={z-1g|z€ T} of U(H)UU,(H) (and also of U (H)) consist-
ing of multiples of the unit operators by a phase; thus the quotient ¢ is a group.

The fact that ¢* rather than U (H) is the symmetry group of quantum mechanics
has profound consequences (one of which is our very existence), which we will
study from §5.10 onwards. However, this material relies on the theory of “ordinary”
(i.e., non-projective) unitary representations, which we therefore review first.

Namely, let G be a group. In mathematics, the natural kind of action of G on a
Hilbert space H is a unitary representation, i.e., a homomorphism

u:G—U(H), (5.137)

so that u(x) ™! = u(x™") = u(x)* and u(x)u(y) = u(xy), which imply u(e) = 1.

As to the possible continuity properties of unitary representations in case that
G is a topological group (i.e., a group G that is also a topological space, such that
group multiplication G X G — G and inverse G — G are continuous), one should
equip U (H) with the strong operator topology (as opposed to the norm topology).

Proposition 5.35. If u : x — u(x) is a unitary representation of some locally compact
group G on a Hilbert space H, then the following conditions are equivalent:

1. The map G x H — H, (x, ¥) — u(x)y, is continuous;
2. The map G — U(H), x — u(x), is continuous in the strong topology on U (H).

Proof. Strong continuity means that if x), — x in G, then for each ¥ € H we have
[[(ee(xy) —u(x))w]|| — 0. This is clearly implied by the first kind of continuity, giving
1 = 2, so let us prove the nontrivial converse. Suppose x; — x and Y, — Y, since
G is locally compact, x has a compact neighborhood K and we may assume that
each x; € K. If u is strongly continuous, then for any ¢ € H the set {u(y)p,y € K}
is compact in H and hence bounded. The Banach—Steinhaus Theorem B.78 gives
boundedness of the corresponding operator norms, that is, {||u(y)||,y € K} < Ck for
some Cgx > 0. We now estimate

[l ) W = uC) W < JJulea) W = ulea) Wil + [ (u(xn) = u() |-

The first term vanishes as W, — y since it is bounded by Cx ||y, — /||, whereas the
second vanishes as x; — x by the (assumed) strong continuity of u. O
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Since the first kind of continuity is the usual one for group actions, this justifies the
choice of strong continuity as the natural one for unitary representations (to which
a pragmatic point may be added: norm continuity is quite rare for unitary represen-
tations on infinite-dimensional Hilbert spaces). Things further simplify under mild
restrictions on G and H, which are satisfied in all examples of physical interest.

Proposition 5.36. If H is separable and G is second countable locally compact
(sclc), then each of the two continuity conditions in Proposition 5.35 is in turn equiv-
alent to weak measurability of u, in that for each ¢,y € H the function

x> (@, u(x)y)

from G to C is (Borel) measurable.

Proof. This spectacular result is due to von Neumann, who more generally proved
that a measurable homomorphism between sclc groups is continuous. This implies
the claim: first, if H is separable, then the group U(H) is sclc in its weak operator
topology, so that if the map G — U(H), x — u(x) is weakly measurable, then it
is continuous in the weak topology on U (H). Second, for any Hilbert space, weak
(operator) continuity of a unitary representation implies strong continuity (so that,
given the trivial converse, weak and strong continuity of unitary group representa-
tions are equivalent). We only prove this last claim: for x,y € G, we compute

1 (u(y) —u())yll = @)yl + @) wl® = )y, ul)y) — @)y, u() )
= 2/|yl? — (w.ulx™ )W) — (wu(y )W),
Weak continuity obviously implies that the function x — (Y, u(x)y) is continuous
at the identity e € G, so if y = xj — x, then || (u(xy ) —u(x))y| — 0. O

In view of this, it is hardly a restriction for a unitary representation of a locally com-
pact group on a Hilbert space to be continuous in the sense of Proposition 5.35, so
we always assume this in what follows. Furthermore, any group we consider is lo-
cally compact, so this will be a standing assumption, too. An important consequence
of this assumption is the existence of a translation-invariant measure on G.

Theorem 5.37. Each locally compact group G has a canonical nonzero (outer reg-
ular Borel) measure |, called Haar measure, which is left-invariant in that

LanL,r = [ duto s, (5.138)
foreach f € C.(G) and y € G, where the left translation L, of f by y is defined by

Lyf(x) = f(y %) (5.139)

This measure is unique up to scalar multiplication. Moreover, if G is compact, then:

1. p is finite and hence can be normalized to a probability measure, i.e.,

1(G) = 1. (5.140)
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2. W is also right-invariant in that

| dutRrs ) = [ au) s, (5.141)
where the right translation R, of f by y € G is defined by

Ry f(x) = f(xy). (5.142)

3. W is invariant under inversion, in that

[ dut) s = [ du £, (5.143)
G G

Existence is due to Haar and uniqueness was first proved by von Neumann. One
often writes dx = du(x) for Haar measure. Here are some examples:

e For G = R", Haar measure equals Lebesgue measure (i; (up to a constant); egs.
(5.139) and (5.141) state the familiar translation invariance of L.
e For G=T, we have

. B 1 2T 0
[an@r@ =5 [ o). (5.144)
e For G = GL,(R) with X = (x;;), we have
du(X) = ]m‘[ dx;j| det(X)| ™", (5.145)
ij=1

which for G = SL,(R) of course simplifies to du(X) = [1; ; dxi;.

Definition 5.38. A unitary representation u of a group G on a Hilbert space H is
irreducible if the only closed subspaces K of H that are stable under u(G) (in the
sense that if y € K, then u(x)y € K for all x € G) are either K = H or K = {0}.

We will often need two important results about irreducibility. The first is Schur’s
Lemma, in which the commutant S’ of some subset S C B(H) is defined by

S"={ae€B(H) |ab = baVb' € S}. (5.146)
Lemma 5.39. A unitary representation u of a group G is irreducible iff
u(G) =C-1, (5.147)

i.e., if au(x) = u(x)a for each x € G implies a = A - 1y for some A € C.

This follows from Theorem C.90, of which the above lemma is a special case: take
A =u(G)" = (u(G)")'. The second is part of the Peter—Weyl Theorem.

Theorem 5.40. Irreducible representations of compact groups are finite-dimensional.
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Proof. We first reduce the situation to the unitary case: if (-,-,) is the given inner
product on H, we define a new inner product (-,-,) by averaging with respect to
Haar measure dx = du(x), i.e.,

(v.0) = [ dx(w@y.u(e). (5.148)

Using (5.141), it is easy to verify that this new inner product makes u unitary.
Soletu: G — u(H) be an irreducible unitary representation. For each unit vector
¢ € H and x € G, we define the following projection and its G-average:

Culx)p = |u(x)(p><u(x)(p‘7 (5.149)
W¢ :/deeu(x)q,. (5.150)

The Weyl operator (5.150) is initially defined as a quadratic form by

<W1’W(Pw2>:‘/de<wlveu(x)(pw2>- (5151)

The integral exists because the integrand is continuous and bounded, defining a
bounded quadratic form by the estimate |(y1,Wpyn)| < ||y1]|[|y2||, where we as-
sumed (5.140) and used ||e, (x|l = 1, as (5.149) is a nonzero projection. Thus the
operator W, may be reconstructed from its matrix elements (5.151), cf. Proposition
B.79. It is easy to verify that [W,,u(y)] = 0 for each y € G, so that Schur’s Lemma
yields Wy = A - 17 for some Ay € C. Hence (W, Woy) = A, ||y||%, in other words,

[ axltw.ut)p) = Agllv. (5152

If we now interchange @ and y and use (5.143) we find A¢||y||> = Ay || @||%, so that,
taking y to be a unit vector, too, since ¥ and ¢ are arbitrary we obtain A, = Ay, = A,
where in fact A > 0, as follows by taking ¥ = ¢ in (5.152). Finally, take n or-
thornormal vectors (vy,...,V,) in H, so that also (u(x)vy,...,u(x)v,) are orthonor-
mal (since u(x) is unitary), upon which Bessel’s inequality (B.212) gives

Y [y ux)v) P < [lw*. (5.153)

i=1

Integrating both sides over G, taking ||y|| = 1, and using (5.140) gives
n
Y. [ axlwautvf <1. (5.154)
=176

On the other hand, summing (5.152) over i simply yields nA, whence nA < 1, for
any n < dim(H). Since A > 0 this forces dim(H) < co. O
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5.7 Representations of Lie groups and Lie algebras

We now assume that G is a Lie group; as in §3.3, for our purposes we may restrict
ourselves to linear Lie groups, i.e. closed subgroups of GL,(K) for K =R or C.
Let u : G — U(H) be a unitary representation of a Lie group G on some Hilbert
space H (assumed strongly continuous). If H is finite-dimensional, the following
operation is unproblematic: for A € g (i.e. the Lie algebra of G) we define an operator

W'(A) : H— H,; (5.155)
, d
W' (A) = Eu(em)‘tzo. (5.156)

This gives a linear map ' : g — B(H), which satisfies

[/ (A),u/ (B)] = u'([A, B)); (5.157)
(A" = —u(A). (5.158)

Note that physicists use Planck’s constant 7 > 0 and like to write
n(A) = il (A), (5.159)
so that one has the following commutation relations and self-adjointness condition:

(), 2(B)] = ihm([A,B)); (5.160)
T(A)* = m(A). (5.161)

If one knows that u’ : g — B(H) comes from u : G — U (H), one conversely has
u(et) = W = =i, (5.162)

More generally, we call a map p : g — B(H) (where H = C" remains finite-
dimensional, so that p : g — M, (C)), a skew-adjoint representation of g on H if

[p(A),p(B)] = p([A,B]); (5.163)
p(A)" = —p(A). (5.164)

The property of irreducibility of such a representation p : g — B(H) is defined in
the same way as for groups, namely that the only linear subspaces of H = C" that
are stable under p(g) are {0} and H. Equivalently, by Schur’s Lemma, p(g) is irre-
ducible iff the only operators that commute with all 7£(A) are multiples of the unit
operator. If p = ' for some unitary representation u(G), it is easy to see that u
is irreducible iff «’ is irreducible. In view of this, it is a reasonable strategy to try
and construct irreducible unitary representations u(G) by starting, as it were, from
u'(g). More precisely, if p is some (irreducible) skew-adjoint representation of g,
we may ask if there is a (necessarily irreducible) unitary representation #(G) such
that p = /. Writing exp(p) for u, one would therefore hope that
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u(e) =ef (&) = ePW, (5.165)

as in (5.162). Note that if G is connected, then p duly defines u(x) for each x € G
through (5.165), since by Lie theory every element x of a connected Lie group is a
finite product x = exp(A;) - --exp(A,) of exponentials of elements (A1,...,A,) of g.

In general, this hope is in vain, since although each operator exp(A) is unitary, the
representation property u(x)u(y) = u(xy) may fail for global reasons. For example,
if G = SO(3), then g = R?, with basis (J1,J2,J3), as in (3.66). Define an a priori
linear map p : g — M>(C) by linear extension of

p(]k) = —%Z'O'k7 (5.166)
where (07, 0,,03) are the Pauli matrices (5.42), so that physicists would write
n(Jy) = $hoy, (5.167)

cf. (5.159). This is easily checked to give a skew-adjoint representation of g, but it
does not exponentiate to a unitary representation of SO(3): as already mentioned
after Proposition 5.46, if u is a unit vector in R3, then a rotation Rg(u) around the
u-axis by an angle 6 € [0,2x7] is represented by

u(Rg(u)) =cos(0/2)-1,+isin(6/2)u-o. (5.168)

Consequently, u(Rz(u)) = iu- o, so that u(R;(u))?> = —1,, although within SO(3)
one has R;(u)? = e, the unit of SO(3), so that u(Rz(u))? # u(Rz(u)?).

However, p does exponentiate to a representation of SU(2), which happens to
be the universal covering group of SO(3). This is typical of the general situation,
which we state without proofs. We first need a refinement of Lie’s Third Theorem:

Theorem 5.41. Let G be a connected Lie group G with Lie algebra g. There exists
a simply connected Lie group G, unique up to isomorphism, such that:

o The Lie algebra of G is g.
o G=G/D, where D is a discrete normal subgroup of the center of G.
o D= m(G), ie., the fundamental group of G, which is therefore abelian.

For example, for G = SO(3) we have G = SU(2) and D = Z, cf. Proposition 5.46.

Theorem 5.42. Let G| and G, be Lie groups, with Lie algebras g and g,, respec-
tively, and suppose that G is simply connected. Then every Lie algebra homomor-
phism @ : g1 — g2 comes from a unique Lie group homomorphism @ : G| — G,
through @ = @', where (realizing G| and G, as matrices)

i@(etX)

X =4

=0" (5.169)
Let H be a finite-dimensional Hilbert space, so that B(H) = M,(C), where n =
dim(H), and take U (H) = U, (C) to be the group of all unitary matrices on C". The
Lie algebra u,(C) of U,(C) consists of all skew-adjoint n x n complex matrices.

Since irreducibility is preserved under the correspondence u(G) < u/(g), we infer:
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Corollary 5.43. Let G be a simply connected Lie group with Lie algebra g. Any
finite-dimensional skew-adjoint representation © : g — u,(C) of g comes from a
unique unitary representation u(G) through (5.156), in which case we have

W =y () (Acg). (5.170)

Thus there is a bijective correspondence between finite-dimensional unitary repre-
sentations of G and finite-dimensional skew-adjoint representations of g. In partic-
ular, if G is compact, this specializes to a bijective correspondence between unitary
irreducible representations of G and skew-adjoint irreducible representations of g.

If G = G/D is connected but not simply connected, then a finite-dimensional
skew-adjoint representation p : g — B(H) exponentiates to a unitary representation
u:G — U(H) iff the representation exp(p) : G — U(H) is trivial on D.

For example, G = SO(3), the last condition is satisfied for the irreducible repre-
sentations with integer spins j € N (as well as for j = 0), see §5.8.

A similar construction is possible when H is infinite-dimensional, except for the
fact that the derivative in (5.156) may not exist. For example, G = R has its canonical
regular representation on H = L?(R), defined by u(a)w/(x) = w(x—a), in which case
(5.159) gives some multiple of the momentum operator —ifid /dx. This operator is
unbounded and hence is not defined on all of H, see also §5.11 and §5.12. As in
Stone’s Theorem 5.73, this problem is solved by finding a suitable domain in H on
which the underlying limit, taken strongly, does exist. This is the Garding domain

D6 ={ul(Hy.fecc(G v e}, (5.171)
where for each f € C*(G) (or even f € L'(G)) the operator u/ (f) is defined by
W (f) = / dx f(Oulx). (5.172)
JG

Like the derivative «/, this integral is most easily defined weakly, i.e., the (bounded)
operator ul (f) is initially defined as a bounded quadratic form

0(0.y) = /G dx £(x) (9, u(x) ), (5.173)

from which the operator u-/.( f) may be reconstructed as in Proposition B.79. Note
that the function x — (@,u(x)y) is in Cy(G), so that the integral (5.173) exists.

It can be shown that Dg is dense in H, as well as invariant under u'(g), in the
sense that if W € Dg, then «/ (A) y € Dg for any A € g. Furthermore, for each ¢ € Dg
the function x — u(x)¢ from G to H is smooth (if G is unimodular this property
even characterizes D). The commutation relations (5.157) then hold on Dg, but
the equalities (5.164) do not: one has to choose between (5.157) and (5.164), since
the latter holds for the closure of each m(A) (i.e., each ip(A) is essentially self-
adjoint on D), whose domain however depends on A: there is no common domain
on which each ip(A) is self-adjoint and the commutation relations (5.157) hold.
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5.8 Irreducible representations of SU(2)

One of the most important groups in quantum physics is SU(2), both as an internal
symmetry group—e.g. of the Heisenberg model of ferromagnetism, of the weak nu-
clear interaction, and possibly also of (loop) quantum gravity—and as a spatial sym-
metry group in disguise (all projective unitary representations of SO(3) come from
unitary representations of SU(2), preserving irreducibility, cf. Corollary 5.61). In
this section we review the well-known classification and construction of its unitary
irreducible representations. Since SU (2) is compact, by Theorem 5.40 all its unitary
irreducible representations are finite-dimensional. Since G = SU(2) is also simply
connected, by Corollary 5.43 its irreducible finite-dimensional (unitary) represen-
tations u bijectively correspond to the irreducible finite-dimensional skew-adjoint
representations p = u’ of its Lie algebra g. Hence our job is to find the latter.

We already encountered the basis (3.66) of the Lie algebra s0(3) = R? of SO(3);
the corresponding basis of the Lie algebra su(2) of SU(2) is (S, S2,S53), where

Sy = —%icrk, (5.174)

and the oy are the Pauli matrices given in (5.42); linear extension of the map Jj — S
defines an isomorphism between so(3) and su(2). These matrices satisfy

[Si,S;] = € xSk, (5.175)

where g;j; is the totally anti-symmetric symbol with &3 = 1 etc., so that (5.175)
comes down to [S1,S2] = S3, [S3,51] = 2, and [S;,S3] = S). By linearity, finding p
is the same as finding n X n matrices

Ly =ip(Sy) (5.176)
that satisfy
[L,‘,Lj] = igijkLk7 (5177)
ie., [Li,Ly] =iLs, etc., and
Li = L. (5.178)

It turns out to be convenient to introduce the ladder operators
Ly=L;+il,, (5.179)
with ensuing commutation relations

[L3,Ly] = *Ly; (5.180)
[Li,L_] =2Ls. (5.181)

Furthermore, we define the Casimir operator

C=L3+13+13, (5.182)
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which, crucially, commutes with each Ly, i.e.,
[C,Ly] =0 (k=1,2,3). (5.183)
By Schur’s lemma, in any irreducible representation we therefore must have
C=c-1y, (5.184)
where ¢ € R (in fact, ¢ > 0). We will also use the additional algebraic relations

L.L_=C—Ls(Ls—1p): (5.185)
L_L. =C—Ls(Ls+1p). (5.186)

The simple idea is now to diagonalize L3, which is possible as L3 = L3. Hence

H= @ H, (5.187)
Aea(Ls)

where ¢ (L3) is the spectrum of L3 (which in this finite-dimensional case consists
of its eigenvalues), and H) is the eigenspace of L3 for eigenvalue A (i.e., if v € H,
then L3 v = A v). The structure of (5.187) in irreducible representations is as follows.

Lemma 5.44. Let p : su(2) — B(H) be a finite-dimensional skew-adjoint irre-
ducible representation, so that (5.177) holds. Then the spectrum & (L3) of the self-
adjoint operator Ly = ip(S3) is given by

o(Lz)={—j,—j+1,---,j—1,j} (5.188)

If (5.187) is the spectral decomposition of H relative to Ls, then:

1. The subspace H) is one-dimensional for each A € o (L3);
2. For A < j the operator L maps H) to H) |, whereas L, =0 on Hj;
3. For A > — j the operator L_ maps Hy, to H __,, whereas L_ =0 on H_j.

Proof. For any A € o(L3) and nonzero v; € H,, we have:

e cither A +1 € o(L3) and Ly v, € H)_; (as a nonzero vector);
e orLivy, =0.

Indeed, (5.180) gives L3(Lyv)) = (A + 1)L, v,, which immediately yields the
claim. Similarly, either A — 1 € 6(L3) and L_v) € H;_y, or L_v;, = 0. Now let
Ao = mino(L3) be the smallest eigenvalue of L3, and pick some 0 # vy, € Hy, .
Since H is finite-dimensional by assumption, there must be some k € No = NU {0}
such that Llfl Uy, = 0, whereas all vectors Ll+ Uy, for 1 =0,... k are nonzero (and
lie in Hj, ;). With ¢ defined as in (5.184), it then follows from (5.185) - (5.186) that

c—2(A—1)=0; (5.189)
c—(A+k)(Ap+k+1)=0. (5.190)
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These relations imply Ay = —k/2, so that by the above bullet points we also have
{=k/2,—k/24+1,...,k/2—1,k/2} C o(L3). (5.191)
To prove equality, as in (5.188), consider the vector space
H =C-0,&C-Livy & &L vy, &Lk vy CH; (5.192)

this is just the subspace of H with basis (Vy,, L1 0y, .- ,Lﬁ’lv%,Lﬁv%). By the
previous arguments following from (5.180), we see that the operators Ly and L_
never leave H’, and the same is trivially true for L3. Therefore, if p is irreducible,
then we must have H = H (and conversely). All claims of the lemma are now
trivially verified on H'. O

It should be clear from this proof that the actions of L, L_, and L3 (and hence of all
elements of su(2)) on H' = H) are fixed, so that p is determined by its dimension

dim(H) =2j+1, (5.193)

from which it follows that j can only take the values 0,1/2,1,3/2,....

It remains to fix an inner product on H' in which p is skew-adjoint, i.e., in which
L3 =Lz and L} = L_ (which implies that L} = L; and L = L, which jointly imply
p(X*) = —p(X) for any X € g). This may be done in principle by starting with
any inner product, integrating p to a unitary representation of SU(2), and using the
construction explained at the beginning of the proof of Theorem 5.40. In practice, it
is easier to just calculate: take H = C" with n =2 + 1, standard inner product, and
standard orthonormal basis (i), labeled as { = 0,1,...,2j). Then put

Lyuy = (I — j)us; (5.194)
Liu = (l—|—1)(n—l—1)ul+1; (5.195)

L,ul = \/l(n—l)ul,l. (5196)

Note that (5.195) is even formally correct for / =2j, since in that casen—2j—1 =0,
and similarly, (5.196) formally holds even for [ = 0. The commutation relations
(5.180) - (5.181) as well as the above conditions for skew-adjointness may be ex-
plicitly verified, from which it follows that for any prescribed dimension (5.193) we
have found a skew-adjoint realization of p. Clearly, u; = v;_;.

In view of Theorem 5.40 and Corollary 5.43 we have therefore proved:

Theorem 5.45. Up to unitary equivalence, any (unitary) irreducible representation
of SU(2) is completely determined by its dimension n = dim(H), and any dimension
n € No =NU{0} occurs. Furthermore, if j is the number in (5.188), we have

n=2j+1. (5.197)

Physicists typically label these irreducible representations by j (called the spin of
the given representation) rather than by n, or even by ¢ = j(j+ 1), cf. (5.184).
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Corollary 5.43 shows that one may pass from p(su(2)) to a unitary representation
u(SU(2)), of which one may give a direct realization. For j € Ny /2, define H; as the
complex vector space of all homogeneous polynomlals p in two variables z = (zl ,22)
of degree 2j. A basis of H; is given by (1,27 'z2,...,2125) ', 25’), which has
2j+ 1 elements. So dim(H ) 2j+ 1. Then consider the map

D;:SU(2) — B(H;); (5.198)
Dj(u)f(z) = f(zu). (5.199)

Clearly,
Dj(e)f(z) = f(z-12) = f(2)), (5.200)

soDj(e) =1, and

Dj(u)Dj(v)[f(z) = Dj(v)f(zu) = f(zuv) = Dj(uv) f(2),

so Dj(u)D;(v) = Dj(uv). Hence D; is a representation of SU(2).
We now compute Lz = —1iS3 on this space. From (5.156) with u ~~ D i, we have

Y i0\ _ ,.d_ (e 0
Ly = —LiD), <O—z>2’dtD’<0e”>,0’ (5.201)

so that

D=

Liyf(z) = —%i%f(e"’m,e‘”zz),:o = (21 9f() —Z2W> . (5.202)

271 dz

Similarly, we obtain

df(z)

Lif(z) =2 o (5.203)
P
L f(z) =2 gz(lz). (5.204)

Hence f>j(z) = z%j gives L3 f>; = jf2), and fo(z) = z%’ gives L3fo = —jfp. In
general, fj(z) = zllzgj ! spans the eigenspace H, of L with eigenvalue A = —j + 1.
Sincel =0,1,...,2j, this confirms (5.188), as well as the fact that the corresponding
eigenspaces are all one-dimensional. The rest is easily checked, too, except for the
unitarity of the representation, for which we refer to the proof of Theorem 5.40.

Finally, we return to SO(3). Either explicit exponentiation (5.165), as done for
Jj=1/21in (5.168), or the above construction of D;, allows one to verify the crucial
condition stated in Corollary 5.43, namely that D;(5) = 1 n; for 6 € D=7,, which
comes down to Dj(—12) = 1p;. This is easily seen to be the case iff j € No.

Corollary 5.46. Up to unitary equivalence, each unitary irreducible representation
of SO(3) is completely fixed by its dimensionn =2j+ 1, where j € Ny (so thatn =1
for spin-0, n =3 for spin-1, n =5 for spin-2, ... ), and each such dimension occurs.
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5.9 Irreducible representations of compact Lie groups

Because of its importance for the classical-quantum correspondence (cf. §7.1) we
first reformulate the main result of the previous section (i.e. the classification the
irreducible representations of SU(2)) and on that basis generalize this result to arbi-
trary compact Lie groups. This gives a classification of great simplicity and beauty.

We already encountered the coadjoint representation (3.100) of a Lie group G on
g*, given by (x-0)(A) = 0(x 'Ax), where x € G, 0 € g*, A € g. The orbits under
this action are called coadjoint orbits. If G = SO(3), we have g = R3 under the map

3
x-J= Zxxli — (x1,%2,X3) =X, (5.205)
k=1

where the matrices J are given in (3.66). Hence also g* =2 R?® under the map

3
0 — ((el, 6,,63) :x— ) kak> ) (5.206)

k=1

Writing R € SO(3) for a generic element x € G, analogously to (5.44), we can com-
pute the adoint action R : A — RAR™!, seen as an action on R?, through

R(x-J)R™" = (Rx)-J. (5.207)
Using the fact that the angular momentum matrices transform as vectors, i.e.,

RIR " =Y R;iJ;, (5.208)
j

we find that the adjoint action of SO(3) on g, seen as R, is its defining action. In
general, if g = R” and also g* = R” under the usual pairing of R” and R” through
the Euclidean inner product, the coadjoint action of G on g*, seen as an action on
R", is given by the inverse transpose of the adjoint action on g = R". For SO(3) we
have (R~1)T = R, so the coadjoint action of SO(3) on R? is just its defining action,
too, and hence the coadjoint orbits are the 2-spheres S, with radius r > 0.

Turning to SU(2), we now make the identification of g* with R3 slightly differ-
ently, namely by replacing the 3 x 3 real matrices J; in (5.205) by the 2 x 2 matrices
S; in (5.174), but the computation is similar: using (5.44) - (5.45), we find that the
coadjoint action of u € SU(2) on R? is given by the defining action of 7 (u) € SO(3),
cf. (5.46). It follows that the coadjoint orbits for SU(2) are the same as for SO(3).

Returning to general Lie groups G for the moment, assumed connected for sim-
plicity, we take some coadjoint orbit & C g*, fix apoint @ € & (so that 0 =G -0 =
Gyg), and look at the stabilizer Gg and its Lie algebra gg. Since the derivative Ad’ of
the adjoint action Ad of G on g—defined as in (5.156)—is given by

Ad'(A): B [A,B], (5.209)
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it follows that the “infinitesimal stabilizer” gg is given by
go={Acg|0(AB])=0VBecg}. (5.210)

Consequently, the restriction of 8 : g — R to gg C g is a Lie algebra homomorphism
(where R is obviously endowed with the zero Lie bracket). Consider a character
X : Gg — T, which is the same thing as a one-dimensional unitary representation
of Gg. If we regard T as a closed subgroup of GL;(C), its Lie algebra t is given
by iR C M;(C) = C. It is conventional (at least among physicists) to take —i as
the basis element of t, so that t = R under —ir <+ ¢, so that the exponential map
exp : t = T (which is the usual one), seen as a map from R to T, is given by # —
exp(—ir). Defining the derivative x’ : gg — C as in (5.156), it follows that actually
X' : gg — iR, so that iy’ maps gg to R and is a Lie algebra homomorphism.

Definition 5.47. Let G be a connected Lie group. A coadjoint orbit O C g* is called
integral if for some (and hence all) 6 € O one has 6,5, = iy’ for some character
X :Gg — T, i.e., if there is a character ) such that for each A € gg one has

0(A) = i%x (e) —o- (5.211)
In the simplest case where G = T, the coadjoint action on t* is evidently trivial, so
that Gy = G = T for any 6 € t* = R. Furthermore, any character on T takes the
form y,(z) = 7", where n € Z, cf. (C.351). As explained above, if t = R and hence
also t* = R, the identification of A € t* with A € R is made by A(—i) <+ A, where
—i € t. If y = Xy, the right-hand side of (5.211) evaluated at A = —i equals 7, so that
(5.211) holds iff 8 = n for some n € Z. Thus the integral coadjoint orbits in t* are
the integers Z C R. Similarly, if G = T, the characters are elements of Z<, as in
Xngoomg) (@1s---52a) =212, (5.212)
and the integral coadjoint orbits in g* = R are the points of the lattice Z¢ C R?.
For G = SU(2) we take a coadjoint orbit 2 C R? and fix 6, = (0,0,r). If r =0,
then Gg = G and (5.211) holds for the trivial character y = 1, so the orbit {(0,0,0)}
is integral. Let r > 0. Then Gg, = G, consist of the pre-image of SO(2) in SU(2)
under the projection & in (5.46), where SO(2) C SO(3) is the group of rotations
around the z-axis. This is the abelian group

T = {diag(z,z) | z € T}. (5.213)

This group is isomorphic to T under diag(z,Z) — z and hence its characters are
given by x,(diag(z,z)) = 2", where n € Z. The identification g* = R3 is made by
identifying 6 € g* with (6;,6,,63), where 6; = 0(S;). Putting A = S3 in (5.211),
see (5.174), therefore gives r = n/2 for some n € N. We conclude that the coadjoint
orbits for SU(2) are given by the two-spheres S C R3 with r € Ny /2.

Similarly, for G = SO(3) the stabilizer of (0,0, r) is SO(2) = T itself, and putting
A = J3 in (5.211) one finds that the coadjoint orbits are the spheres S? with r € N.
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For any (Lie) group G, let the unitary dual G be the set whose elements are
equivalence classes of unitary irreducible representations of G, where we say:

Definition 5.48. Two unitary representations u; : G — U(H,), i = 1,2, are equiva-
lent if there is unitary v : Hy — Hy such that up(x) = vuy (x)v* for each x € G.

The examples G = T as well as for G = SU (2) now suggest the following theorem:

Theorem 5.49. If G is a compact connected Lie group, then the unitary dual G is
parametrized by the set of integral coadjoint orbits in g*.

Furthermore, there is an explicit (geometric) procedure to a construct an irreducible
representation u, corresponding to such an orbit, namely by the method of geo-
metric quantization. We will not explain this method, which would require some
reasonably advanced differential geometry, but instead we outline the connection
between coadjoint orbits and the well-known method of the highest weight.

Let G be a compact connected Lie group and pick a maximal torus 7 C G. Let

Wr =N(T)/T (5.214)

be the corresponding Weyl group, where N(T) is the normalizer of T in G (i.e.,
x € N(T) iff xzx~! € T for each z € T). Note that all maximal tori in compact
connected Lie groups are conjugate, so that the specific choice of T is irrelevant.

For example, for SU(2) we take (5.213), in which case N(T) is generated by T
and o] € SU(2), so that W = G, i.e., the permutation group on two variables. In
general the Weyl group inherits the adjoint action of N(T') on T, so that Wy acts on
T and hence also acts on t and t*; for SU(2) the action of the nontrivial element of
Wr, i.e., image [01] of 61 € N(T) in N(T)/T), on T is given by

[01](diag(z,Z)) = diag(z,z), (5.215)

so that its action on T = T is z — Z, which gives rise to actions A — —A of Wy on t
and hence A — —A of Wy on t*. This is a special case of the following bijection:

g°/G=t"/Wr, (5.216)

where the G-action on g* is the coadjoint one; globally, one has G/Ad(G) = T /Wr.
Indeed, for SU(2) the left-hand side of (5.216) is the set of spheres S? in R,
r > 0, whereas the right-hand side is R/&; (where &; acts on R by 6 — —0).
In general, a given coadjoint orbit & C g* defines a Weyl group orbit Oy in t*
as follows: & contains a point 8 for which T C Gy, and we take Oy to be the orbit
through 6. Conversely, any G-invariant inner product on g induces a decomposition

g=teth, (5.217)

which yields an extension of A € t* to 6, € g* that vanishes on . Let A C t* be
the set of integral elements in t* (as explained after Definition 5.47). Elements of A
are called weights. Theorem 5.51 below gives a parametrization
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G=A/Wr, (5.218)

which, restricting (5.216) to the integral part A C t*, implies Theorem 5.49.

Instead of with the quotient A /Wr, one may prefer to work with A itself, as
follows: we say that A € t* is regular if w- A for w € Wr iff w = e; this is the case
iff A = 6¢ with Gg = T. For SU(2) all weights A € Z are regular except 4 = 0.
The set tf of regular elements of t* falls apart into connected components C, called
Weyl chambers, which are mapped into each other by Wr. For SU(2) one has t* =
(—e0,0) U (0,0), so that the Weyl chambers are (—oo,0) and (0, o).

One picks an arbitrary Weyl chamber C; (for SU(2) this is (0,0)) and forms

Ad=ANCy, (5.219)

where C; is the closure of Cy in t*. Elements of A, are called dominant weights.
For each element of A /Wy there is a unique dominant weight representing it in A,
so that instead of (5.218) we may also write what Theorem 5.51 actually gives, viz.

G A, (5.220)

To explain this in some detail, we need further preparation. Any (unitary) represen-
tation u : G — U (H) on some finite-dimensional Hilbert space H restricts to 7', and
since 7 is abelian, we may simultaneously diagonalize all operators u(z), z € T. The
operators iu'(A), where A € t, commute as well, so that we may decompose

H= P Hy, (5.221)
HEAY

where Ay C A contains the weights that occur in ur, SO that for each y € Hy,

u@y = xu(@D)y (z€T); (5.222)
i (Z)y =u2)y (Zet), (5.223)

where the character x, : T — T corresponding to the weight pt € A is defined as
in (5.212) with u = (n1,...,ny) and z = (z1,...,24) € T = T%, where d = dim(T).
For example, we have seen that the irreducible representations D;(SU(2)) on H; =
C%/*! contains weights in Aj = {—j,—j+1,...,j—1,j}, where j € Ny/2.

In particular, take H = g¢ with some G-invariant inner product, cf. (5.148), and
take u = Ad, given by Ad(x)B = xBx~!, so that Ad’(A)(B) = [A, B], extended from
g to gc: we write gc = g+ ig and hence put Ad’(A)(B+iC) = [A, B] +i[A,C], where
A,B,C € g. We assume that the inner product (-,-,) on gc is obtained from a real
inner product on g by complexification. This inner product on g may be restricted
to t C g and hence induces an inner product on t*, also denoted by (-, -,). For ex-
ample, if G is semi-simple (like SU(2)), one may take the inner product on g and
hence on g¢ to be the Cartan—Killing form (A,B) = —1Tr (Ad'(A)Ad'(B)), which is
nondegenerate because G is semi-simple, and positive definite since G is compact.
For SU(2) or SO(3) this gives the usual inner product on R3 and C3.
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Definition 5.50. The roots of g are the nonzero weights of the adjoint representation
u = Ad on H = gc. That is, writing A C A for the set of roots, we have o € A iff
a : t — Ris not identically zero and there is some Ey € gc such that for each Z € {,

i[Z,Eq] = a(Z)Eq, (5.224)

cf. (5.223). Furthermore, subject to the choice of a preferred Weyl chamber Cy in t},
we say o, € A is positive, denoted by oo € AT, if (a,A) > 0 for each A € Cy.

Since (o, A) is real and nonzero for each @ € A and A € C,, one has either & € A™ or

—o€At,ie, 0 €A™ =—A". Since tis maximal abelian in g, it can also be shown
that each root is nondegenerate. Writing g, = C - E, this gives a decomposition
gc=tc P o P ga- (5.225)

aeAt acA~

For G = SU(2), the single generator of t is S3, and taking E1 = i(S] £ iS>), we see
from (5.180) that i[S3, E+] = +E . Hence the roots are o, given by oy (S3) = +1,
and with (0,0) as the Weyl chamber of choice, the root o is the positive one.

We now define a partial ordering < on A by putting u < A iff A —u = Y, n;o4
for some n; € Ny and o; € A™. This brings us to the theorem of the highest weight:

Theorem 5.51. Let G be a connected compact Lie group. There is a parametrization
G =2 Ay, such that any unitary irreducible representation uy : G — H),_in the class
A € G defined by a given dominant weight A € Ay has the following properties:

1. H), contains a unit vector Uy, unique up to a phase, such that

l'blll (Z)v, = A(2)vy, (Zet), (5.226)
iy (Eq)vy =0 (€ A™). (5.227)

2. Any other weight [t occurring in H, cf. (5.221), satisfies &L < A and 1 # A.
The crucial point is that egs. (5.226) - (5.227) imply

6, (A) = i(vy,uj (A)vy) (A€g), (5.228)

where 0 € g* was defined after (5.217) by L € A; C t*. Since each operator u (x)
is unitary, each vector uy (x)v;, is a unit vector, so we may form the G-orbit

7 = {ua () v2) (up (x)va],x € G} (5.229)

through |v,)(v, | in the space &7 (H),) of all one-dimensional projections on Hj.
Denoting the coadjoint orbit G- 6, C g* by &), where A = (6 )|, the map

x- 0y > |uy (x)vp) (g, (x) 03|, (5.230)

is a G-equivariant diffeomorphism (in fact, a symplectomorphism) from &, to & .
This amplifies Theorem 5.49 by making the the bijective correspondence between
the set A; of dominant weights and the set of integral coadjoint orbits explicit.
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5.10 Symmetry groups and projective representations

Despite the power and beauty of unitary group representations in mathematics, in
the context of e.g. Wigner’s Theorem we have seen that in physics one should look at
homomorphisms x — W(x), where W(x) is a symmetry of &2 (H). In view of The-
orems 5.4, this is equivalent to considering a single homomorphism & : G — ¢, cf.
(5.136). To simplify the discussion, we now drop U, (H ) from consideration and just
deal with the connected component 4!’ = U(H)/T of the identity. This restriction
may be justified by noting that in what follows we will only deal with symme-
tries given by connected Lie groups, which have the property that each element is a
product of squares x = y*. In that case, h(x) = h(y)? is always a square and hence
it cannot lie in the component U,(H)/T (the anti-unitary case does play a role as
soon as discrete symmetries are studied, such as time inversion, parity, or charge
conjugation). Thus in what follows we will study continuous homomorphisms

h:G—U(H)/T, (5.231)

where U (H)/T has the quotient topology inherited from the strong operator topol-
ogy on U(H), as explained above. Since it is inconvenient to deal with such a quo-
tient, we try to lift 4 to some map (5.137) where, in terms of the canonical projection

n:UH)—UH)/T, (5.232)
which is evidently a group homomorphism, we have
Tou=h. (5.233)
This can be done by choosing a cross-section s of 7, that is, a measurable map
s:UH)/T—U(H), (5.234)
or (this doesn’t matter much) a map s : 4(G)/T — U (H), such that
wos=id. (5.235)
Given h, such a cross-section s yields a map u : G — U(H) through
u=soh; (5.236)

in particular, 7w(u(x)) = h(x). Such a lift often loses the homomorphism property,
though in a controlled way, as follows. Since different choices of s must differ by a
phase, and % is a homomorphism of groups, there must be a function

c:GxG—T (5.237)

such that
u(x)u(y) = c(x,y)u(xy) (x,y € G). (5.238)
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Indeed, since & and & are homomorphisms, we may compute

7 (s(h(x)) 7 (s(h(y)) 7 (s(h(xy))) ™"
h(xy)h(xy) ™" = h(ec) = ey()/1-

o (u(x)u(y)u(xy) ")

Hence u(x)u(y)u(xy)™!

directly,

€ ' (ey ) r) = T+ 1. which yields (5.238), or, more

c(x,y) - 1g = u(x)u(y)u(xy)*. (5.239)

Associativity of multiplication in G and the homomorphism property of & yield
c(x,y)e(xy,z) = c(x,y2)c(y,2), (5.240)
and if we impose the natural requirement u, = 1y, we also have
c(e,x) =c(x,e) = 1. (5.241)

Definition 5.52. A function ¢ : G x G — T satisfying (5.240) and (5.241) is called a
multiplier or C@2-cocycle on G (in the topological case one requires ¢ to be Borel
measurable, and for Lie groups it should in addition be smooth near the identity).

The set of such multipliers, seen as an abelian group under (pointwise) operations
in'T, is denoted by Z>(G,T). If ¢ takes the form

clx,y) = ——— (5.242)

where b : G — T satisfies b(e) = 1 (and is measurable and smooth near e as appro-
priate), then c is called a 2-coboundary or an exact multiplier. The set of trivial
multipliers forms a (normal) subgroup B*(G,T) of Z*(G,T), and the quotient

7%(G,T)
2 _ bl
H(am_ﬁﬂﬁﬂ (5.243)

is called the second cohomology group of G with coefficients in T.

The reason 2-coboundaries and the ensuing group H>(G,T) are interesting for our
problem is as follows. Given a map x — u(x) from G to U (H) with (5.238), suppose
we change u(x) to u(x)’ = b(x)u(x). The associated multiplier then changes to

b(x)b(y)
b

) c(x,y), (5.244)

d(x,y) =

in that u(x)'u(y)" = ¢’ (x,y)u}y. In particular, a multiplier of the form (5.242) may be
removed by such a transformation, and is accordingly called exact.

Proposition 5.53. If H>(G,T) is trivial, then any multiplier can be removed by mod-
ifying the lift u of h, and the ensuing map u' : G — U(H) is a homomorphism
and hence a unitary representation of G on H. In that case, any homomorphism
G — U(H)/T comes from a unitary representation u : G — U (H) through (5.233).
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This is true by construction. By the same token, if H>(G,T) is non-trivial, then G
will have projective representations that cannot be turned into ordinary ones by a
change of phase (for it can be shown that any multiplier ¢ € Z%(G, T) is realized by
some projective representation). Thus it is important to compute H>(G,T) for any
given (physically relevant) group G, and see what can be done if it is non-trivial.

To this end we present the main results of practical use. In order to state one of
the main results (Whitehead’s Lemma), we need to set up a cohomology theory for
g (which we only need with trivial coefficients). Let C¥(g,R) be the abelian group
of all k-linear totally antisymmetric maps ¢ : g* — R, with coboundary maps

80 C*(g,R) — C**1(g,R); (5.245)
k+1

(X0, X1,.... X)) = Y, (=D o([Xi. X1, X0, ... Xir .., Xj, ..., Xk)(5.246)
i<j=1

where the hat means that the corresponding entry is omitted. For example, we have

6(1)(p(X07X1) = —(p([Xo,Xl]);
5P 9(Xo.X1.X2) = —¢([X0.X1].X2) + @ ([X0, Xa]. X1) — @(X1,X2], X0)-

These maps satisfy “8% = 0”, or, more precisely,
kD 6 50 = 0, (5.247)

and hence we may define the following abelian groups:

B*(g,R) = ran(8%1)y; (5.248)
ZF(g,R) = ker(8W); (5.249)
Z*(g,R)
k 3
H'(g,R) = B(g.R)’ (5.250)

Note that B*(g,R) C H¥(g,R) because of (5.247). In particular, for k = 2 the group
72(g,R) of all 2-cocycles on g consists of all bilinear maps ¢ : g x g — R that satisfy

P(X,Y) =—o(Y,X); (5.251)
(p(X7 [Y7Z])+¢(Zv [X,Y])+(p(Y, [Z’X]):O, (5.252)

and its subgroup B?(g,R) of all 2-coboundaries comprises all ¢ taking the form
P(X,Y)=6([X,Y]), 6 €g". (5.253)
For example, for g = R any antisymmetric bilinear map ¢ : R?> — 0 is zero, so that

H?*(R,R) = 0. (5.254)
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This has nothing to with the fact that the Lie bracket on g vanishes. Indeed, g = R?
does admit a unique nontrivial 2-cocycle, given by (half) the symplectic form, i.e.,

®((p,9).(P'.4)) = 3(pd' —apr’). (5.255)
Since B?(R?,R) = 0, this cannot be removed, hence (5.255) generates H>(R? R):
H?*(R%,R) =R. (5.256)

As far as cohomology is concerned, each Lie group and each Lie algebra has its
own story, although in some cases a group of stories may be collected into a single
narrative. As a case in point, a Lie algebra g is called simple when it has no proper
ideals, and semi-simple when it has no commutative ideals. A Lie algebra is semi-
simple iff it is a direct sum of simple Lie algebras. If a Lie group G is (semi-) simple,
then so is its Lie algebra g. A basic result, often called Whitehead’s Lemma, is:

Lemma 5.54. If g is semi-simple, then H>(g,R) = 0.

Proof. The key point is that C¥(g,R) is a g-module under the action

-

Il
_

Xo-@)(X1,....X) ==Y o(X1,...,[X0,Xi], ..., Xx). (5.257)

1

For k = 2, a simple computation shows that

(Xo-0)(X1,X2) = —0([Xo,X1],X2) — (X1, [X0,X2])
= 86P9(Xo,X1,X) — 6We(Xo, —)(X1,X2),  (5.258)

where at fixed X, the map ¢(Xo, —) is seen as an element of C!(g,R). This show
that g maps both B?(g,R) and Z?(g,R) onto itself. Indeed, if ¢ = §(1)y, then the
first term in (5.258) vanishes because §@os) = 0, cf. (5.247), so that the right-
hand side of (5.258) takes the form §(!)(--.) and hence lies in B?(g,R). Similarly,
if 5§ ¢ =0, then (X, - @) = 0. We now use the fact that if g is semi-simple,
then any finite-dimensional module is completely reducible. Consequently, as a g-
module, Z?(g,R) must decompose as Z?(g,R) = B*(g,R) @V, where V is some
g-module. Hence if ¢ € V, then Xo- ¢ € V. Since ¢ € Z*(g,R), the first term in
(5.258) vanishes, whilst the second term lies in B?(g,R). Since V N B*(g,R) = {0},
we therefore have Xo- ¢ = 0, and hence 8V ¢(Xo, —)(X{,X;) = 0, which gives
0 (Xo, [X1,X3]) =0, for all Xy, X;,X> € g. At this point we use another implication of
the semi-simplicity of g, namely [g, g] = g. It follows that ¢ = 0, whence V = {0},
from which Z?(g,R) = B?(g,R), or, in other words, H*(g,R) = 0. O

Theorem 5.55. Let G be a connected and simply connected Lie group. Then
H*(G,T) = H?(g,R). (5.259)

Proof. This is really a conjunction of two isomorphisms:
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H*(G,T) = H*(G,R); (5.260)
H*(G,R) = H*(g,R), (5.261)

where R is the usual additive group, and Z*>(G,R), B*(G,R), and hence H?(G,R)
are defined analogously to Z?(G, T) etc. The first isomorphism is simply induced by

72(G,R) — Z*(G,T); (5.262)
I'(x,y) — T Oy) = c(x,y), (5.263)

which preserves exactness and induces an isomorphism in cohomology (but note
that (5.262) - (5.263) may not itself define an isomorphism).

The isomorphism (5.261) is induced at the cochain level, too. Given a cocycle
¢ € Z*(G,R), we construct a new Lie algebra go (called a central extension of g)
by taking gy = g R as a vector space, equipped though with the unusual bracket

[(va)v(va)]:([va}v(p(X?Y)); (5.264)

the condition @ € Z*>(G,R) guarantees that this is a Lie bracket. Furthermore, o™
is isomorphic (as a Lie algebra) to a direct sum iff ¢ € B?(g,R); indeed, if (5.253)
holds, then (X,v) — (X,v+ 6(X)) yields the desired isomorphism g, — g ® R.
By Lie’s Third Theorem, there is a connected and simply connected Lie group
Gy (again called a central extension of G), with Lie algebra gy, As a manifold,
Gy = G xR, but the group laws are given, in terms of a function I" : G x G — R, by

(x,v)-(y,w) = (xy,v+w+TI(x,y)); (5.265)
(xv) ' = (! —v—T(x,x ). (5.266)

The group axioms then imply (indeed, they are equivalent to) the condition I" €
Z2(G,R). Furthermore, two such extensions Gy and G’(p are isomorphic iff the cor-
responding cocycles I" and I"’ are related by (5.244), and in particular, I" € B>(G,R)
iff G is isomorphic (as a Lie group) to a direct product G x R, which in turn is the
case iff ¢ € B*(g,R). Conversely, given I" € Z?(G,R), we define the central exten-
sion Gy by (5.265) - (5.266), to find that the associated Lie algebra g, takes the
above form, defining @ € B?(g,R) through (5.264). Explicitly,

dd

o(X.¥) = —— [[(¢™,e")] |y~ (X V). (5.267)

Lie’s Third Theorem thus implies that the map ¢ <+ I" (which is not necessarily a
bijection) descends to an isomorphism H>(g,R) — H?(G,R) in cohomology. [

Given (5.254), Theorem 5.55 immediately gives
H*(R,T) =0. (5.268)

In particular, if R is the relevant symmetry group, which is the case e.g. with time
translation, by Proposition 5.53 we may restrict ourselves to unitary representations.
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Once again, this has nothing to do with abelianness or topological triviality of R.
Indeed, for G = g = R?, the Heisenberg cocycle (5.255) comes from the multiplier

co((pq); (P q)) = 'Pd ~a)/2, (5.269)

where R? is seen as the group of translations in the phase space R? of a particle
moving on R. Accordingly, this multiplier is realized by the following projective
representation of R? on L?(R):

u(p,q)y(x) = e P12y (x —q). (5.270)

If R? is the configuration space of some particle, and the group R? produces trans-
lations in the latter (i.e., of position), then the appropriate unitary representation
would rather be on L?(R?) and would have trivial multiplier, viz.

u(q1,q2)W(x1,x2) = Y(x1 —q1,x2 — q2). (5.271)

Similarly, G = R?, now seen as generating translations of momentum in the phase
space R* of the latter example would appropriately be represented on L*(R?) as

u(q1, @) W(x1,x2) = EMINTR02) y(xy xy). (5.272)

Corollary 5.56. Let G be a connected and simply connected semi-simple Lie group.
Then H*(G,T) is trivial.

Here we say that a Lie group is simple when it has no proper connected normal sub-
groups, and semi-simple if it has no proper connected normal abelian subgroups.
For example, the “classical Lie groups” of Weyl are semi-simple, including SO(3)
and SU(2), which are even simple (note that the latter does have a discrete nor-
mal subgroup, namely its center {41,} 2 7). Also, products of simple Lie groups
are semi-simple. However, Corollary 5.56 does not apply to SO(3), which is semi-
simple but not simply connected. Here the relevant general result is:

Theorem 5.57. Let G be a connected Lie group with H*(g,R) = 0. Then

-

H?*(G,T) = m(G). (5.273)

We need some background (cf. §C.15). For any abelian (topological) group A, the
set
A =Hom(A,T) (5.274)

consists of all (continuous) homomorphisms (also called characters) y : A — T,
these are just the irreducible (and hence necessarily one-dimensional) unitary rep-
resentations of A. This set is a group under the obvious pointwise operations

x1x2(a) = x1(a)x2(a); (5.275)
x a)=x(a)". (5.276)
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As such, the group A is called the (Pontryagin) dual of A; the Pontryagin Duality
Theorem states that A = A. Using Theorem 5.57 and Theorem 5.41, this gives

H?*(SO(3),T) = Z,. (5.277)
We now use Theorem 5.41 as a lemma to prove Theorem 5.57:

Proof. We first state the map H(E) — H*(G,T) that will turn out to be an isomor-
phism. Assuming Theorem 5.41, pick a (Borel measurable) cross-section

§:G—G (5.278)

of the canonical projection
#:6—G=G/D. (5.279)

As always, this means that % o § = idg, and § is supposed to be smooth near the
identity, and chosen such that §(eg) = eg;, where eg and e; are the unit elements of

G and G, respectively. Given a character y € 7;(G), define ¢y :GXG— Tby

¢y (x,y) = 2(8(x)5(»)5(xy) 7). (5.280)

This makes sense: 7 is a homomorphism, so that (cf. the computation below (5.238))

(S35 0y) 1) = AE)AE)) RS () ! = xy(xy) ! = e,

and hence §(x)§(y)§(xy)~!) € ker(&) = D (where we identify D with 7;(G), cf.
Theorem 5.41). Furthermore, tedious computations show that (5.240) and (5.241)
hold, so that ¢y, € 7*(G,T). Different choices of § lead to equivalent 2-cocycles c,
and hence by taking the cohomology class [cy] of ¢, we obtain an injective map

7(G) — H*(G,T); (5.281)
X eyl (5.282)

To prove surjectivity of this map, let ¢ € Z>(G, T) and define ¢ : G x G — T by

(%, 3) = c(R(x),7(y)). (5.283)

Conversely, we may recover ¢ from ¢ and some cross-section §: G — G of & by

c(x,y) = &(5(x),5(y))- (5.284)
It follows that & € Z2(G, T). Theorem 5.55 implies that H>(G, T) is trivial, so that
&(%,5) = b(5)/b(%)b(5), (5.285)

for some function b : G — T satisfying b(¢) = 1. From (5.241), i.e., c(e,x) = 1, we
infer that if ¥ = 6 € D, so that 7(8) = e, then &(8,¥) = 1, and hence
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b(8%) = b(8)b(H). (5.286)

Taking X and y both in D, we see that B| p is a character, which we call ). Hence

R (5.287)

Thus [c] = [cy], and hence the map (5.281) - (5.282) is surjective. O

Definition 5.58. In the situation and notation of Theorem 5.41, a unitary represen-
tation i : G — U(H) is called admissible if i(D) C T - 1.

In that case, there is obviously a character ¥ € D such that for each § € D we have
i(6)=x(8) 1. (5.288)

Unitary irreducible representations are admissible, since Schur’s Lemma implies
that, since D lies in the center of G, its image (D) consists of multiples of the unit.
If i is admissible, we obtain a homomorphism (5.231) by means of

h=moiios, (5.289)

where § is any cross-section of 7, cf. (5.278) - (5.279). Note that different choices
5,5 are related by s'(x) = §(x)8(x), where § : G — D is some function, so that

K (x) = m(@a(5' (x))) = w(@(5(x))i(8(x))) = w(@(5(x))) 2(8 (x) - 1) = h(x).

Theorem 5.59. 1. If G is a connected Lie group with H*(g,R) = 0, any homomor-
phism h: G — U(H)/T as in (5.231) comes from some admissible unitary rep-
resentation i of G by (5.289). If H is separable, then h is continuous iff ii is.

2. Moreover, if ii(G) is super-admissible in that ii(8) = 1y for each § € D, then
u = oS§is a unitary representation of G, in which case h = 1 ou therefore comes
from a unitary representation of G itself.

Proof. Given such a homomorphism £, pick a cross-sections: U(H)/T — U(H), as
in (5.234), with associated 2-cocycle c on G given by (5.239). By Theorem 5.57 and
its proof, we may assume (possibly after redefining s) that there exists a character
X € D and a cross-section (5.278) such that ¢ = ¢y, cf. (5.280). We then define
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i:G — B(H), (5.290)
% x (% (So (%) Hu(R(F)). (5.291)

Simple computations then show that %- (§o #(¥))~! € D (i.e., the center of G), that
(5.288) holds, that each operator (%) is unitary, that the group homomorphism prop-
erties #1(%)i(¥) = (%) and ii(€) = 1y hold, and that (5.289) is valid. As to the last
equation, since 7 removes the term with ¥ in (5.291), and u = so h, we have

Toio§(x) =mosohoRos(x) =h(x),

since mos =1id (on U(H)/T) and 0§ = id (on G).

If ii(6) = 1y for each 8 € D, then ¢, = 1 from (5.280), so that u(x)u(y) = uyy
by (5.238). If s preserves units, or, equivalently, if 7, = 1y, as we always assume,
we see that u is a unitary representation of G. In this case, (5.291) simply reads
it = soho#. This immediately yields &# = u o 7, which in turn gives u = @i o §.

Finally, even if 4 is continuous, it is a priori unclear if i is, since the cross-
sections s and § appearing in the above construction typically fail to be continuous.
Fortunately, since they are assumed measurable, there is no question about measur-
ability of @, and if H is separable, continuity follows from Proposition 5.36. U

Corollary 5.60. If G is a connected Lie group with covering group G, the formulae

Q

(e}

: (5.292)
: (5.293)

S
I
<

il

(¢]

Il
I

where §: G — G is any cross-section of the covering map % : G — G, give a bijective
correspondence between (continuous) super-admissible unitary representations ii of
G and (continuous) unitary representations u of G, preserving irreducibility.

Corollary 5.61. Any homomorphism h:SO(3) — U(H)/T asin (5.231) comes from
an admissible unitary representation ii of SU (2) by (5.289). Moreover, h comes from
a unitary representation u = iio § of SO(3) itself iff ii is trivial on the center 7.

In particular, if h is irreducible, it must come from the unitary irreducible rep-
resentations i = D;j, where j =0,1,1,... is the (half-) integer spin label. Then
D;(SU(2)) is super-admissible iff j is integral, in which case it defines a unitary
irreducible representation of SO(3).

Indeed, the assumption H?(g,R) = 0 in Theorem 5.59 is satisfied for SO(3) be-
cause of Whitehead’s Lemma 5.54. The case where H?(g,R) # 0 occurs e.g. for
the Galilei group (cf. §7.6). It can be shown that H*(g,R) has finitely many gen-
erators, for which one finds pre-images (¢, ..., @y) in Z?(g,R), with correspond-
ing elements (I3,...,I}) of Z>(G,R), cf. the proof of Theorem 5.55. Of these, a
subset (I3,...,Iy), N < M, satisfies the relation I;(5,X) = I;(%,0) for any 8 € D
(cf. Theorem 5.41) and ¥ € G. This yields a map I : G x G — RN given by
I'(%,5) = (I (%,5),...,Ix(%,¥)), which in turn equips the set

G=GxR", (5.294)
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with a group multiplication (%,v) - (§,w) = (&§,v+w+I'(%,¥)). We then have the
following generalization of Theorem 5.59, in which a unitary representation u of G
is called admissible if u(5,v) € T -1y forany § € D and v € RV.

Theorem 5.62. Let G be a connected Lie group, and H a separable Hilbert space.
Then any continuous homomorphism h: G — U (H) /T comes from some admissible
continuous unitary representation i of G.

As we only apply this to the Galilei group (where N = 1), basically only for illus-
trative purposes, we omit the proof. The correct (and natural) notion of equivalence
of projective representations is as follows: we say that two such homomorphisms
hi:G—U(H;)/T,i=1,2 are equivalent if there is a unitary w : H; — H, such that

Ady,(hy (x)) = ha(x), x € G, (5.295)

where Ad,, : U(H;)/T — U(H,)/T is the map [u] — [vuv*], which is well defined
(here [u] is the equivalence class of u € U(H) in U(H)/T under u ~ zu, z € T).
This induces the following notion for G: two admissible unitary representations
i, iip of G on Hilbert spaces Hy,H, are equivalent if there is a unitary w : H] — H;
and amap b : G — T such that wu; (¥)w* = b(¥)uy (¥), for any ¥ € G. It can be shown

that such a map b always comes from a character ) : G — T through b(%,v) = x ().

To close this long and difficult section, in relief it should be mentioned that the
above theory vastly simplifies if H is finite-dimensional. By Theorem 5.40, this is
true, for example, if G is compact and u is irreducible. Suppose u : G — U(H) is
merely a projective unitary representation of G, so that instead of (5.157) one has

[ (X),u' (V)] =d'(X,Y]) +ip(X,Y) 1y, (5.296)
where @ is given by (5.267). Taking the trace yields

OX.¥) = Lol (X, 1)), (5.297)

where n = dim(H) < . We may define a linear function 6 : g — R by
0(x) = %Tr(u’(X)), (5.298)
so that (X,Y) = 0([X,Y]), cf. (5.253), and hence we may remove ¢ by redefining
#(X)=u(X)+i0(X)- 1y, (5.299)
which satisfies (5.157) - (5.158). Hence by Corollary 5.43 the map i’ exponentiates
to a unitary representation # of the universal covering group G of G; it should be
checked from the values of i on D if i also defines a unitary representation of G.

This argument shows that finite-dimensional projective unitary representations of
Lie groups always come from unitary representations of the covering group.
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5.11 Position, momentum, and free Hamiltonian

The three basic operators of non-relativistic quantum mechanics are position, de-
noted g, momentum, p, and the free Hamiltonian %y. Assuming for simplicity that
the particle moves in one dimension, these are informally given on H = L?(R) by

qy(x) = xy(x); (5.300)
L d )

py(x) = *lha y(x); (5.301)
n? d?

hoy(x) = T om (x), (5.302)

where m is the mass of the particle under consideration. We put 7i = 1 and m = 1/2.

The issue is that these operators are unbounded; see §B.13. In general, quantum-
mechanical observables are supposed to be represented by self-adjoint operators,
and examples like (5.300) - (5.302) show that these may not be bounded. The
Hellinger—Toeplitz Theorem B.68 then shows that it makes no sense to try and ex-
tend the above expressions to all of L?(R), so we have to live with the fact that some
crucial operators a : D(a) — H are merely defined on a dense subspace D(a) C H.

Each such operator has an adjoint a* : D(a*) — H, whose domain D(a*) C H
consists of all y € H for which the functional ¢ — (y,a@) is bounded on D(a),
and hence (since D(a) is dense in H) can be extended to all of H by continuity
through the unique “Riesz—Fréchet vector” y for which (y,a@) = (), ¢). Writing
x = a*y, for each y € D(a*) and ¢ € D(a) we therefore have

(@, 9) = (y.ap). (5.303)
Assuming that D(a) is dense in H, we say that a is self-adjoint, written a* = a, if
(ap, ) = (¢,ay), (5.304)

for each y, ¢ € D(a) and D(a*) = D(a). A self-adjoint operator a is automatically
closed, in that its graph G(a) = {(y,ay) | v € D(a)} is a closed subspace of the
Hilbert space H ¢ H (indeed, the adjoint of any densely defined operator is closed,
see Proposition B.72). In practice, self-adjoint operators often arise as closures of
essentially self-adjoint operators a, which by definition satisfy a** = a*. Equiva-
lently, such an operator is closable, in that the closure of its graph is the graph of
some (uniquely defined) operator, called the closure a— of a, and furthermore this
closure is self-adjoint, so that a~ = a*. If a is closable, the domain D(a~) of its
closure consists of all y € H for which there exists a sequence () in D(a) such
that ¥, — v and ay, converges, on which we define = by a~ v = lim, ay,.
The simplest case is the position operator.

Theorem 5.63. The operator q is self-adjoint on the domain

Dlg) = {y e P(R)| [ x|y <<}, (5.305)
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See Proposition B.73 for the proof. To give a convenient domain of essential self-
adjointness (also for the other two operators), we need a little distribution theory.

Definition 5.64. The Schwartz space . (R) (whose elements are functions of
rapid decrease) consist of all smooth function f : R — C for which each expression

[ £llnm = sup{|" ) (x)|,x € R}, (5.306)

where ") is the m’th derivative of f, is finite. The topology of . (R) is given by
saying that a sequence (or net) f converges to f iff || fr — flln.m — Oforalln,m € N.

Each || - ||,» happens to be a norm, but positive definiteness is nowhere used in the
theory below (which therefore works for families of seminorms, which satisfy the
axioms of a norm expect perhaps for positive definiteness). Since there are countably
many such (semi)norms defining the topology, we may equivalently say that .7 (R)
is a metric space defined by

oo

—n_ LS = 8llnm
d(f.g) = pn_L_ofnm 5.307
(f>8) mZ:(] 17— gl (5.307)

Indeed, .7 (R) is complete in this metric. A typical element is f(x) = exp(—x?).

Definition 5.65. A tempered distribution is a continuous linear map ¢ : .7 (R) —
C. The space of all such maps, equipped with the topology of pointwise convergence

(i.e., @3 — @ iff @1.(f) = @(f) for each f € S (R)) is denoted by /' (R).

It can be shown that (because of the metrizability of .’(R)) continuity is the same
as sequential continuity, i.e., some linear map ¢ : .(R) — C belongs to .’ (R) iff
limy @(fy) = @(f) for each convergent sequence fy — f in .#(R). Like . (R),
the tempered distributions ./ (R) form a (locally convex) topological vector space,
that is, a vector space with a topology in which addition and scalar multiplication
are continuous. The topology of .#’(R) is given by a family of seminorms, namely
llollr = lo(f)], f € ~(R), and hence a simple way to prove that ¢ € ./ (R) is to
find some (n,m) for which |@(f))| < C||f||nm for each f € . (R), since in that case
fv — f, which means that || fy — f|[nn — O for all n,m € N, certainly implies that
o(fv) = @(f), so that @ is continuous. For example, the evaluation maps 8, defined
by 8:(f) = f(x) are continuous (take n = m = 0). Similarly, each finite measure on
R defines a tempered distribution. Taking the (0,m) seminorm shows that the maps
f— £ (x) for fixed m € N and x € R are tempered distributions.
A less obvious example (defining a so-called Gelfand triple) is as follows:

Proposition 5.66. We have continuous dense inclusions
Z(R) C L*(R) c .'(R), (5.308)

where the second inclusion identifies @ € L*(R) with the map

S @) = [ dxo(s). (5.309)
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Proof. As vector spaces, the first inclusion is obvious. For f € . (R) we estimate

712 :/dX|f(X)|'\f(X)| < ML Nl (5.310)
(14+x%)|f(x)
11 /d LWL < [ty s I+ ma)le
([l fllo.o + I fll2.0), (5.311)
so that, noting that || - ||o.0 = || - ||, We have
112 < 2 (£l + 1 120)1f |- (5.312)

Hence f; — f in .(R), which incorporates the conditions ||f} — f
and || f3 — fll0 — O, implies ||f; — f||» — 0. This shows that the first inclusion
in (5.308) is continuous. Density may be proved in two steps. First, take some
fixed positive function & € C°(—1,1) with the property [dxh(x) = 1, and define
hn(x) = nh(nx), so that informally A, € C°(R) converges to a §-function as n — oo.
For each y € L*(R), we consider the convolution &, * y, where for suitable f, g,

frelx /dyfx y)g). (5.313)

Then i, * ¥ € C*(R) NL*(R)
Second, for y € C,(R), the functions &, * y lie in C°(R) and hence in . (R).

Since C.(R) is dense in L?(R) by Theorem B.30, for y € L?>(R) and & > 0 we

can find ¢ € C,(R) such that ||y — @|| < £/2, and (as just shown) find n such that

l¢ — @nu|| < €/2, whence ||y — @,|| < €. This proves that .’(R) is dense in L?(R).
The second inclusion is continuous by Cauchy—Schwarz, which gives

eI < l[el2ll712;

to be combined with (5.312). It should be noted that also the second inclusion in
(5.308) is indeed an injection, i.e., that @(f) = 0 for each f € .(R) implies ¢ =0
in L?(R); this is true because .7 (R) is dense in L?(RR), plus the standard fact that, in
any Hilbert space H, if (¢, f) = 0 for all f in some dense subspace of H, then ¢ = 0.
Finally, the fact that L?>(R) is dense in the seemingly huge space .7#’(R) follows
from the even more remarkable fact that . (R) is dense in .#”(R). On top of the
functions #, just defined, also employ a function x € C’(R) such that x(x) =1 on
(—1,1), and define x,(x) = x(x/n), so that informally lim,_,.. ¥ (x) = 1 (as opposed
to the h,, which converge to a §-function as n — oo). If for any g € .(R) and any
0 € Y'(R) we define g¢ as the distribution that maps f € .(R) to ¢(fg), and
similarly define g * @ as the distribution that maps f to @(g* f), we may define a
sequence of distributions ¢, = hy, * (},@). From the point of view of (5.308), these
correspond to functions @, € . (R) in the sense that @, (f) = [ dx ¢, (x) f(x), where
f € Z(R). Using similar analysis as above, it then follows that for any f € .7 (R)
we have @,(f) — @(f), so that ¢, — ¢ in .¥'(R). O
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For our purposes, the point of all this is that we can define generalized derivatives
of (tempered) distributions, and hence, because of (5.308), of functions in L? (R).

Definition 5.67. For ¢ € .7 (R) and m € N, the m’th generalized derivative ¢(")
is defined by
o () = (=1)"(r™). (5.314)

The idea is that under (5.308) this is an identity if ¢ € .(R) (partial integration).
Like the constructions at the end of the proof of Proposition 5.66, this is a special
case of a more general construction: whenever we have a continuous linear map
T: ¥ (R)— Z(R), we obtain a dual continuous linear map T’ : . (R)’ — ./ (R)’
definedby T'9p = @oT,i.e.,

(T'o)(f) = o(T(f)). (5.315)

Sometimes a slight change in the definition (as in (5.314), or as in the Fourier trans-
form below) is appropriate so that the restriction of 7’ to . (R) coincides with T

Theorem 5.68. The momentum operator p = —id /dx is self-adjoint on the domain

D(p) ={y € L’(R) |y’ € L*(R)}, (5316)
where the derivative ' is taken in the distributional sense (i.e., letting y € /' (R)).

Proof. We first show that p is symmetric, or p C p*. This comes down to

(v, 0)=—(y,0'), (5.317)

for each y, ¢ € D(p), where both derivates are “generalized”. The most elegant
proof (though perhaps not the shortest) uses the Sobolev space H' (R), which equals
D(p) as a vector space, now equipped, however, with the new inner product

(W, 0)0) = (v, 0)+ (v, ¢), (5.318)
with both inner products on the right-hand side in L?(R); the associated norm is
ity = Iwll> +1v'I> (5.319)
Similar to the Gelfand triple (5.308), we have dense continuous inclusions
S (R) c H'(R) ¢ . (R), (5.320)
with analogous proof. All we need for Theorem 5.68 is the first inclusion of the
triple (5.320): for w € H'(R) we now have h, * w € C*(R)NH'(R) as well as
hy, * w — y in H'(R), both of which follow from the L?-case plus the identity
(hyx W) =h,xy'. (5.321)

Using the same cutoff function x as in the L? case, we have x,w — W and y,w —
0 in L*(R), so that (),w)" — v’ in L>(R) and hence x,y¥ — v also in H'(R).
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Furthermore, the functions y,, = h,, * (X, ¥) lie in C(R) and hence in .’ (R); using
the above facts we obtain y, — y in H!(R). In sum, for each ¥ € H'(R) we can
find a sequence () in .#(R) such that y, — v and ¥, — ¥’ in L*(R). Hence

(v, ') =lim(yy, ¢') = —lim(y;,, ) = —(y', ¢"). (5.322)
For the converse, let ¥ € D(p*), so that by definition for each ¢ € D(p) we have

(P*v, )= (y,po) = —i(y,¢"). (5.323)

Since .(R) C D(p), this is true in particular for each @ € .(R), in which case

the right-hand side equals —iy’(¢), where the derivative is distributional. But this

equals (p*y, @) and so the distribution —iy’ is given by taking the inner product

with p*y € L*(R). Hence —iy’ = p*y € L*(R), and in particular y' € L*(R), so

that w € D(p). This proves that D(p*) C D(p), and since from the first step we have

the oppositie inclusion, we find D(p*) = D(p) and p* = p. O
For the free Hamiltonian 7 = —A with A = d? / dx?, we similarly have:

Theorem 5.69. The free Hamiltonian hg = —A is self-adjoint on the domain
D(A)={y e ’[R)| ¥ € L*(R)}, (5.324)

where the double derivative W is taken in the distributional sense.

Although this may be proved in an analogous way, such proofs are increasingly
burdensome if the number of derivatives gets higher. It is easier to use the Fourier
transform (which also provided an alternative way of proving Theorem 5.68).

Theorem 5.70. The formulae

® dx

£ _ —ikx .

f)y = | 5= ") (5.325)
7 _ * dk ikx

f(x) - - \/Ee f(k)a (5326)

are rigorously defined on ./ (R), L*(R), and .’ (R), and provide continuous iso-
morphisms of each of these spaces. Furthermore, (5.326) is inverse to (5.325), i.e.

s v
< X

f=r=r (5.327)

so that we may (and often do) write f = F (f) and f = F~\(f), or f = F ().
In all three cases we have the identities (in a distributional sense if appropriate)

F (L) () = (id k) iKY F () (). (5.328)
Finally, as a map .7 : L*(R) — L*(R) the Fourier transform is unitary, so that

(0, 0) = (v, 0). (5.329)
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See §C.15 for further discussion. For example, we have

D(p) = {y € *(R) | k-W(k) € L*(R)}; (5.330)
D(A) = {y € L*(R) | K* - (k) € L*(R)}. (5.331)

Thus we may now reformulate Theorems 5.68 and 5.69 as follows:

Theorem 5.71. The momentum operator p is self-adjoint on the domain (5.330).
The free Hamiltonian hg = —A is self-adjoint on the domain (5.331).

Proof. Denoting multiplication by x" by the symbol k", we have

p=F W7, (5.332)
A=-—-F KPZ. (5.333)

Hence the theorem follows from Proposition B.73 and unitarity of the Fourier trans-
form .# (plus the little observation that if « = a* on D(a) C H and u: H — K is
unitary, then b = uau* is self-adjoint on D(b) = uD(a) C K). O

Much is known about regularity properties of functions in such domains, e.g.,

D(p) C Go(R); (5.334)
D(4) c ¢V (R). (5.335)

These are the most elementary cases of the famous Sobolev Embedding Theorem.
If w € D(p), then k — (1+k%)1/2 (k) is in L*(R), so applying Holder’s inequal-
ity (B.15) with p = g = 2 to f(k) = (14k2)"/?>yr(k) and g(k) = (1+k>)~'/2, which
isin L2(R), too, gives { € L!(R). The Riemann-Lebesgue Lemma (see §C.15) then
yields y € Co(R). To prove (5.335), one uses (1 + k?) rather than its square root.
Finally, we give a common domain of essential self-adjointness for ¢, p, and hqg.

Proposition 5.72. The operators q, p, and hy are essentially self-adjoint on .7 (R).

Proof. We see from (5.332) that the cases of p and g are similar, so we only explain
the case of ¢. Denoting the operator of multiplication by x on the domain . (R) by
qo, as in the proof of Proposition B.73 it is easy to see that D(gg) = D(q). Fourier-
transforming, the fact that . (R) is dense in H'(R) (cf. the proof of Theorem 5.68)
shows that D(g,, ) = D(g),so that D(g) = D(q,, ). The actions of g and g, obvi-
ously being given by multiplication by x in both cases, we have g; = ¢, .

The proof for Ay is similar; in the second step we now use the fact that .7(R) is
dense in H?(R), defined as D(A), as in (5.324), but now seen as a Hilbert space in
the inner product (¥, 9) o) = (¥, @) + (y", ¢"), with corresponding norm given by
I l//||<22) = ||w|> + ||w"||. This is proved just as in the case of a single derivative. (]

We also say that .”(R) is a core for the operators in question. For example, the
canonical commutation relations [g, p| = ifi- 1 rigorously hold on this domain.
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5.12 Stone’s Theorem

We now come to a central result on symmetries in quantum mechanics “explaining”
the Hamiltonian. Recall that a continuous unitary representation of R (as an additive
group) on a Hilbert space H is a map ¢ — u,, where t € R and each u, € B(H) is
unitary, such that the associated map R x H — H, (¢, y) — u, y, is continuous, and

Uy = Ustr, S, 1 ER; (5.336)
up = ly; (5.337)
limyy =y (teR, yweH). (5.338)
t—0
These conditions imply
}gllulW:usw (s, eR,y € H). (5.339)
.

Note that according to Proposition 5.36 continuity may be replaced by weak mea-
surability. Probably the simplest nontrivial example is given by H = L?(R) and

wy(x) = y(x—r). (5.340)

To prove (5.338), we use a routine €/3 argument. We first prove (5.338) for
vy € C.(R), where it is elementary in the sup-norm, i.e., lim,_o ||u; ¥ — Y|l.c =0
by continuity and hence (given compact support) uniform continuity of y. But then
the (ugly) estimate || y||3 < |K|||¥||, where K C R is any compact set containing
the support of v, also yields lim;_o ||u; ¥ — || = 0. Hence for € > 0 we may find
6 > 0 such that ||u, y — y||2 < €/3 whenever |¢| < §. For general y' € H, we find
v € C.(R) such that ||y — y/|| < €/3, and, using unitarity of u,, estimate

lury =Wl < Ny’ — eyl =+l y — wll + [y — v/
<e/3+e/3+¢e/3=¢.

In the context of quantum mechanics, physicists formally write
w=e ", (5.341)

where a is usually thought of as the Hamiltonian of the system, although in the
previous example it is rather the momentum operator. In any case, we avoid the
notation /4 instead of a here, partly in order to rightly suggest far greater generality
of the construction and partly to avoid confusion with the notation in §B.21; if & is
the Hamiltonian, one would have a = //% in (5.341). Mathematically speaking, if a
is self-adjoint, eq. (5.341) is rigorously defined by Theorem B.158, where

e (x) = exp(—itx). (5.342)
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Conversely, given a continuous unitary representation ¢ — u; of R on H, one may
attempt to define an operator a by specifying its domain and action by

D(a) = {l;/ € H | lim L_ll// exists} ; (5.343)
s—0 8
ay = itim “ Ly (v € D(a). (5.344)
s—0 s

Stone’s Theorem makes this rigorous, and even turns the passage from the generator
a to the unitary group ¢ — u, (and back) into a bijective correspondence.

Theorem 5.73. 1. Ifa: D(a) — H is self-adjoint, the map t — u, defined by (5.341),
which is rigorously defined by Proposition B.159 with (5.342), defines a contin-
uous unitary representation of R on H.

2. Conversely, given such a representation, the operator a defined by (5.343) -
(5.344) is self-adjoint; in particular, D(a) is dense in H.

3. These constructions are mutually inverse.

Proof. We use the setting of §B.21, so that b is the bounded transform of a.

1. Egs. (5.336) - (5.337) are immediate from Theorem B.158, which also yields
unitarity of each operator u;. To prove (5.338) we first take ¢ € C:(b)H, which
means that ¢ is a finite linear combinations of vectors of the type ¢ = h(a)y,
where h € C.(0(a)) and v € H. Using (5.342) and (B.573), we have

s — @Il < lleh = o] W]| < [[Bl|lle: = & IS W], (5.345)

where K is the (compact) support of 4 in 6(b). Since the exponential function
is uniformly convergent on any compact set, this gives lim,_,o||u; ¢ — ¢|| = 0.
Taking finite linear combinations of such vectors @ gives the same result for any
¢ € C}(b)H (with an extra step this could have been done on Cj(b)H, t00).
Thus for € > 0 we can find 6 > 0 so that ||, ¢ — ¢|| < £/3 whenever |¢| < 8. For
general y' € H, we find ¢ € Cj(b)H such that ||¢ — /|| < £/3, and estimate

uy’ —'|| < ey’ —w @l + [l — @ + @ — v/
<e/3+¢e/3+¢e/3=¢,

since ||u, ¥ —u; @|| = ||y’ — || by unitarity of u,. This is equivalent to (5.338).
2. Forany v € H and n € N, define y,, € H by

lmznfthfmm% (5.346)
0

either as a Riemann-type integral (whose approximants converge in norm) or as
a functional @ — n [;" dse " (usy, @), which is obviously continuous and hence
is represented by a unique vector ¥, € H. Then simple computations show that
.oug—1
lim —
s—0 s

Y = (Y — ),
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so that W, € D(a). The proof that y, — y starts with the elementary estimate
lva—vil<n [ dse ™ Juy—vl,

in which we split up the [~ as j05 -+ [5 -+, where 6 > 0. Using strong con-
tinuity of the map ¢ — u,, i.e., (5.338), for any n the first integral vanishes as
0 — 0. In the second integral we estimate ||u;y — y|| < 2| || and take the limit
n — oo, Thus W, — W, so that D(a) is dense in H.

To prove self-adjointness of a, we need a tiny variation on Theorem B.93:

Lemma 5.74. Let a be symmetric. Then a is self-adjoint (i.e. a* = a) iff
ran(a+i) =ran(a—i) = H. (5.347)

Proof. We only need the implication from (5.347) to @™ = a (but the converse im-
mediately follows from Theorem B.93). So assume (5.347). For given y € D(a*)
there must then be a ¢ € H such that (a* — i)y = (a —i)¢. Since a is symmet-
ric, we have D(a) C D(a*), so ¥y — @ € D(a*), and (a* —i)(y — @) = 0. But
ker(a* — i) = ran(a +i)*, so ker(a* — i) = 0. Hence ¥ = ¢, and in particular
y € D(a) and hence D(a*) C D(a). Since we already know the opposite inclu-
sion, we have D(a*) = D(a). Given symmetry, this implies a* = a. O

Continuing the proof of Theorem 5.73.2, symmetry of a easily follows from its
definition, combined with the property u* = u; ' = u_,. Indeed, for v, ¢ € D(a),
the weak limit s — 0 below exists by definition of D(a), cf. (5.343), whence:

ug— 1
s

(p.ay) = lim{g, "L y) = ~ilim("=Lp, y) = (ap, )
s—0 s—0 —S
To prove that ran(a — i) = H, we compute (a — i)y = —iy, with y; defined by
(5.346) with n = 1. The property ran(—i) = H is proved in a similar way: now
define ¥y = [°_ dse*uyy and obtain (a+ i)W, = iy. Thus Lemma 5.74 applies.
3. Bijectivity has two directions: a — u, — a and u; — a — u.

e Given a and hence (5.341) defining u,, we change notation from a to @’ in
(5.343) - (5.344) and need to show that ' = a. Denoting the restriction of
a to the domain C}(b) by ag, we first show that ap C a’. The technique to
prove this is similar to the argument around (5.345). We initially assume that
¢ € D(ap) = C}(D)H takes the form ¢ = h(a)y for some h € C.(o(a)) and
v € H. Just a trifle more complicated than (5.345), using (5.342), (B.573),
and unitarity of u;, we estimate:

esh

P — —h
Ut 5P —ur Q +i idc(T)h
S

+iaout<pH < vl
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)
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so that by definition of the (strong) derivative we obtain

D — tim "0 1P g, (5.348)
dt s—0 N
initially for any ¢ of the said form A(a)y, and hence, taking finite sums, for
any @ € D(ap). The existence of this limit shows that, on the assumption
v € D(agp), we have y € D(d’), and we also see that @’ = a on D(ap), or, in
other words, that ag C a’. Since d’ is self-adjoint (by part 2 of the theorem) and
hence closed, we have a;, C d'. Since ay is essentially self-adjoint by Theorem
B.159, this gives a C a'. Taking adjoints reverses the inclusion, and since both
operators are self-adjoint this gives a = d’.
e Given u; and hence (5.343) - (5.344) defining a, we change notation from u;
to 1, in (5.341) and need to show that u, = u,. Indeed, let

v =y, (5.349)
and similarly ¥/ = u,y. If y € D(a), then by definition of a we have

Y im

i Up s — Uy ug—1
dt s—0 Ky

y=ilim=— vy = ay, (5.350)

which also shows that ¥, € D(a). Similarly, idy, /dt = ay]/, so that y; and v,
satisfy the same differential equation with the same initial condition

y O = (O =y.

Now consider {; = y; — v, which once again satisfies the same equation (i.e.,
idy; /dt = aVy;), but this time with initial condition ¥y = y(® — (y(O) =
v — w = 0. The key point is that any solution {; of this equation has the
property || || = || Wo|| for any ¢ € R, since by symmetry of a,

=2

d . . o o o
Ellwz E<thllfl>:_l(<llftaall’t>_<allftth>):0~

For our specific {; we have ||{jp|| = 0 and hence y; = 7, thatis, u) = u,. [
Corollary 5.75. With t — u, and a defined and related as in Theorem 5.73, if y €
D(a), for each t € R the vector W, defined by (5.349) lies in D(a) and satisfies

d
ay; = zd—l’;ﬂ (5.351)

whence t — W, is the unique solution of (5.351) with initial value y©) = .
This follows from the proof of part 3 of Theorem 5.73. With a = h/h (as above),

this is just the famous time-dependent Schrodinger equation

d
hy, = lhd—"t”. (5.352)
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Notes

§5.1. Six basic mathematical structures of quantum mechanics

Wigner’s Theorem was first stated by von Neumann and Wigner (1928), but the
first proof appeared in Wigner (1931). See Bonolis (2004) and Scholz (2006) for
some history. Instead of working with &2 (H) with the bilinear trace form express-
ing the transition probabilities, one may also formulate and prove Wigner’s Theorem
in terms of the projective Hilbert space PH equipped with the Fubini—Study metric,
in which case the relevant symmetries may be defined geometrically as isometries.
See Freed (2012) for this proof, as well as Brody & Hughston (2001) for the un-
derlying geometry. Kadison’s Theorem may be traced back from Kadison (1965).
See also Moretti (2013). Ludwig symmetries go back to Ludwig (1983); see also
Kraus (1983). Our approach to von Neumann symmetries was inspired by Hamhal-
ter (2004), and has a large pedigree in quantum logic. Bohr symmetries were intro-
duced in Landsman & Lindenhovius (2016), where Theorem 5.4.6 was also proved.

§5.2. The case H = C?

This material is partly based on Simon (1976). The covering map (5.46) has a
nice geometric description: if X = CU {eo} is the Riemann sphere, we have the
well-known stereographic projection

o~

=) (5.353)
(x,y,2) — xl+ly - (5.354)
—Z

If u € SU(2) is given by (5.43), then the associated Mobius transformation

oz+p
—Bz+«
is a bijection of X, whose associated transformation of S is the rotation R = 7 ().

§5.3. Equivalence between the six symmetry theorems
Most proofs may be also found in Cassinelli et al (2004) or Moretti (2013).

85.4. Proof of Jordan’s Theorem

Our proof of Jordan’s Theorem is taken from Bratteli & Robinson (1987); see
also Thomsen (1982) for a simplification of the purely algebraic step (which we
delegated to Theorem C.175), originally proved by Jacobson & Rickart (1950).

§5.5. Proof of Wigner’s Theorem

There are many proofs of Wigner’s Theorem, none of them really satisfactory
(in this respect the situation is similar to Gleason’s Theorem). Our proof follows
Simon (1976), who in turn relies on Bargmann (1964) and Hunziker (1972). The
proof in Cassinelli et al (2004) seems cleaner, but their proof of the additivity of
their operator Ty, is not easy to follow. For a geometric approach see Freed (2012).
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If dim(H) > 3, the conclusion of Wigner’s Theorem follows if W merely pre-
serves orthogonality (Uhlhorn, 1963). See also Cassinelli et al (2004). This, in turn,
has been generalized in various directions, e.g. to indefinite inner product spaces
(Molnar, 2002) as well as to certain Banach spaces, where one says that x is orthog-
onal to y if for all A € C one has ||x+ Ay|| > ||x|| (Blanco & Turnsek, 2006).

§5.6. Some abstract representation theory

Among numerous books on representation theory, our personal favourite is Barut
& Racgka (1977), and also Gaal (1973) and Kirillov (1976) are classics at least for
the abstract theory. An interesting recent paper on the unitary group on infinite-
dimensional Hilbert space is Schottenloher (2013).

85.7. Representations of Lie groups and Lie algebras

This section was inspired by Hall (2013) and Knapp (1988). For Lie’s Third The-
orem, see, for example, Duistermaat & Kolk (2000), §1.14. To obtain Theorem 5.41,
consider the canonical projection 7% : G — G and define D = &~ !({e}). This is a dis-
crete normal subgroup of G, and it is an easy fact that a discrete normal subgroup of
any connected topological group must lie in its center. Note that a discrete subgroup
of the center of G is automatically normal.

The exponentiation problem for skew-adjoint representations of g is consider-
ably more complicated than in finite dimension. Let H be an infinite-dimensional
Hilbert space with dense subspace D and let p : g — L(D, H) be a linear map, where
L(D,H) is the space of linear maps from L to H. We say that p is a skew-adjoint
representation of g if (i): D is invariant under u/(g), (ii): the commutation relations
(5.157) hold on D, and (i): each ip(A) is essentially self-adjoint on D. For example,
we have seen that if u : G — U(H) is a unitary representation, then the construction
p(A) =u'(A), defined on the Garding domain D = Dg;, fits the bill. Conversely, ad-
ditional conditions are needed for p to exponentiate to a unitary representation. The
best-known of those is Nelson’s criterion: if, given a skew-adjoint representation
p : g — L(D,H), the Nelson operator or Laplacian A = Zg':ml(g) p(Ti)? is essen-
tially self-adjoint on D, then p exponentiates to a unitary representation of G (with
additional remarks similar to those in Corollary 5.43).

§5.8. Irreducible representations of SU (2)
§5.9. Irreducible representations of compact Lie groups

See e.g. Knapp (1988), Simon (1996), and Deitmar (2005), and innumerable
other books. This material ultimately goes back to (E.) Cartan and Weyl.

§5.10. Symmetry groups and projective representations

See Varadarajan (1985), Tuynman & Wiegerinck (1987), Landsman (1998a),
Cassinelli et al (2004), and Hall (2013). For different proofs of Theorem 5.59
(Bargmann, 1954) see Simms (1971) and Cassinelli et al (2004). Leaving out the
anti-unitary symmetries is a pity; see e.g. Freed & Moore and Roberts (2016).
65.11. Position, momentum, and free Hamiltonian
§5.12. Stone’s Theorem

See Reed & Simon (1972), Schmiidgen (2012), Moretti (2013), Hall (2013), and
many other books. Our proof of part 1 of Theorem 5.73 is original.
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Chapter 6
Classical models of quantum mechanics

This chapter gives an introduction to a chain of results attempting to exclude deeper
layers underneath quantum mechanics that restore some form of classical physics:

‘[Such results] more or less illustrate the ways along which some opponents might hope to
escape Bohr’s reasonings and von Neumann'’s proof and the places where they are danger-
ously near breaking their necks.” (Groenewold, 1946, p. 454)

In so far as they are mathematically precise, such no-go results have their roots
in von Neumann’s 1932 book, which gave rise to two traditions that were often
in polemical opposition to each other. Mathematically minded authors typically
admired von Neumann’s exclusion of hidden variables, yet tried to strengthen his
theorem by weakening its assumptions; this sparked, for example, Gleason’s Theo-
rem (1957) as well as the Kochen—Specker Theorem (1967). Certain physicists (led
by Bell), on the other hand, tried to circumvent (and later even ridicule) von Neu-
mann’s work. A high point of this tradition was Bell’s Theorem from 1964, which
was informed not only by von Neumann, but even more so by the famous Einstein—
Podolsky—Rosen (EPR) paper from 1935, as well as by Bohm’s deterministic pilot
wave reformulation of quantum mechanics (1952). However, at the end of the day
these traditions turned out to be not really divergent after all: Bell not only indepen-
dently (and earlier) obtained a version of the Kochen—Specker Theorem, but, more
importantly, his results from 1964 turn out to be very closely related to the culmina-
tion of the first tradition in the form of the so-called Free Will Theorem (FWT), which
was published by Conway and Kochen during 2006-2008. Indeed, although its va-
lidity is uncontroversial, this theorem has been criticized on the following grounds:

1. Lack of novelty compared with the famous paper by Bell (1964), whose assump-
tions and conclusions are at least quite similar to those of the FWT (although the
underlying proofs are mathematically quite distinct from those in the FWT).

2. Lack of novelty even within its own terms: versions of the FWT had actually been
around for decades under less illustrious titles and authorships, e.g. Heywood &
Redhead (1983), Stairs (1983), Brown & Svetlichny (1990), and Clifton (1993).

3. Circularity, in that indeterminism is presupposed (namely in the assumption that
‘experimenters have a certain freedom’) instead of derived.

© The Author(s) 2017 191
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One aim of this chapter is to clarify these matters, with the following conclusions:

1. The difference between earlier literature in the same direction and the FWT is
largely one of emphasis, namely on free will (!), exemplifying a recent trend
(also found elsewhere) in emphasizing free choice of the settings of experiments.
Unfortunately, like Bell, Conway and Kochen even mathematically use an infor-
mal way of talking about free settings, not to speak of the complete absence of
any serious philosophical analysis of free will among all three authors (for which
perhaps Bell, but certainly not Conway and Kochen may be excused).

2. Granting the informal characterization of free settings, both Bell’s (1964) The-
orem and the FWT establish a contradiction between quantum mechanics, deter-
minism, and locality (in the sense of Bell, which in the presence of determinism
reduces to a no-signaling condition called parameter independence).

3. The technical difference between Bell’s Theorem and the FWT lies in four facts:

a. Bell’s arguments rely on probability theory (whereas the FWT does not).

b. The (optical) corner of quantum mechanics used in Bell’s Theorem may be
replaced by the corresponding experimental results, whereas the FWT uses
uncontroversial yet untested predictions about massive spin-1 particles.

¢. The FWT must assume perfect (EPR) correlations, which are difficult to realize
and hence are avoided by later versions of Bell’s Theorem (i.e. through the
CHSH inequalities rather than the original Bell inequalities).

d. Like EPR, Bell and his followers focused on locality right from the begin-
ning, and hence in Bell (1964) the inference is from locality to determinism.
Conway and Kochen, on the other hand, resolve the contradiction their FWT
established by inferring randomness of outcomes from freedom of settings.

We start with a very simple treatment of both von Neumann’s argument against
linear hidden variables and Kochen & Specker’s refinement of it, in which von Neu-
mann’s controversial linearity assumption is decisively weakened so as to only apply
to commuting operators; the Kochen—Specker Theorem excludes what are called
non-contextual quasi-linear hidden variables. We then present what we see as a
more transparent version of the FWT, whose key ingredient of replacing the non-
contextuality assumption in the Kochen—Specker Theorem by a locality condition
is preserved, but where this time the setting is completely deterministic. Freedom
of choice then arises as a very natural independence assumption, and any threat of
circularity is avoided: the conclusion is simply a contradiction between determin-
ism, freedom of choice (i.e. of apparatus settings), locality, and quantum mechanics.
Moreover, as we argue in §6.3, the philosophically precise concept of free will used
in the assumptions of the FWT is what Lewis coined ‘local miracle compatibilism’.

Following an interlude on the GHZ Theorem, which seamlessly fits into the given
framework, we then turn to Bell’s Theorems, which we compare with the FWT.

Finally, we give our own rigorous version of an argument first proposed by Col-
beck and Renner to the effect that, under suitable freeness of choice and no-signaling
conditions (similar to those in Bell’s Theorem and the FWT), as long as they are
compatible with quantum mechanics, hidden variables are at best irrelevant. In fact,
this can only be proved under much stronger assumptions, obscuring the claim.
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6.1 From von Neumann to Kochen-Specker

Von Neumann’s Theorem 6.2 below was the first technical result excluding some
class of hidden variables underneath quantum mechanics, namely (in current par-
lance) linear non-contextual hidden variables. This terminology requires some ex-
planation. First, theorems of this kind apparently accept the mathematical structure
of the observables prescribed by the usual formalism of quantum theory, i.e., ob-
servables are identified with elements of the self-adjoint part

H,(C) = M,(C)sa = {a € M,(C) | a* = a} 6.1)

of the algebra M, (C) of n x n matrices (this simple case suffices to make all points
of conceptual interest). Short of introducing “hidden” observables, hidden variable
theories propose the existence of hidden states, which either replace or supplement
the usual quantum states (which in the case at hand would be density operators).
Mimicking classical (statistical) physics, such states are interpreted as probabil-
ity measures on some phase space X, whose points x € X assign sharp values to
quantum-mechanical observables. Naively, this is done through associated functions

Ve Hy(C) > R, (6.2)

but in fact this choice already commits us to the first of two possibilities, which we
pragmatically present as theories predicting measurement outcomes:

e In non-contextual deterministic theories of measurement, the outcome solely
depends on the observable a that is being measured and on the (possibly ‘hidden’)
state of the system. Theorem 6.2 below, then, rules out such theories in which
values are sharp (i.e., dispersion-free), and V, in (6.2) is linear. The Kochen—
Specker Theorem subsequently proves the same impossibility under a weaker
(and physically more reasonable) assumption called quasi-linearity.

o Contextual deterministic theories of measurement, on the other hand, allow the
outcome of some measurement of a to depend on the measurement context (as
well as on the state), which in this case is understood as the choice of possible
other (compatible) observables b measured together with a (i.e., ab = ba). This
seems a reasonable assumption, well within the spirit of quantum mechanics,
though perhaps not so in the extreme form later held by Heisenberg, according
to which measurement outcomes (or even “reality”) are “created” by the mea-
surement. Under a weakened non-contextuality assumption, Bell’s Theorem (cf.
§6.5) and the Free Will Theorem (§6.2) rule out such theories, too.

Definition 6.1. A non-contextual hidden variable is a map V : H,(C) — R that
for each a € H,(C), and in terms of the n X n unit matrix 1,, satisfies

V(a®) = V(a)* (6.3)
V(1) = 1. (6.4)

That is, V is dispersion-free as well as normalized, respectively.



194 6 Classical models of quantum mechanics

Theorem 6.2. For n > 2, non-zero linear dispersion-free maps 'V : H,(C) — R do
not exist. In particular, linear non-contextual hidden variables do not exist.

Proof. Such maps extend to complex-linear dispersion-free maps V : M,,(C) — C
by complex linearity, so that theorem is equivalent to Proposition 2.10. 0

As von Neumann perfectly well understood himself, his seemingly natural linear-
ity assumption (given the mathematical structure of quantum mechanics unearthed
by none other than he!) is unwarranted physically (and even mathematically, since
eigenvalues and eigenstates, which should be the hallmark of dispersion-free states,
are by no means linear in the underlying operator). This suggests the following:

Definition 6.3. A map V : H,(C) — R is called quasi-linear if for all s,t € R and
all a,b € H,(C) that commute (i.e., ab = ba) one has

V(sa+tb) =sV(a)+tV (D). (6.5)

As in the linear case, such a map uniquely extends to a map V : M,,(C) — C that is
precisely a quasi-state in the sense of Definition 2.26. The following lemma will be
useful, also showing that the above objections to linearity have been met.

Lemma 6.4. Let V : H,(C) — R be a quasi-linear non-contextual hidden variable.

1. For each a € H,(C), the number A =V (a) is an eigenvalue of a.
2. If (a1,...,a;) pairwise commute, and b = f(ay,...,ay) for some polynomial f,
then V(b) = f(V(ay),...,V(ax)).

More generally, it follows from Theorem C.24 that if H is a Hilbert space and V :
B(H)sa — R is a quasi-linear non-contextual hidden variable (or, equivalently, its
complexification V¢ : B(H) — C is a dispersion-free quasi-state), then V (a) € o(a)
(provided a* = a). This implies the above lemma, but we also provide a direct proof.

Proof. For any b € H,(C) with ab = ba, eq. (6.3) and quasi-linearity imply that
V(ab) =V (a)V(b); (6.6)

just evaluate V((a+b)?) = (V(a) £V (b))?. Taking b = a? etc. and also invoking
(6.4) then yields V(p(a)) = p(V (a)) for any polynomial in a. If A; are the eigenval-
ues of g, its characteristic polynomial p(a) =[]\, (a —4;) satisfies p(a) =0, so that
V(p(a)) =0 and hence p(V(a)) =0, or [T~ (A — A;) = 0. This implies that A = A;
for some i. The second claim is proved in a similar way. 0

Theorem 6.5. For n > 3, quasi-linear non-contextual hidden variables do not exist.

This is the Kochen—Specker Theorem. It follows from Gleason’s Theorem 2.28 and
von Neumann’s Theorem 6.2, since according to Corollary 2.29 to the former, quasi-
states on M,,(C) are actually states (in other words, quasi-linear non-contextual hid-
den variables are linear). However, Kochen and Specker also gave a direct proof of
their theorem, subsequently somewhat simplified along the following lines.
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Proof. We prove the claim for n = 3, which (by restricting V to any self-adjoint
subalgebra of M,,(C) isomorphic to H3(C)) implies the result for all n > 3 also. To
prove Theorem 6.5 for n = 3, we interpret H3(C) as the algebra of observables of a
spin-1 particle and introduce the well-known angular momentum matrices

000 001 0-i0
Ji=100—-i ), = 000],55=|i00]. 6.7)
0i 0 —i00 000
In what follows, we will heavily use the squares
000 100 100
J=(o10],5=(000],72=(010], (6.8)
001 001 000

each of which has eigenvalues 0 and 1. The Ji2 commute by inspection, and satisfy
BB+ =215 (6.9)

The (matrix-valued) angular momentum vector is given by
J=Jie| + e + Jze3, (6.10)

where (e;,e;,e3) is the standard basis of R? (seen as a vector space with the usual
inner product (-,-)), i.e., e; = (1,0,0), etc., and the angular momentum J,, along an
arbitrary unit vector u = ¥, u;e; in R? is given by

3
Ju=(Ju) =Y Ju. (6.11)
i=1

This brings us to the crucial point: a map V : H3(C) — R induces amap V : §> — R
on the set $2 of all unit vectors u in R3, via

V() =V (J3). (6.12)
As usual, a basis of R3, denoted by a = (u;,uy,u3), is always assumed orthonormal.

Lemma 6.6. Let V : H3(C) — R be a non-contextual quasi-linear hidden variable,
with associated map V : S* — {0,1} given by (6.12). Then:

1. V(—u) =V (u) for eachu € §? (so that V is defined on the real projective plane);
2. If a = (uy,us,u3) is a basis, then the triple V(a) = (V(u;),V(u2),V (u3)) must
contain a single 0 and two 1’s, i.e., V(a) must be one of the triples
A =1(0,1,1);
A% = (1,0,1);
A% = (1,1,0). (6.13)
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In Gleason-like language, V is a 2-valued frame function of weight w(V) = 2.

Proof. If a = (u;,uy,u3) is a basis, then Jy, = uJiu* for i = 1,2,3, where u is the
3 x 3 matrix with entries u;; = (u;,e;). Since u is unitary, the matrices J,, and their
squares have the same eigenvalues and satisfy the same relations as the J; and their
squares. Thus the eigenvalues of J&, are 0 and 1, for fixed a the squares Jﬁi mutually
commute, and they satisfy the sum rule (6.9), i.e., J&l —&-Jﬁz —l—J&3 =2-13,50 V(u) +
V(up) + V(u3) = 2. The claim then follows from Definition 6.3 and Lemma 6.4. [J

Now define a coloring of R? as any map V : > — {0, 1} satisfying the two properties
in Lemma (6.6). The proof of Theorem 6.5 then reduces to the following lemma.

Lemma 6.7. There exists no coloring of R3.

Proof. Take the following unit vectors (some identical), grouped into 11 bases (for
simplicity we use unnormalized vectors, e.g., (1,0, 1) stands for (1/4/2,0,1/+/2)):

basis u u u3

ar (0,0,1) (1,0,0) (0,1,0)

ay (1,0,1) (—1,0,1) (0,1,0)

a; (0,1,1) (0,—1,1) (1,0,0)

as (1,-1,2) (—-1,1,2) (1,1,0)

as (1,0,2) (-=2,0,1) (0,1,0)

ag  (2,1,1) (0,—1,1) (=2,1,1)
a7 (2,0,1) (0,1,0) (-—1,0,2)
ag  (1,1,2) (1,—1,0) (—1,—1,2)
as  (0,1,2) (1,0,0) (0,—2,1)
apo (1,2,1) (—=1,0,1) (1,-2,1)
aj;  (1,0,0) (0,2,1) (0,—1,2).

We will show that one cannot even color this particular finite set of vectors (let alone
all unit vectors in R?). We denote a vector u; in a basis a, by

u i=123,u=1,.,11,
and write e.g. V(ayu) = (0,1, 1) for the three conditions
vty =0, V@) =1), V@) =1.

The main point is that if some coloring V maps a specific vector u to 0, then all
vectors orthogonal to u must go to 1. In particular, two orthogonal vectors can never

both be sent to 0. To find a contradiction (to the assumption that V exists), we try

to assign values V(ul(“ >) one after the other, starting in row 1. Here some specific

choices will be made, but by symmetry other choices lead to similar contradictions.
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1. Suppose that V(a;) = (0,1,1) (i.e., V(u(ll)) =0 and V(ugl)) = V(ugl)) =1).In
a; this forces \7(ug2 ) or ugz) must be mapped to 0 (and
the other to 1). Let V “(12 ) =0, so that V(ugz)) =1,ie., V(up)=(0,1,1).Inas

one has ug3) = ug), ) V(ug3)) = 1. We choose V(u(13)) =0 and hence V(u?)) =

1, so V(up) = (0,1,1). In ay, the vector ug4) is orthogonal to u(ll), which has

been mapped to zero already, so that V(ug4)) = 1. The remaining free choice is
arbitrarily made as V(u§4)) =0, so that V(ug‘)) =1 and hence V(a4) = (0,1,1).

2. But now everything is fixed for as t/m aj;, as follows. From as, the vector uf)

already occurred in u;, and moreover, ugs) is orthogonal to u(14) from a4. Be-

cause V(u(14)) = 0, one must have V(ug‘)) = 1. And so on and so forth, yielding
V(au) = (0,1,1) voor £ =5,...,10 (as was the case also for u = 1,2,3,4).

3. In ay; one has ugll) = uél), SO u(lll) is mapped to 1. Furthermore, ugll) is or-

thogonal to u§4), which was mapped to 0; hence ug“) goes to 1. Finally, ug“) is

orthogonal to uglo), which was mapped to 0, so that u('") must go to 1. Thus

=~ =
I

~ =
173
o
[
=3
o
—
[¢]
=
=
[}
=
=
—_

V(an) = (1,1,1). (6.14)
But (1,1, 1) is not an admissible value of V! So V and hence V cannot exist. 0
Corollary 6.8. There is no function V with the two properties stated in Lemma 6.6.

The Kochen—Specker Theorem is often stated in the following way.

Definition 6.9. For any finite-dimensional Hilbert space H, a coloring of the set
P\ (H) of one-dimensional projections on H is a function

W:2,(H)—{0,1}

such that for any resolution of the identity (e;) with e; € 2\ (H), i.e.,

eiej = 0Ojje;; (6.15)
Ze" =1y, (6.16)
i
one has
Y W(es) =1, 6.17)
i

so that there is exactly one member e; of the family such that W (e;) = 1.

Note that if e € &7 (H) then e = ey, = |y)(y| for some unit vector y € H, so
that each basis (v;) of H defines such a family by e; = |v;)(v;|, and vice versa,
up to phase factors. The setting of Gleason’s Theorem is similar, with the crucial
difference that the function on & (H) in question then takes values in [0, 1] instead
of {0, 1} and hence can be shown to exist, even amply so (as there are many states).
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Theorem 6.10. If dim(H) > 2, there exists no coloring of Z1(H).

Proof. For H = C3, the existence of W would yield the existence of V through

Viu)=1-W(ey), (6.18)

where u € R? is regarded as a vector in C3. Property 1 in Lemma 6.6 is obviously
satisfied. To prove property 2, we note that for any unit vector u € R* C C3, we have

Jlu=0, (6.19)
since an explicit computation based on (6.11) shows that, with w = (u;,uz,u3),

u%+u§ —uiuy —UjU3
Jl% =1 —uuy u%—i—u% —uou3 | . (6.20)
—UiU3z —UruU3 u%—l—u%

It follows from rotation invariance that the eigenvalues of J2 are the same as those
of each Jl-z, cf. (6.8), i.e., A = 0 with multiplicity one and A = 1 with multiplicity
two. Hence (6.19) gives the projection e onto the eigenspace of Jg for A =0 as

ep = |u)(u| = ey. (6.21)

Property 2 in Lemma 6.6 then follows from the assumption that W is a coloring.
Since V cannot exist by Lemma 6.7, neither can W. This proves the claim for C3.
We finish by induction. Suppose C" contains some set {uy }rcx of unit vectors
that cannot be colored, assuming that up = (1,0,...,0) lies in this set. We embed
each u; into C"*! by adding a zero at the end, calling the image u;. Adding v =
(0,...,0,1), the only possible coloring of the set {u},v}wex in C*"! is given by
W (u;) =0 for each k € K and W(v) = 1. Indeed, if W (u} ) = 1 for some ko, then,
since v is orthogonal to each u}c, we must have W(v) = 0, which means that the
original set {uy }rcx should be colorable in C”, but this is impossible by assumption.
We now embed each uy, into C"*! by adding a zero at the beginning, denoting its
image by u}/, and add uj, = (1,0,...,0,0). By the same token, the only coloring of
the set {u}/,uf, }xcx is given by W (/) = 0 for each k € K and W (u;,) = 1. But this
leaves the set {w,u},v}ick in C"*! uncolorable, since colorability of {u}, viek
gave W (ug) = 0, whereas colorability of {u],uf }rcx gave W (ug) = 1. O

The set thus obtained is larger than necessary. For example, already for H = C* the
following bases cannot be colored (again writing down unnormalized vectors):
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basis u; up u3 uy

aj (0705071) (0 07170) 1717()’0) (17_17070)
@ (0,0,0,1) (0,1,0 0) 1,0,1,0) (1,0,—1,0)
as (1,-1,1,—1) (1,— ) (0,0,1,1)

as (1,-1,1,—1) (1,1,1,1) 0,—1,0) (0,1,0,—1)
as  (0,0,1,0) (0,1,0,0) (1,0,0,1) (1,0,0,—1)
ag (1,-1,—1,1) (1,1,1,1) (1,0,0,—1) (0,1,—1,0)
a7 (1,1,—-1,1) (1,1,1,—1) (1,—1,0,0) (0,0,1,1)
ag  (1,1,-1,1) (=1,1,1,1) (1,0,1,0) (0,1,0,—1)

(1,1,1,—1) (-1,1,1,1) (1,0,0,1) (0,1,—1,0)

(
(
1) (1,1,0,0
(1,
(
1

ag

The proof is the following observation: if we present the coloring condition as

w(0,0,0,1)+W(0,0,1,0)+W(1,1,0,0) +W(1,—1,0,0) = 1; (ap)
(ae)
W(l7171,—1)+W(—1,1,1,1)+W(1,0,0,l)—‘y—W(O,l,—l,O):1, (ag)

then since there are nine such equations the sum of the right-hand sides is odd,
whereas the sum of the left-hand sides is even, since each vector appears twice.

To bridge the gap between the Kochen—Specker Theorem and the Free Will The-
orem, as well as the one between mathematics and physics, we now rephrase the
former as a “mini FWT”. We build an experiment consisting of a box containing a
spin-1 particle and a device capable of measuring all of the three observables

(o, Ty )

for an arbitrary basis a of R?; since the operators in question commute, this si-
multaneous measurement is allowed by quantum theory. The choice of a is called
the setting of the experiment, traditionally denoted by A (in honor of Alice, who is
supposed to perform the experiment), with possible values A = a. In “phenomeno-
logical” notation, the observable measured in an experiment like this is called F,
which in the case at hand has three components F = (F}, F», F3): given the setting a,
the observable F; corresponds to Jﬁl_. The notation F = A for A = (A1,42,43), i.e
F; = A;, then expresses the fact that the outcome of a measurement of F is A.

According to both quantum mechanics and our quasi-linear non-contextual hid-
den variable theory, either A; =0 or A; = 1, and A must lie in the value space

A:{(07171)7(1a031)3(13130)}; (622)

cf. Lemma 6.6 for the hidden variable theory, while in quantum mechanics (6.22)
follows from the fact that A must lie in the joint spectrum of the three operators Jﬁ’_.
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This, in turn means that there must be a joint eigenvector Y such that Jﬁi =Ny
for each i = 1,2,3. There are three such joint eigenvectors, namely u;, up, and
u; (initially defined as vectors in R* but now seen as vectors in C?), with joint
eigenvalues (0,1,1), (1,0,1), and (1, 1,0), respectively.

Otherwise, quantum mechanics and our quasi-linear non-contextual hidden vari-
able theory provide a different picture of the experiment. According to the former
theory, a given spin-1 particle may be prepared in a (pure) quantum state y, which
is a unit vector in C>. Quantum theory then merely predicts probabilities

PW(F:l|A:a) EPJLZ‘I S22 (AM,242,43), (6.23)
for the possible outcomes A, which according to the Born rule (2.21) are given by
Py(F = 2"|A = a) = [(wi, y) " (6.24)

So if ¥ = u;, then the outcome will be A = A () with probability one, but in a super-
position y = ¥, c;u; (with ¥; |¢;|> = 1), quantum theory predicts a random sequence
of outcomes A9, each with probability |c;|?.

Let us note that quantum mechanics is non-contextual in the following (proba-
bilistic) sense. Alice could decide to perform just one measurement instead of three,
say Fi, with setting a; = uy, or perhaps she may not know if the other two are
performed. Fortunately, this does not matter, since for any unit vector y € C3,

Py(Fi=MlA1=w)= ) Py(F=AlA=a), (6.25)
M2, A3

so that according to quantum mechanics, it does not matter for the Born probabilities
of the first measurement if the other two are performed or not.

The question now arises if some quasi-linear non-contextual hidden variable the-
ory theory could improve on this, in that the probabilities quantum theory assigns
to various outcomes are replaced by predictions. In the sprit of determinism (whilst
avoiding the appearance of circularity), such a theory should also predict the settings
of the experiment. Accordingly, the assumptions leading to our “mini FWT” are:

Definition 6.11. In the context of the experiment on spin-1 particles just discussed:

o Determinism firstly means that there is a state space X with associated functions

A X =Xy, (6.26)
F:X—A, (6.27)

where Xy is the set of all bases in R? (i.e. a € X4), and A is some set of possible
outcomes; these functions completely describe the experiment in the sense that
each state x € X determines both its settings a = A(x) and its outcome A = F (x).
Here A = (A1,A2,A3), where the functions A; : X — S? (seen as the space of unit
vectors in R®) combine to define a basis, and F = (Fi,F>,F3), where F; : X — R.
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Secondly, there exists some set Xz and an additional function
Z:X — Xy, (6.28)

such that
F=F(AZ). (6.29)

More precisely, for each x € X one has
Fx) = F(A(X),Z(x)) (6.30)

for a certain function F : X, x X; — A. Also this function is, of course, a triple
F= (Fl,ﬁz,l%), where F; : Xy x X7 — 2. In terms of (6.28), then:

e Nature then requires that A is given by (6.22) (so that F; : X — 2).

o Freedom states that A and Z are independent in the sense that the function

AXZ: X — Xy XXz
x = (A(x),Z(x)) (6.31)

is surjective; in other words, for each (a,z) € Xa X Xz there is an x € X for which
A(x) = a and Z(x) = z (making a and z free variables).
e Non-contextuality (cf. Lemma 6.6) finally stipulates that F take the form

F((ur,u,u3),2) = (F(uy,2), F(w2,2), F (u3,2)), (6.32)
for a single function F : §* x X7 — 2 that also satisfies
F(—u,z) = F(u,z). (6.33)

“Nature” may be taken to be either an experimental result or an uncontroversial
prediction of (some corner of) quantum mechanics. The function Z (including its
domain X7) describes anything relevant to the experiment (such as the behaviour of
the particle) except the variables determining the settings (which do form part of
X). The goal of the freedom assumption is to remove any potential dependencies
between the variables («,z), and hence between the physical system Alice perform
her measurements on, and the devices she performs her measurements with.

Corollary 6.12. Determinism, Nature, Freedom, and Non-contextuality are contra-
dictory.

Proof. For each z € Xy, define a function V, : §> — 2 by V,(u) = F(u,z). The as-
sumptlons combine to give V, the same properties as V in Lemma 6.6 (where z

“goes along for a free ride””). According to Corollary 6.8 (which applies because by
Freedom one can freely vary a for any given z), the function V, cannot exist. 0

This “mini FWT” is a good exercise for the Free Will Theorem in the next section.
For example, let us note, as a warning, that if Determinism is seen as the culprit (and
hence falls), then the other assumptions in the (min) FWT are no longer defined. This
blocks a direct inference from Freedom to Indeterminism a la Conway & Kochen.
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6.2 The Free Will Theorem

The Free Will Theorem is similar in spirit to Corollary 6.12, with the difference that
the experiment now has two wings and the non-contextuality assumption is replaced
by a certain locality condition. This condition relates to the setting introduced by
Einstein, Podolsky, and Rosen in 1935 and further studied by Bohm, Bell, and oth-
ers, in which (in current jargon) two physicists, called Alice and Bob, are far apart
whilst performing simultaneous experiments on some correlated two-particle state
(technically speaking, their measurements need to be spacelike separated). In the
situation considered by EPR each particle had a spatial degree of freedom and hence
required the infinite-dimensional Hilbert space L?(R?) for its description, but, as
recognized by Bohm, the thrust of the argument comes out more clearly if each
particle merely has an internal degree of freedom (and is “frozen” otherwise).

Bell (1964) considered a pair of spin 1 particles (cf. §6.5), each of which has
Hilbert space C? (although the famous experiments of Aspect testing the violation of
Bell’s inequalities used photons, which have the “same” Hilbert space), but because
of its reliance on the Kochen—Specker Theorem (which fails for C?) the Free Will
Theorem requires one dimension more, i.e., H = C3. As before, we see this as the
state space of a massive spin-1 particle. The price of this extra dimension is that
the pertinent experiment whose outcome provides the Nature input for the Free Will
Theorem has not actually been performed, but, as in the Bell case, the predictions
of quantum mechanics are uncontroversial and will serve as input instead.

These predictions are as follows. Alice and Bob measure on the correlated state

u/o:(e1®e1+e2®e2+e3®e3)/\@, (6.34)

where we recall that (e, e;,e3) is the standard basis of R3, now seen as a basis of
C3. This state is rotation-invariant, which means that nonzero angular momentum in
one particle must be compensated for in the other, creating the desired correlations.

As before, we denote Alice’s setting by A = a, which remains the choice of some
basis of R3, but this time also Bob picks some basis b, so that we write B = b for his
choice. Similar to Alice’s outcome F = A we denote Bob’s by G = 7, and quantum
mechanics provides all (Born) probabilities

Pl//o(F =A,G=vYA=aB=b)= P]g] Ty s T T2 IR, (M, 22, 23,71,72.13),
which are well defined because Alice’s squared angular momentum operators Jal
commute with Bob’s ng as a consequence of Einstein locality (stating that spacelike
separated observables commute). Note that similarly to @ = (u;,uz,us) for Alice’s
basis, we write b = (v, Vy,v3) for Bob’s. If Alice merely measures F; whilst Bob
measures G|, then, as in the previous section, it does not matter which other (com-
muting) operators are measured and/or whether Alice and Bob know about this, cf.
(6.25). Thus we may write either (A = a,B = b) or A; = u;, B; = v; for the settings,
and simple calculations show that the Born probabilities are given by:
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Py (F=1,Gj=1|A=a,B=b) = }(1+ (u;,v;)?); (6.35)
Py, (F;=0,G;=0/A=a,B=b) = (u;,v,)% (6.36)
Py, (FF=1,G;=0/A=a,B=b) = 1(1— (u;,v;)?); (6.37)
Py (F;=0,G;=1]A=a,B=0b) = }(1— (u;,v;)?), (6.38)

2:|

where (u;,v;) (u;,v;)[%, etc., since the vectors are real, In terms of the notation

P‘lfo(Fi = Gj| )= P‘VO(E =0,G; =0 ')+P1V0(E =1,G;= 1-);  (6.39)
Poy(Fi# Gyl) = Py (F =0,G = 1] )+ Py (Fr=1,G; =0]),  (6.40)

this yields
Py (F=GjlA=a,B=b) = 1(1+2(u;,v;)?); (6.41)
Py (Fi # GjlA=a,B=b) = 2(1— (u;,v;)?). (6.42)
The crucial point for the Free Will Theorem is that this implies perfect correlation:
Py (F,=GjlAi=B;j) =1, (6.43)

in agreement with the intuition about angular momentum expressed earlier.

We now move to a (possibly counterfactual) deterministic description of this ex-
periment along the lines of the previous section. It is straightforward to adapt all
of Definition 6.11 except Non-contextuality (which after all is the assumption we
would like to get rid of!). With the obvious changes, we obtain:

e Determinism again first claims there is a state space X with associated functions

A X — Xy, (6.44)
B: X — Xp; (6.45)
F:X—A; (6.46)
G:X—A, (6.47)

where X4 = Xp is the set of all bases in R3, and A is some set of possible
outcomes, which completely describe the experiment in the sense that each
state x € X determines both its settings (a = A(x),b = B(x)) and its outcome
(A=F(x),y=G(x)). Here A= (A1,A2,A3) and B= (B;, B2, B3) where the func-
tions A; : X — S? (where S? is seen as the space of unit vectors in R®) combine
to define a basis (similarly for B; : X — §2), and F = (F},F», F3). Secondly, there
exists some set Xz and an additional function Z : X — Xz such that

F = F(A,B,2); (6.48)
G = G(A,B,Z), (6.49)

in that for each x € X one has the functional relationships
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F(x) fmuxmwz@m (6.50)

G(x) = G(A(x),B(x),Z(x)), (6.51)

for certain functions F : X4 x Xg X X7 — A and G: X4 x Xgp x Xz — A, each
of which is a triple F' = (F|,F>, F3) with F; : X4 x Xp x X7 — R, etc. The value
z=Z(x) is just the traditional “hidden variable” (which is often denoted by 7).
e Freedom then states that A, B, and Z are independent in that for each (a,b,z) €
X4 x Xp x Xz there is an x € X for which A(x) = a, B(x) = b, and Z(x) = z.
e Nature requires that:

— A s given by (6.22), i.e. F; and G;, and hence F; and Gj take values in {0,1};
— The experiment measures squares of angular momenta, so that

F(d,V,2)

F(a,b,z); (6.52)
G(d,b,z) = Gla,b,z

(a,b.2), (6.53)

whenever (', ") differ from (a,b) by changing the sign of any basis vector;
— Perfect correlation obtains, cf. (6.43), i.e., writing a = (uj,up,u3) for Alice’s
basis and b = (v, Vv, v3) for Bob’s, one has

w =v; = F(a,b,z) = Gj(a,b,z). (6.54)

We now come to the locality condition that is to replace Non-contextuality. This
condition was first clearly stated by Bell (1964, p. 196), who attributes it to Einstein:

‘The vital assumption is that the result G for particle 2 does not depend on the setting a of
the magnet for particle 1, nor F on b.

Noting various other notions of locality (such as Einstein locality in local quantum
physics, which requires spacelike separated operators to commute, or Bell locality,
discussed below), the above idea might be called Context locality, but we will simply
refer to it as Locality. In our deterministic setting, a precise formulation is this:

e Locality means that F (A, B,Z) is independent of B and G(A, B, Z) is independent
of A. In other words, we have F = F(A,Z) and G = G(B,Z), so that (with slight
abuse of notation) F': X4 x X7 — A and G : Xp x Xz — A, or, then again, F(x)=
F(A(x),Z(x)) and G(x) = G(B(x),Z(x)), for each x € X.

This finally brings us to (our reformulation of) the Free Will Theorem:

Theorem 6.13. Determinism, Freedom, Nature, and Locality are contradictory.

Proof. The Freedom assumption allows us to treat (a,b,z) as free variables, a
fact that will tacitly be used all the time. First, taking i = j in (6.54) shows that
Fi(u;,uz,u3,7) only depends on (u;,z), whilst Gj(vl,vz,V3,z) only depends on
(v;,z). Hence we write F;(a,z) = F;(w;,z), etc. Next, taking i # j in (6.54) shows
that i (u,z) = F>(u,z) = F3(u,z). Consequently, the function F : X4 x X7 — X is
given by (6.32). We are now back to the proof of Corollary 6.12, concluding that
such a function does not exist by Corollary 6.8. g
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6.3 Philosophical intermezzo: Free will in the Free Will Theorem

‘The determinism-free will controversy has all of the earmarks of a dead problem. The
positions are well staked out and the opponents manning them stare at each other in mutual
incomprehension.” (Earman, 1986, p. 235)

The question arises which specific notion of free will is among the assumptions of
the FWT (in the reformulation just given). To put this question in perspective, let
us briefly recall the main point of the debate about free will. This concept has two
poles. One is the “will” itself, requiring a sense of agency, deliberation, and control.
This pole seems to require some form of determinism. A powerful expressions is:

‘Fiirst! Was Sie sind, sind Sie durch Zufall und Geburt. Was ich bin, bin ich durch mich.’!
(Beethoven, to his benefactor (!) Prince Lichnowsky)

The other pole of free will is the adjective “free”, i.e., the ability to do otherwise,
which at first sight requires indeterminism. The problem of free will is that these
poles seem contradictory. Many authors conflate free will with moral responsibility:

‘free will can be defined as the unique ability of persons to exercise control over their
conduct in the manner necessary for moral responsibility.” (McKenna & Coates, 2015)

This aspect is irrelevant to our discussion, concerned as it is with the question what

it would mean for Alice and Bob to choose their settings “freely” if determinism is

assumed (it would have been different if one setting launched a nuclear missile).
Even in our narrow context, the traditional philosophical stances are relevant:

o Compatibilism denies the contradiction, claiming that free will and determinism
coexist. This position may be defended in many ways, among which one finds:

— Reconceptualizing “the ability to do otherwise” in a deterministic world. This
will be our focus in what follows, especially in a version inspired by Lewis.
— Belittling the relevance of “the ability to do otherwise”, as e.g. by Dennett:

‘So if anyone at all is interested in the question of whether one could have done
otherwise in exactly the same circumstances (and internal state) this will have to be
a particularly pure metaphysical curiosity—that is to say, a curiosity so pure as to be
utterly lacking in any ulterior motive, since the answer could not conceivably make
any noticeable difference to the way the world went.” (Dennett, 1984, p. 559).

o Incompatibilism accepts the contradiction, once again branching off into:

— Libertarianism, arguing that free will requires an indeterministic world.

— Hard determinism, claiming determinism (which is assumed) blocks free will:
‘Ein Mensch kann zwar tun was er will, aber nicht wollen was er will.’2
(Schopenhauer)

— Hard incompatibilism, asserting that ‘every way you look at it you lose’:

free will makes no sense in either a deterministic or an indeterministic world.

! “Lord! What you are, you are through chance and birth. What I am, I am because of myself.’
2 “One can admittedly do what one wants, but one cannot want what one wants.’
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Although hard incompatibilism has our sympathy, our opening question con-
cerning the notion of free will in the FWT drives us into the compatibilist direction,
since determinism is among the assumptions shown to be contradictory by Theo-
rem 6.13. Within compatibilism, we will be close to the well-known ‘local miracle’
variant thereof proposed by the philosopher David Lewis. Like other compatibilists
before him (starting at least with G.E. Moore), Lewis attempts to make sense of the
intuition that even in a deterministic world one in principle has the ability to act
differently from the way one actually does, despite the fact that the latter was pre-
determined. A simple example is Alice’s choosing setting a by moving her hand in
a certain way, although she was able to choose a’. On the other hand, she could not
have moved her hand with a speed greater than that of light, so her ability remains
constrained by the laws of nature. Lewis asks us to distinguish between:

e ‘[ am able to do something such that, if I did it, a law would be broken.’
e ‘I am able to break a law.’

The latter is impossible, but the former is not on Lewis’s own theory of counterfac-
tuals, according to which the phrase ‘if I did it’ leads us to consider the possible
world in which doing ‘something’ is actually true, whilst in the possible worlds
under consideration as many other features as possible are kept the same as in the
actual world (the precise underlying measure of similarity is not important here).
Thus the phrase ‘a law would be broken’ refers to the laws of the actual world (in
which the alternative action is not realized). It seems to be of great importance to
Lewis that in the first case it is not the agent who would break a law; instead, it is the
breaking of some law of our actual world at an earlier time that enables the subject
to do in an alternative possible world what she could not do in our actual world, .

By making this distinction, Lewis claims that he invalidates the seemingly lethal
Consequence Argument against compatibilist free will, of which a simple version
reads (assuming determinism, on which compatibilist free will is predicated):

1. Alice’s actions are a necessary consequence of the laws of nature plus the state
of the universe (or the relevant part thereof) at any earlier time;

2. Alice is unable to render both (laws and earlier states) false;

3. Alice is unable to render the consequences of laws and earlier states false;

4. Ergo: Alice is unable to do otherwise than what she actually does.

Lewis claims that statement 3 is ambiguous, in that it fails to distinguish between the
two senses in his two bullet points above. The Consequence Argument requires the
latter (which is false), whereas this argument itself is unsound on the former (which
is true). This disambiguation of assumption 3 in the Consequence Argument, then,
is supposed to save (compatibilist) free will. However, a considerable philosophical
literature suggests that the tension between Lewis’s denying the second bullet point
whilst accepting the first is pretty uncomfortable, reflecting the corresponding ten-
sion between the conjunction of determinism and freedom in general; indeed, this is
what the FWT makes precise! Let us first point out that, at least in his terminology
Lewis fails to make a clear distinction between laws of nature and initial states;
from the point of view of modern physics, this distinction is absolutely fundamental
(although it may dispappear in post-modern physics based in e.g. quantum gravity).
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Lewis’s examples of law-breaking events in our actual world typically refer to
violations of some law of nature (like exceeding the speed of light), whereas the (al-
leged) law-breaking in his counterfactuals, such as choosing @’ (where in fact Alice
did not do so) amounts to a change in some earlier state. Thus it might have been
more appropriate if the paper in which Lewis laid out his version of compatibalism
had been entitled Are we free to change the states? instead of Are we free to break
the laws?. On this revision, his distinction of the two cases takes the following form:

e [ am able to do something such that, if I did it, the state of the actual world at
some earlier time would have been different.
e [ am able to change the actual state of the world.

The latter remains impossible, while it is the former that enables free will. Applied
to Alice, the former should mean (still in the compatibilist spirit of Lewis):

e A slight alteration in the state of the actual world (which would have made it a
different but very similar world according to Lewis) would have led Alice to do
something (such as choosing a’) that she did not do in the actual world (because
according to determinism its actual state at any earlier time—as opposed to the
counterfactual alternative state in the discussion—Iled her to choose a).

We now make this revised version of Lewis’s local miracle compatibilism math-
ematically precise, in a way that has the additional advantage of involving not only
“the ability do do otherwise”, but also the other component free will, i.e. agency.
Here the intuition is that free will involves a separation between the agent, Alice,
(who is to exercise it) and the rest of the world, under whose influence she acts.
Namely, as in the FWT, let X be the state space of the Universe, and let

a=A(x) (6.55)

again be Alice’s setting, where A : X — Xy, as before. We now assume that a is
determined by her “inner state” I as well as the “outer state” O of the rest of the
world, under whose influence she acts. These, in turn, are determined by the state
x € X of the world. That is, A = A(O,I), which expresses the existence of functions

0:X —Xo; (6.56)
I:X =X (6.57)
A Xo xXi — Xa, (6.58)

where Xy and X; are certain sets, such that for each x € X one has
A(x) =A(0O(x),I(x)). (6.59)
In other words, for some given state x of the world we have

0= 0(x); (6.60)
i=1I(x); (6.61)
a = A(o,i). (6.62)
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Note that, in the spirit of Conway and Kochen, in the above analysis Alice (whose
free choice they after all believe to be ultimately a consequence of the free choice
of elementary particles) now plays the role of the spin-1 particles in the bipartite
experiment. Thus the analogy is between the triples:

(a,z,A) EXa X Z X A; (6.63)
(o,i,a) € Xo XXy xXya. (6.64)

e The first triple is defined in the experimental context of the FWT, where a is the
setting of Alice’s wing of the experiment (which from the perspective of the spin-
1 particle plays the role of the outer state of the world), z is the inner state of the
particle, and A is the outcome of Alice’s measurement.

e The second pertains to the analysis of Alice’s “free” choice of the setting of her
experiment, where o is the outer state of the world, i is her inner state, and a is
her actual setting, given x € X and hence (0,i) = (O(x),I(x)).

Beyond Determinism, which is expressed by the above framework, our funda-
mental assumption underpinning compatibilist free will is Freedom, defined exactly
as in the FWT: O and [ are independent in that the following function is surjective:

OxI:X — XoxX;
x = (0(x),1(x)), (6.65)

i.e., for each pair (0,i) € X; X Xp there is x € X for which (6.60) and (6.61) hold.
Rephrasing our earlier analysis in this elementary mathematical language, Lewis
wants to make sense of the idea that although Alice’s choice (6.62) at some fixed
time ¢t was determined by the state x of the Universe at that time through (6.60) -
(6.61), or, equivalently, through (6.59), and hence—and this is the whole point of the
Consequence Argument Lewis challenges—by any earlier state x,, of the Universe
at time ¢,, nonetheless Alice was “able to act otherwise” at time #, e.g. in choosing

d=A(d,1), (6.66)
but did not do so, since choosing a’ would illegally have changed the state x to x’

(both at time ), and, equivalently (given determinism), would have changed x,, to

x;,. On our reading of Lewis’s theory of counterfactuals, Alice’s ability to choose @’

simply means that there exists a state x’ of the world close to x in the sense that
O(¥')=0(x) = o, (6.67)
making the environment in which Alice acts the same as in the actual world, but
i =1(xX)#1(x)=1i, (6.68)

where i’ should be close to i in some appropriate sense (such as a slight change in
the state of Alice’s brain), such that (6.66) holds, with o’ = o as required by (6.67).
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The point, then, is that according to our Freedom assumption, there indeed is such
a nearby state x’, for any given i’ and (o,i). Thus the freedom Alice has is precisely
what we have formalized as Freedom: even given the state o of the causal influences
on her behaviour (and possibly even the entire state of the rest of the world), there is
a different admissible state x’' of the world such that, had this state been actual, she
would have chosen @’ (although she in fact, necessarily, picked a).

It should be clear now that at least in the context of the Free Will Theorem, our
precise technical formulation of all assumptions implies that the freedom Alice and
Bob have in choosing their settings is an instance of the local miracle compatibilist
form of free will proposed by Lewis (1981), at least if one accepts our reformulation
thereof. The theorem then establishes a contradiction between:

o the physics assumptions, i.e., Nature, and Locality;
e the compatibilist free will assumption, i.e., Determinism and Freedom.

Accepting the former, the latter must fall. Making this choice, one should realize that
the physics assumptions on the one hand just form a small corner of modern physics
(from which point of view they are weak), but on the other hand have singled out
the corner in which the two fundamental theories of quantum mechanics and special
relativity meet and are brought to a head (from which perspective they are strong).

The challenge their theorem puts to compatibalism was recognized by Conway
& Kochen (2009), who write:

‘The tension between human free will and physical determinism has a long history. Long
ago, Lucretius made his otherwise deterministic particles swerve unpredictably to allow
for free will. It was largely the great success of deterministic classical physics that led to
the adoption of determinism by so many philosophers and scientists, particularly those in
fields remote from current physics. (This remark also applies to “compatibilism”, a now
unnecessary attempt to allow for human free will in a deterministic world.)’

This quotation does not use a precise version of compatibilism, but, as Conway
explains elsewhere, what they mean is that compatibilism in whatever form was
a desperate pre-twentieth-century attempt to save the notion of free will for e.g.
Christianity in the face of the physics of the time, which assumed that the universe
was a mechanical clockwork. Such attempts, then, would no longer be necessary
if the world is, in fact, indeterministic (as Conway and Kochen claim to have at
last proved). Our reformulation of their theorem (which removes the threat of cir-
cularity) gives a more subtle picture: the FWT uses modern physics to challenge
one particular version of compatibilist free will. As such, it only provides indirect
support for libertarian free will, namely by weakening one of its competitors.

To close this philosophical intermezzo, let us note that determinism is seen as
a property of theories. Since it is the job of a deterministic theory to predict the
outcome of any experiment, whether or not it is performed, this obviates the need for
assumptions like counterfactuality in the sense that ‘unperformed experiments have
results’ (which was famously denied by Asher Peres). Such controversial notions of
counterfactuality have effectively been replaced by the considerably more refined
modal counterfactuality of Lewis (at least in our slight reformulation thereof).
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6.4 Technical intermezzo: The GHZ-Theorem

The essence of the proof of the Free Will Theorem lies in the argument that per-
fect correlation together with context-locality implies non-contextuality. Remark-
ably, context-locality is at the same time a special case of non-contextuality, as the
following example illustrates. We take H = C* ® C?, equipped with the Bell basis

vy = ([01) —[10))/v/2; (6.69)
vy = (J01)+(10))/v2; (6.70)
vy = (|00) —[11))/v2; (6.71)
03 = (00) +11))/v2, (6.72)
where we use the physicists’ notation
1) = (1,0); (6.73)
0) = (0,1); (6.74)
i) =) ®1j)- (6.75)

Of course, C? ® C? = C* contains the spin-1 Hilbert space C> of the Kochen—
Specker Theorem as the subspace orthogonal to the vector vg. Thus we identify c?
with the subspace C* of C* spanned by the basis vectors vy, U2, V3. The operators

Ju=Ll(ou®@ 1+ 1L ®0y), (6.76)

where u € R? is a unit vector as before, and
3 .
Cu=Y 0u (6.77)
i=1

in terms of the Pauli matrices ¢, map v; to zero and leave its orthogonal comple-
ment C? stable. Elementary group theory or direct calculation then shows that the
operator J, on C3in(6.11)is (unitarily) equivalent to the operator J, on C3. Since

=10y @0y +12®1y), (6.78)

the Kochen—Specker argument can be rephrased in terms of the operators 6, ® Oy.
In particular, for each frame a = (u;,uy,u3), the three operators

(Ou; @ Ou,, Ou, @ O, Ouy @ Oug) (6.79)
commute, they each square to one, and their joint eigenvalues are one of the triples:

(=1,—-1,—1),(=1,1,1),(1,=1,1),(1,1,—1).
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The eigenvector corresponding to the first one is vy, and hence the others must lie
in C3. Hence by Lemma 6.4 any quasi-linear non-contextual hidden variable must
also assign these values, which by Lemma 6.7 is impossible for arbitrary bases.
The key mathematical property of the three operators (6.79) is that they commute,
and together with the unit 1, ® 1, form a maximal set of commuting self-adjoint
matrices on C*. But other such sets could have been chosen by Alice (under whose
sole control the situation so far has been assumed to be), such as a triple of the kind

(Gu® 12a 12®Gv,6u®6v)a

where u and v are arbitrary unit vectors in R3. Since the third operator is the product
of the first two, the joint eigenvalues of this triple, and hence also the assignments
by a quasi-linear non-contextual hidden variable, must be one of the four triples

(1,1,1),(=1,1,=1),(1,—=1,=1),(=1,—1,1).

The non-contextuality assumption would then dictate that the outcome of Alice’s
measurement of oy ® 1, be independent of her choice of the setting v in a possible
simultaneous measurement of 1, ® oy, and vice versa. Therefore, in a (non-local)
bipartite setting where Alice is only able to measure operators of the type a ® 1,,
whilst Bob can measure 1, ® b, on the above choice of (commuting) operators,
non-contextuality in the situation where Alice controls everything is mathematically
equivalent to (context) locality in the bipartite Alice & Bob setting.

Further constraints then arise if the system is prepared in a correlated state like
Yo, which is an eigenstate of 6, ® oy with eigenvalue —1 whenever u = v. So in that
case the values of (6, ® 12,1, @ 0y) can only be (1,—1) or (—1, 1), yielding perfect
anti-correlation. This is not enough, however, to derive a Free Will Theorem; to do
so with the small single-site Hilbert space C2, one needs a third (non-local) party.

Indeed, the well-known tripartite GHZ-argument may be rephrased as a Free Will
Theorem, as follows. The underlying Hilbert space is

H=C’@C?®C?*~C?, (6.80)

and hence as a warm-up we first (re)prove Theorem 6.5 for n = 8. Suppose we have
amap V : Hg(C) — R as in Definition 6.1. Write

A =V(e,010 1), =V(Lheae )M =V(Lohedo),

where a,b,c can be 1,2,3. From Lemma 6.4 we then have

Vioi@omeo,) = A AP (6.81)
V(e @0 ®0,) = A2 (6.82)
Vie@aeo) =AM (6.83)
Vieroa @aor) = AN, (6.84)
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Furthermore, the four operators on the left-hand side commute and turn out to satisfy
01 ®02®02-0pR01RQ0y-02Q 02K 0] =—01 Q01 R0, (6.85)

so that again by Lemma 6.4,
AP AP AP = 200 (6.86)

ie. (151)12(2)13(2))2 = —1. Since ).j@ = 41, this is impossible, so that V cannot exist.
Now, using the notation in the preceding discussion, consider the unit vector

Wouz = (|111) - [000))/ V2, (6.87)

which is a joint eigenstate of each of the four operators on the left-hand side of
(6.81) - (6.84), with eigenvalue +1 for the first three, and hence eigenvalue —1
for the fourth, i.e., 01 ® 61 ® 0;. So if setting A = a for Alice (where a € {1,2})

means that she measures F = 6, ® 1, ® 1, with outcome ?Ll(a) = %1, and similarly
B = b for Bob and C = ¢ for Cindy mean that they measure G = 1, ® 6, ® 1, and

H =1,® 1, ® o, with outcomes 7Lz<h) = =1 and 7L3(C> = +1, respectively, then in the
state Wspz each of the settings gives the correlation

settings (a,b,¢) = (1,2,2),(2,1,2),(2,2,1) = AP0 =1, (6.89)
setting (a,b,¢) = (1,1,1) = AP = 1. (6.89)
Theorem 6.14. The conjunction of the following assumptions is contradictory:
e Determinism: there is a state space X with associated functions
AB,C:X - {1,2},F,G.H : X — A,

which completely describes the experiment, in that x € X determines both settings
(a,b,c) and outcomes (A1, 22, A3) € A3 through a = A(x), Ay = F (x), etc.

o Nature: the experiment (performed in the state Wgrz) has possible outcomes in
A ={—1,1}, subject to the correlations (6.88) - (6.89);

e Freedom: there is a further function Z : X — Xz, in terms of which

F=F(A,B,C,Z), G=G(A,B,C,Z), H=H(A,B,C,Z),
and F, G, H, Z are independent, i.e. for each (a,b,c,z) there is x € X such that
A(x)=a, B(x)=b, C(x)=c, Z(x) =2z
e Locality: F =F(A,Z), G=G(B,Z), and H=H(C,Z).

Proof. Using notation as in the proof of Theorem 6.13, for fixed z € Z we obtain
F(a,z) = 11@ etc. Nature then leads to the contradiction derived after (6.86). [
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6.5 Bell’s theorems

Two different results are known as “Bell’s Theorem”: the first, from his paper in
1964, is Theorem 6.15 below, and the second, dating from 1976, is Theorem 6.18.
The first is similar to the Free Will Theorem in both its assumptions and its conclu-
sion, and to make this similarity more obvious we first state it for C3 instead of C2.
The difference lies in the probabilistic flavour of Bell’s Theorem, whose empirical
input is not given by the only non-probabilistic consequence to be drawn from the
quantum-mechanical formulae (6.35) - (6.38), viz. the certainty (6.43) of perfect
correlation on identical settings, but rather by the probabilistic formula (6.40), i.e.,

Py (F;#GjlAj =i, Bj=v;) = 3sin*6y,y, (i,j=1,2,3), (6.90)

where 6,y is the angle between two unit vectors u and v. Furthermore, the state
space X must be upgraded to a probability space (X,X,u), carrying functions A
and B (for the settings, which unlike Bell himself—who treated them as labels—
we include among the random variables), F and G (for the outcomes) and finally Z
(for the hidden variable traditionally called A) as random variables, i.e., measurable
functions. This also implies that the target spaces X4 to Xz (which is traditionally
called A) must be equipped with some o-algebra of measurable subsets. But this is
not a big deal, since X4 = Xp carries a natural Borel structure and Xrp = Xg; is finite.
The probability measure u is assumed independent of (A, B, F,G), and vice versa.
The measure u, which gives the “hidden state” of the system that allegedly un-
derlies its quantum-mechanical description, is chosen in such a way that empirical
probabilities (typically obtained from long runs of repeated measurements) are re-
covered as joint conditional probabilities defined by p and the random variables,
i.e., assuming the settings (a,b) are possible in that P(A = a,B = b) > 0, we put

P(F=A,G=y,A=a,B=Dh)

PF=A,G=yA=a,B=0b)= 6.91
where the joint probabilities on the right-hand side are given by
P(A=a,B=b) = u(A=a,B=">b}; (6.92)

PF=A,G=y,A=a,B=0b) = u(F=21,G=y,A=a,B=b}, (6.93)

where [L(A = a,B = D) is shorthand for p(x € X | A(x) = a,B(x) = b}, etc. This
implies that u depends on (but may not be determined by) the quantum state yy.

On this understanding, the assumptions of Determinism and Locality are the
same as for the Free Will Theorem (except that equations like F(x) = F(A(x),Z(x))
are merely supposed to hold almost everywhere with respect to ). Freedom is
now taken to mean that (A, B,Z) are probabilistically independent relative to (. By
definition, this also means that the pairs (A, B), (A,Z), and (B,Z) are independent,
so that for any A C Xy, B C Xp, and (measurable) Z C X, defining

PAeEABeB,ZcZ)=u(xeX |A(x) € A,B(x) € B,Z(x) € Z), (6.94)
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and analogous expressions for P(A € A) and P(A € A, B € B), etc., we have

P(Ae A/ BeB)=P(Ac A)P(B<EB); (6.95)
PAeAZcZ)=PAcAP(ZecZ), (6.96)
P(BEB,ZeZ)=PBeB)P(ZeZ); (6.97)
P(A€ABeB,ZeZ)=PAcAP(BEB)P(Z<c 7). (6.98)

If we finally define Nature as the claim that £ and G are 2-valued and that
P(F; # GjlA; =v;,Bj =v;) = 3sin* 6y, (i,j=1,2,3), (6.99)

where the left-hand side is the conditional probability defined by u and the random
variables in question (whereas the left-hand side of (6.90) is the empirical probabil-
ity for the experiment in question, or, equivalently, the quantum-mechanical predic-
tion thereof), then we obtain the following spin-1 version of Bell’s first theorem:

Theorem 6.15. Determinism, Freedom, Nature, and Locality are contradictory.

This formulation is literally the same as Theorem 6.13, but the terms have acquired a
different technical meaning now, especially Freedom and Nature. Moreover, purists
would add Probability Theory as an assumption in Bell’s Theorem, as its formalism
is decidedly non-tautological and its interpretation is far from obvious, even in a
classical setting. In any case, the proof is practically the same as in the more familiar
optical version of the EPR-experiment, to which we now turn.

In the classical (sic) form of the experiment, Alice and Bob perform measure-
ments on incoming photons by letting them pass through a polaroid glass whose
axis of polarization makes angle a (Alice) or b (Bob) with (say) the horizontal axis
in the plane orthogonal to the direction of propagation of the photons. Considered
in the light of the previous experiment on spin-1 particles, such a choice of settings
may also be seen as a choice of basis for R?, with the proviso that, assuming (by
convention) the photons move along the y-axis, one basis element uy = (0,1,0) is
fixed so that the remaining two vectors (u;,u3) must lie in the x-z plane (in which,
on a naive picture, the photons may “vibrate”). This constraint gives rise to bases

u; = (cosa,0,sina),u; = (0,1,0),u3 = (—sina,0,cosa), (6.100)

the first of which (say) gives the actual direction of the axis of polarization. In any
case, Alice writes down F' = 1 if her photon passes her glass at angle a, and F =0
if it does not; similarly Bob writes G = 1 (pass) or G = 0 (fail) at setting b.

In a quantum-mechanical description of the experiment, the Hilbert space of the
photon pair is C? ® C?, and the correlated photon state is taken to be

v = (e1 Qe +e2®e2)/\ﬁ, (6.101)

where e; = (1,0) and e, = (0, 1) form the standard basis of C2. The probabilities
(6.35) - (6.38) as predicted by quantum mechanics are now replaced by
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Py, (F=1,G=1|A=a,B=b) = Lcos*(a—b); (6.102)
Py, (F=0,G=0|A=a,B=0b) = cos’(a—b); (6.103)
Pyy(F=1,G=0/A=a,B=>b) = Lsin’(a—Db), (6.104)
Py ((F=0,G=1|A=a,B=b) = Lsin*(a—b), (6.105)

which are also the experimentally measured ones. Instead of (6.90) we then obtain

Py, (F # G|A = a,B = b) = sin*(a—b); (6.106)
Py, (F = G|A=a,B=0b) = cos*(a—b). (6.107)

In particular, if their settings are the same (i.e., a = b), then Alice and Bob will
always find the same outcome (perfect correlation), whereas in case they are or-
thogonal (i.e., a = b + /2), they obtain perfect anti-correlation, in that Alice’s
photon passes whenever Bob’s is blocked, and vice versa. However, this will not be
used. Although it should be obvious from the previous case what the assumptions
in Theorem 6.15 mean for this particular experiment, we make them explicit:

e Determinism means that there is a probability space (X,X, 1) with associated
(measurable) functions

A:X—1[0,n],B:X —[0,n],F:X —{0,1},G:X —{0,1}, (6.108)

which completely describe the experiment in the sense that x € X determines
both its settings a = A(x),b = B(x) and its outcomes A = F(x),y = G(x).

e Freedom stipulates that there is a (measurable) function Z : X — Xz such that:
—- F=F(A,B,Z) and G = G(A,B,Z);
— (A,B,Z) are probabilistically independent relative to (.

o Locality means that F(A,B,Z) = F(A,Z) and G(A,B,Z) = G(B,Z).

e Nature states that the empirical as well as theoretical probabilities (6.106) for the
experiment are reproduced as conditional joint probabilities given by u through

P(F # GJA =a,B=1b) =sin*(a—b). (6.109)
Theorem 6.15 then holds verbatim for this situation, with the following proof.

Proof. Determinism and Freedom imply
P(F=A,G=YA=a,B=b)=Pipz(F=A,G=y|A=a,B=0b), (6.110)

where we use the notation (6.50) - (6.51), the function A : X4 x Xg X Xz — X4 is
projection on the first coordinate, likewise the function B: Xy xXg xX;— Xg is
projection on the second, and P4p7 is the joint probability on X4 x Xp X Xz induced
by the triple (A,B,Z) and the probability measure p; by independence, Pipz is a
product measure on X4 x Xz x Xz. According to Locality, F(a,b,z) does not depend
on b, whilst G(a, b, z) does not depend on a.
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For fixed settings (a,b), we may therefore define the following functions on Xy:

Fu(z) = F(a,z); (6.111)
Gy(z) = G(b,z). (6.112)

A brief computation then yields
Pipgz(F=A,G=vA=a,B=b)=P;(F,=A,G, =), (6.113)

where P is the joint probability on X7 defined by Z and pt. Therefore, from (6.110),
PF=1,G=y[A=a,B=b)=P;(E,=L1,G, =7). (6.114)
Nature then gives the crucial result
P;(F, # Gp) = sin’(a—D). (6.115)
Lemma 6.16. Any four {0, 1}-valued random variables (Fy,F,,G1,G>) satisfy
P(F1 # G1) <P(Fi # G2) +P(F, # G1) + P(F, # Ga). (6.116)

This lemma (said to go back to Boole) is very easy to prove directly, but for com-
pleteness’s sake we mention that it also follows from Proposition 6.17 below.

Taking Fy = F,,, F» = F,,, G = Gy, G2 = Gy,, and P = Py, for suitable values of
(a1,a2,b1,by) this inequality is violated by (6.115). Take, for example, ay = by = 3x,
a; =0, and b; = x. The inequality (6.116) then assumes the form f(x) > 0 for

£(x) = sin(3x) 4 sin?(2x) — sin®(x).

But in fact, f(x) < 0 for continuously many values of x € [0,27], see plot. O

Graph of x — sin®(3x) 4 sin?(2x) — sin®(x), showing (in the region where it is
negative) that quantum mechanics violates the Bell inequality (6.116).
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Lemma 6.16 is a special case of a more general result.
Proposition 6.17. Let F; : X — [—1,1] and G; : X — [—1,1], where (X,X,p) is
some probability space, be two parametrized random variables, i, j = 1,2. Then the
two-point function (F;G;) = [y du F;G; satisfies the CHSH-inequality
[(F1G1) + (F1G2) + (FRGh) — (F2Gr)| < 2. (6.117)

If F; and G just take the values 1, then (6.116) is a special case of (6.117).
Proof. In terms of the function @ = F; - (G| 4+ G,) + B - (G — G3), we may write

(FiGI)+ (FG) + (G1) ~ (BG) = [ du @, (6.118)

Since |F;(x)| < 1 and |Gj(x)| < 1 by assumption, we have |®(x)| < 2 and hence

[ dn) o)

g/du(x)|€l§(x)\ <2, (6.119)
X

since U is a probability measure. To prove the the last claim, we just note that

P(F, = G)) — P(F, # G}) = (EG)):
P(F,=G;)+P(F#G;)=1. O

In Bell’s second (1976) theorem on stochastic hidden variables, the assump-
tion of Determinism is dropped, and all we have is a theory stating conditional
probabilities P(F = A,G = y|A = a,B = b,x) for the outcomes of the above bi-
partite experiment given some hidden variable x, as well as the single-wing versions
P(F = A|A = a) and P(G = y|B = b,x). Here F,G,A, B are just notational devices
to record such outcomes, which are no longer (necessarily) represented as random
variables. On this new understanding of the notation, the Nature assumption is for-
mulated just as before, cf. (6.109). We do assume the existence of a probability
space (X, X, 1) and of conditional probabilities

P(F=1,G=vA=a,B=b,x), P(F=A|A=a,x), P(G=Y|B=b,x),

defined p-a.e. in x, in which the state of the world is specified as being x € X. In
terms of this space, the Freedom assumption means that

P(F:)L,G:ﬂA:a,B:b):/du(x)P(F:/l,G:ﬂA:a,B:b,x), (6.120)
X

for any settings (a,b), of which p is independent (as the notation already indicated).
The crucial assumption replacing Determinism is Bell locality, which reads

PF=A,G=y[A=a,B=b,x)=P(F =A|A=a,x)-P(G="7Y|B=b,x). (6.121)

Bell’s second theorem for stochastic hidden variable theories reads as follows.
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Theorem 6.18. Nature, Freedom, and Bell locality are contradictory.

Proof. The idea of the proof is to introduce an artificial probability space in order
to recover the framework of Theorem 6.15. To this end, we take

X =10,1]x[0,1] x X; (6.122)
dfi(s,t,x) =ds-dt-du(x). (6.123)

where we denoted the elements of X by (s,,x). On X, define random variables

Fa(s,t,x) = 1jo p(r=1/A=a,)] (5); (6.124)
Gy (s,1,%) = 1jg p(G=1]B=b.)] (1), (6.125)

where 1, is the indicator function for A C [0, 1]. Writing, as usual,
P(F,=2,Gy=7)= /Xdﬂ(s,M) {(s,1,%) € X | Fa(s.1,x) = 2,Gp(s,1,%) = 7},
we obtain (first for A = y = 1, from which the other cases follow):
BFa=2,Gp=7) = /Xdu(x)P(F —AA—a,x)-P(G=7YB=b,x). (6.126)

With Freedom and Bell locality, this yields
P(F=1,G=y[A=a,B=b)=P(F,=1,G, =), (6.127)
as in (6.114), so that the proof may be completed as for Theorem 6.15. O

Let us note that since in Bell’s second theorem the settings (a,b) are treated as free
parameters to begin with, the difference between X and Z evaporates, so that in the
above formulae one might as well have replaced (X, u) by the space (Xz, 1z) that
describes all relevant degrees of freedom except the settings (i.e., the experimental-
ist, in either human or machine form). Either way, Bell’s locality condition may be
disentangled into the following conditions (introduced by Jarrett and Shimony):

1. Parameter Independence (P1):

P(Ala,b,x) = P(A|a,x); (6.128)
P(Yla,b,x) = P(y|b,x); (6.129)

2. Outcome Independence (01):

P(Ala,b,v,x) = P(Ala,b,x); (6.130)
P(Yla,b,A,x) = P(yla,b,x), (6.131)

where we have abbreviated P(F = A|A = a,B = b,x) by P(Ala,b,x), etc., and have
used the following notation (which states identities in case one has (6.91) - (6.93)):



6.5 Bell’s theorems 219

P(Ala,b,x) =Y P(A,yla,b,x); (6.132)
Y
P(7]a,b,x) ZP (A,7]a,b,x) (6.133)
A
2’7 7b7
P(Ala,b,y,x) = 7; (yyaab x;); (6.134)
P(A,v]a,b,x
P(yla,b, A,x) = W, (6.135)

It is easy to see that Bell locality is equivalent to the conjunction of PI and O1.
Note that the former (P1), akin to Locality, is a hidden or ‘subsurface’ version of
the no signaling property of the ‘surface’ probabilities, which states that

P(Ala,b) = ZP()L,)/|a,b)
Y

is independent of b (and vice versa). But a violation of PI only leads to signaling if x
can be operationally controlled, similar to the way in which experimental physicists
prepare quantum states . Hence it is reassuring that quantum mechanics satisfies
P1 if we see the quantum state y as a hidden variable: assuming

P(),,}/\a,b,x):PV,O(FZA,GZ’)/|AZCI7B=b)7 (6.136)
as computed in (6.102) - (6.105), PI is valid but OI is not. First, for A =0 or A =1,

P(Ala,b,x) =Y Py(F=21,G=7la,b) = Lcos’(a—b)+ Lsin*(a—b) =1,
7=0,1
(6.137)
which is independent of b, and likewise P(7|a,b,x) = 1, independently of a. This
yields P1, which a similar computation shows to be true for any quantum state. On
the other hand, given this result, OT would require

Py(F=A,G=7A=a,B=b)=Py(F=AA=a) Py,(G=1vB=b),

which is false, since by (6.102) - (6.105), Alice’s and Bob’s outcomes are correlated.

Hence Bell locality is violated by quantum mechanics, but this does not imply
that “quantum mechanics is nonlocal” (as some say). Bell’s is a very specific locality
condition invented as a constraint on hidden variable theories. In another important
sense, viz. Einstein locality, quantum mechanics is local, in that observables with
spacelike separated localization regions commute (this is the case in quantum field
theory, but also in any bipartite experiment of the type considered here, where Al-
ice’s operators commute with Bob’s just by definition of the tensor product).

On the other hand, deterministic theories, which in the present context are defined
as those for which all conditional probabilities like P(A,y]a, b, x) are either zero or
one (in which case one may introduce random variables reproducing these probabil-
ities), violate PI but satisfy OI, at least if they reproduce the Born probabilities (such
as Bohmian mechanics). Hence such theories violate Bell locality.
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Finally, Bell-type inequalities like (6.117) also give information about quantum
mechanics itself, particularly about the degree of entanglement of states. Let H; and
H; be Hilbert spaces, with tensor product H; ® H,. A unit vector ¥ € H; ® H, is
called uncorrelated if it is of the form Y = ¢ ® @2, where @ € H; are unit vectors,
k = 1,2, and correlated otherwise. Clearly, the vectors (6.34) and (6.101) used in
the experiments so far are correlated. The simplest result is then as follows.

Theorem 6.19. Let a; and a; be self-adjoint operators on Hy, and let by and by be
self-adjoint operators on Hp, each with spectrum contained in [—1, 1] (equivalently
||Xa|| <1, etc.). Let W be a unit vector in Hy @ Hy, and define two-point functions

(FG;) = (W,a; @b, y). (6.138)
If  is uncorrelated, then the Bell inequality (6.117) holds.
Proof. This follows from the factorization property
(FiGj) = (01 ® 02,a; 001 @ ¢2) = (91,aip1) - (92,b92) = (F) - (Gj), (6.139)
where (F;) = (@1,a;¢1) and (G;) = (¢2,b;¢,). For either sign, this property yields
(FR2(G1 = Ga)) = (R2){(G1) (1 £ (F1){(G2)) = (F2)(G2) (1 £ (F1)(G1)).  (6.140)

The spectral assumption implies that |(F;)| < 1 and |(G;)| < 1, which will be used
directly below, as well as its consequence |1 £ (F1)(G2)| = 1 £ (F;)(G;). Hence

(F2(G1 — Ga))| < [1E(F)(G2)| + 1 £ (F1){G1)]
= 1£(F)(G2) + 1+ (F)(G1)
=24 (F (G +Gy)). (6.141)

Similarly,
[(F1(G1+G2))| <24 (F(G1 —Ga)), (6.142)

so that, writing @ = (F1G1) + (F1 G2) + (F2G1) — (F2G3), for either sign & we have
|®| < [(F1(G1 + G2))|+ |(F2(G1 — Go))| <4+ P (6.143)

If @ > 0 we choose the minus sign, whereas for @ < 0 we take the plus sign. Either
way, we obtain |@| < 2, which is the inequality (6.117). O

This result is actually much more general (as hinted at by the way that the proof
only uses the uncorrelated vector state Y = @ ® ¢,). The simplest generalization
is to replace pure states by mixed states, where we say that a density operator p
on H| ® H; is uncorrelated if it is of the form p =Y ; p;p1 ® p2, where the p; are
probabilities and py, is a density matrix on Hy, k = 1,2. Then all uncorrelated density
matrices satisfy the inequality (6.117). Even more generally, uncorrelated states on
C*-algebras or von Neumann algebras A ® B satisfy (6.117), see Notes.
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6.6 The Colbeck—Renner Theorem

One may try to strengthen Bell’s second theorem by weakening its assumptions. A
remarkable result in this direction states that, roughly speaking, any probabilistic
hidden variable theory that satisfies Freedom and Parameter Independence and is
compatible with quantum mechanics adds nothing to quantum mechanics. In other
words, it appears that quantum mechanics “cannot be extended”, or “is complete”.
In fact, the result turns out to be more modest than this summary suggests, since
the reasoning required to prove the claim hinges on certain assumptions which are
satisfied by quantum mechanics itself, but might seem unnatural for a hidden vari-
able theory. In any case, we have to state our notation and assumptions very clearly.

Definition 6.20. A hidden variable theory .7 underlying quantum mechanics con-
sists of a measurable space (X ,X) whose points x label conditional probabilities

Play =A1,...,ap = A4ylx) = Pla=Alx)

for the possible outcomes A = (A1,...,Ay) of a measurement of any family a =
(ai,-..,an) of n commuting self-adjoint operators on any Hilbert space H.
These formal conditional probabilities are a priori only supposed to satisfy

0<Pla=21lx)<1; (6.144)
Y Pla=Alx)=1 (6.145)
A

Apart from these probabilities, for each Hilbert space H and any pure state e €
P1(H), the theory 7 yields a classical state L, i.e., a probability measure on X.

As the notation indicates, U, depends on e only and hence is independent of a and
A. From the point of view of .7, a quantum state is a probability measure on X! In
what follows we assume for simplicity that H is finite-dimensional, so that e = ey,
for some unit vector y € H. With slight abuse of notation we then write fy for .

An important special case will be the bipartite setting H = H; ® H,, where Alice
and Bob measure self-adjoint operators X and Y on H; and H,, respectively, so that

n=2, a=X®ly,, aa =1y ®Y.

We then introduce settings ¢ = (a,b), as in the previous sections, so that we typically
look at expressions like P(X, = A;,Y, = A3 |x). The other case of interest will simply
be n =1 with a; = a, A; = A; indeed, this will be the case in the statement of the
theorem (the bipartite case playing a role only in the proof, though a crucial one!).
The following notation will be quite important to the argument. An equality

Py(a=Alx) = a(x), (6.146)

where o : X — [0, 1] is measurable (often even constant), abbreviates:

P(a= A|x) = a(x) for almost every x with respect to the measure Ly,
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That is, there is a subset X" C X such that py (X’) =0 and Py (a = A|x) = a(x) holds
for any x € X\X'. If X is finite, this simply means that the equality holds for any x
for which iy ({x}) > 0. Since this notation may render equalities like

Py(a=Alx) = Py(a’ = A'|x), (6.147)
ambiguous, we explicitly define (6.147) as the double implication
Py(a=Alx) = a(x) & Py(a’ = A'|x) = a(x).
Furthermore, for € — 0 we write
Py(a=2A|x) & Py(a’ = A|x) & Py(a= Alx) = Py(a’ = A|x) + O(\/€), (6.148)

as well as .
vroe(l-g) <[y, ) <1 (6.149)

We are now ready to state our assumptions for the Colbeck—Renner Theorem:

o Compatibility with Quantum Mechanics (CQ): for any unit vector v € H,
/Xduw(x)P(azMx) — pyla=2), (6.150)

where the quantum-mechanical prediction py (a = A) is given by the Born rule

py(a=2)=(y.e; ey, (6.151)

cf. (2.21), where eg) is the spectral projection on the eigenspace Hy, C H of a;.
e Unitary Invariance (UlI): for any unit vector ¥ € H and unitary u on H,

Puy(a=Alx) = Py(u 'au = A|x). (6.152)

o Continuity of Probabilities (CP: If y & @, then Py(a = A|x) & Pp(a=Alx).

In the remaining axioms, H = H; ® H,, and a and b are self-adjoint operators on H;
and H», respectively (duly identified with operators a ® 15, and 1z, ® b on H).

e Parameter Independence (PI):

Z Pla=A,b=Y|x) = P(a=Alx); (6.153)
veo(b)

Y, Pla=2,b=1ylx) = P(b=1lx). (6.154)
reo(a)

e Product Extension (PE): for any pair of states Y| € Hy, y, € Hy,

Py, (a = A|x) = Py, oy, (a = A|x). (6.155)
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e Schmidt Extension (SE): if v, € H) (i=1,...,dim(H)) are eigenstates of «, then
for arbitrary orthogonal states u; € H, and coefficients ¢; > 0 with ¥, ¢? = 1,

Py, civ(a=x|x) = Py, ;v,0u (@ = x|x). (6.156)

Note that PI makes sense, because (6.151) and (6.150) imply that for py(a = 2)
to be nonzero we must have A; € 6(a;) for each i. All assumptions are satisfied by
quantum mechanics itself (seen as a hidden variable theory with y as the “hidden”
variable x). In the context of hidden variable theories, though, one might doubt the
plausibility of UI, CP, and SE. But we need all these assumptions to prove:

Theorem 6.21. If .7 satisfies CQ, UL, CP, P, PE, and SE, then for any (finite-
dimensional) Hilbert space H, unit vector W € H, and operator a € B(H ),

Py(a=Alx) = py(a=1). (6.157)
In other words, the hidden variable x is even more hidden than expected, since know-
ing its value has no effect on the probabilities for the outcomes of experiments.

Proof. We first assume (without loss of generality) that a is nondegenerate as a self-
adjoint matrix, in that it has distinct eigenvalues (A1, ..., Agim(g)); this assumption
will be removed at the end of the proof. The proof consists of three steps.

1. The theorem holds for H = C? and any pair (a, y) for which
pyla=M)=pyla=XL)=1/2, (6.158)

This only requires assumptions CQ, PI, and SE.
2. The theorem holds for H = C/, I < o arbitrary, and any pair (a, y) for which

pyla=A)=-=pyla=X)=1/L (6.159)
This is just a slight extension of step 1 and uses the same three assumptions.

3. The theorem holds in general. This requires all assumptions (as well as step 2).

Proof of step 1. Let H = C?, with basis (v, v,) of eigenvectors of a, so that y € C?
may be written as

v = (v +w)/V2. (6.160)

Without loss of generality, we may assume that A} = 1 and A; = —1. We now relabel

N > 1, putting 6; = k7t /2N, and defining
Ck=€9k+”—€9k, (6.161)

where, for any angle 6 € [0,27], the operator eg = |0)(0] is the orthogonal projec-
tion onto the one-dimensional subspace spanned by the unit vector

|6) =sin(6/2)-v; +cos(6/2) - va. (6.162)
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In the bipartite setting, we have operators a; = ¢; ® 1, and by = 1, ® ¢, on C?rC?,
as well as a maximally correlated (Bell) state w3 € C> ® C?, given by

1
=—VRUV+V2RVy). 6.163
WaB ﬁ( 1@V + V2 ® ) ( )

Using assumptions PI and SE, we then have, fori=1,2A; =1,and A, = —1,
Py(a= Ailx) = Py,, (ao = Ailx). (6.164)

The quantum-mechanical prediction is

Pyas(a0 = 1) = py,p(a0 = —1) = 3. (6.165)
Our goal is to show that also for each x € X, knowing x is irrelevant in that
Py, (a0 = 1|x) = Py, (a0 = —1]x) = 1. (6.166)
To this effect we introduce the combination of probabilities
1™ (x) = P(ag = bay—1]x) + Yy P(ax # bylx), (6.167)

kEKN,IELN,‘kfl‘:l
where Ky = {0,2,...,2N —2} and Ly = {1,3,...,2N — 1}. Our first inequality is
|P(ak = li|x) —P(bl = l,|x)| = |P((1k = }L,',bl = l,-|x) +P(ak = li,bl 7£ )L,'|)C)
— P(ay = Ay, by = Ai)x) + Plag # Ai, by = Ai|x)]
= |P(ar = Ai, by # Ailx) — P(ax # Ai, by = Ailx)]
< P(ak = )ui,bl 75 Mx) +P(Clk 75 A,,',b[ = ),,-\x)
= P(ar # bi|x), (6.168)

where i = 1,2, and we used PI. This implies a second inequality: since a,y = —ay,

|P(ag = 1|x) — P(ap = —1]x)| = |P(ao = 1|x) — P(axy = 1]x)|

< Y |P(ag=1]x)—P(b = 1]x)|
k1| =1

< Y Pla#bl) <1V
kyl|k—1|=1

Integrating this with respect to the measure [y, , and using CQ gives

/X dity,y (x) [P(ao = 1]x) — Pag = —1]x)| < /X i, () I (@) = 1Y) (6.169)

We wish to invoke the corresponding quantum-mechanical expression, defined by
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1!% = pyap(a0 =bon—1) + Y Pyus(ax # br). (6.170)
keKy 1Ly Jk—1|=1

A straightforward calculation shows that this expression is equal to

N
iy

= 2Nsin® (7 /4N). (6.171)
Since limy .. I\) = 0, letting N — oo in (6.169) therefore yields (6.166). From
(6.164) we then obtain (6.158).

Proof of step 2. Let H = C' and let (v,')fzl be an orthonormal basis of eigenvectors
of a, with corresponding eigenvalues A;, and phase factors for the eigenvectors v;
such that ¢; > 0 (and of course, ) ; ci2 = 1) in the expansion

v=Y cu (6.172)

i
The case of interest will be ¢; = --- = ¢; = 1/, but first we merely assume that
¢1 = ¢y (the same reasoning applies to any other pair), with A; =1 and A, = —1

(which involves no loss of generality either and just simplifies the notation). The
other positive coefficients c; are arbitrary. Generalizing (6.166), we will show that

Py(a=1|x) = Py(a=—1lx). (6.173)

This shows that if two Born probabilities defined by some quantum state ey are
equal, then the underlying hidden variable probabilities must be equal py-a.e., too.
Eq. (6.159) immediately follows from this result by taking all ¢; to be equal.

As in step 1, we pass to the bipartite setting, introducing two copies of H = C!
denoted by H4 = Hg = C!, and define the correlated state

Yap = Zci ‘U @V (6.174)
;

in Hy ® Hp. Eq. (6.164) again follows from assumptions PI and SE. Throughout
the argument of step 1, we now replace each probability P(a, = A;,b; = ¥;|x) by an
adapted probability PU") (a; = 4;,b; = 7¥;|x), defined as the conditional probability

PO (a = iy =) = Plax = A by = |l = 5l = 1,%)
P(ag = i,by =, || = |p| = 1]x)

- . (6.175)
P(|Ail = [r| = 1]x)
for all x for which P(|4;| = || = 1|x) > 0, whereas
P (4 = Ay = ) = 0 (6.176)

whenever P(|A;| = |y2| = 1]x) = 0. The same argument then yields (6.169), with P
replaced by PU') but with the same right-hand side. As in step 1,
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1 1
P (ag = 11x) = PY) (ap = —1}x), 6.177)
which implies that
Py, (a0 = 1]x) = Py, (ao = —1|x), (6.178)

either because both sides vanish (if P(|A;| = |12| = 1]x) = 0), or because (in the op-
posite case) the denominator P(|A;| = |y2| = 1]x) cancels from both sides of (6.177).
Combined with (6.164), eq. (6.178) proves (6.173) and hence establishes step 2.

Proof of step 3. This is the most difficult step in the proof, relying on a technique
wittily called embezzlement (which we only need for maximally entangled states).
We will deal with three Hilbert spaces, namely H = C!, H' = C", and H" = C"
(where n = m" for some large N, see below), each with some fixed orthonormal
basis (v;)l_;, (vi)7y, and (vy);_,, respectively. Given a further number m; < m,
we now list the nm basis vectors v @ v} of H” @ H' in two different orders:

" !/ " !/ " / " / " !/ " !,
1. v ®Vq,...,V, @V, V] ®Vy,...,V, ®Vy,..., V] V..., 0, V,;

" / " / " / " / " / " !/
2.0/ @V, 0] @V, 0y @ V1, 0 @ Vv, Uy @ U, Uy @ Uy

where the remaining vectors (i.e., those of the form v,i’ & v} for1 <k <mandj>m;)
are listed in some arbitrary order.
Define
u™ H"@H — H' OH' (6.179)

as the unitary operator that maps the first list on the second. We will need the explicit
expression

(m;i) (44 AN/ I
™ (Vg @ vy) = vy @V, (6.180)
where for given k = 1,...,n the numbers sf( =1,...,n; (where n; is the smallest
integer such that n;m; > n) and j, = 1,...,n; are uniquely determined by
k= (st —1)m;+ ji. (6.181)

We will actually work with two copies of H” @ H', called Hy ® H) and Hy ® Hp,
with ensuing copies of u/(‘m") and ul(gm") of u™), and hence, leaving the isomorphism

H{®H\y ®Hy @ Hp = Hy @ Hy @ Hy ® Hp (6.182)
implicit, we obtain a unitary operator
" @ ul" : HY @ Hy @ H, @ Hy — HY ® Hy @ Hy @ Hp. (6.183)
The point of all this is that the unit vector
K, € Hy @ HY; (6.184)
! i v @y, (6.185)

VC(n) o

Kn =
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where C(n) = Y7_, 1/k, acts as a “catalyst” in producing the maximally entangled
state

¢ € H\® H: (6.186)
1 &
- v v, (6.187)
0= i Y
from the uncorrelated state V] ® V] € Hj ® Hp, in that for any m; < m,
. . 2
u &1 (6,00 @ v)) L K00, (6.188)

Heree =1/Nifn= m2N . This follows straightforwardly from (6.183) - (6.187).

After this preparation we are ready for the proof of step 3, continuing to use the
notation established at the beginning of step 2, especially (6.172). As in step 1, we
introduce two copies Hy = Hp = C! of H, as well as two states

Yag = Y Ci-V;® V; € Hy ® Hg; (6.189)
Vip = K, @V © V] ® Yap € HY @ Hy', (6.190)

where k;, is given by (6.185), we put
H"=H"®H ®H, (6.191)

and in our notation we have ignored the obvious permutations of factors in the tensor
product. For any € > 0, pick ¢} € R* such that (c})? € Q" and

¢ — ¢i| < &/ dim(H), (6.192)

which implies that, in the sense of (6.149), we have

2
ZC?U,’ 87-45 ZC,“U,’. (6193)
i i
Suppose
¢ =/pi/ai, (6.194)
with p;,q; € N and ged(p;,¢q;) = 1, and define
m; = p,-Hq,-/. (6.195)
i'#i
Consequently, writing
g=1/ Zmi/, (6.196)
i/

the following quotient is independent of i:
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/

G
=q. (6.197)
Vi
Given the integers m; thus obtained, we define a unitary operator
u:H" — H"; (6.198)
!
Zu’"‘ ® |v;) (v, (6.199)

i=1

where u") is defined in (6.180). From this definition, with additional labels to de-
note the copies uy : Hy' — H}' and up : Hy' — Hp', and (6.188), and writing

£V =v;@v;c HRH (6.200)

with corresponding copies
Ui € Hy@ Hy; (6.201)
Ui, € Hp Hy, (6.202)

we then obtain the important relations

1Hgf®1Hgf<v/A/’B>:xn®icré @ &by (6.203)
" 1 L& o
uA®1Hg/(wgB):mi;];\/]; ®uk®§ @ &L (6.204)
Ly ©us(Vin) = é()zkﬁ@@ Lol gk (6205)
[ m
un @up(Whp) ~ g k@Y Y ET @& (6.206)

Here the right-hand sides of (6.203) - (6.206) have been arranged so as to obtain
vectors in the six-fold tensor product

HY ® Hy ® Hy @ Hy ® Hp @ Hj.

We will repeatedly invoke the following lemma, whose proof just unfolds the
notation (on the appropriate identification of a with a ® 1, and of b with 1y, ® b).

Lemma 6.22. Assume PI and Ul For any pair of unitary operators u; on Hy and
uy on Hy, and any unit vector Y € H| @ H,, one has

Pyt )y (b =7Ix) = Py (b= vlx); (6.207)
P (a=2]x) = Py(A = x|x). (6.208)

Ly, @u2)y
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Since we assume that a is nondegenerate, there is a bijective correspondence
between its eigenvalues a = A; and its eigenvectors v;. Instead of P(a = A;) dressed
with whatever parameters x or Y, we may then write P(v;), where a is understood,
and analogously for the more complicated operators on tensor products of Hilbert
space appearing below. Repeatedly using Lemma 6.22, we proceed as follows.

e From Step 2, using the notation explained below (6.172),

.. 2
Pl] Z Zml ij; ééjB/ |.x) =q . (6209)

BB/

From (6.156) in PE and (6.209),

P i i , 2, 6.210
‘I'Zi,j,' gAﬁ/ ®5B]1;/ (éBB ‘x) q ( )

From (6.155) in SE and (6.210),

y 7
Foven, € e, (Epwlx) = - 6.211)

From (6.211), CP (whose notation we use), and (6.206),

2
Py, i) ~ 0. (6.212)

Recall the number m (satisfying m > m; for all i). From (6.212) and Lemma 6.22,

P(IH///@QMB (§BB/|X) ~ q (]l =1,. z);

P(l 7 (gBB,|)C) ~0 ( =m;+ l,...,m). (6213)

H///®u3 Vap

We now start a different line of argument, to be combined with (6.213) in due course.

e From PE, SE, and (6.172), with UA € Hy denoting v; € H, we have

Py(a=Ailx) = Py(vilx) = P oy e cen (v |x). (6.214)
e Using Lemma 6.22, (6.203), and (6.204),
Pooxicrel, o, (VAP = Pl oupyyy (V41%), (6.215)
and hence .
PV/(CZ = ),,-|x) = P(IHX’®MB>WX;3(DA|X)' (6216)

e From quantum mechanics, notably (6.151), and (6.205), for any i’ # i we have
p(l,_,///@“g)l[lﬂg (UA ® é]lg]é/) =0. (6217)

e From CQ and (6.217), for any i’ # i,
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P(]H/”®MB)WX1IQ(UA’ ;%,|x) = O (6218)
e From PI,
P(vi|x) = ZP vy EFL ) (6.219)
i,ji
P(& é’é, ZP vA, lgjé, X). (6.220)

e From (6.218), (6.219), and (6.220),

P(1H/N®MB WX/ UA‘X ZP H///’X)MB IIIX/B éBB’ |X) (6221)
Finally, from (6.214), (6.221), (6.213), and (6.197) we obtain

Py(a= Ailx) = Zq =mi-q> =c? (6.222)

Since ¢; > 0 we have c |c,|2 using (6.192) and letting € — O then proves step 3:
Py(a=Ailx) = |ci]* = pyla=A). (6.223)

Finally, we remove our standing assumption that the spectrum of a be nondegen-
erate. In the degenerate case one has

=Y py(v)), (6.224)
Ji

where the sum is over any orthonormal basis (v;,)j, of the eigenspace of A;. Simi-
larly, since each vector vj, gives a = A;, probability theory gives for all x,

P(a = Aix) ZP ;. |x). (6.225)

The nondegenerate case of the theorem (which distinguishes the states v;,) yields
Py (v,]x) = py(v;), (6.226)
from which (6.157) follows once again:

Py(a=Xilx) = Y Py(v;[) = ) py(v;,) = pyla=2).
Ji Ji
Our proof of the Colbeck—Renner Theorem is now complete. 0

Under less stringent assumptions this theorem might have been regarded as the
conclusion of von Neumann’s program to disprove the possibility of completing
quantum mechanics by adding hidden variables, but as yet this seems unwarranted.
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Notes

§6.1. From von Neumann to Kochen-Specker

‘For decades nobody spoke up against von Neumann’s arguments, and his conclusions were
quoted by some as the gospel’. (Belinfante, 1973, pp. 24)

Theorem 6.2 is due to non Neumann (1932, §1v.2); it was the first result to impose
useful constraints on hidden variable theories, anticipating all later literature on the
subject. Unfortunately (as part of their general anti-Copenhagen rhetoric), Bell and
his followers left the realm of decent academic discourse by calling von Neumann’s
arguments against hidden variables ‘silly’ and ‘foolish’, through which they merely
displayed the depth of their own misunderstanding of von Neumann’s reasoning; see
Caruana (1995), Bub (2011a), and especially Dieks (2016b). In fact, von Neumann
(1932, p. 172) carefully qualifies his Theorem 6.2 by stating that it follows ‘im Rah-
men unserer Bedingungen’ (i.e. ‘given our assumptions’), of which he earlier (on
p- 164) admits that linearity is physically reasonable only for commuting operators,
but nonetheless justifies this assumption through an ensemble argument (now out-
dated, but by no means ‘silly’). Though couched in agreeable academic parlance,
the earlier critique by Hermann (1935) was misguided, too (Dieks, 2016b).

The Kochen—Specker Theorem is due to Kochen & Specker (1967); the authors
were originally logicians. A similar but less precise statement had appeared earlier
in Bell (1966), who was not cited by Kochen and Specker; some authors refer to
the Bell-Kochen—Specker Theorem. The Nature assumption has been experimen-
tally verified, cf. Huang et al (2003). The proof of the fundamental Lemma 6.7 we
present is essentially due to Kochen and Specker, as simplified by Peres (1995). Our
independent proof for C* is taken from Cabello et al (1996). Surveys of various
proofs are given by Brown (1992) and Gould (2009); see also Waegell & Aravind
(2012) and references therein, as well as Bub (1997) for another proof. From the
Netherlands, we cannot fail to mention the short proof by Gill & Keane (1996). For
geometric aspects (and even a link with M.C. Escher) see Zimba & Penrose (1993).

One finds two opposite directions of research around the Kochen—Specker The-
orem. A computational one, which seems hardly relevant to conceptual issues in
physics (the goal rather being The Guinness Book of Records), consists of attempts
to find a minimal set of vectors that cannot be coloured. See, for example, Pavicic
et al (2005) for arbitrary dimension and Arends (2009) and Uijlen & Westerbaan
(2015) for R3, the latter paper showing that at least 22 vectors are needed.

The other, which is of significant conceptual importance and hence is worth some
more extensive discussion, consists of attempts to find a maximal set of vectors that
can be coloured. That is, one looks for large (preferably dense and measurable)
subsets S2 of S? for which there exists a function V : S — {0, 1} that satisfies:

e V(—u)=V(u) foreachu c S
e V(u)+V(up) + V(uz) = 2, for each (orthonormal) basis (uj,us,u3) of R3
whose elements lie in S2.



232 6 Classical models of quantum mechanics

The first result in this direction was obtained by Meyer (1999) and Havlicek et al
(2001), who showed that one may take Sf = $2NQ?; this choice was motivated by
invoking finite precision arguments to circumvent the Kochen—Specker Theorem,
see below. To write down a suitable function V : >N Q?* — {0, 1}, we first define
an auxiliary function S : $2NQ3? — Z by

S <"1, = "3> _m lomlm,mo,ms) (6.227)

mi my ms3 ) m3  ged(ni,ng,nz)

where lcm is the least common multiple and gcd is the greatest common divisor of
the argument. This function is obviously well defined. Then the following works:

V(x,y,z) = 0if S(x,y,z) is odd; (6.228)
V(x,y,z) = 1if S(x,y,z) is even. (6.229)

More generally, for an arbitrary n-dimensional) Hilbert space H, with n < oo,
Clifton & Kent (2000) proved the existence of a countable dense colorable subset
P (H), of Z1(H) (cf. Definition 6.9), with the additional property that different
resolutions of the identity drawn from &2 (H ). never share a projection (so that the
key strategy proof of Lemma 6.7, which is based on the existence of overlapping
2)

bases, falls apart). Given some enumeration (egl))7 (e;

:7),... of the countable set of

all resolutions of the identity drawn from & (H),, so that each (egm7 .. ,e,(lk)) isa
basis of H, k € N, each possible coloring W = W bijectively corresponds to some

function f: N — {1,...,n} through

. k
W) = 1ife=el); (6.230)
Wy(e) = 0 otherwise. (6.231)

Note that because of the total incompatibility of the projections, each e € 22 (H),

belongs to a unique resolution (el(k)), so that W, is well defined. The statistical pre-
dictions of quantum mechanics may then be recovered as follows. For each density
operator p € Z(H) we may define a probability measure , on the set n of all

functions f: N — {I,...,n} by imposing the conditions

1y ({f en | Wiy =a¥vi=1,.. nke K}) Sk <p]‘[[e§"> =291,
i=1

keK

(6.232)
where llm € 0,1}, K C N is finite, and [efk) = 7Li<k)] is the projection onto the cor-
responding eigenspace H 0 of the projection eik (more generally, for a € B(H ),
we write [a = A] for the épectral projection e, defined by @ and A € o(a)). The
subset of n" in the argument of Uy is hereby declared measurable; existence and
uniqueness of the measure (i, on a suitable o-algebra follow from the Kolmogorov
extension theorem of measure theory, which applies because the marginals (6.232)
satisfy the appropriate consistency conditions, cf. Hermens (2009) for details.
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This formula guarantees that the left-hand side vanishes if li(k) = 0 for each i,

and also if A,@ = 1 for more than one value of i. If K = {ko} is a singleton and
A = (A1,...,A), then the right-hand side (and hence the left-hand side) is the Born
(ko)

probability for the outcome ¢; = A; for each i, i.e.,

Lo ({f c EN | Wf(ezgk())) = ),lVl: l,...ﬂ’l}) =Tr (pﬁ[e,(k()) — )ﬂJ) . (6233)
i=1

Consequently, it is true by construction that for any admissible measurement in
quantum mechanics (in that all observables commute), i.e., for each ky € N, av-
eraging over the ‘hidden variable’ f € n' reproduces the statistical predictions of
quantum mechanics. This success is achieved at a high cost, however:

(k) (K)

e Two random variables e¢;”” and e, ’ are statistically independent (with respect to

Up) whenever k # k', even though ||el(k> — ef,k ) || may be arbitrarily small.

e For each f € n! the associated coloring Wy is maximally discontinuous, in that
for each u € & (H), and each € > 0 there is u' € £ (H), such that although
|lew — ew|| < € one has Wy (ey) # Wy (eyw ), so that in fact [Wr(eq) — Wy(ew)| = 1.

These facts were noted by Clifton & Kent themselves, and Appleby (2005) proved
that they are a necessary feature of all constructions that involve sufficiently large
subsets of Z;(H) that can be colored.

Without challenging their mathematical significance, these discontinuities un-
dermine any potential physical relevance such models might have, and this in turn
challenges the reason such models were introduced in the first place (Meyer, 1999),
namely the (alleged) finite precision loophole of the Kochen—Specker Theorem.

The thrust of this loophole is that it would be an illusion for an experimentalist
like Alice to claim that she measures some observable a with infinite accuracy;
in fact, given € > 0 she might equally well measure some &' with ||a —d'|| < €.
Consequently, finding a dense colorable subset & (H). C &(H) should suffice
for a hidden variable interpretation of quantum mechanics, since if Alice believes
she measures some projection e, the model assigns a value W (¢') to the projection
e € P (H), she actually measures (where ¢’ is selected by some algorithm that
is part of the theory itself, cf. Clifton & Kent (2000)), and presents that value to
Alice as the outcome of her measurement. However, owing to the discontinuities
just mentioned, this value is as arbitrary as the identification of ¢’.

As emphasized by Barrett & Kent (2004), this arbitrariness, although perhaps
undesirable, does not by itself affect the ability of the Clifton—Kent model to repro-
duce the statistical predictions of quantum mechanics. On the other hand, it would be
pretty awkward to have a theory whose individual value attributions are completely
arbitrary, especially since the finite precision argument is predicated on the idea that
observables close to the one Alice believes herself to measure (i.e., ¢) should have
approximately the same value as the one she actually does measure (namely, ¢’).
If this is not the case, her measurements are pointless and the hidden variable Wy
would be empirically inaccessible and hence truly “hidden” (Appleby, 2005).
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See also Hermens (2009, 2016). This last point applies to Corollary 6.12, which
would no longer be true if the set X, of all bases of R? in Definition 6.11 would be
replaced by some subset X§ C X4 drawn from a colorable subset 52 of 2. Each z €
Xz would then correspond to some coloring u — F (u,z) of S2, which, by the above
discussion, would be maximally discontinuous and hence empirically inaccessible.
Nonetheless, such a theory does exist in principle.

The aim of maximizing colorable sets was pursued in a different direction by Bub
& Clifton (1996); see also Bub (1997). Given a “preferred” observable a € B(H )5,
and a pure state e € & (H), these authors look for a maximal sublattice Z(e,a) of
Z(H) that contains all spectral projections of a (but, despite the notation Z(e,a),
does not necessarily contain e!), admits sufficiently many lattice homomorphism
h: P(e,a) — {0,1} (i.e., binary valuations) such that the Born measure (, on
o(a),ie., U.(A) =Tr(ees), A C 6(a), can be reproduced by averaging over these
homomorphisms, and finally is invariant under all unitary isomorphisms of &?(H)
that commute with both e and a. Equivalently, one wants a maximal C*-subalgebra
A(a,e) of B(H) that contains a, admits sufficiently many dispersion-free states so as
to reproduce the Born probabilities defined by a in the given state e, and is invariant
in the said way (a fourth condition used by Bub and Clifton is superfluous; see Bub,
1997, p. 128). Asuming for simplicity that n = dim(H) < oo, the answer is

A(a,e) = C*(epeey,A € o(a)) (6.234)

where, as always, e, is the projection into the eigenspace H; for A € 6(a), and the
prime denotes the commutant (one might as well take the commutant of the set of all
ey eey). Equivalently, putting e = ey, = |y) (¥], eq. (6.234) is the C*-algebra gener-
ated by all projections fj onto the nonzero components e, ¥ of Y in each H), and all
one-dimensional projections that are orthogonal to all f; (given that dim(H) < oo,
this is the same as the linear span of these projections). Thus A(a, e) always contains
C*(a), since it contains each e;, A € 6(a)), but note that A(a, ) need not be com-
mutative. In comparison, if the requirement had been the reproduction of all Born
probabilities for arbitrary pure states e rather than for some given e, the answer
would have been any maximal abelian C*-algebra in B(H) that contains C*(a); if a
has non-degenerate spectrum, this is just C*(a) itself. The simplest possibility is

A(ly,e) =C*(e) = {e}, (6.235)

which is the linear span of all projections f € Z(H) for which either e < f or
e < ly— f (ie., if e = ey, then either y € fH or y € (fH)"Y). In other words, we
have a € A(1y,e) iff ¥ is an eigenvector of a (i.e. the eigenvector-eigenvalue link).
Each dispersion-free state on A(a,e), or, equivalently, each homomorphism 7, :
P(e,a) — {0,1}, corresponds to one of the projections f; through iy (fy) =1
and i (f) = 0 for all other one-dimensional projections f in £?(e,a). The Born
probabilities from e are then recovered by assigning (Born) measure Tr(ef} ) to Ay,
Though interesting, this result mainly supports so-called modal interpretations of
quantum mechanics, which we reject, since they tell us nothing physical about the
measurement process and address the measurement problem only philosophically.
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§6.2. The Free Will Theorem

The Free Will Theorem was published in two versions by Conway & Kochen
(2006, 2009). Analogous results had previously been published by Heywood &
Redhead (1983), Stairs (1983), Brown & Svetlichny (1990), and Clifton (1993),
of which only the first paper was cited by Conway and Kochen. Moreover, the
close relationship to Bell’s (1964) Theorem might well be insisted on as a topic that
should have been discussed in the original papers. Other critical literature (making
the points listed in the preamble to this chapter) includes Bassi & Ghirardi (2007), ‘t
Hooft (2007), Goldstein et al (2010), Wiithrich (2011), Hemmick & Shakur (2012),
Cator & Landsman (2014), Hermens (2014, 2015), and Walleczek (2016).

The original (Strong) Free Will Theorem (FWT) states that three assumptions,
called SPIN, TWIN, and MIN, imply that the response of a spin-one particle to the
bipartite experiment with spin-one particles described above ‘is not a function of
properties of that part of the universe that is earlier than this response (...).” Here
SPIN and TWIN are the first and second half of our Nature axiom, whilst MIN ex-
presses a form of context-locality as well as the loose assumption that Alice and
Bob may ‘freely choose’ their settings a and b, respectively. Accordingly, in our
notation, Conway and Kochen only use the parameter space Z, rather than the full
space X we need in order to consistently axiomatize determinism. Their formulation
contains an implicit assumption of determinism, whose precise nature only becomes
clear from their proof, and which is akin to our formulation, except for the crucial
difference that the function they allude to only acts on the particle variables and not
on the settings of the experiment (of which, as already noted, Conway and Kochen
just say that the experimenters can ‘freely choose’ them).

Conway and Kochen paraphrase their theorem as follows:

‘if indeed we humans have free will, then elementary particles already have their own small
share of this valuable commodity. More precisely, if the experimenter can freely choose
the directions in which to orient his apparatus in a certain measurement, then the particles
response (to be pedantic—the universe’s response near the particle) is not determined by the
entire previous history of the universe. (...) our theorem asserts that if experimenters have
a certain freedom, then particles have exactly the same kind of freedom. Indeed, it is natural
to suppose that this latter freedom is the ultimate explanation of our own. (...) Granted our
three axioms [i.e., the physical ones and freedom of choice], the Free Will Theorem shows
that nature itself is nondeterministic.’

However, such far-reaching conclusions seem unwarranted by the actual technical
content of the theorem. Indeed, though it is also assumed in Bell’s first theorem (see
§6.5 below), the conjunction of Determinism and Freedom is a priori is uncomfort-
able, especially since the main novelty of the FWT lies in the emphasis Conway and
Kochen (unlike Bell) put on free will. The authors acknowledge at least this point
already on the first page of their first paper (Conway & Kochen, 2006), in which
they anticipate criticism of the kind:

“‘I saw you put the fish in!” said a simpleton to an angler who had used a minnow to catch
a bass’

Indeed, also after more serious philosophical analysis, it has been concluded that:
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‘Their [Conway & Kochen’s] case against determinism thus has all the virtues of theft over
honest toil. It is truly indeterminism in, indeterminism out.” (Wiithrich, 2011)

Our formulation of the FWT, in which the original allusion to undefined free will in
allowing arbitrary settings of the experiment has been replaced by complete deter-
minism including the settings, avoids this criticism.

To derive (6.35) - (6.38), we use (6.21) to write down the formulae

Py (Fi=1,G;=1|A=a,B=>b) = (yo, (13— [w;)(w]) ® (13 = [v;)}(v;]) ¥o);

Py, (Fi=0,G;=0|A=a,B=b) = (yo, ;) (| @|v;)(v;[yo);

Py, (Fi=1,Gj=0|A = a,B=b) = (W, (15— [u;)(w]) @ |v;)(v,|wo);
(F;=0,Gj=1|A=a,B=b) = (yo,|uw;)(u;| @ (13— [v;){v;]) wo).

Pllfo

For example, for any pair of unit vectors u, v we have

(W0, [u){u| @ |v)(v|yo) =
1e®e+erRer+es@es,u|@|v)(v|(ej®e; +ery Qe +e3®@es)) =
lej®@e+erRer+e3Re3, (U, V)u®V)

L, vy,

W

W=

which gives (6.36). The other cases are similar.

The implications of the finite precision loophole of the Kochen—Specker Theo-
rem for the Free Will Theorem were analyzed by Hermens (2014), who concluded
that this loophole does not apply. We give a more precise argument to this effect.

We have dense colorable subsets X§ C X4 and Xz C Xp = X4, where X{ may
or may not coincide with Xg. If not, the perfect correlation condition (6.54) in the
Nature assumption cannot even be stated, but even if X{ = X, since finite precision
of experiment has been declared to be an issue it would be quite out of character to
impose (6.54). Instead, one needs a probabilistic version of this condition, of which
it will turn out that it cannot be satisfied. As in the notes to the previous section, for
each density matrix p one needs a probability measure (i, on Z that reproduces the
statistical quantum-mechanical predictions for the associated quantum state. Com-
pared to the notes to the previous section, the role of W is now played by z, in that
for given F and G one might write

W(a,b) = (F(a,z),G(b,z2). (6.236)

This measure may be constructed analogously to (6.232), i.e., for any sequence
(al®)) of bases drawn from X§, any sequence (b¥)) of bases drawn from X§, and any
sequences (A%)) and (y!¥)) in A, cf. (6.22), where k € K C N is arbitrary, we define

tpy({z€ | F(aW,2) =AW, 6(W ) =YW ke K} =

3
Hn@ﬂ%;ﬂ%%zﬁﬂ (6.237)

kek ij=1
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where, as in the main text,

a=(uj,uy,u3); (6.238)
b= (V1,V27V3). (6.239)

Note that Ji, acts on Alice’s Hilbert space C* whilst Jgj acts on Bob’s. In particular,

for fixed ko € K and A,y € A, we have the special case of (6.237) for compatible
measurements, Viz.

3
oz € Z | F(a%),2) = 2,6(6%) 2) =y} = Tr (p [Tz =17 m) ,

ij=1

where in the main text we would have written P, (F = 4,G = [1|A = a,B = b) for the
right-hand side. Hence for the correlated state p = | ) (| we obtain from (6.42):

wy,({z€ Z | Fi(a,2) # Gj(b,2)}) = 3(1— (w;,v))?), (6.240)

which of course vanishes if u; = v;. If the expression 1 — (u;, v j>2 appearing here is
small, then the projections ey, and ey, are close (in norm), since

llew, — ey, 1> < 2(1— (u;,v,)?). (6.241)

Eq. (6.240) therefore allows us to make rigorous sense of Hermens’ (2014) heuristic
idea that the assumption (6.54) in the FWT should be modified as follows:

‘if [|ew; — ey || is small, then in most of the cases Fi(a,z) = G(b,2).
Namely, we replace (6.54) by the following approximate correlation condition:

e For every € > 0 there is § > 0 such that if 1 — (u;,v;)? < §, then
ty,({z € Z| Fi(a,2) # Gj(b,2)}) <e. (6.242)

Indeed, if the theory existed, on could simply take 6 = €. However, a theory satis-
fying (6.242) does not exist, as can be proved by contradiction: if Fj(a,z) = G;(b,z)
for all pairs (u;,v;) such that 1 — (u;,v;)? < &, then the proof of Theorem 6.13
shows not only that (6.32) still holds on the modified Nature assumption (so that
F(-,z) again defines a coloring of $?), but that in addition we have

1—(uu)? <8 = F(u,z)=F,z). (6.243)

In particular, the apparently weaker correlation condition ending with (6.242) is
actually stronger than its exact counterpart (6.54).

Thus Theorem 6.13 still holds on this revised Nature assumption, so that unlike
the Kochen—Specker Theorem, the Free Will Theorem is immune to the finite pre-
cision loophole. The price for this immunity is that, quite against the spirit of the
FWT, some probabilistic reasoning had to be invoked, so that the difference between
the FWT and Bell’s first theorem has blurred even further.



238 6 Classical models of quantum mechanics

§6.3. Philosophical intermezzo: Free will in the Free Will Theorem

The literature on free will is immense. Introductory accounts include Walter
(2001), which focuses on the connection with neuroscience, Doyle (2011), and
Beebee (2013), the second of which remains largely philosophical, the third even
completely. A very sophisticated recent defense of compatibilism is Ismael (2016).
Lewis’s ‘local miracle compatibilism’ was proposed in Lewis (1981). What’s more:

‘[Lewis’s paper is] the finest essay that has ever been written in defense of compatibilism—
possibly the finest essay that has ever been written about any aspect of the free will problem.’
(van Inwagen, 2008).

Saunders (1968) already made a point similar to Lewis’s; see also Moore (1912, Ch.
6). For Lewis’s theory of counterfactuals see Lewis (1973, 1979, 2000), as well as
Menzies (2014). See also Fischer (1994), Beebee (2003, 2013), and Vihvelin (2013).

Although Lewis’s position is called local miracle compatbilism, a miracle takes
place neither in the actual world where Alice’s hand is at rest nor in the possible
world where she raises it, i.e., a law is broken neither in the former nor in the latter:

“This is what Lewis means by a ‘miracle’: an event M is a miracle if and only if M occurs
at possible world w, and M is contrary to some actual law (or combination of laws) L. The
point here is that while M is a miracle in Lewis’s sense, it is not contrary to any of w’s laws
of nature. At w, L simply isn’t a law in the first place. So, as things actually happened—
in the actual world—L is a law, and m does not occur, so there is no miracle in the usual
sense of ‘miracle’. m is only a ‘miracle’ in Lewis’s special sense of ‘miracle’: something
(m) happens in w that is contrary to the laws of nature in the actual world.’

(Beebee, 2013, p. 62)

Unfortunately, confusion may arise if the quotation in the main text ‘if I did it, a law
would be broken’ from Lewis (1981) is subjected to the following explanation:

‘On Lewis’s account of counterfactuals, the truth conditions for counterfactuals—what
makes them true—are as follows. Suppose we have the counterfactual ‘if A had been the
case, B would have been the case’ (so if A is ‘I miss the bus’ and B is ‘I’m late’, this coun-
terfactual just says, ‘if I'd missed the bus, I would have been late’). This counterfactual will
be true if and only if, at the closest possible world to the actual world at which A is true, B
is also true. So, our sample counterfactual, ‘if I'd missed the bus, I would have been late’,
is true if and only if: at the closest possible world to the actual world at which I miss the
bus, I'm late.’ (Beebee, 2013, p. 60).

Removing any possible remaining doubt, on p. 62 she mentions that the closest
possible world where I miss the bus is the world w. According to this explanation,
then, Lewis’s sentence ‘if I did it, a law would be broken’, would mean that at the
closest possible world to the actual world in which I did it, a law is broken, i.e., in w.
But according to Beebee’s definition quoted in the main text of what Lewis means
by a miracle, apparently this is not the right reading (and indeed it would, in our
view, be nonsensical). Moreover, Lewis (1981) emphasizes that in the first bullet
point in the main text above—which he defends—it is not the agent who would
break a law, whereas in the second bullet point —rejected by Lewis—it is; in the
first it is the breaking of some law at an earlier time that enables the agent to do
what she, in our actual world, did not do. Thus Lewis’s phrasing seems awkward.
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Our development of Lewis’s argument is indebted to Vihvelin (2013, pp. 164—
165), who (re)states Lewis’s first bullet point as the following conjunction:

1. Slightly Different Past: If I had raised my hand, the past would still have been
exactly the same until shortly before the time of my decision.

2. Slightly Different Laws: If | had raised my hand, the laws would have been ever
so slightly different in a way that permitted a divergence from the lawful course
of actual history shortly before the time of my decision.

A second way in which Alice could (counterfactually) have raised here hand is
through an instant (counterfactual) modification of the state of the world, as in Ben-
nett (1984). This has been explicated by Vihvelin (2013, p. 165), too:

1. Same Laws: If I had raised my hand, the laws would still have been the same.
2. Completely Different Past: If I had raised my hand, past history would have
been different all the way back to the Big Bang.

Here we prefer to write Different Past, since even though in this scenario the state
indeed (by determinism) would have been different all the way back to the Big Bang,
the entire trajectory of the world may or may not be close to the actual one. In this
scenario, the two cases Lewis distinguishes take the form in the main text.

Since the main novelty of their papers lies in the emphasis on free will, the reader
might wonder what Conway & Kochen themselves have to say about the subject. As
we can read in the delightful biography of Conway by Roberts (2015), or watch in
his video lectures on the Free Will Theorem (Conway, 2009), free will is indeed of
great importance to at least the first author of the theorem. Unfortunately, his interest
in free will seems unaccompanied by any philosophical sophistication, e.g.:

‘Compatibilism in my view is silly. Sorry, I shouldn’t just say straight off that it is silly.
Compatibilism is an old viewpoint from previous centuries when philosophers were talking
about free will. The were accustomed to physical theory being deterministic. And then
there’s the question: How can we have free will in this deterministic universe? Well, they
sat and thought for ages and ages and ages and read books on philosophy and God knows
what and they came up with compatibilism, which was a tremendous wrenching effect to
reconcile 2 things which seemed incompatible. And they said they were compatible after
all. But nobody would ever have come up with compatibilism if they thought, as turns out
to be the case, that science wasn’t deterministic. The whole business of compatibilism was
to reconcile what science told you at the time, centuries ago down to 1 century ago: Science
appeared to be totally deterministic, and how can we reconcile that with free will, which
is not deterministic? So compatibilism, I see it as out of date, really. It’s doing something
that doesn’t need to be done. However, compatibilism hasn’t gone out of date, certainly,
as far as the philosophers are concerned. Lots of them are still very keen on it. How can
I say it? If you do anything that seems impossible, you’re quite proud when you appear
to have succeeded. And so really the philosophers don’t want to give up this notion of
compatibilism because it seems to damned clever. But my view is it’s really nonsense. And
it’s not necessary. So whether it actually is nonsense or not doesn’t matter.’

(Conway, quoted in Roberts, 2015, pp. 361-362).

Finally, our version of van Inwagen’s (1975) Consequence Argument is due to
Beebee (2003), and the novel parts of this section are based on Landsman (2016c¢).
For interesting philosophical criticism of this approach, see De Mola (2016).
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§6.4. Technical intermezzo: The GHZ-Theorem

The GHZ Theorem appeared in Greenberger et al (1990) See also Clifton, Red-
head, & Butterfield (1991) and Bub (1997). Innumerable variations on and gen-
eralizations of such arguments may be given, leading to equally many Free Will
Theorems. All of these have their roots in algebraic properties of matrices, which
hidden variable theories (in vain) try to reproduce.

§6.5. Bell’s theorems

The original contributions to the theme of this section are Bell (1964, 1976), of
which the first is one of the most famous papers of 20th century theoretical physics.
Since there are more than 10,000 papers citing Bell (1964) alone, it is impossible
to discuss all literature relevant to Bell’s work. What we call his first theorem orig-
inates with Bell (1964), which incidentally was written after Bell (1966), but our
treatment of the settings (taken from Cator & Landsman, 2014) is different. Though
originally motivated as an attempt to make the Free Will Theorem look less of a pe-
titio principii, it also addresses a problem Bell faced even according to some of his
staunchest supporters (Norsen, 2009; Seevinck & Uffink, 2011), namely the tension
between the idea that the hidden variables (in the pertinent causal past) should on
the one hand include all ontological information relevant to the experiment, but on
the other hand should leave Alice and Bob free to choose any settings they like.

His second theorem comes from Bell (1976), followed by Bell (1990a).

Apart from his own papers, which are reprinted in Bell, Gottfried & Veltman (2001),
treatments of Bell’s Theorems we regard as sound include Fine (1982), Jarrett
(1984), Pitowsky (1989), van Fraassen (1991), Butterfield (1992a,b), Bub (1997),
Werner, & Wolf (2001), Liang, Spekkens, & Wiseman (2011), Shimony (2013),
Wiseman (2014), and Brown & Timpson (2015). Recent and mathematically inno-
vative approaches include Abramsky & Brandenburger (2011), Acin et al (2015),
and Fritz (2016). For history, see Gilder (2008) and Kaiser (2010).

Unfortunately, we have not been able to come to grips with (and hence do not
cite) literature claiming that Bell’s theorems are false, or have nothing to do with
hidden variables, or prove that quantum mechanics (if not nature itself!) is nonlocal
per se, or that he never changed his mind and only has one theorem saying it all.

The verification of (6.102) - (6.105) is analogous to the above computations de-
riving (6.35) - (6.38). In terms of the unit vector

v, = (C9S“), (6.244)

sina

the observable F Alice measures on setting A = a is the projection e, = |v4) (v4|,
and similarly for Bob. Hence the corresponding Born probabilities are given by
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For example, we have

(e1@e1+ex@e,[ve)(va| @ [vp) (ve|(e1 ® €1 +-€2 @ €2))
(e;j ®e; + e, ®ey, (cosacosb+sinasind)v, @ vp)

(Vo,eq @epyp) =

cosacosb + sinasinb)?

cos*(a—b).
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The cHSH-inequality (6.117) is due to Clauser, Horne, Shimony, & Holt (1969).
The definitive (i.e., loophole-free) experimental verification of its violation in nature
is Henson et al. (2015). A direct proof starts of (6.117) from the simpler inequality

P(F #H) < P(F # G)+P(G #H), (6.245)

for three {0, 1}-valued random variables F,G,H, which implies (6.117). To prove
(6.245), one just writes

PF£H)=P(F=1,G=1,H=0)+P(F=1,G=0,H =0)
+P(F=0,G=1,H=1)+P(F=0,G=0,H=1),

etc., and notes that each term on the left-hand side of (6.245) also occurs on the right-
hand side. Since each term lies in [0, 1] and hence is positive, this implies (6.245).
Our proof of Proposition 6.17 follows Werner & Wolf (2001), as does our proof of
Theorem 6.18 (though not our formulation thereof, which once again derives from
Cator & Landsman (2014). This proof shows that, as first noted by Fine (1982) and
analyzed more deeply in Butterfield (1992b), there is no real distinction between
the possibility of reproducing given (empirical) probabilities P(F = A,G = y|A =
a,B = b) that satisfy Bell locality by a local deterministic hidden variable theory or
by a local stochastic hidden variable theory. Most current research in this direction,
sparked by Popescu & Rohlich (1994), is therefore concerned with theories defined
by formal joint conditional probabilities that satisfy a no signaling condition like O1
instead of Bell locality, cf. Bub (2011b) and Brunner et al (2014) for reviews.

Formal conditional probabilities of the kind that Bell’s second theorem uses have
been axiomatized by e.g. Popper (1938) and Rényi (1955); the following axioms are
theorems if conditional probabilities are defined a la Kolmogorov by (1.1). Let X be
some o-algebra and let .# C X\ {0} be an ideal in X in the sense that if B € X and
C € #,then BNC € %. A conditional probability on (X,.7) is a map

P:Ex.Z —0,1]; (6.246)
(A,C) — P(A[C), (6.247)

such that:

1. For each C € .# the map A — P(A|C) is a probability measure on X;
2. P(ANB|C) = P(A|BNC)-P(B|C), foreach A,B € X and C € .Z.
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Van Fraassen (1991) noted that if (6.121) holds, then the variable x is a common
cause in the sense of Reichenbach for Alice’s and Bob’s outcomes (see Hofer-Szabé
(2015) for a recent paper in this direction). To explain this observation, suppose two
random processes F and G (like Alice’s and Bob’s measurements) are correlated,
ie., P(F=A1,G=7)# P(F = 1)P(G = y). What might cause the correlation?

1. Chance. If Alice and Bob independently throw dice but always get the same
result, there is a computable nonzero probability for this to happen without any
reason. But this probability decreases as the number of occurrences grows.

2. Causation. One outcome influences or even determines the other. Maybe Bob,
whose experiment is genuinely random, is able to manipulate Alice’s experiment
once he has seen his outcome. But according to relativity theory or other basic
notions of causality in space-time, this should be impossible if Alice and Bob
perform their measurements simultaneously and far from each other.

3. Ur-determinism. The initial conditions at the Big Bang plus deterministic Laws
of Nature imply the correlation. However, physics becomes pointless if we en-
dorse this option. The notion of explanation as the purpose of science is defeated
and there is little difference between this argument and Divine Predestination.

4. Identity. The motions of my mirror image are strongly correlated with me, but
that is because this image is really the same as me (at least in so far as motion is
concerned, as opposed to e.g. thoughts). This example might also be explained
using causation. Another example consists of Alice and Bob filming the same
random process (which may also be explained using the following concept).

5. Common Cause A random process X is said to be a common cause for two
correlated random processes if it precedes both and satisfies

PF=A,G=yX=x)=P(F=AX =x)P(G=7]X =x).  (6.248)

Another way to write this is P(F = A|G = 7,X = x) = P(F = A|X = x), which
shows that a common cause X screens off the dependence of F' on G. Often the
common cause is hidden and has to be inferred from the observed correlation
(having excluded other explanations, like the ones above). A nice example of
this is the inference of a manuscript called Q in New Testament studies. It is
clear that the Gospels of Matthew and Luke both draw on Mark, but they also
contain strikingly similar or even identical non-Markan passages. For various
reasons it is unlikely that either one copied these from the other, so that the main
hypothesis is that they both rely on Q, which is now lost. See e.g. Mack (1993).

From this perspective, the amazing fact is that the correlations in the Alice and
Bob experiment with either spin-1 particle or photons cannot be explained by a
common cause, since its existence (in the form of x) would imply the Bell inequality.
However, of the four other explanations described above, no. 1 is ridiculous given
the statistics of the relevant experiments, no. 2 is at odds with relativity, and no.
4 seems inapplicable. This leaves no. 3, which seems only supported by 't Hooft
(2016), who denies the independence assumptions (i.e. between the settings and the
state of the pair of particles undergoing measurement) lying at the basis of both the
Free Will Theorem and Bell’s theorems. Every way you look at it you lose!
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Generalizations of Theorem 6.19 to operator algebras were given e.g. by Baez
(1987), Raggio (1988), Werner (1989), and Bacciagaluppi (1993), as follows. Let A
and B be unital C*-algebras, with projective tensor product A®B (i.e., the comple-
tion of the algebraic tensor product A ® B in the maximal C*-cross-norm), cf. §C.13;
the choice of the projective tensor product guarantees that each state on A ® B ex-
tends to a state on AQB by continuity; conversely, since A ® B is dense in A®B, each
state on the latter is uniquely determined by its values on the former. In particular,
product states p ® ¢ and mixtures @ = Y; p;p; ® o; thereof are well defined on AQB.
If A C B(H,) and B C B(H>) are von Neumann algebras, and all states considered
are normal, it is easier to work with the spatial tensor product AQB, defined as the
double commutant (or weak completion) of A ® B in B(H; ® H,). Any normal state
on A ® B extends to a normal state on A®B by continuity. Below we use &, but the
results also work for ®. In what follows, A and B are unital C*-algebras.

Definition 6.23. Let @ be a state on AQB.

1. A product state is a state of the form ® = p ® 0, i.e., @ is defined by linear (and
continuous) extension of ®(a®b) = p(a)o(b).

2. A state o is uncorrelated when it is in the w*-closure of the convex hull of the
product states on ARB. In particular, states ® = Y ; pip; ® ©;, where p; > 0 and
Y. pi =1, are uncorrelated (w*-convergent infinite sums are allowed here).

3. A state is correlated when it is not uncorrelated.

An uncorrelated state @ is pure precisely when it is a product of pure states. This
has the important consequence that both its restrictions @, and @p to A and B,
respectively, are pure as well (the restriction @), of a state @ on A®B to, say, A is
given by w4 (a) = @(a® 1p), where 1 is the unit element of B, etc.). A correlated
pure state has the property that its restriction to A or B is mixed.

Proposition 6.24. The following conditions are equivalent:

e Each state on A®B is uncorrelated;
o Each pure state on AQB is a product state;
o At least one of the C*-algebras A and B is commutative.

For the proof see Takesaki (2002), Theorem 4.14.
Corollary 6.25. Correlated states exist iff A and B are both noncommutative.

As one might expect, this result is closely related to the Bell inequalities:
Proposition 6.26. For any ® € S(A®B), the following conditions are equivalent:

e O is uncorrelated.
o For all self-adjoint operators ay,a> € A and by,b> € B of norm <1 we have

\@(ai (b +b2) +az (b —by))| < 2. (6.249)

See Baez (1987), Raggio (1988), Bacciagaluppi (1993), and Landsman (2006a).
Corollary 6.27. If A or B is commutative, then (6.249) holds for all states ®.
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An elegant geometric approach to the Bell inequalities was developed by Pitowsky
(1989, 1994), which we now summarize (also cf. Werner & Wolf, 2001).

Suppose we have a bipartite experiment with m different settings A = ay,...ay,
and B = by,...,b,, on each wing, and binary outcomes, i.e., in {0,1}. We now de-
note the probability P(F = 1|A = a;) that F (a;) (i.e. the particular property measured
by experiment F at setting a;) is true by p; (i=1,...,m), and likewise we write p i,
for P(G|B = b;), i.e., the probability that G(b;) is true, once again for j =1,...,m.
Furthermore, we abbreviate the probability that F'(a;) and G(b;) are both true by

Pi,j+m EP(F = 1,G= 1|A :ai,Bij) (Z,J = 1,...,m). (6250)

The 2m+m? “surface probabilities” p = (p1, - - -, Pam, Plnt1s - - - » Pm.2m) form a vec-
tor in R2m+m2, which we wish to constrain by the following assumption: there
is a fact of the matter underlying each experiment according to which the pair
(F(a;i),G(bj)) already had a truth value for each possible setting (a;,b;), indepen-
dently of any measurement being carried out or not (“local realism”). Thus the
probabilities p (which now arguably have an ignorance interpretation) must lie in
the convex polytope in RI2m+m| defined as the convex hull C,, of the following set
of (extreme) points: for each 2m-tuple A = (A1,...,A2), where A; € {0, 1}, define

X) = (2117 s 3;1’27717)“1 : z'm+1a cee 7)’"’1 : A'Zm) € R2m+’n27 (6251)

i.e., the entry at place k is A (k= 1,...,2m) and the entry at place (i, j) is A; - Ay,
where i, j = 1,...,m. The interpretation of this is that x, represents the particular
fact of the matter where F(a;) has truth value A; and G(b;) has truth value A4 ;,
so that their conjunction (F(a;),G(b;)) has truth value A; - A, ;. In this state the
probability of the said configuration is one and all other states have probability zero;
arbitrary probability assignments then lie in C,,. The point, then, is to characterize
the convex polytope C,,, C R2m+m? through a finite set of inequalities, which turn
out to be generalized Bell inequalities. Seeing this result requires some background.
Let V be a real topological vector space with (continuous) dual V*; if V =R" we
may also put V* = R” and write ¢(v) as an inner product (¢, v) in what follows.

1. Any (not necessarily convex) subset S C V has a polar §° C V* defined by
SS={peV'| o) <1WeS} (6.252)
which is a closed convex subset of V*. If § = K is a compact convex set, we have
K'={peV*|p(v) <1WeJK}. (6.253)
2. The bipolar theorem (cf. e.g. Simon (2011, Theorem 5.5) states that
§%? =co(SU{0}). (6.254)

In particular, if K a closed convex set containing the origin, then
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K =K, (6.255)

and hence, if K is a compact convex set, we may reconstruct K from K° as
K={veV|epk)<1Vee€d.K’}. (6.256)

3. In particular, if K is a convex polytope in a finite-dimensional vector space con-
taining the origin, then so is K°. In that case, d,K” is a finite set and so points in K
are characterized by a finite set of linear inequalities (6.256), which describe the
faces of the polytope. In this case, the associated (dual) description of K is called
the Minkowski—Weyl Theorem, see e.g. Paffenholz (2010) for applications.

For example, among the five Platonic solids (i.e. in R?) the cube and the octahedron
are dual to each other, as are the dodecahedron and the icosahedron, whereas the
terahedron is self-dual. A propos, the latter arises as the convex polytope C; for
m = 1 in the above story: clearly 2m + m? = 3, and for the vertices of C; one takes
the four points x, ensuing from the four possibilities A = (0,0), (1,0),(0,1),(1,1),
ie., x; =(0,0,0),(1,0,0),(0,1,0),(1,1,1). Then the inequalities in (6.256) are

P122>20, p1 =2 p1p, P22 pi12, pr+p2—pi2<1. (6.257)

For m = 2 the ensuing convex polytope C C R? is the convex hull of 16 extreme
points, whose inequalities may be found in Pitowsky (1989, p. 27); these imply the
CHSH inequality, whose violation in quantum mechanics therefore shows that the
probabilities in question have no local realistic model.

More generally, suppose we have n yes-no experiments (Ej,...,E,) and some
subset S, of the set {(i,k) | 1 <i <k < n} (above we had n = 2m, E; = F(a;) for
i=1,....mE,;j=G(bj)for j=1,...,m,and S, = {(i,m+j) | 1 <i, j <m}). This

gives surface probabilities (p1,...,pn, pix), where (i,k) € S,), which form a vector
p in R**15| As in (6.251), each truth assignment A = (4,,...,4,), A € {0,1}, then
defines a point x; € R"*IS: with coordinates (A1,..., A, 4; - A), where once again

(i,k) € S,. This set of 2" points in turn spans a convex polytope Cs, characterized
by inequalities following from the dual characterization (6.256). Classical thinking
would constrain the p so as to lie in Cs,, and indeed we have p € Cg, iff there is a
probability space (X, G, i) such that p; = u(A;) and p;x = u(A; NAy) for certain
events A; € X, cf. Theorem 2.3 in Pitowsky (1989), which is based on Fine (1982).
Some authors claim on this basis that Bell-type inequalities have nothing to do
with physics, but surely the point is that some physical assumptions (notably local
realism) have to be made in order to justify the “classical thinking” behind Cs,.

§6.6. The Colbeck—Renner Theorem

This section is based on Colbeck & Renner (2011, 2012a, 2012b), where the
main idea originates (alas with unclear assumptions and at best heuristic “proofs”),
Braunstein & Caves (1990), who provided steps 1 and 2 of the proof, and Landsman
(2015), whom we follow closely. See also Leegwater (2016) for a technically dif-
ferent approach (by a far more complicated argument, Leegwater seems to manage
to do without our CP assumption, i.e., continuity of probabilities).



Chapter 7
Limits: Small 7

Limits are essential to the asymptotic Bohrification program. It was recognized at
an early stage in the development of quantum mechanics that the limit # — 0 of
Planck’s constant going to zero should play a role in the derivation of classical
physics from quantum theory, and later on also the thermodynamic limit (which
often means “limy_,." ", where N is the number of particles in the system) became a
subject of interest in quantum statistical mechanics. The conceptual status of these
limits will be discussed in Chapter 10; in the present one we mainly explain the
underlying mathematics. However, one question needs to be addressed immediately,
since it is a source of much confusion. Varying N seems a realistic thing to do in the
lab or on paper, whereas # is a constant, so how can it be varied? The answer is that
h is a dimensionful constant, from which one forms dimensionless combinations
of 7 and other parameters; this combination then re-enters the theory as if it were a
dimensionless version of 7 that can indeed be varied. The oldest example is Planck’s
radiation formula E, /Ny = hv/(e"V/¥T — 1), with temperature T as the pertinent
variable. Indeed, the observation of Einstein and Planck that in the limit Av /kT — 0
this formula converges to the classical equipartition law E\ /N, = kT may well be
the first use of the # — 0 limit of quantum theory; note that Einstein put Av/kT — 0
by letting v — 0 at fixed T and %, whereas Planck took T — oo at fixed v and 7!
Another example is the Hamiltonian 7 = — %A +V(x) in the Schrédinger equa-
tion of non-relativistic quantum mechanics, where m is the mass of the pertinent
particle. Here one may pass to dimensionless parameters by introducing an energy
scale € typical of H, like € = sup, |V (x)|, as well as a typical length scale ¢, such
as £ = g/ sup, |VV (x)| (if these quantities are finite). In terms of the dimensionless
variable ¥ = x//, the rescaled Hamiltonian /2 = //€ is then dimensionless and equal
toh=—H"A+ V (%), where /i = 1/£+/2me, the operator A is the Laplacian for %, and
V(%) = V(¢x) /€. Here f is dimensionless, and one might study the regime where it
is small. Similarly, it is often realistic to rescale the potential V by a positive number

2
A, in which case hy = 2 A + AV (x) can be rescaled to hy /A = —;’—mA +V(x),

2m

with /i = /1/v/4, so that the “large V limit” A — oo comes down to /i — 0.

© The Author(s) 2017 247
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In (older) textbooks on quantum mechanics the limit z — 0 is typically studied
using the so-called WKB-approximation. This may be justified on historical grounds,
but in fact this approximation is rarely applicable, and is extremely delicate even
when it applies. Fortunately, a much more satisfactory and almost universally appli-
cable framework has become available since the 1990s, namely (strict) deformation
quantization, where the word “strict” (which we will henceforth omit) refers to the
fact that in this approach 7 is a real number that can “really” (!) be varied and hence
can be made small (as opposed to formal deformation quantization, where 7 is a for-
mal parameter having no actual value). Also, “strict” sometimes refers to the use of
C*-algebras and the high mathematical standards this brings. In the formalism that
follows, (deformation) quantization and the classical limit of quantum mechanics
are seen as two sides of the same coin, as the axioms of quantization are predicated
on recovering the correct classical limit, while conversely the classical limit only
makes sense in the context of some correct notion of quantization.

The starting point of deformation quantization is a phase space X, mathemat-
ically described as a Poisson manifold, i.e., a manifold equipped with a Poisson
bracket {-,-} on its algebra of smooth functions C*(X), see §3.2. We recall that
a Poisson bracket is a Lie bracket on C*(X) with the additional property that for
each h € C*(X), the map 8, (f) = {h, f} is a derivation of C*(X) with respect to its
structure as a commutative algebra under pointwise multiplication, i.e.,

8n(f8) = fn(8) + &n(f)sg. (7.1

Furthermore, like pointwise multiplication, the Poisson bracket preserves real-
valuedness, i.e., if f € C*(X,R) and g € C*(X,R), then also {f, g} € C*(X,R).
As early as 1925, Dirac noted the formal analogy between Poisson brackets
of functions on phase space and commutators of operators on Hilbert space (i.e.,
[a,b] = ab — ba). Indeed, if A is any C*-algebra, the commutator is a Lie bracket on
A, and if we use [a,b])' = ilab — ba], then also self-adjointness is preserved (in that
a* = a and b* = b implies that also [a,b]’ is self-adjoint, which fails to be the case
for the commutator itself unless it vanishes). Thus [—,—]’ is a Lie bracket on Ag,.
Moreover, if for fixed a € A we define 8,(b) = [a,b]’, then we have the product rule

04(bc) = 84(b)c+bd,(c), (7.2)

which makes §, : A — A a derivation. A problem arises if one wishes to restrict d,
to Ag,, since this subspace is not stable under multiplication. This may be remedied
by passing to the Jordan product (5.14), i.e., aob = §(ab+ ba), which is defined on
Agy. If a* = a, then §, : A, — Ag, satisfies the rule (7.2) also with respect to o.

All this remains true if [—, —]’ is rescaled by a nonzero real number. Which num-
ber this should be was suggested by Schrodinger’s construction of momentum and
position operators on the Hilbert space H = L*(R) through the substitutions

hd
~ p=—— 7.3
idx 73

g~ q=x, (1.4)
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. 9

where “x” is the multiplication operator m;q (with id(x) = x), i.e., gy (gq) = xy(x);
for the moment we will not be bothered by the fact that these operators are un-
bounded; let us say they are both defined on the domain C°(R) C L?(R).

This yields the canonical commutation relations (which formally hold on CZ*(R)):

[5,4] = 1u, (1.5)

St~

Noting the Poisson brackets (in which p, g are the coordinate functions on X = R?)

{p,q} = 1x, (7.6)

itit clear that analogy should be between {—, —} and (i/%)[—, —]. Thus Dirac wrote:

‘The strong analogy between the quantum P.B. defined by [(i/%) times the commutator] and
the classical P.B. (...) leads us to make the assumption that the quantum P.B.’s, or at any
rate the simpler ones of them, have the same values as the corresponding classical P.B.’s.”

Combined with Heisenberg’s decisive idea that quantum mechanics should be an
Umdeutung (i.e., reinterpretation) of classical mechanics, one is led to the idea that
“quantization” should be given by a linear map

= 0n(f), (1.7)

where f is some (smooth) function on phase space X and Qy(f) is some operator
on some ‘“corresponding” Hilbert space, whose identification or construction is a
separate problem (but for X = R? it should apparently be L?(RR)), such that

1104(7).04()] = Oa({/:8), (.8

at least for functions f, g € C*(X) with ‘the simpler’ Poisson brackets. If only to do
justice to Schrodinger’s example (7.3) - (7.4) with (7.5), one should also require

On(lx) = 1p. (7.9)

The act of quantization should also preserve the adjoint, i.e., writing f*(x) = f(x),

On(f*) = 0n(f)" (7.10)

Putting 7% on the right-hand side of eqgs. (7.5) and (7.8), Dirac (and similarly the
Dreimdnnerarbeit Born—Heisenberg—Jordan) concluded from these equations that:

‘classical mechanics may be regarded as the limiting case of quantum mechanics when h
tends to zero.’

In the remainder of this chapter we try to do justice to this fabulous insight of Dirac’s
(and also of Born, Heisenberg, and Jordan, or even Planck, Einstein, and Bohr, none
of whom seem to have quite appreciated the stupendous complexity of the claim).
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7.1 Deformation quantization

Recall Definition C.121 of a continuous bundle of C*-algebras over some space I,
which below is taken to be a subset of the unit interval [0, 1] that contains 0 as an
accumulation point (so one may have e.g. I = [0, 1] itself, or I = (1/N)U{0}).

Definition 7.1. A deformation quantization of a Poisson manifold X consists of a
continuous bundle of C*-algebras (A, { @ : A — Ap }ner) over I, along with maps
Qn:Ag— Ay (RET), (7.11)

where A is a dense subspace of Ag = Co(X), such that:

1. Qg is the inclusion map Ao < Ao,
2. Each map Qy, is linear and satisfies (7.10);
3. For each f € Ay the following map is a continuous section of the bundle:

0= f; (7.12)
h= Qu(f) (h>0); (7.13)

4. For all f,g € Ag one has the Dirac-Groenewold—Rieffel condition

tiny 10112160~ en((r.6))| =0 .19

It follows from the definition of a continuous bundle that continuity properties like

lim [|04 (£ = [l /1l (7.15)
lim [ Q4 (f)Qn(s) — On(f8)ll =0, (7.16)

are automatically satisfied. Let us note that condition (7.9) is absent from this defi-
nition, because 1y ¢ Cy(X) whenever X is not compact, in which case typically also
the C*-algebras A have no unit (see below). However, the given conditions turn out
to be sufficiently powerful to produce the “right” examples. We give one of the main
such examples without proof (the underlying analysis is quite forbidding). We put

Ao = Co(T*RM); (7.17)
Ap = Bo(L*(R")) (h>0), (7.18)
where T*R" 2 R?" carries the canonical Poisson structure (3.34), and Ay, is the C*-

algebra of compact operators on the familiar Hilbert space L*(R") of wave-functions
on R". For the sake of completeness we also mention that

A=CH(R"xRMHT) (7.19)

is the (reduced) C*-algebra of the tangent groupoid (R" x R™)T to the pair groupoid
R™ x R" on R", see §5C.16,C.19, where one may also find the maps ¢y
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Let us summarize the situation. Continuity of the limit # — 0 is hard to envisage
if one merely has the classical phase space X = T*R” and the quantum Hilbert
space L?(R") in mind. However, the move to either: the underlying Lie groupoids
TR" and R" x R", which jointly comprise the smooth tangent groupoid R" x R™)T,
or: the corresponding canonically defined C*-algebras Co(7*R") and Bo(L*(R")),
which are glued together as a continuous bundle (7.17) - (7.19), does give rise to a
satisfactory structure that makes the limit # — 0 “continuous”.

In this example, various possibilities for the quantization maps Qy, arise. As ex-
plained in §C.19, the groupoid structure underlying (7.17) - (7.18) suggests Weyl’s
prescription (C.549), which for convenience we reproduce:

d"pd"y :
oY (v = [ Gr e I O (020

where f lies in the image of C2°(TIR") under the fiberwise Fourier transform (C.547).

This image, then, is the space Ag in Definition 7.1. We may rewrite (7.20) as

Wy d"pd"q W
(= [ .. Gy Fa:n)2 @) (721)

where the operators in the integrand are given by
9 (q.p)y(x) = 2"X DMy (2g —x). (7.22)
The purpose of (7.21) is that for each y € L?(R") we then obviously have

d"pd"q
(2rmh)"

.ol () = [ o e (p.9) (7.23)

where th : T*R" — R is the Wigner function, given by

Wy (p,q) = 1" (v, 2 (q,p)¥) (7.24)
= / d"ve? (g + thv)y(g— 1hw). (7.25)
Rn

If |y| = 1, then th gives a “phase space portrait™ of the corresponding pure state
ey on Bo(L?(R)). However, this portrait cannot be interpreted as a probability den-
sity on T*IR", since the Wigner function is not necessarily positive. This reflects a
problem with Weyl’s quantization map Q;V itself (at fixed 72 > 0). We say that Oy, as
introduced in (7.11) is positive if, for each f € Ag C Ap (seen as a C*-algebra),

[20 = 04(f) =0, (7.26)

where positivity of Qy(f) is defined in the C*-algebra A (which in the case at hand
is Bo(L?(R™))). This is not the case for Q). Moreover, Q) fails to be continuous,
and for this reason it cannot be extended to A (at least not in the obvious way, viz.
by continuity). Fortunately, both problems can be resolved by a change in Qy.
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A strict deformation quantization of R? that is positive exists under the name

of Berezin quantization, denoted by Qg. Howeyver, the fundamental idea of the un-
derlying coherent states goes back to Schrodinger. For each (p,q) € R? and 7 > 0,

define a unit vector (Z),Ep ) e g2 (R), called a coherent state, by
%EM) (x) = (nh)7n/4efipq/2heipx/hef(qu)2/2h. (7.27)
Writing z = p + ig, the transition probability between two coherent states is
(637, 037) P = e e/, (7.28)

In terms of these coherent states, we define Q% : Co(T*R") — Bo(L*(R")) by

d"pd’q (Pa)y (4(P9)
Bl _ P4 P
)= [ e Fpa)lof 0", (129
where the integral is meant in the sense that for each vy, ¢ € L?(R") we have
_ [ d'pd'q (P:a)y ¢ 4 (P0)
w.onnw) = [, Tl Fp.ao ool ). (130

In particular, for each unit vector y € Lz(R”) we may write

(W, 0n(f)w) =/ dpy f, (7.31)

T*R"

where [y, is the probability measure on 7*R" with density

BY (p,q) = (0", )%, (7.32)

called the Husimi function of y € L?(R"); in other words, fy, is given by

n

d"pd
2nh

n

q

diy(p,q) = B! (p.q). (7.33)

Weyl and Berezin quantization are related in many ways, for example, by

h
01 (f) =0y (e3f), (7.34)
where Ay, = ?:1(82/8p§ +92/d(q’)?), from which it follows that Weyl and
Berezin quantization are asymptotically equal in the sense that for any f € Ao,

lim [|07(f) — Q) ()| =0. (7.35)

Indeed, this provides one way (among various others) of proving that Q;’; satisfies
Definition 7.1, where we note that even though Qg is defined on all of Cy(T*R"),
eq. (7.14) only holds on a suitable dense subspace thereof, such as i’ (T*R").



7.2 Quantization and internal symmetry 253

7.2 Quantization and internal symmetry

In the presence of symmetries, Dirac’s condition (7.8) can often be met by suitable
functions f and g related to the symmetries in question, though such functions may
be unbounded. This blasts the C*-algebraic framework, but it does so in a controlled
way. We start with internal symmetries, like spin, which will be coupled to motion
in the next step. Let G be a Lie group with Lie algebra g, to which we associate:

e The “classical” Lie—Poisson manifold g*, see (3.98), whose Poisson bracket we
now preface with a minus sign, so that instead of (3.98) and (3.99) we now have

9£(6) 95(6).

{f.8}-(8) = —Cg,6c 56, 06, " (7.36)
{A,B}_ = —[A,B. (1.37)

We write g* for this Poisson manifold.
e The “quantum-mechanical” reduced group(oid) C*-algebra C;(G), cf. §C.18,
defined as the norm-closure of 7(C:°(G)) within B(L*(G)), where

(f)ll/ ey (1.38)
Few) = [ dyfawo™). (7.39)
where f € C*(G) and y € L*(G), cf. (C.481), and dy is Haar measure on G
(which also provides the measure defining the Hilbert space L*(G)).

We then obtain a continuous bundle of C*-algebras, with fibers and total C*-algebra

Ao = C*(g); (7.40)
C:(G) (h>0); (7.41)
A= C*(GT) (7.42)

where g is seen as an abelian Lie group under addition, cf. Theorem C.123. We have
Cr(9) = Colgl), (7.43)

which isomorphism (i.e. of C*-algebras) is given by the Fourier transform

- / d"Ae 0N F(); (7.44)
g

where initially f € C°(G), and the map f + f is subsequently extended to C(G)
by continuity. Here the normalization of Lebesgue measure d”A on g is arbitrary, but
the normalization of d" 0 is thereby fixed. In what follows, we take a (left-invariant)
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Haar measure dx on G and fix the normalization of d"A by the condition

J(0)=1 (7.46)
in the definition of the Jacobian under the exponential map exp : g — G, i.e.,

J(A) = %. (7.47)

With Ay = C2°(g), the quantization map Qy, : C=°(g) — C;(G) is then given by
On(f)(e") =n""f(A/n), (7.48)

where n = dim(G) and we assume that 7 > 0 is small enough that / times the sup-
port of f € C(g) is contained in an open neighbourhood U of 0 € g where the
exponential map is a diffeomorphism onto some open neighbourhood U’ of e € G;
otherwise a cutoff function should be included. Equivalently, defining Ay C Cy(g*)
as the image of C2°(g) under the Fourier transform f — f (which consists of the
so-called Paley—Wiener functions on g*), the map Q5 : A9 — C;(G) is given by

d"e
A :/ DA/ £(9). 7.49
0N = [ " 1) (7.49)
Although these maps satisfy (7.14), if G is non-abelian there are no natural functions
on g* whose quantizations satisfy the exact Dirac condition (7.8). This is a limitation
of the C*-algebraic framework, since candidate functions like

A:gt > R; (7.50)
A(B) = 6(A), (7.51)

whose Poisson brackets (3.99) are promising, are unbounded. However, this is eas-
ily remedied by regarding C;(G) as an algebra of bounded operators on the Hilbert
space L?(G)—which indeed is the way it was originally defined—rather than ab-
stractly. This “spatial” context allows the passage to the Lie algebra, as reviewed in
§5.6, see especially (5.156) - (5.161). First note that (7.38) - (7.39) is a special case
of (5.172), where H = LZ(G) and u = uy, i.e., the left-regular representation

uL(y)w(x) = w(y 'x). (7.52)

In this representation, the construction (5.156) then realizes g as right-invariant dif-
ferential operators on the Garding domainDg C C*(G). By definition of C}(G),
seen as an operator on L?(G) the function Qj(f) is given in coordinates by

On(f) = /E;d”XJ(X)/;* %e""m/h £(8)u <exp (Zx,n)) (7.53)
' J
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Here (Xi,...,X,) in (7.53) are coordinates on g defined by a basis choice (T3, ..., T,),
e, A= Z,X T;. The function T on g* is then simply glven by the coordlnate func-
tion 7; (0)=6;.Nowtake A € g and assume that f = A. This function is unbounded,

but the followmg formal calculation is rigorously correct on the Garding domain and
may be justified by some distribution theory. For simplicity we assume that G is uni-
modular, in which case J(X) = 1 +0(X?) as X — 0, so that all first derivatives of J
vanish at X = 0. Taking f = T] in (7.53) then gives

n d"e 'GX h
Jyrx @) | e o (‘“"‘p @X-"T-’))

- J
fz/gd XJ(hX )uy, (exp (h?x,@)) TX,S(X)

— il (X;), (7.54)

On(T;)

from which we obtain
On(A) = ihuy (A) = . (A). (7.55)

This explains the need for minus the Lie—Poisson bracket, since instead of (3.99) we
now have (7.37), so that (5.160) gives the exact result (7.8) for f = Aandg=B:

[Qh( 4),0n(B)] = 0s({A,B} ). (7.56)

The minus sign in the Lie—Poisson bracket could have been avoided by writing
f(—A/h) in (7.48), whose minus sign would have propagated into (5.159) and hence
in the commutation relations (5.160), but the latter are so engrained in the physics
literature that we see the minus sign on the bracket in (7.56) as the lesser evil.

Any continuous unitary representation u, of G (where A is some label) induces a
representation ui of C*(G) by (5.173), which may be extended to a representation
of C*(G) by continuity (the same is true for C;(G) provided u, is weakly contained
in L2(G), cf. §C.18). This gives operators u/ (Qp(f)) which, by the same formal
computation as for the case u = uy, above, for A € g rigorously give rise to operators

7y (A) = ifudy (A), (1.57)

satisfying the like of (5.160) for fixed values of 7 (but without control over the limit
h — 0). Many commutation relations in quantum mechanics take this form, where
both irreducible and reducible representations u give rise to interesting examples.
The reducible case typically comes from group actions and is best studied using the
formalism of action groupoids reviewed in the next section, where we will see that
further operators start playing a role. The irreducible case, on the other hand, gives
rise to intriguing new examples of continuous bundles of C*-algebras, where 7 (now
related the label A) takes values in a discrete set and may be sent to zero, cf. §8.1.
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7.3 Quantization and external symmetry

We now generalize the setting of the preceding section from groups taken by them-
selves to group actions. Let a Lie group G act smoothly on some manifold Q; for
example, we may have Q = R? with either G = SO(3) acting by rotations, or G = R?
action by translations. We now take X = g* x Q. Recalling the notation (3.71) and
writing 8, = Or,, we define the action Poisson bracket

-~ 3f dg dg  Idf
{fvg} 89a ae éafTGa - T%éag~ (758)

Interesting special cases arise if we take A € g and define Ae C>=(g*) as before, i.e.,
A(8) = 8(A), now regarded as a function on g* x Q (ignoring the second argument
g). Similarly, if f € C*(Q) we write f for the corresponding function on g* x Q
(ignoring the first argument 0). This gives the coordinate-independent expressions

{A,B} = —[A,B]; (7.59)
{A f1= —6Af (7.60)
{f.8} = (7.61)

Clearly, if Q is a point (with trivial G-action) we recover (minus) the Lie—Poisson
structure on g*. If, on the other hand, Q = R3 and G = R? acts on Q by translation,
i.e., a-X = X+ a, we recover the canonical Poisson bracket (3.34), where the mo-
menta p, (a =1,...,n) are identified with the coordinates 6, on the dual of the Lie
algebra of R3, which is just R3 itself (with the usual basis (ej,ez,e3)). Therefore,
the Poisson bracket (3.34) on R?" may be generalized in two ways:

1. By passing to arbitrary cotangent bundles 7*M, whose canonical Poisson bracket
is still given in local coordinates by (3.34), which emphasizes the role of mo-
menta as fiber coordinates on 7*M.

2. By passing to the setting discussed here, which emphasizes the role of momenta
as generators of global translations of the base space R? (a property that breaks
the p-g symmetry and cannot be generalized to arbitrary cotangent bundles).

A richer structure emerges if we keep Q = R3 but now take G = E(3), i.e.,
E(3)=S0(3) x R, (7.62)

known as the Euclidean group. To explain its group structure, let some group L act
on a vectors space V, seen as an abelian group under addition. Then the operations

(Av)-(A' V) = (AL v+ A V), (7.63)
A ) t=@A A7), (7.64)

turn G = L x V into a group, called the semi-direct product of L and V.
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Then E(3) acts on R? in the obvious way, giving rise to the Poisson manifold
g* x Q0 =R3 xR? x R3 (since 50(3) =2 R?). We now also have generators (J;,J2,J3)
of the Lie algebra of SO(3), with corresponding functions J;, as well as standard
coordinate functions (g1,¢2,¢3) on Q = R, giving rise to the Poisson brackets

{JAi,jj} gz/kjk’ {anj}* gijkpk; {Pi,Pj}:O; (765)
{iva;} = —sgijkars {pi-aj} = 63 {ai,q;} =0. (7.66)

The appropriate target C*-algebra C; (G, Q) for quantization is a generalization
of Ci(G), constructed in a similar way, as explained in §C.18. For the moment it is
enough to know that C; (G, Q) is the completion of the function space C2°(G x Q),
seen as a "-algebra in the operations (C.526) - (C.527), in a suitable norm, namely

1= 1B, (7.67)

where the representation p : C=°(G x Q) — B(L*(G x Q)) is given by (C.530). In
case that Q has a G-invariant measure Vv (still with support Q), the operator

w:L(Gx Q) = L*(G x Q); (7.68)
wy(x,q) = w(x,x'q), (7.69)

is unitary, and in terms of the notation
i(y) = wu(y)w", Z(f) = wa(F)w", p(f) =wp(f)w", (7.70)

the formulae (C.528) - (C.530) take the slightly more appealing form

ay)w(x,qg) = v 'xy '9); (7.71)
2(Hw(x,q) = F(@)w(x,q); (1.72)
p(f)w(x.q) /dyf »w(y 'xy'q). (7.73)

The simplification thus gained especially concerns the position functions (7.72).
Analogously to (7.49), the quanitzation maps are given by

O : C()(gﬁF X Q) — C;F(G7 Q), (7.74)
ae
On(f)(e*q) = /g* Welew/h f(GaeféA -q), (7.75)

where, as in the pure group case, strictly speaking f must lie in the dense subspace
of Cy(g* x Q) consisting of Paley—Wiener functions (in A) that are the Fourier trans-
form (in the first argument) of functions that lie in Ci*(g x Q).

Computations similar to (7.54) then establish, for A € g and f € C>(Q) as before,

On(A) = ihid (A); (7.76)

ou(f) = 7()). (7.77)
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Form these formulae and (7.59) - (7.60), it is easy to verify that Dirac’s exact con-
dition (7.8) holds in the following special cases:

%[Qh(&,gh(é)] = On({A,B}); (1.78)
2104(A),00(/)] = Qa{A. 1) (179
1104(7),24(8)) = O(1F.81) =0, (7.50)

These might be regarded as infinitesimal versions of the covariance condition
(C.514), specialized to the case at hand. We formalize this special case as follows.

Definition 7.2. Let G be a locally compact group and let Q be a space equipped
with some continuous G-action. A system of imprimitivity (u(G),n(Co(Q))) for
the given group action G O Q is a combination of a strongly continuous unitary
representation u of G and a nondegenerate representation 1 of Co(Q), both defined
on the same Hilbert space, that for each x € G and f € Cy(Q) satisfies

u()7(fu(x)* = w(Lyf). (7.81)

Here L.f(q) = f(x'q), as usual. We recall from §C.18 that such systems of
imprimitivity bijectively correspond to degenerate representations p = 7 X ul of
C*(G, Q) through (C.515), which in the special case (C.524) - (C.525) comes down
to

p(f) = /G dx (£ (x,)u(). (7.82)

The formulae (7.71) - (7.73) define such a system of imprimitivity on the Hilbert
space H = LZ(G x Q). However, this cannot be the end result of quantization, since
this space is typically reducible under the pair (u(G),n(Co(Q))), or, equivalently,
under p(C*(G, Q)). For example, this is the case for G = R3 or G = E(3) acting on
Q = R3 in the natural way discussed above, for which we obtain H = L*(R3 x R3)
or even H = L*(E(3) x R?). In the former case we do obtain the correct posi-
tion operators ¢, but for the momentum operators we find the curious expression
—ih(9/0x' + 9 /dq')—to their credit, these do satisfy the canonical commutation
relations (7.5), since these follow from (7.78) - (7.80), which in turn follow from
the covariance condition (7.81) defining a system of imprimitivity.

Instead, we would prefer the Hilbert space H = L*(R?) expected from elementary
quantum mechanics (without spin), equipped with the system of imprimitivity

q); (7.83)
m(Hw(q) = fl@)y(q). (7.84)

The answer lies in the search for irreducible systems of imprimitivity (u(G), (Co(Q))),
or, equivalently, irreducible representations of p(C*(G,Q)); see §7.5.
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7.4 Intermezzo: The Big Picture

First, however, we summarize and generalize the results in this chapter so far

into what we call The Big Picture. This arose in the 1990s from efforts to relate

Mackey’s quantization theory based on systems of imprimitivity (which Mackey

himself saw as the natural implementation of what he called Weyl’s Program, i.e.

the construction of the basic operators of quantum mechanics from group-theoretical

considerations) to deformation quantization (and hence to the tradition started by

Dirac, as continued by Groenewold, Moyal, Berezin, Flato, Rieffel, and others).
The Big Picture is technically based on the theory of Lie groupoids (already

alluded to in the preceding sections) and Lie algebroids. For a precise definition of

the former we refer to Definition C.115; briefly, a groupoid G is an object like a

group, where however multiplication is defined only partially (although the inverse

is defined for each element). To see which elements can be multiplied, one has maps

s,t 1 G1 = Gy from the total space G; of the groupoid to its base space Gy, such

that the product xy € G; of x,y € G| is defined whenever s(x) = ¢(y), and satisfies

s(xy) = s(y), t(xy) = t(x), and s(x~') = £(x). Four relevant examples are:

e Spaces, where G| = Gy = Q for some set Q, with s(x) =#(x) = x for all x € G|,
and hence xy is defined iff y = x, with result xx = x; furthermore, xl=x

e Groups, where G| = G and G( = {e}, with s(x) = ¢(x) = e for all x, so that all
elements can be multiplied and the notion of a groupoid reduces to a group.

e Pair groupoids over a set Q have base space Gy = Q, total space G; = Q X Q, and
projections s(q,¢') = ¢’ and 1(q,q’) = g, so that (q,q')(r,r) is defined iff ¢’ = r,
resulting in (q,¢')(q’,7’) = (q,7’). The inverse is given by (¢,4) ! = (¢, q).

e Action groupoids (also called semi-direct product groupoids) are important in
what follows. These originate in some group action we denote by G O Q, where
G is a group and Q is a set. The ensuing groupoid is called I' = G x Q, where

L=Gx0Q, Ij =0, s(x,q)=x""q, t(x,q) =g, (7.85)

so that products (x,q)(y,q’) are defined iff ¢’ = x~'g, with result

(x,q)(rx""'q) = (x1,9). (7.86)
Finally, the inverse is (necessarily) given by

1

(x,q) ' =("xlg). (7.87)

A Lie groupoid is a groupoid G where G| and Gy are manifolds and all operations
are smooth. In all examples just given this requires Q to be a manifold, and in the
last one G should be a Lie group, and the given action G x Q — Q must be smooth.
Generalizing the construction of a Lie algebra g from a given Lie group G, a Lie
groupoid comes with an associated linearized (or “infinitesimal”) structure, called
a Lie algebroid. As in the group case, this differential-geometric notion can also be
defined independently of its origin in the theory of Lie groupoids, as follows:
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Definition 7.3. A Lie algebroid E over a manifold Q is a vector bundle E LN Q with
a vector bundle map E N T Q (called the anchor), as well as with a Lie bracket [, |
on the space C*(Q,E) of smooth cross-sections of E, satisfying the Leibniz rule

[01,f 0] = f-[o1,00] + (@001 f)- 0o (7.88)

forall 6,00 € C*(Q,E) and f € C*(Q) (here a.o 0y is a vector field on Q).

It follows that the map 6 — a oo : C*(Q,E) — C*(Q,TQ) induced by the anchor
is a homomorphism of Lie algebras, where the latter is equipped with the usual
commutator of vector fields (this homomorphism property used to be part of the
definition of a Lie algebroid, but in fact it follows from the stated definition).

Lie algebroids generalize (finite-dimensional) Lie algebras as well as tangent
bundles, and the (infinite-dimensional) Lie algebra C*(Q, E) could be said to be of
geometric origin in the sense that it derives from an underlying finite-dimensional
geometrical object. Similar to the above list of examples of Lie groupoids, one has
the following basic classes of Lie algebroids.

e Manifolds, where E = Q, seen as the zero-dimensional vector bundle over Q,
evidently with identically vanishing Lie bracket and anchor.

e Lie algebras, where E = g and Q is a point (which may be identified with the
identity element of any Lie group with Lie algebra g) and anchor o = 0.

e Tangent bundles over a manifold Q, where E =TQ and o =id: TQ — T Q, with
the Lie bracket given by the usual commutator of vector fields (or derivations).

e Action algebroids (or semi-direct product algebroids) are defined by a g-action
on a manifold Q, i.e. a Lie algebra homomorphism g — C*(Q,TQ), A +— 04,
where we identify vector fields on Q with derivations on C*(Q)—these are often,
but not necessarily, obtained from a G-action on Q via see (3.71). We write E =
g X Q, whichis E = g x Q as a trivial bundle (with 7 the projection on the second
space), and &(A,q) = —6a(q) € T,0, where A € g. The Lie bracket is given by

[01,02](q) = [01(q),02(9)] g + 85,01(q) — 85,02(q)- (7.89)

These examples may also be recovered as special cases of the following construction
that canonically associates a Lie algebroid Lie(G) to a Lie groupoid G: as a vector
bundle, Lie(G) is the restriction of ker(z,) to Gy (where t. : TGy — TGy is the
derivative map of the source projection ¢t : G; — Gy), and the anchor is & = s, (one
may alternatively define Lie(G) as the normal bundle to the object inclusion map
i: Gy — Gy, cf. Definition C.115, but this makes the definition of the anchor a bit
more complicated). As in the Lie group case, one may identify sections of Lie(G)
with left-invariant vector fields on G, and under this identification the Lie bracket
on C”(Gy,Lie(G)) is by definition given by the commutator of vector fields.
Conversely, one may ask whether a given Lie algebroid E is integrable, in that
E = Lie(G) for some Lie groupoid G (where the isomorphism sign 2 means that
a pertinent vector bundle isomorphism E 2 ker(t*)‘G0 should preserve all relevant
structure). Unlike the special case of Lie groups (where Lie’s Third Theorem 5.41
settles this in the positive), this is not necessarily the case, but that is of no concern.
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We now state a crucial connection between Lie algebroids and Poisson geometry.

Proposition 7.4. The dual vector bundle E* of a Lie algebroid E is a Poisson man-
ifold, whose Poisson bracket on C*(E*) is defined by the following special cases:

{f,e} =0 (f,g€C7(Q)); (7.90)
{6,f}=—aoof (6 €C(Q,E).f€C(Q)); (7.91)
(61,62} = —[o1, ), (7.92)

where & € C™(E*) is defined by a given section & of E through the obvious pairing.

Conversely, if the dual F* to a given vector bundle F — Q is a Poisson manifold
such that the Poisson bracket of two linear functions is linear, then F = E for some
Lie algebroid E over Q, with the above Poisson structure on E*.

Following our earlier lists, the main examples are:

e A manifold Q, seen as the dual to the zero-dimensional vector bundle Q — Q,
carries the zero Poisson structure.

e The dual g* of a Lie algebra g acquires (minus) the Lie—Poisson structure (3.98).

e A cotangent bundle 7*Q acquires (minus) the Poisson structure defined by its
standard symlectic structure, cf. (3.34).

e The dual g* x Q of an action algebroid acquires the Poisson bracket (7.58).

The following theorem displays a rich and physically relevant class of examples
of Definition 7.1 of deformation quantization. The key point is that a Lie groupoid
G defines both classical and quantum data, namely the (reduced) Lie groupoid C*-
algebra Czﬁr) (G) (cf. §C.17) and the Poisson manifold Lie(G)* (cf. Proposition 7.4),
and these are continuously (even smoothly) related through the tangent groupoid

G" (cf. Proposition C.117) and its associated Lie groupoid C*-algebra CE‘r) (G™).

Theorem 7.5. For any Lie groupoid G, the bundle of C*-algebras given by

Ap = Co(Lie(G)*) (7 =0); (7.93)
Ap=C*(G) O<h<1); (7.94)
A=CHGT), (7.95)

defines a deformation quantization of the Poisson manifold Lie(G)* over I = [0,1].
The same statement holds for the corresponding reduced groupoid C*-algebras.

The key lemma for this theorem is Theorem C.123, which provides the continuity of
the given bundle of C*-algebras. A lengthy computation shows that also the Dirac—
Groenewold—Rieffel condition (7.14) is met. In this light, the quantization of the
phase space T*R" in §7.1 then corresponds to the pair groupoid G = R" x R" on R",
the one in §7.2 follows from the special case where the Lie groupoid G is “simply”
a Lie group, and the case of §7.3, which puts Mackey’s quantization theory in a
deformation framework, is obviously given by the action groupoid G x Q. Finally,
the space groupoid Gy = G| = Q gives a trivial continuous bundle of C*-algebras,
where Ay, = Co(Q) for all 71 € [0, 1], and Q carries the zero Poisson bracket.
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7.5 Induced representations and the imprimitivity theorem

Returning to §7.3, we recall the bijective correspondence between systems of im-
primitivity (u(G),m(Co(Q))) and non-degenerate representations of the C*-algebra
C*(G, Q) of the action groupoid defined by the given action G O Q. This correspon-
dence preserves irreducibility, and our task is to find irreducible representations.

It was recognized at least 50 years ago that this task can be carried out if the
group action satisfies a certain regularity condition, and is hopeless otherwise. This
is sometimes called the Mackey-Glimm dichotomy. The condition in question may
be stated in a number of equivalent ways (whose equivalence is not at all obvious).

First, we recall some terminology from topology. Let X be a space. One calls
Y C Y’ C X relatively open in Y' if there is an open set U C X such thatY =Y'NU.
A subset Y C X is locally closed if each y € Y has an open neighbourhood U in X
such that U NY is closed, and finally “X is Tp” if for any two distinct points there
is an open set that contains exactly one of them. Furthermore, each g € Q defines a
G-orbit through ¢ denoted by G - g, as well as a stabilizer (or “little group”)

Gy={xeG|x-q=gq}. (7.96)
For any subgroup H C G, we denote the equivalence class of x in G/H by [x].

Definition 7.6. A smooth action of a Lie group G on a manifold Q is called regular
if one and hence each of the following equivalent conditions is satisfied:

1. Each G-orbit in Q is relatively open in its closure;

2. Each G-orbit in Q is locally closed;

3. The quotient space Q/G of G-orbits in Q is Ty;

4. Each map (x| — xq is a homeomorphism from G |G, to the orbit G-q (q € Q).

Probably the simplest example of a non-regular action is the action Z O T given by
n:zes Xm0y (7.97)

where 0 € R\Q (here Z may be seen as a zero-dimensional Lie group with infinitely
many components—in fact, Definition 7.6 more generally applies to second count-
able locally compact groups and spaces that are “almost Hausdorff”). Indeed, each
orbit is dense in T (but not open), and the orbit space T/Z has no proper open sets.

Theorem 7.7. Let a group action G O Q be regular. Then the irreducible represen-
tations of the associated action groupoid C*-algebra C*(G,Q)—and hence also the
irreducible systems of imprimitivity (u(G),n(Co(Q)))—are classified up to unitary
equivalence by pairs (O,uy), where O is a G-orbit in Q and u,, is an irreducible
representation of the stabilizer G, of an arbitrary point q € O, with an explicit
construction of the corresponding representation p (¢ ,.,,)(C*(G,Q)). Two such rep-
resentations P ) and p o' aly) are equivalent iff 0 = 0" and, given that ¢ = xq
and hence Gy = )ch)c’1 for some x € G, ”;c is unitarily equivalent to uy o Ad(x).
Finally, any irreducible representation p is unitarily equivalent to some P( uy)-
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In the simplest case, Q is equal to a point, so that C*(G,Q) = C*(G), and we find
that irreducible representations of C*(G) (which are necessarily non-degenerate)
bijectively correspond to unitary irreducible representations of G. In the next easiest
case, G acts nontrivially but still transitively on Q, in which case the action is clearly
regular and Q = G/H through the G-equivariant map in no. 4 of the above definition
(read in the opposite direction), i.e., we pick some gg € Q, define H = G, and
finally map Q to G/H by g — [x], where g = xqo (this map is well defined); in that
case, we might as well have assumed that Q = G/H to begin with. The following
important corollary of Theorem 7.7 is called the Imprimitivity Theorem.

Corollary 7.8. Up to unitary equivalence, irreducible representations of C*(G,G/H)
(or, equivalently, of pairs (n(Co(G/H)),u(G)) satisfying the covariance condition
(7.81)) bijectively correspond to unitary irreducible representations of H.

In preparation for the general case stated in Theorem 7.7, and also as a goal in
itself, we first give an explicit construction of the irreducible representation p*
of C*(G,G/H) corresponding to a given unitary irreducible representation u, (H),
where we label the unitary irreducible representations of H (up to unitary equiva-
lence) by y € H (where H is the set of unitary equivalence classes of unitary ir-
reducible representations of H, cf. §C.15 for the abelian case), and let the corre-
sponding representation p% (C*(G,G/H))—or the pair 7% (Co(G/H)) and u* (G)—
inherit this label (in raised form, in order to prevent confusion between u, (H) and
(G ).

The construction of p* (C*(G,G/H))—or, equivalently, of a system of imprim-
itivity (7% (Co(G/H)),u* (G))—from u, (H) proceeds by the technique of induced
representations (which physicists may be familiar with from the representation the-
ory of the Poincaré group, see Theorem 7.9 below). We start from a specific realiza-
tion of u, (H) on a Hilbert space Hy (which is finite-dimensional if H is compact or
abelian). From this, we construct a new Hilbert space H*, whose realization depends
on the choice of a quasi-invariant measure v on G/H, i.e., a (non-zero) measure
whose null-sets are G-invariant in the sense that if v(4) = 0 for some (Borel) mea-
surable A C G/H, then also v(x-A) = 0 for each x € G. This will surely be the
case if v is invariant, i.c., if v(x-A) = v(A) for each measurable A, but invariant
measures on G/H may not exist, whereas quasi-invariant measures always do.

We now consider (measurable) functions ¥ : G — H,, that satisfy

w(xh) = uy(h~ ")y (x), (7.98)
for every x € G and h € H; equivalently, we may say that
y (h) o Ryy =y, (7.99)

for each h € H, where R,y (x) = w(xh). Now if y and ¢ both satisfy (7.98), then,
by unitarity of uy, their inner product (@(x), y(x)), in Hy is H-invariant, in that

(@), wxh)), = (@(x), W(x)) sy - (7.100)
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Hence the function x +— (@(x), ¥(x))n,, a priori defined from G to C, induces
a function [x] — (@(x), ¥(x))n, from G/H to C. We write the latter function as

(@, ¥)u, [x]; in particular, taking ¢ = v, we write || W”i’x x| = (w(x), ¥(x))n,. We
may then define a new Hilbert space HX that consists of all measurable functions
v : G — H, that for each h € H satisfy (7.98), and are square-integrable on G/H:

| av() 1wl 1) <= .101)
G/H
This space turns out to be complete in the natural inner product

0.9 = [ V() (0. ¥, ] (7.102)

It also carries a system of imprimitivity: in case that v is G-invariant we simply have
W (y)y(x) = w(y~'x) (x,y€G); (7.103)

T (P (x) = F(H)y(x) (f € Co(G/H)), (7.104)

where we note that u% (y)y satisfies (7.98) if y does. Unitarity of u% as well as the
covariance condition (7.81) are easily checked. In general, we replace (7.103) by

o) = [ o), (7.105)

where dv([y~!-])/dv([-]) is the Radon-Nikodym derivative of the translated mea-
sure Ly v with respect to v, cf. (B.137), which is well defined because by the assump-
tion of quasi-invariance, LyV is absolutely continuous with respect to v (indeed, on
this assumption they are even equivalent). Here Lyv(A) = v(L; '(4)),AC G/H.
Physicists do not like the Hilbert space H%, preferring a different realization

A% = [*(G/H) @ Hy, (7.106)

in which the wave-function y is not constrained and one has a clean separation
between the (typically) spatial degree of freedom Q = G/H and the internal degree
of freedom Hy,. One half of the system of imprimitivity will then be given nicely by

()W =Fy (f € Co(G/H)), (7.107)

but this cleanliness comes at the cost of a more complicated formula for i#* (y), as
follows. Pick a (measurable) cross-section s : G/H — G, i.e., a right inverse to the
projection p : G — G/H, p(x) = [x], in other words, we have

pos=idgy. (7.108)
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It may not be possible to make s continuous, and, crucially, s is not a left inverse to
p; instead, there exists a unique function ki : G — H such that s o p(x) = xh,(x), i.e.,

hs(x) = x~'s([x]). (7.109)

Such a cross-section s gives rise to a unitary isomorphism

wy s HX — A%, (7.110)
wsW(q) = y(s(q)); (7.111)
wi ' W(x) = wy (hy(x)) W ([x]), (7.112)

which enables us to move the system of imprimitivity (u*, %) to H* by defining

i*(y) = wsu* (y)wy (v € G); (7.113)

7 (f) = wen (f)w] (f € Co(G/H)). (7.114)

This duly leads to (7.107), but instead of (7.105), we obtain the more cumbersome

av(y'q)

F0)¥) =\ o

uy (s(q) 'ysO'g) Wy 'q), (7.115)

where of course the square root may be omitted if v is G-invariant, as in (7.103).
The argument i = s(q) ' ys(y~'q) of u, appearing here is called the Wigner cocycle
(after the physicist who first introduced it in his classification of the irreducible
representations of the Poincaré group). One may verify that # € H by applying p,
which by construction is G-equivariant (i.e., p(xy) = xp(y)), which gives

p(h) = p(s(q) 'ys(y"'q)) =s(a) 'yp(s("'q) = s(q) "y 'a=s(q) ',

where in the third step we used (7.108). For any x € G we have x~ ! [x] = [x~'x] = [¢],
so taking x = s(g) in this computation we find p(h) = [e], which is true iff & € H.

Given an irreducible system of imprimitivity (ii*,7%), we obtain generalized
momentum operators by passing to the associated representation of the Lie algebra
g of G through (5.156) and (7.57), i.e.,

AX(A) = (%) (A), (7.116)

where A € g, so that, cf. (7.78) - (7.80), we obtain from (5.160) and (7.81):

(7% (A), #%(B)] = in®X ([A,B)); (7.117)
(A% (A), 7% (f)] = ihZ* (84 f); (7.118)
[7%(f),7%(2)] = 0, (7.119)

where A,B € g and f,§ € Cy(Q) (in fact, these formulae—defined on the right
domain—work also for many unbounded functions on Q, see below), and 8, is
defined in (3.71). Let us take a look at a few illustrative special cases:
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e If H =G, then Q is a point, so that C*(G, Q) = G*(G), and systems of imprimitiv-
ity are just irreducible representations of G. We have H* = H,, through the map
w: H% — Hy defined by y — y(e) = y' € Hy, with inverse y(x) = u, (x 1)y
This gives wu® (y)w~! = uy (). Similarly, in (7.115) we take s = e, which gives
@ (y) = uy(y) on H* = H,.

e If H={e} we have Q = G and C* (G, G) = By(L*(G)), which quantizes the un-
derlying classical phase space g* x G = T*G. We now have H = L?(G) carrying
the left-regular representation of G.

e Let G = E(3) act canonically on Q = R3. Taking go = 0 gives H = SO(3), so irre-
ducible systems of imprimitivity are classified by j =0, 1,.. ., with corresponding
irreducible representations D;(SO(3)) on H; = C¥/*!, cf. §5.8. Hence

A/ =[*(R*)®H,, (7.120)

and using the cross-section s(¢) = (13,q) from R? to E(3) we obtain, from
(7.115) with (7.63) - (7.64) and (7.107), the expressions

@/ (R,a))¥(q) = D;(R)P(R™" (¢ —a)); (7.121)
=7

7 () W(q) = fla)¥(q). (7.122)

For j = 0 this gives the usual quantum theory of a spinless particle:

1. The Hilbert space is H° = L?(R?).
2. For the generators of R? C E(3) we duly obtain the momentum operators

)

(7.123)
where P, = 7i(e;) is defined in terms of the standard basis (e, ez, e3) of R3,
now seen as the Lie algebra of R3.

3. Using the basis (3.66) of the Lie algebra of SO(3) C E(3), we obtain the
orbital angular momentum operators (which pick up extra terms for j > 0):

- . d 0
() = in <q38q2 - q28q3) ; (7.124)
. . d 0
7°(h) = ih (6]1 o _q38q1) ; (7.125)
- . d 0
7)) = in (qzaqlqlacﬂ)‘ (7.126)

4. The coordinate functions f(q) = ¢' yield the position operators Q; = #°(¢'):

0iW(q) = q'W(q). (7.127)

5. Thus we obtain all the familiar commutation relations like [Q;,P;] = ih&;;,
[70(J1), 7#0(Jp)] = ih°(J3), etc., cf. (7.65) - (7.66).
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e Let G=Racton Q =T, which we parametrize by z = exp(27iq), g € [0,1), by
a:exp(2mig) — exp(2mi(g+a)), (7.128)

so that H = Z, with H = T under u,(n) = 7", z € T, n € Z, cf. (C.349). We
parametrize H by z=exp(if), 8 € [0,27), so that (with slight abuse of notation)
ug(n) = 9. In the second description (i.e. the one of the physicists) we have

A = L*(T) = L*(0,1), (7.129)
where topology of Q is lost for the moment. Using the cross-section
s (e2mq> =gq, (7.130)
where ¢ € [0,1), we obtain

i (a)p(q) = " D% (q—a+n(a,q)), (7.131)

where n(a,q) € Z is the unique integer such that g —a +n(a,q) € [0,1). The
corresponding momentum operator is formally given by the usual expression
P = —ihd/dq, cf. (7.123), which appears to be independent of 6 (since for any
g € (0,1) and a small enough we have n(a,q) = 0), but in fact the 8-dependence
is in its domain, which can be shown to consist of the subspace of the Sobolev
space H'(0,1)—i.e. the closure of C*([0, 1]) in the inner product (5.318) adapted
to L?(0, 1), which implies H'(0,1) C C([0, 1])—whose elements satisfy

v(1) =e ©y(0). (7.132)
To see this, we recall that
,.,9 PR
P = i lim (L‘(e)"”‘”> , (7.133)
e—0 €

where the limit is taken in the L2-norm, so that we need existence of

.1 )
lim g2 / dq |e’”(“’q)el/7(q —e+n(e,q))— ‘7’(51)|2~
e—0 JO

For 0 < ¢ < € we have n(g,q) = 1, whereas for € < ¢ < 1 we have n(g,q) =0,
so it is convenient to split the integral as a sum of f; and fsl The second term
enforces the existence of derivatives in the L?-sense (which in turn makes ¥
continuous on [0, 1]) and is unproblematic, but the first requires the existence of

€ .
lim &2 / dq|e®F(g—e+1)—¥(q)|*-
e—0 0

This strange expression, then, enforces the boundary condition (7.132). In this
case there is no single position operator, but the algebra C(T) plays its role.
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7.6 Representations of semi-direct products

The case Q = G/H also provides the key for the general case, as long as the G-action
on Q is regular, cf. Theorem 7.7. In that case, the construction of the irreducible sys-
tem of imprimitivity (u(G),7(Co(Q))) corresponding to a pair (&,u,(H)), where
0 is a G-orbit in Q, requires no new ideas: we have ¢ = G/H, and hence u = u*
and 7 = 7% as described in §7.5 (where the function f in formulae like (7.104) or
(7.114), which in these expression was defined on G/H, should be seen as the re-
striction of f € Co(Q) to & C Q). An important application of this construction is
the representation theory of regular semi-direct products L x V (cf. §7.3), where
regularity means that the dual L-action on V* is regular; this action is given by

A-0(v)=0(A" ) (AeL,oeViveV). (7.134)

Theorem 7.9. Up to unitary equivalence, the irreducible unitary representations of
a regular semi-direct product G = L X V are classified by pairs (O, 0), where O is
an L-orbit in V* and © is an element of the unitary dual of the stabilizer Ly C L of an
arbitrary point 6y € 0. The corresponding representation 7. (G) may be realized
from an irreducible representation ug of Ly on a Hilbert space Hgy combined with a
cross-section s : L/ Ly — L of the canonical projection p : L — L/Lo, namely through

H(00) — L2(L/L0)®HG; (7.135)
ﬁm’c)(l,v W() = eie(V)uc(s(Q)_l,'{,s(A_l9))1,7(/'1,_19). (7.136)

Proof. Let u be a unitary representation of G. This implies
u()u(W)u(A~1) =u(A -v), (7.137)

in which A = (4,0) and v = (e, v). Since V C G is abelian, we have C*(V) = Cy(V*)
by the Fourier transform (cf. Theorem C.109 in §C.15), which here is given by
(7.44) - (7.45), with A ~~ v. Hence the representation u/ (C*(V)) defined by u(V)
via (5.172), seen as a representation of Cy(V*) via the Fourier transform, is given
by

ul (f) = (27:)*"/ d"vd"0 eV £(0)u(v). (7.138)

Vxv*

Using invariance of the measure d"vd"6 under the joint transformation (v, 6) ~~
(A-v,A-0), from (7.137) we obtain, for f € Co(V*) in the image of f € CZ(V),

uMul (Fu(r) = (27:)*"/ d"vd"0e®™) £(0)u(A-v)
VxVv*
= (27:)*"/ d"vd"0 PO f( =1 9)u(A -v)
VxV*
— (2n) / dvd 0 F( - 0)u(v)
VxVv*

=ul (L ). (7.139)
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Consequently, a unitary representation u(L x V') defines a system of imprimitivity
(u(L),ul (Co(V*))), and vice versa, since any pair of representations (u(L),u(V))
that satisfies (7.137) gives rise to a representation u(G) by u(A,v) = u(v)u(1).

Now apply Theorem 7.7 with G ~» L and Q ~~ V*. All we need in order to obtain
(7.135) - (7.136) from (7.106) and (7.107) - (7.115) is to find the representation
u(V) that induces the representation u/ (Co(V*)) given by (7.107), namely

u(v)§(0) = e ) (0), (7.140)
as is easily checked from (7.138). O
In view of this, we have a remarkable group—groupoid C*-algebra isomorphism

C'(LxV)=C* (Lx V"), (7.141)

where the left-hand side is just the C*-algebra of the group L x V, whereas the right-
hand side is the C*-algebra of the action groupoid L x V* relative to (7.134). Also,
a computation shows that the same formulae (7.135) - (7.136) are obtained if, given
6y € V* and hence given Ly as its stabilizer, we define a subgroup H C G by

H=LyxV, (7.142)

and induce from the representation u (g, ) of H defined by
U(gy.0) (A, v) = e®Mug(2). (7.143)

We briefly discuss four basic examples from physics, each of which is easily seen
to be regular. We write a instead of v in (A,v) € G so as to emphasize the “spatial”
character of V, whereas V* is labeled by a dual “momentum” variable p.

e G=E(2)=50(2) x R?, defined like E(3), i.e., with respect to the usual action
of SO(2) on R? (this group will play a role in the representation theory of the
Poincaré-group). We find the same action of SO(2) on (R?)* = R?, so that the
orbits are Oy = {0} with Gp = SO(2) and O, = {(x,y) € R? | x> +y* = r?} for
r > 0, with G, = {e}. Thus the Hilbert spaces and representations are given by

A0 = C; (7.144)

%M (A, a) = ¥FinA, (7.145)
H =1%0,1); (7.146)

i (A,a)P(p) = eracosr’+asin)y o, 2imod1), (7.147)

where n € Z, A € [0,1), p € (0,1), and p’ = 27p. In the first case R> C E(2) is
represented trivially, whereas in the second the r-dependence of the representa-
tion lies entirely in R? (since A" and i7" (A ,0) are evidently independent of r).
The projective representations of G are of considerable interest, too, cf. §5.10.

Lemma 7.10. If G = SO(p,q) x RP*4 (p > 0,q > 0), then H*(g,R) = 0.
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Here SO(p, q) is the subgroup of SL,,(RP™9) whose elements leave the form

2_ 2 2 2 2

X=Xt X, = (g X L)

invariant; the best-known example is the (proper) Lorentz group SO(3,1), see
below. This lemma may be proved by a straightforward but lengthy computation.
By Theorem 5.59, the projective unitary representations of G then correspond to
the ordinary unitary representations of the universal covering

G=RxR?, (7.148)

where R acts on R? through the covering projection % : R — SO(2) = R/Z, cf.
Theorem 5.41 (with D ~» Z). This changes the expressions (7.144) - (7.147) into

A% = ¢; (7.149)
0)(4,a) = € (7.150)
A9 =12(0,1); (7.151)
@O (A, a)(p) = erl@rcosptazsiny) inr)Oy(p 3 4 n(A, p)),(7.152)

where A € R, s € R, 6 € [0,27), p € (0,1), and n(A, p) is defined as in (7.131).
e G=E(3)=50(3) x R3, as before with the defining action of SO(3). The SO(3)-
orbits in (R?)* = R3 are spheres S2 =2 SO(3)/S0(2) with radius r > 0, as well as
the origin (r = 0) with stabilizer SO(3), so that for the Hilbert spaces we obtain

H) = ¢c¥H, (7.153)
AU = [2(8?); (7.154)
where j=0,1,... labels the unitary irreducible representations of SO(3)onH;=
C2/t1 whereas n € Z labels the irreducible representations of SO(2) on C (we

write 2 = 57). In the second case, the representation u"") of SO(3) C E(3)
depends explicitly on n through the Wigner cocycle; for n = 0 we simply obtain

" (R,a)¥(p) = "R p). (7.155)

For n # 0 we just give a formula for 7"") (R, a) in case that R is a rotation around
the z-axis and a = 0; this is enough to make the point. To this end we parametrize
SO(3) by the well-known Euler angles, i.e., in terms of the matrices J;, cf. (3.66),

R(9,0,a) = 9365203 (7.156)
and write ¢ € S* as ¢ = (¢,0) = R(9,0,0)e3 with e3 = (0,0, 1) (the spherical

coordinates of g are (¢ — 17,0)). This also provides S? with an SO(3)-invariant
measure dv(¢,0) = dpdBsin 6. A convenient choice of s : $* — SO(3) is

S(¢,6):R(¢797*¢)7 (7.157)
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in which case we simply obtain, writing R,(o) = R(a.,0,0),
" (R (0r),0)¥(9,0) = e"* (¢ — . 0). (7.158)
The universal covering group of E(3) is

E(3)=SU(2) xR?, (7.159)

where SU(2) = SO(3) acts on R? through its covering projection 7 onto SO(3),
as in the previous case. By Theorem 5.59 and Lemma 7.10, the projective unitary
irreducible representations of E(3) are given by the unitary irreducible represen-
tations of SU(2) x R3. This obviously leads to additional half-integral values for
Jj in (7.153), since this number now labels the unitary irreducible representations
of SU(2). As to nin (7.154), the subgroup H C SU (2) that stabilizes (0,0,r) € 52
consists of all matrices u, = diag(z,Z7), where z € T, so H = T and hence H = Z
under u, — 7", m € Z. We now recall from the proof of Proposition 5.5 that

u=cos(6/2)-1,+isin(6/2)u-oc € SU(2), (7.160)

where u is a unit vector in R?, projects to 7(u) = Rg (u) € SO(3), i.e., the rotation
around u by an angle 6. Parametrizing z = cos(a/2) +isin(o/2), a € [0,47x),
therefore gives 7(u;) = exp(aJs). Besides (7.157), we now also need a cross-
section s : 2 — SU(2), for which the above analysis suggests we take

5(9,0) = u (9)ul® (8)u® (—¢); (7.161)
2)(9) = cos(16)- lz—i—zsm(% )-02; (7.162)
®)(9) = cos(9/2) - 12 +isin(9/2) - 03; (7.163)

note that u, = u®® (a). A calculation similar to the one leading to (7.158) gives
A" (u,0)9(9,0) = ™y (p — a1, 6). (7.164)

Comparing (7.158) and (7.164), we see that if m is even, then n = m /2 (of course,
by convention we may replace m/2 in (7.164) by n on the understanding that n
may now be half-integral). If m is odd, choosing @ = 27 we famously obtain

" (=1,,0)§ = —. (7.165)

More generally, if we take a closed path ¢ — Rog(u), 7 € [0,1] in SO(3),
which starts and ends at 13, and lift it (with respect to the covering projection
£ :SU(2) — SO(3)) to a path t — u(t) = cos(at) +isin(wr)u- o in SU(2),
which now starts at 1, and ends at —1,, then the corresponding representation
" (u(r),0) takes the wave-function V¥ to itself if m is even, whereas it takes
W to — whenever m is odd (this is an embryonic version of the connection
between spin and statistics, fully realized only in quantum field theory).
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e G =LxR3*!, the Poincaré group, where the Lorentz group L= O(3, 1) consists
of all real 4 x 4 matrices that leave the indefinite quadratic form

xzzx(z)—x%—x%—xg (7.166)

invariant; in this context the standard coordinates on R* are labeled as (x0,%1,%2,X3).
The Lorentz group has four connected components, which may be identified by
the (independent) conditions det(A) = +1 and +A4gy > 1. For simplicity we re-
strict ourselves to the connected component Ll of the identity, in which det(1) =
1 and Ago > 1. This group is called the proper orthochronous Lorentz group,
which in turn defines the proper orthochronous Poincaré group Pl = Ll x R4,

Writing p? = p2 — p? — p? — p2, the L! -orbits in (R*)* = R* are seen to be:

1. 6= {(0,0,0,0)}, with stabilizer (L} )o = LI ;

2. Oy ={peR*| p* =m?,£po >0}, m >0, with (L} )o = SO(3);

3. 0F ={peR*| p? =0,%py > 0}, with (L} )o = E(2);

4. Om={p€eR*|p*=—m?,£py >0}, m >0, with (L} )o = SO(2,1).

Here the stabilizers Ly are found by taking the reference points (£m,0,0,0) in

case 2, (£1,0,0,—1) in case 3, and (0,0,0,m) in case 4. The physically relevant
cases are probably ﬁ;z and ﬁgf . We pass straight to the universal covering group

Pl =SL(2,C) x RY, (7.167)

where the covering projection 7 : SL(2,C) — LL is given analogously to the case
(5.46). We again start from the four matrices (0y, 01,02, 03) in (5.42), and note:

These form a basis for the (real) vector space of all self-adjoint 2 x 2 matrices;
— For any x € R* we have det(¥}, x4 0,) = x* as defined in (7.166);
For any /:l € SL(2,C) and a € M»(C) we have det(ZLaZl*) =det(a);
— Forany A € SL(2,C) and self-adjoint a € M>(C), AaA* is again self-adjoint.

Taking a = ¥, x,, 0, it follows that for A € SL(2,C) and x € R* there must be
A €0(3,1) such that A Y, x, 6, 4" = ¥, (A - x) 0. By continuity and the fact
that SL(2,C) is connected it follows that in fact A € Ll, soweput T(A) =A. As
for (5.46), the kernel is ker(%f) = Z, = {£1,}. This enlarges the stabilizers:

1. For ﬁ;z we now obtain (Z,l)o = SU(2), leading to a family of unitary irre-
ducible representations u™/ labeled by mass m > 0 and spin j =0,1,1,....

2. For 0 the stabilizer (ZL)O of (1,0,0,1) is a double cover E(2)" of E(2),
whose unitary irreducible representations are labeled by either (0,n) with n €
7,2 (called helicity) or by r > 0. The latter case does not occur in nature.

On the one hand, this classification is a triumph of mathematical physics, but on
the other hand, it fails to single out which cases actually occur in nature: as far
as we know, these are spin j = 0 and j = 3 and helicity n = &1 and n = £2.
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e G = E(3) x R*, the Galilei group, defined via the following E(3)-action on R*:
(R,v) : (ap,a) — (ap,Ra+agv). (7.168)

Note that v is physically interpreted as a velocity, whereas earlier a € R? C E(3)
was a position variable. This is clear from the defining G-action on R*, given by

(R,v,ap,a) : (1,X) — (t +ap,Rx+a+1v), (7.169)
which in fact determines the action (7.168). Either way, we obtain the group law
(R,v,ap,a)- (R',V aj,a’) = (RR',v+RY ,ap+ay,a+Ra' +apv).  (7.170)

We therefore see that the role of the Lorentz group SO(3, 1) is now played by the
Euclidean group E(3). Since from (7.170) the inverse is found to be

(R,v,ap,a) ' = (R"!,—R"'v,—ag,—R ' (a—agV)), (7.171)

the dual E(3)-action on (R*)* = R* is given (in non-relativistic notation) by
(R,v): (E,p)— (E—(v,Rp),Rp). (7.172)

Hence the dual E(3)-orbits in R* are labeled by E € R and r > 0, as follows:

Op = {(E,0)}; (7.173)
Oty = {(E,p),E €R,|]p| =r}. (7.174)

The representations of G corresponding to the first type are basically the repre-
sentations of E(3), whereas in the second case the stability group of say (0,0,0, r)
is isomorphic to E(2). None of the ensuing induced representations of G re-
produces some recognizable version of non-relativistic quantum mechanics, for
which we need to pass to projective representations of G. These may be found
from Theorem 5.62, which here applies in full glory, since H*(g,R) # 0. A
(Iengthy) computation shows that H>(g,R) has a single generator

o((M,v,ap,a), M’V ay,a")) = (v,a’) — (v a), (7.175)

where M € s0(3), and (v,a9,a) € R3 x R* C g = 50(3) ®R3 @ R* are identified

with the corresponding Lie group elements. Following the procedure culminating

in Theorem 5.62, the central extension G is found to be (cf. (7.159) and (5.46))
G=EB)xR, (7.176)

where, writing 7(u) = R(u), the covering group E(3) acts on R> through

(u,v) : (ao,a,¢) = (ag, R(u)a-+agv,c+ tao||vl]* + (v.R(u)a)).  (7.177)



274 7 Limits: Small 7
Consequently, writing ¥ = (R, v,ag,a), for the group law in G we obtain

(%,¢)-(F,d) = (x-&,c+ +{v,R(u)a’) + %a’OHVHZ). (7.178)

Eq. (7.177) implies the following dual E(3)-action on (R3)* = R>:

(u,v) : (E,p,m) — (E — (v,R(u)p) + Lm||v||>,R(u)p — mv,m). (7.179)
This time, the I::(?)-orbits in R are:

1. 0p = {(E,0,0)} (E € R), with stabilizer E(3);
2. O0)={(E,p,0) | E € R,||p|| = r} (r > 0), with stabilizer E(2)’;
3. Oym={(E,p,m)|E—Ep,=U} (meR\{0}, U € R), with stabilizer SU(2).

Here E(2)' C E(3) is a double cover of E(2), like the subgroup of SL(2,C)
stabilizing the point (1,0,0,1) € R* in the theory of the Poincaré-group. This
time we take any point (E,0,0,7,0) € R>, which is stabilized by pairs (u,v) €
E(3) for which R(u) is a rotation around the z-axis and v = (v;,1,,0); the image
of these pairs in E(3) is E(2) = SO(2) x R?, where SO(2) C SO(3) consists of
rotations around the z-axis and R? is the x-y plane. In the third case we write
Ep = ||p||?/2m and take (U,0,m), whose stabilizer in E(3) is evidently SO(3).

Thus we have massless as well as massive particles both in relativistic and in non-
relativistic quantum physics. The simplest case of all is formed by massive non-
relativistic particles, which correspond to the orbits 0y ,,, above, supplemented with
a spin j labelling the underlying irreducible representation D; of SU(2). Such orbits
are diffeomorphic to R* under the identification (U + Ep,p,m) <> p, and a conve-

nient choice of the cross-section s : Oy, — E(3) is s(p) = (12,—p/m), since in
that case the Wigner cocycle simply becomes s(p)~! (u,v)s((u,v)"'p) = u. Since
different values of U turn out to give equivalent representations of G (in the sense
explained at the end of §5.10), we take U = 0, and eqs. (7.135) - (7.136) become

A" = *(R*®H;; (7.180)
@™ (u,v,a0,a)P(p) = e TEPID; () F(R(u) " (p+mv)).  (7.181)

Here L?(R3) simply carries Lebesgue measure d>p, which is E(3)-invariant.

The massive relativistic case is slightly more involved: we again have &, =~ R3
under (@p, p) <+ p, where @p = /||p||?> + m?, but the Lorentz-invariant measure on
O} is d*p/ wyp. For each p €~R3 there is a unique boost by € thhat maps (m,0,0,0)
to (wp, p), with pre-image by, in SL(2,C), so we take s(p) = bp. The Hilbert space
is (mutatis mutandis) still given by (7.180), but instead of (7.181) we now obtain

@™ (2),a) ¥ (p) = 0>~ @PND (5 1Ak, 1) W(A D), (7.182)

where a = (ag,a), A € SL(2,C), and A € Ll the image of A under the covering
projection. We leave the corresponding formulae for the massless case to the reader.
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7.7 Quantization and permutation symmetry

Another interesting application of the quantization theory developed in this chapter
is to indistinghuishable particles. Since all elementary particles come in families
of indistinghuishable sorts (such as electrons, photons, ...), this topic is obviously
of fundamental importance to physics. It is also puzzling, since (as we shall see)
mathematically one expects more possibilities than those realized in Nature (namely
bosons and fermions). This topic is also interesting philosophically, because it ap-
pears to be a testing ground for Leibniz’s Principle of the Identity of Indiscernibles
(p11), which states that two different objects cannot have exactly the same properties
(in other words, two objects that have exactly the same properties must be identical).

After a period of confusion but growing insight, involving some of the greatest
physicists such as Planck, Einstein, Ehrenfest, Fermi, and especially Heisenberg,
the modern point of view on quantum statistics was introduced by Dirac.

Using modern notation, and abstracting from his specific example (which in-
volved electronic wave-functions), Dirac’s argument is as follows. Let H be the
Hilbert space of a single quantum system, called a particle in what follows. The
two-fold tensor product H? = H ® H then describes two distinguishable copies of
this particle. The permutation group G, on two objects, with nontrivial element
(12), acts on the state space H> by linear extension of u(12)y; ® yr = Y ® y.
Praising Heisenberg’s emphasis on defining everything in terms of observable
quantities only, Dirac then declares the two particles to be indistinguishable if
u(12)au(12)* = a for any two-particle observable a; by unitarity, this is to say that
a commutes with #(12). Dirac notes that such operators map symmetrized vectors
(i.e. those ¥y € H® H for which u(12)y = ) into symmetrized vectors, and like-
wise map anti-symmetrized vectors (i.e. those W € H® H for which u(12)y = —y)
into anti-symmetrized vectors, and these are the only possibilities; we would now
say that under the action of the G;-invariant (bounded) operators one has

H>~H?®H?, (7.183)
H? ={yc H* |u(12)y = y}; (7.184)
H> ={ycH* |u(12)y = —y}. (7.185)

Arguing that in order to avoid double counting (in that ¥ and u(12)y should not
both occur as independent states) one has to pick one of these two possibilities, Dirac
concludes that state vectors of a system of two indistinguishable particles must be
either symmetric or anti-symmetric. He then generalizes this to N identical particles:
if (ij) is the element of the permutation group Sy on N objects that permutes i and
j (i,j=1,...,N), then according to Dirac, w € HY = H®N should satisfy either
u(ij)y = y, in which case w € H2, or u(ij)y = —y, in which case y € H?, where
u is the natural unitary representation of Gy on H", given, on p € Gy, by linear
(and if necessary continuous) extension of

UP)Y1® - @Yy = Yy(1) @ @ Yp(y).- (7.186)
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Equivalently, y € Hi if it is invariant under all permutations, and y € H? if it is in-
variant under even permutations and picks up a minus sign under odd permutations.
A slightly more sophisticated version of this argument often finds runs as follows:

‘Since, in the case of indistinguishable particles, w € HY and u(p)y must represent the
same state for any p € Gy, and since two unit vectors represent the same state iff they
differ by a phase vector, by unitarity it must be that u(p)y = ¢(p)y, for some ¢(p) € C
satisfying |¢(p)| = 1. The group property u(pp') = u(p)u(p’) then implies that ¢(p) = 1 for
even permutations and ¢(p) = £1 for odd permutations. The choice +1 in the latter leads
to bosons, whereas —1 leads to fermions, so these are the only possibilities.’

Alas, where Dirac’s argument is incomplete, this one is even inconsistent: the claim
that two unit vectors represent the same state iff they differ by a phase vector, pre-
sumes that the particles are distinguishable! Indeed, the only physical argument to
the effect that two unit vectors ¥ and y’ are equivalent iff Y’ = zy with |z| = 1, is
that it guarantees that expectation values coincide, i.e., that

(y,ay) = (¥, ay’), (7.187)

for all (bounded) operators 4, i.e., not merely for the permutation-invariant operators
(in which case (7.187) does not follow). But, following Heisenberg and Dirac, the
whole point of having indistinguishable particles is that an operator a represents a
physical observable iff it is invariant under all permutations (acting by conjugation)!

Although the above arguments therefore seem feeble at best, their conclusion that
only bosons and fermions can exist seems validated by Nature, despite the mathe-
matical fact that the orthogonal complement of Hﬁ @®H? in Hy (describing particles
with parastatistics) is non-zero as soon as N > 2. This should be a source of con-
cern, and indeed, much research on indistinguishable particles (in d > 2) has had
the goal of explaining away parastatistics. Distinguished by the different actions of
Gy they depart from, these explanations have traditionally been based on:

o Quantum observables. Gy acts on the C*-algebra B(H") of bounded operators
on HY by conjugation of the unitary representation u(Sy) on HY, cf. (7.186).
One implements permutation invariance by postulating that the physical observ-
ables of the N-particle system under consideration be the G y-invariant operators:
with u given by (7.186), the algebra of observables is therefore taken to be

My =B(HM)SY = {a € BHN) | [a,u(p)] =0(p € Gy)}. (7.188)
o Quantum states. By restriction, Gy then also acts on the (normal) state space
S(HN) = 2(HY) c B(HY), (7.189)

from which it is postulated that the physical state space is 2(H")SN.

e Classical states. Sy acts on MV, the N-fold cartesian product of the classical
one-particle phase space M, by permutation. If M = T*Q for some configuration
space Q, we might as well start from the natural action of Gy on Q" (pulled back
to M), and this is indeed what we shall do, often further simplifying to Q = R?.
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Unsurprisingly, the first two approaches equivalent. Define a linear map

Ey : B(HY) — B(HY)SW, (7.190)
1
ary — Y u(plau(p)’; (7.191)
n! PESN

this is a (normal) conditional expectation from the von Neumann algebra B(HY)
to the von Neumann algebra B(HY)®V, i.e., Ey(a*) = Ey(a)* for all a € B(HN),
EI%, = Ey, and ||[Ex|| = 1. Moreover, Ey preserves positivity as well as the trace, so
that it also maps the state space Z(H") onto the invariant states 2(H™) C B(H").
Simple computations also establish the properties

Tr(pa) = Tr(Ey(p)a) (p € Z(HY),a € BHY)N); (7.192)
Tr(pa) = Tr(pEn(a)) (p € 2(HY)®V,a € B(HY)). (7.193)

Finally, the reduction of H" under u(&y) described below may equally well be de-
scribed in terms of the state space, since a subspace eH" C H" (where e € 2 (H") is
a projection) is stable under u iff e € Z2(H")®¥, in which case it may be described
in terms of the associated density operator p = e/Tr(e) € Z(HN)®N. With some
more effort, in can be even be shown that p € d,(2(HY)SV) iff eH is irreducible.
We may therefore focus on the first and the third approaches, starting with the
first, based on (7.188). Note that the C*-algebra of invariant compact operators, i.e.,

Ay = Bo(HY)SV = {a € Bo(HY) | [a,u(p)] =0 (p € &y)}, (7.194)

induces the same decomposition of HY as My does (since M = A}(,), so if H is
infinite-dimensional one may use Ay rather than My as the algebra of quantum ob-
servables; this is convenient for comparison with the classical state space approach.

As long as dim(H) > 1 and N > 1, the algebras My and Ay act reducibly on
HY. The reduction of H" under My (and hence of Ay and of u(H)") is traditionally
carried out by Schur duality. This rests on the following concepts.

Definition 7.11. e A partition A of N is a way of writing
N=nm+---+nm,nm>--->2m>0,k=1,....N. (7.195)

o The corresponding frame (or Young diagram) F) is a picture of N boxes with
n; boxesinthe i’'throw,i=1,... k.

e For each frame F), one has N! possible Young tableaux T, each of which is a
particular way of writing all of the numbers 1 to N into the boxes of F},.

e A Young tableau is standard if the entries in each row increase from left to
right and the entries in each column increase from top to bottom. The set of
all (standard) Young tableaux on Fy, is called 7, (%S).

e To each T € ) we associate the subgroup Row(T) C Gy of all permutations
p € Gy that preserve each row (i.e., each row of T is permuted within itself);
likewise Col(T) C Gy consists of all p € Sy that preserve each column.
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The set Par(N) of all partitions A of N parametrizes the conjugacy classes of Gy
and hence also the (unitary) dual of Gy; in other words, up to (unitary) equivalence
each (unitary) irreducible representation u) of Gy bijectively corresponds to some
partition A of N; the dimension of any vector space V; carrying uy is Ny = \ﬂf l,
that is, the number of different standard Young tableaux on the frame F) .

Returning to (7.186), to each A € Par(N) and each Young tableau T € ., we
associate an operator ez on H" by the formula

er == Z sgn(p)u(p) Z u(p'), (7.196)

 peCol(T) p'€Row(T)

which happens to be a projection. Its image ez HN C H" is denoted by HY, and the
restriction of My to HY is called My(T). One may now write the decomposition of
HY under the action of My (up to unitary equivalence) as

HY > B Hp oW, (7.197)
A€Par(N)
My= P My(T)®1y,, (7.198)
A€Par(N)
u(Gy) = P Ly @, (7.199)
AePar(N) A

where the labeling is by the partitions A of N, the multiplicity spaces V; are ir-
reducible Gy-modules, and 7) is an arbitrary choice of a Young tableau defined
on F) . For simplicity we here assume that dim(H) > N; if dim(H) < N, then only
partitions (7.195) with k < dim(H) occur. For example, the partitions (7.195) of
N =2are 2 =2 and 2 = 1+ 1, each of which admits only one standard Young
tableau, which we denote by S and A, respectively. With N; = N4 = 1 and hence
V1 2 V141 =2 C as vector spaces, this recovers (7.183); the corresponding projections
e; and e_, respectively, are given by e, = 5 (14+u(12)) ande_ = 1(1—u(12)). The
bosonic states ., i.e., the solutions of Yy, € Hi, or ey Y, = Y., are just the sym-
metric vectors, whereas the fermionic states y_ € H? are the antisymmetric ones.
These sectors exist for all N > 1 and they always occur with multiplicity one.
However, and this is the bite of the topic, for N > 3 additional irreducible rep-
resentations of My appear, always with multiplicity greater than one; states in such
sectors are said to describe paraparticles and/or are said to have parastatistics. For
example, for N = 3 one new partition 3 = 2+ 1 occurs, with N, = 2, and hence

H'=H oH oH} o H;), (7.200)

where H}} and Hj, are the images of the projections ep = 4 (1 —u(13))(1 +u(12))
and ep = (1 —u(12))(1 4 u(13)), respectively. The corresponding two classes of
parastates (i.e. states carrying parastatistics) yp and yp then by definition satisfy
epYp = Yp and ep Ypr = Ypr, respectively. In other words, the Hilbert spaces carry-
ing each of the four sectors are the following closed linear spans:
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H3 = span {123+ V213 + W51 + 312 + Wiz + vasi s (7.201)
H? = span {123 — Yo13 — V321 + Va2 — Vi + vos1 15 (7.202)
Hp = span” { Y123+ V213 — Wao1 — Vs }: (7.203)
Hj = span™ {W123 + W21 — V213 — Was1 }, (7.204)

where W jx = W; ® ¥; ® y and the y; vary over H (and span” is closed linear span).
For any N > 2, let us note that instead of the decomposition (7.197) - (7.198),
which is defined up to unitary equivalence, one may alternatively decompose H" as

HY = P HY: (7.205)
T€ 7S AePar(N)
My = B My, (7.206)

TeZS AePar(N)

which has the advantage over (7.197) - (7.198) that the H’TV are subspaces of H.
The disadvantage is that My (T) is unitarily equivalent to My(T") iff T and T’ both
lie in %S (i.e., for the same A), so that unlike (7.197) - (7.198), the decomposi-
tion (7.205) - (7.206) is non-unique (for example, Young tableaux different from
standard ones might have been chosen in the parametrization). The analogue of the
third line (7.199) in the earlier decomposition would therefore be a mess. Indeed,
although Gy maps each of the subspaces H; and H_ into itself (the former is even
pointwise invariant under Gy, whereas elements of the latter at most pick up a minus
sign), this is no longer the case for parastatistics. For example, for N = 3 some per-
mutations map H }3, into Hg,, and vice versa. This is clear from (7.205) - (7.206): for
A = P, one has dim(Vp) = 2, and choosing a basis (v;, 02) of Vp one may identify
Hy? and H? in (7.205) with (say) Hy> ® vy and Hy® ® v, in (7.197), respectively.
And analogously for N > 3, where dim(V; ) > 1 for all 1 # S, A.

A (or perhaps the) competing approach to permutation invariance in quantum
mechanics starts from classical (rather than quantal) data. Let Q be the classical
single-particle configuration space, e.g., Q = R4 to avoid irrelevant complications,
we assume that Q is a connected and simply connected manifold. The associated
configuration space of N identical but distinguishable particles is QV. Depending
on the assumption of (in)penetrability of the particles, we may define one of

Oy = 0" /6y; (7.207)
Oy = (QM\Ay) /G, (7.208)

as the configuration space of N indistinguishable particles, where Ay is the extended
diagonal in @V, i.e., the set of points (g1,...,qn) € O where ¢; = g; for at least
one pair (i, j), i # j (so that for Q = R and N = 2 this is the usual diagonal in R?).
At first sight, these two choices should lead to exactly the same quantum theory,
based on the Hilbert space L>(Qy) = L>(Qy), since Ay is a subset of measure zero
for any measure used to define L? that is locally equivalent to Lebesgue measure.
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However, the effect of Ay is noticeable as soon as one represents physical observ-
ables as operators on L? through any serious quantization procedure, which should
be sensitive to both the topological and the smooth structure of the underlying con-
figuration space. In the case at hand, Qy is multiply connected as a topological
space, but as a manifold it is smooth and has no singularities. In contrast, Qy is
simply connected as a topological space, but in the smooth setting it is a so-called
orbifold. This leads to interesting complications, but following tradition (i.e., in the
configuration space approach to indistinguishable particle) we continue with Qy.

To quantize Oy we use the language of Lie groupoids and their C*-algebras, cf.
§8C.16-C.17. Let Q be any (possibly) multiply connected manifold, with universal
covering space Q. In particular, the first homotopy group 71 (Q) acts (say from the
right) on Q in such a way that Q = O/ (Q). We denote the canonical projection by
7 : 0 — Q. One may have the example Q = T, O = R, ;(Q) = Z in mind here.

As a variation on the pair groupoid G = Q x Q, we now consider the Lie groupoid

Go =0 xz0 0, (7.209)

whose elements are equivalence classes [§1,§] in 0 x O under the equivalence rela-
tion ~ defined by (g1,G2) ~ (G}, d5) iff g1 = g}x and G = ghx for some x € 7;(Q);
the source and target projections are s([§1,42]) = m(G2) and t([1,G2]) = 7(G1), re-
spectively, the inverse is [§;,q2] "' = = [¢2,41], and multiplication is the obvious one
borrowed from the pair group01d 0 x O over O (which is well defined on GQ) The
tangent groupoid GT of GQ (cf. Proposition C.117) has the following fiber at 7 = O:

(Go)y =TQ, (7.210)

to be contrasted with the corresponding fiber Gg = TQ of the pair groupoid on the
covering space Q. In particular, for our configuration space Q = Qy we have

Goy = ON % (0y) ON: (7.211)
(Goy)y = TQOw, (7.212)

which gives the fibers of the corresponding continuous bundle of C*-algebras as

Ao = Co(T*QN) (71 = O); (7.213)
Ap=C*(Gg) (0<h<1), (7.214)

cf. §C.19. This gives a generalization of the fibers (7.17) - (7.18) for Q = R", and
also now we have an example of Definition 7.1: the fibers (7.213) - (7.214) com-
bine to form a continuous bundle of C*-algebras with total C*-algebra A = C* (Gg),
yielding a deformation quantization of the Poisson manifold 7*Qy (i.e., the usual
phase space defined by the configuration space Qy). We now define the inequiva-
lent quantizations of Qy as the inequivalent irreducible representations of the cor-
responding C*-algebra of quantum observables C* (GQN), as follows.
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Theorem 7.12. [. Let Q be multiply connected. The inequivalent irreducible repre-
sentations m* of the C*-algebra C*(GQ) bijectively correspond to the inequiva-
lent irreducible unitary representations u; of the first homotopy group m (Q).

2. Each representation © has a natural realization on the Hilbert space

H* = 1*(Q) 9 Hy, (7.215)

where H) is a specific carrier space for the representation uy. More fancifully,
one may use the Hilbert space L*(Q,Ej) of L*-sections of the vector bundle

EA_QXHI H/’l (7216)

associated to the principal bundle 7 : Q — Q by the representation u;,.

Provided one accepts (7.208), this theorem in principle gives a complete solution
to the problem of quantizing multiply connected configuration spaces, and hence,
taking Q = Qp, of the problem of quantizing systems of indistinguishable particles.

Proof. We just prove Theorem 7.12 in the case we need, where 7 (Q) is finite. Then

1

o(L*(0))™! (7.217)

C*(Q X0 Q) =B
By(L* (Q))®C*(”1(Q))» (7.218)

Bo(L*(0))™ @

IIZ

where (in our usual notation) Bo(L?(Q))™(@) is the C*-algebra of 7 (Q)-invariant
compact operators on L*>(0Q), and C*(m;(Q)) is the group C*-algebra of m;(Q)
(which is finite-dimensional and hence nuclear, given the assumption that 7;(Q)
is finite, so that the choice of the C*-algebraic tensor product does not matter).

To prove (7.217), we first exploit finiteness of 7 (Q) in order to identify functions
d € C7(Gp) with constrained C2° functions @ on Q x Q that satisfy

a(gh,g'h) =a(g,q') (he m(Q)). (7.219)

This identification is explicitly given by

a(g,q) = a((g,4]), (7.220)

where [g,¢] denotes the equivalence class of (§,4') € O x O under the diagonal
action of 7 (Q). ThlS makes the space C°(Gp) a dense subset of C*(Gyp). We write
acCr(Qx Q)’T1 ; for (7.208) this just means that a is a permutation-invariant
kernel. Second, we equip Q with some measure dg that is locally equivalent to the
Lebesgue measure, and in addition is 7; (Q)-invariant under the regular action R of
71 (Q) on functions on 0, given, as usual, by R, () = W(gh). In that case, one also
has a measure dq on Q that is locally equivalent to the Lebesgue measure, so that
the measures dg and dg on Q and Q, respectively, are related by

/Qdcif( Im Y / dq f(s( (7.221)

) hemio
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Here f € C.(Q), |71 (Q)| is the number of elements of 71 (Q), and s : Q — Q is any
(measurable) cross-section of 7 : Q — Q. We may then deﬁne a Hilbert space I? (Q)
with respect to dg, on which elements a of C°(Q x Q)™ () act faithfully by

(q) = / dq a(g,q) (7). (7.222)

The product of two such operators is given by the multiplication of the kernels on
0, and involution is defined as expected, too, namely by hermitian conjugation:

a’(4,q) =alq',q). (7.223)

The norm-closure of C=*(Q x )™ (), represented as operators on L?(Q) by (7.222),
is then given by Bo(L%(Q))™(2). This proves (7.217).

Eq. (7.218) is a special case of the following: let X be a manifold carrying a
free action of a compact group G. If L*>(X) is defined by some G-invariant “locally
Lebesgue” measure on X, as in the construction above, then one has an isomorphism

Bo(L*(X))¢ = By(L*(X/G) @ C*(G). (7.224)

This is proved in a similar way, realizing Bo(H) as the norm-completion of the
Hilbert-Schmidt operators B, (H) (for general H), and, in the I%-case at hand, iden-
tifying B, (L?(X)) with the algebra of operators with kernels in L>(X x X).

Part 2 of the theorem now follows from the fact that for any Hilbert space H the
C*-algebra Bo(H ) of compact operators on H has exactly one irreducible represen-
tation (up to unitary equivalence), i.e. the defining one (this can be proved in many
ways, e.g. from Rieffel’s theory of Morita equivalence of C*-algebras), combined
with the bijective correspondence between continuous unitary representations u of
any locally compact group G and non-degenerate representations of its associated
group C*-algebra C*(G); see §C.18, Definition C.119 etc. O

As mentioned in Theorem 7.12, there are two ways of realizing the Hilbert space
H*, where A labels some irreducible representation of 71 (Q). This is very similar
to the discussion in §7.5, so we will be relatively brief here. The first realization
corresponds to having constrained wave-functions defined on the covering space Q;
for example, the usual description of bosonic or fermonic wave-functions is of this
sort. The second realization uses unconstrained wave-functions on the actual con-
figuration space Q (bad hombres confusingly call such functions “multi-valued”).

1. The space C*(Q,E;) of smooth cross-sections of E;, may be given by the
smooth maps ¥ : Q — H, satisfying the equivariance condition (‘“‘constraint”)

(gh) = (k™) ¥(Q), (7.225)
for all i € m,(Q), G € 0. The Hilbert space

H* = *(0,H;)™9), (7.226)
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then, is defined as the usual L>-completion of the space of all {y € I'(Q, E; ) for
which ({7, {#) < co. The irreducible representation * (C*(Gyp)) is then given on
elements @ of the dense subspace C;°(Gg) of C*(Gg) by the expression

T @)y(a) = [ dg a(g.q)v(@): (7.227)
Q

any 7 (Q)-invariant operator on L?(Q) acts on H” in this way (ignoring Hy ).

If 7; (Q) is finite, then two simplifications occur. Firstly, H), is finite-dimensional,
and secondly each Hilbert space H* may be regarded as a subspace of L?*(Q); the
above action of C*(Gp) on H % is then simply given by restriction of its action on
Lz(Q). In that case one may equivalently realize this irreducible representation
in terms of the right-hand side of (7.217), in which case the action of 7*(a) on
H* as defined in (7.226) is given by

™ @)y(a) = [ dda(a.q)v@). (7.228)
(9]

This is true as it stands if a € C*(Q x 0)™(Q), ¢f. (7.219), and may be extended
to general 7| (Q)-invariant compact operators a € Bo(L*(Q))™(2) by norm con-
tinuity, and, furthermore, even to B(L*(Q))™ (@) by strong or weak continuity.

2. Elements of the Hilbert space L2(0, H; )™ (@) are typically (equivalence classes
of) discontinuous cross-sections of E;. Possibly discontinuous cross-sections
may simply be given directly as functions ¥ : Q — H,, with inner product

(v, 0) = /Q dq(w(q), 9(q)), . (7.229)

This specific realization of L?(Q, E ) will be denoted by L*(Q) ® H; . If H; = C,
L*(Q)®@H, = L*(Q). (7.230)

These equivalent descriptions of 7* may be related once a (typically discontinuous)
cross-section o : Q — Q of the projection 7 : Q — Q has been chosen (i.e., To 0 =
idp), in which case y(q) = ¥(o(q)). We formalize this in terms of a unitary

w:L*(0,H) ™9 — [2(Q) @ H), (7.231)
uy(q) = w(o(q)); (7.232)
w'y(q) = up(h)w(q), (7.233)

where ¢ = 7(g), and h is the unique element of 7;(Q) for which gh = 6(g). The
action 72 (a) = un* (a)u~" on L2(Q) ® Hj, now follows from (7.228) - (7.233): If a
is a 711 (Q)-invariant kernel on L2(Q), then using (7.221) we obtain

vl = ¥ [ ddao(@).o0 W 0@ (7.234)
hem ()79
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We now apply this formalism to N indistinguishable particles moving on the
(single-particle) configuration space R3. Eq. (7.208) then gives the N-particle space

Oy = ([R*)Y —4y)/6y. (7.235)
The universal covering space of this multiply connected space is
Oy =R = (R}N - Ay, (7.236)
which (unlike its counterpart in d = 2) is connected and simply connected, so that
7 (On) = Gy. (7.237)
It follows from (7.217) and (7.237) that the algebra of observables is given by
C*(Goy) = Bo(L*(RY)*N) . (7.238)

Comparing (7.238) with (7.194), we obtain a complete equivalence between the

“quantum observables” approach and the deformation quantization approach based

on Theorem 7.12, in that the configuration space approach through the representa-

tion theory of the groupoid C*-algebra C* (GQN) leads to the same classification as

the “quantum observables” approach based in (7.188) above, cf. (7.197) - (7.199).
We discuss a few interesting special cases.

N=1. Here O; = Q; =R3and 71(Q;) = {e}, so the algebra of observables is
C*(Gg,) = Bo(L*(R?)), (7.239)

which has a unique irreducible representation on L*(R?).

N =2. This time, the pertinent homotopy group is
1 (02) = &2 = 7y = {e,(12)}, (7.240)

which has two irreducible representations: firstly, ug(p) = 1 for both p € &,,
and secondly, ur(e) = 1, up(12) = —1, each realized on H), = C. Hence with
g = (x,,2) € R3, eq. (7.225) yields

Hg = {y e *(R°)* | y(q2,q1) = ¥(q1,92)}: (7.241)
Hp = {y e P(R*)? | w(q2,91) = —¥(q1,92)}- (7.242)

Here L*(R3)? = L*(R?) ® L*(R3) =2 L*(R®). The C*-algebra
C*(Gg,) = Bo(L*(R}) @ L*(R?))©2 = By (L*(R? x R?))©2 (7.243)

consists of all &;-invariant compact operators on L>(R? x R3), acting on H}% or
HZ in the same way as they do on L2(R®); cf. (7.228), noting that the constraints
in (7.241) and (7.242) are preserved due to the &p-invariance of A € C*(GQZ).
This recovers Dirac’s description of statistics given earlier in this section.
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N =3. Here we have a non-abelian homotopy group

m(Q3) = Ga, (7.244)

which, besides the irreducible boson and fermion representations on C, has an
irreducible parafermionic representation up on Hp = C?. This representation is
most easily obtained explicitly by reducing the natural action of &3 on C3. Define
an orthonormal basis of the latter by

! i ! (1) ! _12 (7.245)

e)=——= e =—— ;e = —— .

V3 1 : V2 1 V6 1
It follows that C - eq carries the trivial representation of &3, whereas the linear
span of e; and e, carries a two-dimensional irreducible representation up, given
on the generators (12), (13), and (23) of &3 by

up(12) = <_\1@ __\{g) sup(13) =4 (\}g f) L up(23) = (‘01 ?)
(7.246)

We already gave realizations of the Hilbert space HE, of three parafermions
in (7.203) and (7.204),where it emerged as a subspace of LZ(R3) QL (R ®
L*(R?) = L2(R® x R? x R?). An equivalent realization H” = A3 may be given
on the basis of (7.225), according to which H” is the subspace of L?(R?)? ® C? =
Lz(]R9) ® C? that consists of doublet wave-functions y; (i = 1,2) that satisfy

Vi(dp1), 4p(2)- 4p(3) Zu,, P)Vi(q1,92,93), (7.247)

for any permutation p € &3, where u = up, cf. (7.246). Le., the parafermionic
wave-functions in this realization of H 2, are constrained by the conditions

vi(92,91,93) = 3w1(q1,92,93) — W3 w(q1.92,43); (7.248)
¥ (q2,91,93) = —3V3v1(q1,92,93) — va(q1,q2,43);  (7.249)
vi(g3,92.91) = 2vi(q1,92.93) + 1V3v(q1,92,43); (7.250)
va(q3,q2,q1) = 3V3vi(q1,92,93) — 2wa (91,92, 93); (7.251)
vi(41,93,92) = —v1(491,92,93); (7.252)
v2(q1,93,92) = ¥2(41,92,43). (7.253)

The algebra of observables C *(G’Q3) of three indistinguishable particles without
internal degrees of freedom, i.e., then acts on HP C L2(R3)3 ®C? as in (7.234),
identifying a € C*(GQ3) with a ® 1, (so that a ignores the internal degree of
freedom C?). This representation z” is irreducible by Theorem 7.12.
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N >3. The above construction may be generalized to any N > 3. There will now
be many parafermionic representations u; of Gy (given by Young tableaus), each
of which induces an irreducible representation of the C*-algebra (7.238).

The question now arises whether parastatistics is to be found in Nature—or, in-
deed, if this question is even well defined! As a warm-up to the case N = 3, where
the question first plays a role, let us give an alternative realization of 7% (C*(GQZ)),
cf. Theorem 7.12. Take two isospin doublet bosons (which by definition transform
under the defining spin-§ representation D) /, of SU(2) on C?). With

H? = (I*(R}) @ C?)%?, (7.254)

and using indices ay,a; = 1,2, the Hilbert space of these bosons is

Hy = {w € HD | (Yaray (@2:01) = Wiy (@1,02)} (7.255)

with corresponding projection eéz) "H® - Héz) given by

Va0 (01:02) = 3 (Vara, (22:41) + Vayar (41, 02))- (7.256)

Subsequently, define a partial isometry w : H®) — L2(R?)®2 by
1
wy(q1,92) = Yolq1,92) = \ﬁ(vflz(f]utn) —v21(q1,92))- (7.257)

Physically, this singles out an isospin singlet Hilbert subspace H®) = egH®) within
H®, where ¢y = w*w (which is a projection). This singlet subspace may be con-
strained to the bosonic sector by passing to

HY = egey H®); (7.258)
note that ep and eg) commute. Now extend the defining representation of C*(Go,)
on L*(R3)%2 to H®) by ignoring the indices ay,as (i.e., isospin is deemed unob-
servable). This extended representation commutes with eg and with eg), and hence
is well defined on H\” C H®). Let us denote this representation of Gg, by 7. It
is then immediate from the property Wo(q2,91) = —Wo(q1,42) that:

Proposition 7.13. The representations 717;0) (C*(Gy,)) on Hl(go) and ©¥ (C*(Gy,)) on

HF are unitarily equivalent.

In other words, two fermions without internal degrees of freedom are equivalent
to the singlet state of two bosons with an isospin degrees of freedom, at least if
the observables are isospin-blind. Similarly, two bosons without internal degrees of
freedom are equivalent to the singlet state of two fermions with isospin, and two
fermions without internal degrees of freedom are equivalent to the isospin triplet
state of two fermions (this corresponds to the Schur decomposition of (C?)®? under
the commuting actions of &, and SU(2)).
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For N =3 we may carry out a similar trick as for N = 2, and replace parafermions
without (further) degrees of freedom by either bosons or fermions. We discuss the
former and leave the explicit description of the various alternative descriptions to
the reader. We proceed as for N = 2, mutatis mutandis. We have a Hilbert space

HB) = (L2(R*) @ C?)®3, (7.259)

of three distinguishable isospin doublets, containing the Hilbert space H, 1(33) of three
bosonic isospin doublets as a subspace, that is,

3
HY ={weH | W, 1105003 (4p(1)14p(2)2 4p(3)) = Varanas (41,42,93) (P € S3) }-
(7.260)
3)

The corresponding projection, denoted by ez’ : H @) Hl(;), will not be written
down explicitly. Define an SU(2) doublet (7, y,) within the space H) through a
partial isometry

w:H® - L2(R)*3 o C?; (7.261)
1
wvi(q1,92,93) = ﬁ(%zl(qlm,qa) —v112(41,92,93)); (7.262)

1
w¥s(q1,92,93) = %(—2%11(6117672,6]3) +v121(q1,92,93) + Vi12(91,92,93)).
(7.263)

Defining a projection e; = w*w on H (3), the Hilbert space H (3) contains a closed

subspace ngz) = eze?)H <3), which is stable under the natural representation of
C*(Gp,) (since e, and eg) commute). We call this representation n}(}z). An easy

calculation then establishes:

Proposition 7.14. The representations 71?1(92) (C*(Gg,)) on Hlé2> and ©? (C*(Gyp,)) on

HP (as defined by Theorem 7.12) are unitarily equivalent.

In other words, three parafermions without internal degrees of freedom are quiva-
lent to an isospin doublet formed by three identical bosonic isospin doublets (corre-
sponding to the Schur decomposition of (C?)“? under the commuting actions of &3
and SU(2); in this decomposition, the spin 3/2 representation of SU(2) couples to
the bosonic representation of &3, whilst the spin-1 representation of SU(2) couples
to the parafermionic representation of G3), at least if the observables of the latter
are isospin-blind. Many other realizations of parafermions in terms of fermions or
bosons with an internal degree of freedom can be constructed in a similar way.

For N > 3 we similarly find that the representation of the C*-algebra (7.238)
induced by some parafermionic representations u, of Sy is unitarily equivalent
to a representation on some SU (n) multiplet of bosons with an internal degree of
freedom; the appropriate multiplet is the one coupled to uy in the Schur reduction
of (C")*N with respect to the natural and commuting actions of Gy and SU (n).
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The moral of this story is that one cannot tell from glancing at some Hilbert space
whether the world consists of fermions or bosons or parafermions; what matters is
the Hilbert space as a carrier of some (irreducible) representation of the algebra
of observables. From that perspective we already see for N = 2 that being bosonic
or fermionic is not an invariant property of such representations, since one may
freely choose between fermions/bosons without internal degrees of freedom and
bosons/fermions with internal degrees of freedom. In a more systematic discussion
using superselection theory one may impose some physical selection criterion in or-
der to restrict attention to “physically interesting” sectors. Such criteria (which, for
example, would have the goal of excluding parastatistics) should be formulated with
reference to some algebra of observables. Such issues cannot be settled at the level
of quantum mechanics and instead require quantum field theory, where parastatis-
tics can always be removed in terms of either bose- or fermi-statistics, in somewhat
similar vein to our discussion. For (nonlocal) charges in gauge theories there are no
rigorous results, but historically a similar goal played a role in the road to quantum
chromodynamics (QCD), which is one of the ingredients of the Standard Model.

A different argument against parastatistics arises from the state space approach
based on the compact convex set Z(H"Y)SN studied at the beginning of this sec-
tion. The extreme boundary J, (Q(HN SN ) consists of one part that is contained
in 0,2(HY) = 22,(HV), and one that is not. The first part consists of those one-
dimensional invariant projections e € 2 (H")®¥ whose image eH" belongs to ei-
ther the bosonic subspace Hﬂ (in which case u(p)e = e for each p € Gy) or the
fermionic subspace HY of H" (in which case u(p)e = sgn(p)e for each p € &y);
in other words, pure bosonic on fermionic states on B(HY)®V are also pure on
B(H"). The second part, then, consists of parastatistical pure states on B(HY)®W,
which are therefore mixed on B(H"). Furthermore, pure bosonic or fermionic
states on B(H")®N both extend and restrict to pure bosonic or fermionic states on
B(HN*1)Sn+1 and B(HN~1)®N-1, respectively, whereas parastatistical pure states
turn out to have neither property and hence are “isolated” at the given value of N.

Finally, in d = 2 the equivalence between the operator and configuration space
approaches breaks down, because Sy # 7 (Qn) = By, i.e., the braid group on N
strings. Even defining the operator quantum theory on Hy = L?( Qv), with algebra
of observables My = B(L*(Qy))BV, fails to rescue the equivalence, because the de-
composition of Hy under My by no means contains all irreducible representations
of By. In this case deformation quantization gives many more sectors than the im-
proved operator approach (which already gave more sectors than the approach using
‘multi-valued’ scalar wave-functions).
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Notes

The quotations in the preamble are from Dirac (1947), p. 87. Similarly, the Dreimdinner-
arbeit (Born, Heisenberg, & Jordan, 1926) bluntly states (in Ch. 1, §1) that:

‘one can see from eq. (5) [i.e., pg —gp = —ih- 1y, cf. our eq. (7.5)] that in the limit 7 =0,
the new theory would converge to the classical theory, as is physically required.’

§7.1. Deformation quantization

In the wake of Dirac’s famous insight on the analogy between the Poisson bracket
and the commutator in quantum mechanics, the idea of deformation quantization (in
the form of what we now call star products) may be traced back to Groenewold
(1946) and Moyal (1949). The mathematical (physics) literature on the subject
started with Berezin (1975) and Bayen et al (1978), who introduced what we now
call formal deformation quantization, in which £ is not a real number but a formal
parameter occurring in formal power series. The C*-algebraic setting for deforma-
tion quantization we use was introduced by Rieffel (1989, 1994); see also Landsman
(1998a), Chapter 2, for a detailed treatment.

§7.2. Quantization and internal symmetry
This section is based on Rieffel (1990) and Landsman (1998a), Chapter 3.

§7.3. Quantization and external symmetry
§7.4. Intermezzo: The Big Picture
§7.5. Induced representations and the imprimitivity theorem
§7.6. Representations of semi-direct products
The action Poisson bracket (7.58) was introduced by Krishnaprasad & Marsden
(1987); see also Marsden & Ratiu (1994).

Systems of imprimitivity and their applications to representation theory, semi-
direct products, and quantum mechanics are due to Mackey (1958, 1968), who
was inspired by Weyl (1927, 1928), von Neumann (1932), and Wigner (1939). As
Mackey (1978, 1992) describes, he saw his work as the development of what he
calls Weyl’s Program. Weyl (1927) posed two questions in quantum mechanics:

1. ‘How to construct the matrix of Hermitian form! that represents some quantity
given in the context of a known physical system?’?

2. ‘Given this Hermitian form, what is their physical meaning, and which physical
statements can we make about it?’3

Weyl considered the second question to have been resolved by von Neumann’s
recent work, and so he concentrated on the first, which he tried to answer using
group theory. The main achievement of Weyl (1927), elaborated in his subsequent

! Like Hilbert himself, Weyl at the time still thought of operators in terms of matrices or Hermitian
forms, rather than abstractly, like von Neumann. Also cf. our Introduction.

2 ‘Wie komme ich zu der Matrix, der Hermiteschen Form, welche eine gegebene Grofie in einem
seiner Konstitution nach bekannten physikalischen System représentiert?” (Weyl, 1927, p. 1)

3 “Wenn einmal die Hermitesche Form gewonnen ist, was ist ihre physikalische Bedeutung, was
fiir physikalische Aussagen kann ich ihr entnehmen?’ (ibid.)
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book Weyl (1928), was a reformulation of the canonical commutation relations
i[p,q] = h- 1y in terms of projective unitary representations of the additive group
RR? (or, equivalently, of unitary representations of the associated Heisenberg group).
He also introduced the formula (7.21) in an equivalent form where the (classical)
Fourier expansion of f,i.e.,

f(p.q) = / | dadbe? ™ f(a,b), (7.264)
R

is “quantized” by the operator in which exp(iap + ibg) in the above formula is re-
placed by the (projective) unitary representative u(a,b) of (a,b) € R? just men-
tioned, i.e., the real numbers p and g are replaced by the corresponding operators p
and g, as in (7.3) - (7.4). In particular, Weyl treated p and ¢ symmetrically.

In his development of Weyl’s Program, Mackey broke the symmetry between p
and ¢, in that he saw the momentum operator p as the (“infinitesimal”) generator
of a unitary representation of the additive group R, whereas the position operator
g was replaced by a projection-valued measure on the real line; this is equivalent
to a nondegenerate representation of the commutative C*-algebra Cy(Q), as in our
discussion in §7.3. This way of tearing p and ¢ apart was the key to the general case
of quantizing group actions on configuration space discussed in §7.3.

In their independent elaboration of Weyl’s ideas, Groenewold (1946) and Moyal
(1949) emphasized the deformation aspect of quantization (including the classical
limit) rather than its group-theoretical underpinning; the former aspect is completely
absent in Mackey’s work. “The Big Picture” (Landsman, 1998a, Ch. 3; Landsman &
Ramazan, 2001; Landsman, 2007) is an attempt to have the best of both worlds, in
that the role of Lie groupoids delivers the symmetry aspect of quantization, whereas
our (i.e. Rieffel’s) very definition of quantization puts the deformation aspect in the
front seat. The underlying theory of Lie groupoids and Lie algebroids may be found
in Moerdijk & Mrcun (2003) or Mackenzie (2005); see also Landsman (1998a).

A comprehensive study of the Mackey—Glimm dichotomy may be found in
Williams (2007), which contains a wealth of information on crossed product C*-
algebras and induced representations in general.

The representation theory of the Poincaré-group was first studied (using some-
what heuristic methods) by Wigner (1939) using induced representations. The entire
subject was subsequently taken up and finished by Mackey. For treatments in the
spirit of (mathematical) physics see e.g. Simms (1968), Niederer & O’Raifeartaigh
(1974), and Barut & Racka (1977). Lemma 7.10 is proved by Bargmann (1954).

Among the known elementary particles, the case j = 0 (and m > 0) corresponds
to the Higgs boson, whereas j = 1 gives all known fermionic particles (i.e., elec-
trons, quarks, neutrino’s, and their antiparticles). If one counts the gauge bososn W
and Zj as massive, they provide the case j = 1, but in the fundamental Lagrangian
they are massless and correspond to helicity n = £1, like the photon. Helicity 42
gives the graviton. We discard particles predicted by supersymmetry, which evi-
dently does not exist in nature (this evidence seems lost on string theorists).
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§7.7. Quantization and permutation symmetry

This section is based on Landsman (2016a). The literature on indistinguishable
particles is enormous, initiated by Heisenberg (1926) and Dirac (1926). What we
call the “quantum observables” approach goes back to Messiah & Greenberg (1964);
see also Driihl, Haag, & Roberts (1970). Key papers in the configuration space
approach are Souriau (1967), Laidlaw & DeWitt-Morette (1971) and Leinaas &
Myrheim (1977). More generally, for the quantization of multiply connected space
see Dowker (1972), Schulman (1981), Isham (1984), Horvathy, Morandi, & Su-
darshan (1989), Morchio & Strocchi (2007), and Morandi (1992). The state space
approach to indistinguishable particles was proposed by Bach (1997), who proves
(7.192) - (7.193), as well as the claim following these equations to the effect that
p € 9.2(HN)®N iff eH is irreducible. The state space arguments against parastatis-
tics given near the end of this section are also due to Bach (1997).

The representation theory used in this section may be found in many books, such
as Weyl (1928), Fulton (1997), or Goodman & Wallach (2000).

The groupoid (7.209) is a special case of the so-called gauge groupoid defined
by a principal H-bundle P = Q, where G| = P x P (which stands for (P x P)/H
with respect to the diagonal H-action on P X P), Go = Q, and the operations are

s([p.q]) = w(q), ([p,q)) = =(p), [x,y]"" =[x, [p.gllg.r] = [p.r];

here [p,q|[q’,r] is defined whenever 7(q) = 7(q’), but to write down the product
one picks some element g € 7! (¢/).

Recent philosophical literature on indistinguishable particles includes French &
Krause (2006), Earman (2010), Caulton & Butterfield (2012), Saunders (2013), and
Baker, Halvorson, & Swanson (2015). This philosophical literature stills needs to
be integrated with the mathematical approach launched in this section, and it was
indeed the goal of Earman, Halvorson, & Landsman (2013ish) to do so. Alas!



Chapter 8
Limits: large N

Beside the limit # — 0, we consider the limit N — oo, where N could be the principal
quantum number labeling orbits in atomic physics (as in Bohr’s Correspondence
Principle), or the number of particles or lattice sites, or the number of identical
experiments in a long run measuring the relative frequencies of possible outcomes.

The case of large quantum numbers will be dealt with first: as our toy model
of an classical orbit we take a coadjoint orbit in the dual g* of the Lie algebra g
of a compact connected Lie group G, see §5.9; for G = SU(2) or SO(3) these are
simply two-spheres S%. The corresponding quantum theories are indexed by their
spin j = in, where n € N, which we send to infinity in order to recover the classical
orbit. This can be done more generally by rescaling the highest weight A of some
fixed irreducible representation of G to nA and again letting n — o.

The second case, where the limit N — oo is typically the thermodynamic limit
(namely if the density N/V is kept fixed, where V is the volume of the system sent to
infinity, too), has been rigorously studied using operator algebras since the 1960s. In
such work the system constructed at the limit N = o is typically quantum statistical
mechanics in infinite volume, whose existence (followed by the establishment of
e.g. phase transitions) was a major achievement of mathematical physics.

However, our goal in taking the limit N — oo is quite different, in that—in the
spirit of Bohrification—our limiting system will be classical; from the traditional
point of view we look at the macroscopic rather than the quasi-local observables.
Nonetheless, for each finite value of N € N our (quantum) system will be the same
as in the usual theory! Like the first case, in which increasingly large matrix alge-
bras converge to an algebra of continuous functions on some compact space, this
apparent miracle is described by the theory of continuous bundles of C*-algebras,
as outlined in §C.19. As in the case 1 — 0 studied in the previous chapter, this theory
provides a convenient mathematical machinery for studying the limit N — oo also.

We then apply the the limit N — o to N repeated experiments, and, applying the
doctrine of classical concepts, rederive the Born rule (avoiding the conceptual and
mathematical pitfalls of various previous attempts to do so).

Bridging the gap to the next two chapters, we close with an introduction to quan-
tum spin systems (as a later playing ground for spontaneous symmetry breaking).
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8.1 Large quantum numbers

As in §5.9, let G be a compact connected Lie group with Lie algebra g and dual
g%, and let T C G be a maximal torus with Lie algebra t and dual t*. Let &) be a
regular integral coadjoint orbit in g*, labeled by a dominant weight A € A,. This
means that there is a point 6 € &) whose stabilizer Gg is T, and A = 6); conversely,
A € t* determines 6 € g*, which vanishes on each generator E,, of g¢ (a0 € A).
Following Theorems 5.49 and 5.51, we associate a unitary irreducible represen-
tation u) : G — U(H),) to &) (or rather to A), whose underlying Hilbert space Hj,
contains a unique highest weight vector v, . We then have (5.228). We abbreviate

d)’ :dim(HA). (81)

For SU(2) we have A € No/2 = {0,1,1,...}, usually called j, and the (regular)
coadjoint orbits in g* = R3 are the spheres S? with radius j (with j # 0). The corre-
sponding highest weight representation u; is carried by H; with d; = 2j+ 1, whose
highest weight vector v; is an eigenvector of L3 = iu’(S3) with eigenvalue j.

We are going to define a continuous bundle of C*-algebras over the base space

I=(1/N)u{0} = 1/N, (8.2)

where N={1,2,...} and N = NU{eo}; as required, / contains 0 as an accumulation
point. One may think of elements of I as “quantized” values of Planck’s constant
h = 1/N, upon which the limit N — oo is formally the same as the limit 7 — 0.

If A € Ay, then nA € A, for all n € N. We may therefore define the C*-algebras

AQ = C(ﬁx); (8.3)

For each f € C(0)) we define f, = n*f under the canonical projection 7w : G —
G/Gg = 0, (i.e., f;(x) = f(m(x))), which enables us to define the operators

Ql/n(f) = dn?L /defl ()C) |unl ()C) vnl><unl (x)vnl | € Al/n' (8.5)
In fact, the entire integrand in (8.5) is a function on &, because for z € T we have

Unp (XZ) Uyp = Upp, (X) Unp (Z) Una = Xni (Z) Upp (X) Unas

and x5 (z) € T cancels the factor y,,; (z) from the last term in (8.5). Note that

Ql/n(lﬁl) = lHn}“ (8.6)

as follows by taking y» = Y3 = v, in Schur’s well-known orthogonality relations

dna /dewfhan(x)llfzﬂun/m(X)llf&llf4>= (Wi, va) (w3, v2) (Wi €Hyp). (87)
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Other properties of the maps Q) /, : C(0)) — B(H,;,) (between C*-algebras) are:

e Self-adjointness, i.e., Q1 /,(f)" = Q1/n(f")-
e Positivity, i.e., Q1 ,(f) > 0 whenever f > 0.

e Egquivariance, i.e., writing L, f(x) = f(y~'x) as usual, for any y € G we have

Ql/n(Lyf) = Unp (y)Ql/n(f)unl (y)* (3.8)

Positivity does not follows from self-adjointness, as 0/, is not a homomorphism.

Theorem 8.1. There exists a continuous bundle of C*-algebras A over I as defined
in (8.2), with fibers (8.3) - (8.4), whose continuous sections are given by all se-
quences (ay ) cx; € [,exiA1jn for which ag € C(0),) and a, ), € B(H,y,), and the
sequence (a /)nen is asymptotically equivalent to (Qy/,(ao))nen, in the sense that

lim [lay/, — Q1 /n(a0)|| = 0. (8.9)
In particular, if f € C(&}), then the cross-section of [], A/, defined by

ap = f (8.10)
A /n = Ql/n(f)v (8.11)

is continuous. In fact, we have a deformation quantization of &, in the sense of Defi-
nition 7.1, where the Poisson structure of &), is inherited from (minus) the canonical
one on the Poisson manifold g*, but we shall merely prove the claim of the theorem.

Proof. This will follow from Proposition C.124, in whose notation A (which will
actually coincide with A) consists of all & = (@ )ne; Where f runs through C(&)) in

o = f3 (8.12)
dl/n = Ql/n(f) (8.13)

To verify the conditions for Proposition C.124 we start with the property that the set
{an | a € A} be dense in Ay; we will show that it even coincides with Aj. At7i=0
this is true by construction. At /i = 1/n, the required property

Q1/2(C(02)) = B(Hu) (8.14)

can be proved in two steps. For simplicity we set n = 1; the proof is the same for
any n € N. The first step is to define a function L, on G for each a € B(H, ) by

La(x) = Tr (alup (x)03) {un () va]) = (02, u (x)" auz (x)v). (8.15)

This function is continuous and is right-invariant under 7', so that L, is really an
element of C(&))). Thus we have amap L : B(H) ) — C(0)), a — L,. Furthermore,

(a,01(f))us = (Las f)2s (8.16)
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where the Hilbert-Schmidt inner product on left-hand side is {(a,b)ys = Tr(a*b),
cf. (B.495)—which is well defined since H) is finite-dimensional—and the right-
hand side is the inner product on L?(&; ) with respect to the measure induced by the
subspace of L2(G, d,, - dx) consisting of T-invariant functions. Now Q, m(C(O)) is
a (necessarily closed) linear subspace of B(H, ), which coincides with B(H} ) iff its
orthogonal complement in the Hilbert—Schmidt inner product is zero.

Hence (8.14) is equivalent to the implication: a € (Qy/,(C(6})))*" = a=0.By
(8.16), the antecedent holds iff (L,, f)> = 0 for each f € C(&} ), which, because
C(03) is dense in L?(0}), holds iff L, = 0. Hence the the above implication is
equivalent to: L, = 0 = a =0, i.e., ker L = {0}. We must therefore prove the latter.

If L,(x) = 0 for all x € G, then, taking x = exp(r14;) - - -exp(t,A, ), where each
A; € g, and applying (5.156) for each ¢; to the right-hand side of (8.15), we obtain

(Vn, (13 (An), -+ [, (A2), [u3 (Ar), a]] - Jvp ) = 0. (8.17)

This equality extends to gc, so we may take A; = E, for some positive root o; € A™.
Since u) (Eq)vy =0 for o € A™, of each commutator [u}y (Eg,),a] only the term
uy (Eq;)a contributes. Moving the u) (Eq;) to act as uy (Eq,)* = u, (E_¢,) on the
vector on the left in the inner product in (8.17) gives all other eigenvectors of t, so
that (8.17) implies (y,av, ) = 0 for each ¥ € H,, and hence av; = 0. Now it is
clear from (8.15) that Ly, (y)«au, (y) (X) = La(yx), s0 if Ls(x) = 0 for all x € G, then
also Ly, () au, () () = 0 for all x € G. Hence we may replace a by u; (y)*auy (y) in
the above argument, finding u (y)*au, (y)v,, = 0 and hence au, (y)v, = 0 for each
y € G. Since u, is irreducible, this implies ay = 0 for any v € H,, and hence a = 0.
This completes the proof of (8.14). Proposition C.124 furthermore requires

1im [1Q1/,(/)]| = /]l (8.18)
This follows from the following key property (to be proved at the end):

i (w4, () O @1 /n(F)tna (V) Ona) = S (¥), (8.19)

i
—o0
forany y € G and f € C(0)). Indeed, for any y € G we obviously have

HQl/n(f)H > <unl (y)vnl7Ql/n(f)unl (y)vnl>' (3.20)

Since G and hence ), is compact, by Weierstrass’s Theorem there is an y € G such
that | f3 ()| = || f||-- Using this y in (8.20) and (8.19), the two of these imply

tim inf /04, () > [1/]. (821)

Conversely, for any unit vector ¥ € H,;, eqgs. (8.5) and (8.7) imply

(W, Q1 (N W) = K, Q1 (W) < (I leo- (8.22)
If f is real-valued, then Qy /,,(f)* = Q1 /s (f*) = Q1/,(f)- In that case, (8.22) implies
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11/n (DI < 1l (8.23)

By the C*-identity ||a*a|| = ||a||?, this is true for any f € C(&;). Therefore,
fim sup [[Q1/u ()| < /[l (8.24)
n—oo

Egs. (8.21) and (8.24) yield (8.18). It remains to prove (8.19), i.e.,

lim d,; /defx () [(ttp, (9) Vs g, (x) V) [P = 2. (). (8.25)

The key to the proof is the fact that if A and p are dominant weights, with associated
highest weight representations u, and u,, respectively, for any x € G one has

(v, up (X)02) - (Vs 1 () V) = (V315 U4 (X) Va ) (8.26)

Namely, because the exponential map is surjective for compact connected Lie
groups, eq. (8.26) is equivalent to the property

(v, u) (A)vy) + <D,U7u‘/u (A)vy) = <vl+,u7ux+u (A)Vasp)s (8.27)

for any A € g. For A € t this amounts to A + = A + u, cf. (5.228), whereas for
A = E, for some root & € A we have 0 = 0, so that (8.27) is true for all A € g. This
also proves (8.26), of which we need the special (and iterated) case

(Vnn s Unp (X) U2 ) = (O, up (x)02)". (8.28)

This motivates us to introduce a sequence (U,) of probability measures on G by

Al (x) = dyy, - dx| (03,15 (x) V1) >, (8.29)

so that, after a change x — yx of the integration variable, eq. (8.25) reads
lim dyy | dpa(x) £.0%) = ), (8:30)
n—oo JG

for any f € C(0)). Now F(x) = |(vy,uy (x)vy)| takes values in (0,1] and hence
the measure (8.29) is dt, (x) ~ exp(—nS(x)) for S(x) = —In(F(x)), with S > 0 and
S(x) = 0iff x € Gg, = T (using regularity of the orbit). In that case, i.e.,if z € T,
then f3 (yz) = f(m(yz)) = f(m(y)) = f2.(»). The method of steepest descent shows
that any part of G (of positive Haar measure) where S(x) > 0 makes no contribution
as n — oo, 5o that we may replace f; (yx) in (8.30) by f3 (), obtaining

tim | dyt(3) £ = £2.0) im [ dpa(0) = Fu0) fim 1 = o). (83D

n—eo

We have now verified conditions 1 and 2 in Proposition C.124, and no. 3 is trivially
satisfied since in condition 1 we have equality with A, as shown above. O
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8.2 Large systems

We now move from large quantum numbers within a single system to large quantum
systems that consist of N identical sites, where we eventually study what happens
as N — o (as is customary in quantum statistical mechanics we change notation
from n € N to N € N). This limit gives rise to two different continuous bundles A(%)
and A(©) of C*-algebras over I as given by (8.2), which have exactly the same fibers
at 1/N but, amazingly, differ dramatically at N = oo, i.e., 1/N = 0. This difference
reflects two choices one may make for the N-particle observables that have a limit
as N — oo, namely local ones, giving rise to a highly non-commutative limit algebra
A(()q> (which is the one usually studied in quantum statistical mechanics of infinite
systems), and macroscopic ones, which generate a commutative algebra A©) of ob-
servables of an infinite quantum system (describing classical thermodynamics as a
limit of quantum statistical mechanics). It is the latter that we need for Bohrification.

Let B be a fixed unital C*-algebra, describing a single quantum system. The
case of a two-level system, where B = M;(C), is already fascinating, and many
other interesting examples are described by finite-dimensional C*-algebras. Though
irrelevant in finite dimension, we note that the constructions below are generally
valid if (for technical reasons to be found in Proposition C.97) we use the projective
tensor product &pax between C*-algebras; see §C.13. For any N € N we put

A(‘) :A(Q> *BN

Uy =An=B", (8.32)

i.e., the N-fold (projective) tensor product ®xaxB of B with itself. Furthermore,

Ay = C(S(B)); (8.33)
Al =B, (8.34)

where S(B) is the state space of B, seen as a compact convex set in the weak*-
topology, as usual, and B is the infinite (projective) tensor product of B with itself
as described in §C.14; see especially (C.318) with C; = B for each i. For example,
the state space of B = M, (C) is affinely homeomorphic to the unit ball in R3, whose
boundary is the familiar Bloch sphere of qubits; see Proposition 2.9.

We now explain how (8.32) and (8.33) - (8.34) give rise to continuous bundles
A©) and AW of C*-algebras, starting with the former. First, for each N € N, let Sy
be the permutation group (i.e. symmetric group) on N objects, acting on BY in the
obvious way, i.e., by linear and continuous extension of

(X;N)(bl®"'®bN):bp(1)®"'®bp(N)7 (8.35)

where b; € B. This yields a symmetrization operator Sy : BY — BY defined by

1
Sv=7 L - (8.36)

peSy
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If B is infinite-dimensional, these maps can be extended by continuity to the com-
pletion B* = &, B of the algebraic tensor product ®B; indeed, passing to any
faithful representation of B it is easy to see that SV is even continuous with respect
to the minimal cross-norm (cf. §C.13). For N > M we then define

Sun:BY — BY (8.37)
by linear (and if necessary continuous) extension of
Sun(aim) =Sn(ayu® 1@ @ 1p) (ain € BY), (8.38)
with N — M copies of the unit 1g € B so as to obtain an element of BV, Clearly,
Sy = Sn. In particular, S : B — BN gives the average of b over N copies of B:

1 N
Sin(b) =+ Y 3@ @by @1p---®1p,. (8.39)
k=1

For example, take B = M,,(C) for simplicity, and pick some @ = a* € B and A €
o (a), with associated spectral projection e, . Putting b = ¢, in (8.39) gives

£ =81 w(en). (8.40)

This is a frequency operator: applied to states of the kind v; ® ---® vy € (C*)V,
where each v; is an eigenstate of a, so that av; = A;v; for some A; € 6(a), the
corresponding operator counts the relative frequency of A in the list (41,...,Ay).
The commutative case B = C(X) provides a classical analogue. Eq. (C.271) gives

BY =c(x)V =c(xV), (8.41)

so that, identifying elements of BY with functions on XV, for f € C(X) we have

\\Mz

Sle(f)(xl,.. R xl +- fo)) (8.42)

We return to the construction of a continuous bundle of C*-algebras with fibers
(8.32) and (8.33). As in §8.1, we construct this bundle by specifying a preliminary
family of continuous cross-sections and then using Proposition C.124 to finish.

Definition 8.2. We say that a sequence (a;/y)nen, with ay/y € BN, is symmetric
when there exist M € N and ay )y € BM such that for each N > M one has

ay /N = Sun(aim)- (8.43)

This implies a;/y = Sm(aj/p). Symmetric sequences can start in any finite way
they like, but their infinite tails consist of averaged observables. Hence symmetric
sequences asymptotically commute: if (a;/y) and (b /) are symmetric, then
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li - = 44
ngloHal/Nbl/N bynaynllpy =0, (8.44)

simply because the commutators of single-site operators are nonvanishing only at
finitely many positions, upon which the factor 1/N in (8.39) guarantees (8.44).
For example, if B= M,(C), and (o;) are the Pauli matrices, we have

h
[S1n(3h01),S18(3102)] = INSI,N(%EG3)7 (8.45)

et cetera, showing that the averaged spin-} operators effectively rescale 7 by 7i/N.
In view of this, it is reasonable to expect that we may be able to assemble the

algebra BY into a continuous bundle whose limit algebra at N = oo is commutative.
For each symmetric sequence (a;/y) we define a function ag : S(B) — C by

ao(w) = lim o"(ay/y), (8.46)

N—oo
where ® € S(B), and @" € S(BY) is defined by linear (and continuous) extension of
(b1 @ ®@by) = 0(by) - 0(by); (8.47)

continuity of @" on the algebraic tensor product ®" B (and hence extendibility to
Ay/n) is guaranteed by Proposition C.98, although this is not really needed here
because ag only requires the values of @" on ®" B itself. In any case, the limit exists
by definition of a symmetric sequence, from which we also see that ap € C(S(B)),
because it is a finite sum of finite products of the type @(b;)--- @(by), each of
which is continuous in @ by definition of the w*-topology on S(B).
For example, the frequency operators (8.40) define a symmetric sequence ( f}% )NeEN>

whose the limit function f& : S(B) — C in the sense of (C.560) or (8.46) is

(o) = o(ey). (8.48)

Thus (8.46) gives the Born probability for the outcome a = A4 in the state ®; see
§8.4. Classically, identifying elements of S(C(X)) with probability measures 1 on
X, the limit of the sequence a; /y = S1 n(f) for fixed f € C(X), cf. (8.42), is

a(w) = | duf. (8.49)

This convergence is an example of the strong law of large numbers, see §8.3.
We return to the general case.

Definition 8.3. A sequence (a/y)nen as above is quasi-symmetric if for each N €
N one has ay/y = Sy(ay/y) and for any € > O there is a symmetric sequence (G, /y)
and some M € N such that ||ay /y — d, /|| < & for all N > M.

For example, if limy_e||a;/y — d/n|| = O for some fixed symmetric sequence
(d1/n), then (a;/y)nen is obviously quasi-symmetric.
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Theorem 8.4. For any unital C*-algebra B, the C*-algebras (8.32) and (8.33), i.e.,

A = c(s()):; (8.50)
() _
Ay = BY, (8.51)

where BN is N-fold projective tensor power ®2’13,(B, are the fibers of a continuous
bundle A) of C*-algebras over I = (1/N)U{0} = 1/N whose continuous cross-
sections are the quasi-symmetric sequences (a; /N) with limit ay given by (8.46).

As in Theorem 8.1, also here we have a deformation quantization of S(B) in the
sense of Definition 7.1, where the Poisson bracket on S(B) may be defined by spec-
ifying its value on linear function b € C(S(B)), where b € B and b(®w) = w(b), by

—

{a,b} = i[a,b]. (8.52)

Unfortunately, this involves the theory of infinite-dimensional Poisson manifolds,
which we prefer to omit. Thus we shall only prove Theorem 8.4 as stated.
The proof relies on Stgrmer’s quantum De Finetti Theorem 8.6 below.

Definition 8.5. Let B be a unital C*-algebra. A state p on BN is called:

e permutation-invariant if p o a,gN) = p forany p € Gy.

e K-exchangeable (K € N) if it is permutation-invariant and in addition p is the
restriction to BN of some permutation-invariant state on BN*K,
o Infinitely exchangeable if it is K-exchangeable for all K € N.

The set of all permutation-invariant states / K-exchangeable states / infinitely ex-
changeable states on B is denoted by S°N (BV) / SEN (BN) 7SS~ (BV).

Theorem 8.6. Let B be a unital C*-algebra. For any N € N the correspondence
oY < ®, where ® € S(B) and @" € S(BY), cf. (8.47), gives a bijection

9,55V (BY) =~ S(B). (8.53)

This theorem was originally stated (in the language of infinite tensor products) as
Theorem 8.9 in §8.3, where it (and hence Theorem 8.6) will also be proved.

We also need a formula for the norm of any self-adjoint element a of any C*-
algebra A in terms of the state space A and the pure state space P(A), viz.

lla|| = sup{|w(a)|: @ € S(A)} = sup{|®w(a)|,® € P(A)}. (8.54)

This follows from Proposition C.15, the spectral radius formula (B.254), and com-
pactness of ¢ (a), implying that the supremum in (B.254) is reached on ().

Proof. The proof of Theorem 8.4 is quite similar to the proof of Theorem 8.1, in
that we once again rely on Proposition C.124, where the symmetric sequences are
going to play the role of A. To apply Proposition C.124, we should prove that:
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1. The set Ay (consisting of all dy € Ag = C(S(B)) as defined by (8.46), where (@/n)
runs through all symmetric sequences) is a *-algebra which is dense in Ag.
2. For any symmetric sequence (& /y) with limit d as given by (8.46), one has

Jim [y = 1o (8.55)

To prove the first claim, we first note that dy is the linear span of all finite products
o(by)- o(by), where N € N and by,...,by € B. Since @(b) = @ (b*) this is obvi-
ously a *-algebra. The monomials b(®) = w(b) already separate points of S(B) C
B*, since if @' # o then clearly is there some b € B for which (0w — @')(b) # 0.
Hence claim no. 1 follows from the Stone—Weierstrass Theorem B.51.

For the second, let (d;/y) be a symmetric sequence. Since there are M € N and

aym € BY with @y = Sy (@ ) and @y oy = Smmk (@1 /) forall K € N,

a1/l = sup{|p(@im)| = p € S(BY)} = sup{lp(a/m)| : p € S (BM)}:
a1y vx0) | = sup{lp(Swarx(@m))| - p € SOU+(BMHK)}
= sup{|p(a@m)| : p € S (B')},
where we used (8.54) and (8.43). Theorem 8.6 and (8.46) then yield (8.55):

Iglggcllal/wll = 1}13}0““1/(1‘”’()”
sup{1p (dur)| : p € SS (B}

sup{|p(@1/u)| : p € SEM (BM)} = sup{|w" (@1 /)| : @ € S(B)}
= sup{| lim &"(@1v)|: @ € S(B)} = sup{|ao(@)| : @ € S(B)}

= [loll-

The proof that the sequences (a;,y) for which condition (C.552) in Proposition
C.124 holds are precisely the approximately symmetric sequences is the same as the
proof of the equivalence of the two conditions in Lemma C.125, taking 7o = 0.

Finally, it is easy to show that the limit (8.46) exists also for quasi-symmetric
observables a: take € > 0 and find & and M as in Definition 8.3. For this 4, let M, be
such that (8.43) holds (with M ~~ My). For all N,N’ greater than both M and My,

\wN(CH/N) - le(al/N/)‘ < |0’N(01/N—6~11/N) - le(al/N’ —ay )|
+ |"(@n) ~ o (@ )|
< llayn —aynll+ llain — @)l +0
< 2, (8.56)
since [|@"|| = 1. Hence (@" (a;y)) is a Cauchy sequence (in C). O

Our second continuous bundle of C*-algebras of interest is described by the fol-
lowing changes in Definitions 8.2 and 8.3.
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Definition 8.7. Let B be a unital C*-algebra and let a,/y € B for each N € N.

o A sequence (a/y)nen is called local when there exist M € N and a; y € BM
such that for each N > M one has

ayNy=ayy@1p®---®lp, (8.57)

with N — M copies of the unit 1 € B (so that indeed a, /y € BN).
o A sequence (a /N) NeN is quasi-local if for any € > 0 there is a local sequence
(@/n) and some M € N such that ||a; y — @, y|| < € for all N > M.

For the right analogue of Theorem 8.4 we recall the description of the infinite tensor
product B*; cf. §C.14, especially the explanation preceding (C.315). Accordingly, a
dense subspace of B* is given by equivalence classes of local sequences (a; /N) NeN
under the equivalence relation a ~ a' iff limy . [|a; /vy — @] IN || = 0; the C*-algebraic
operations in B* are inherited from the BY, and if we denote the equivalence class
of (aj/y)n by [a1/n]n, the norm in B* is given by

e wlwl = fim Jlay vl (859)

By construction, this number is independent of the representative (a;/y)n in the
class [a; /N] ~- By definition, B* is the completion of the space of these equivalence
classes in the norm (8.58). As explained after (C.315), for each M € N we have an
injective (and hence isometric) homomorphism @y : BY — B that maps a; /; € B
to the equivalence class [a; /y]y of the sequence (a; /)y defined by

ayN = 0, (N<M), (8.59)
ayn = aym, (N=M); (8.60)
al/(M+K) :al/M®13®-~®13, (K >0), (8.61)

with K copies of 1p. It is easy to verify that one might as well have started from
quasi-local sequences and their equivalence classes, for which the limit (8.58) exists
by an argument similar to (8.56). In that case the ensuing C*-algebra is already
complete, which leads to a direct description of the elements of B* as equivalence
classes of quasi-local sequences. This fact also follows from the following analogue
of Theorem 8.4, which may be proved in the same way, i.e., from Proposition C.124,
where this time the elements of A are local sequences rather than symmetric ones
(in fact, the proof is much easier, since this time we obtain (C.552) for free):

Theorem 8.8. For any unital C*-algebra B, the C*-algebras (8.32) and (8.34), i.e.,

Al =B (8.62)
@) _
A, =B, (8.63)

are the fibers of a continuous bundle A9 of C*-algebras over I = 1 /N whose con-
tinuous cross-sections are the quasi-local sequences (a, /N) with limit ag = [a; /N] N-
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8.3 Quantum de Finetti Theorem

As an initial step in exploring the connection between the bundles A(©) and A9
we prove Theorem 8.6, which we first restate in an equivalent form. Let G.. be the
group of bijections of N that differ from the identity only on a finite set. Each such
finite permutation p € G., defines a map a, : B — B™, as follows. Let S C N be the
finite subset of N on which p acts nontrivially (if S = 0 we have p = idy, in which
case also o, = idp=, see below). Take a local sequence (al/N)N, so that (8.57) holds,
in which we may assume M > max§; we also redefine a; IN= 0 for each N < M.
For each N > M > maxS, the map p may be regarded as an element py of Sy by
restriction to {1,...,N} C N and hence p acts on BV by permuting the entries in
elementary tensor products of operators, cf. (8.35). For each p € G.., define a map

oy, : B® — B”; (8.64)
N
op(farywlv) = lop" (@)l (8.65)
This uses a specific representative of the equivalence class [a; /N]N € B”, but

nonetheless the map a, is well defined. Furthermore, since each oc;N) :BYN - BN is

an automorphism (i.e., an invertible homomorphism), it is an isometry, so that also
0, is an isometry on its domain and hence extends to an automorphism of B*. The
ensuing map p — o, from ., to the group Aut(B>) of all automorphisms of B* is
a homomorphism of groups, and we say that G.. is an automorphism group of B”.

Writing S5+ (B*) for the set of all G..-invariant states on B~, i.e., p € S°=(B~)
iff p o o, = p for each p € G.,, we may now rephrase Theorem 8.6 as follows:

Theorem 8.9. Let B be a unital C*-algebra. There is a bijection
0.5 (B”) = S(B), (8.66)
given by % <> ®, where @ € S(B), and 0™ € S(B%) is defined by, cf. (8.47),

o (lay/nv) = Lim o (ay ). (8.67)

This is essentially the same as Theorem 8.6: for any M € N, a state on BY is infinitely
exchangeable iff it is the restriction of an element of S~ (B*) to BY C B*, where
the inclusion is given by the map ¢y, defined below (8.58).

Proof. Let S(B) C §=(B*) under the map @ — @>. We first show the inclusion
9.5%=(B*) C S(B) (8.68)

contrapositively, i.e., if p € $<(B*) does not lie in S(B), then p has a nontrivial
convex decomposition in $¥=(B>). We identify BY with @y (B") C B* and denote
the restriction of p to BY by py. If p = ®* for some @ € S(B), then

Pur+k (dy g @y ) = Pu () jp)Pr (a) /i) (8.69)
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for each a’l/M € BM and a’l/K € BX . If (8.69) holds whenever 0 < a’l/M < 1gm, then
by Lemma C.53 and (C.8) it always holds. Adding suitable multiples of the unit and
rescaling, it follows that if (8.69) holds whenever

Volpw <dlyy <3l (8.70)

then it always holds. Therefore, if (8.69) fails, then it fails for some a’1 M satisfying
(8.70) and some and ) e in which case § < py(d} / ) < 3. However, such a failure
implies the existence of a nontrivial convex decomposition

p=tp' +(1—-1)p", (8.71)

with t = py(d] /M), and the functionals p’ and p” on B™ are defined by

p'(lay/nln) = Al,ig}cPMJrN(aﬁ/M®a1/N)/PM(a'1/M)? (8.72)
p"(laywlv) = lim puran((1py —dy jpg) @ ayn)/ P (1py =i jyy)- - (8.73)

These limits exist on symmetric sequences (where they stabilize), and hence they
exists in general. Furthermore, since py(1gv — ) /M) = 1 —1, the property (8.71)

is obvious. Both p’ and p” belong to §¥=(B*), since each functional py,y is an

element of SS¥+¥ (BMV). Finally, (8.71) is nontrivial, since if p’ = p”, then pk = pF,

and hence (8.69) would hold (whose violation we assumed). This proves (8.68).
Though it is always true, for simplicity we prove the converse inclusion

S(B) C 9,5°=(B™) (8.74)

just for the case where B is generated by projections, as in the case B = M, (C),
B = B(H), or B a von Neumann algebra, or more generally an AW*-algebra (see
§C.24). In that case also each BY is generated by its projections.

For each p € §5=(B>), each N € N, and each projection e € BV, we have

pn(e)? < pan(e®e), (8.75)

see below. Assuming (8.75), suppose @ € S(B) and @™ =tp’ + (1 —¢)p"” for some
t€(0,1)and p’,p" € §5=(B>). Since ®y = ®", we then have

e = oo+ (-npfen = { ( YE). (RN
<) (A5 (GRS (ofvi5))

= 1py(e)*+ (1 —1)py(e)?
<tpyy(e®e)+(1—1)psy(e@e)
)2

®e
Newe)=aw"(e

)
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where the inner product in the first line is the usual one in Rz, and, noting it is
positive, we have used the Cauchy—Schwarz inequality for this inner product, as
well as (8.75). Hence both inequalities must be equalities, and for the first one this
implies pj (e) = py(e). Since this is true for all N and all projections in BY, this
implies p’ = p” = ®*, so that ® € 9,5%=(B*), and (8.74) has been established,
up to the proof of (8.75). To this effect, note for each M € N and ¢ € R we have

pun((Igy @+ @1y @e+ - +e@ gy @@ Ly +1- 1gun)?) (8.76)
= M(M—1)pan(e®e) +Mpy(e) +2tMpy(e) +12, (8.77)

with M — 1 copies of 1zv and e moving from right to left in the first line, leaving
M terms before the final one ¢ - 1zmv in (8.76). In working out the square in (8.76)
and moving to the second line we used e> = e as wel as permutation invariance of
the state pynv. The point is that (8.76) is positive, so that (8.77) must be positive,
too, for all M € N and r € R. Now a function f(t) = t> +2bt +c = (t +b)*> —b> +c¢
obviously satisfies f(¢) > 0 for each 7 iff b> < ¢, so that (8.76) is positive for all  iff

M?py(e)* <M (M —1)pay(e@e)+Mpy(e).
Letting M — oo gives (8.75). d

Taking B = C(X) for some compact Hausdorff space X, in view of (8.41) the
situation may be transferred to the Cartesian product XV, equipped with the product
topology (which is generated by products A x --- x Ay C XV with each A; C X
open) and the ensuing Borel o-algebra (generated by the above products with each
A; Borel). If yy,...,uy are (probability) measures on X (in which case we write
W; € Pr(X)), then there is a unique (probability) measure ; X - -- X iy whose value
on a product as above is equal to (;(A;)--- Uy (Ay). In particular, any probability
measure { € Pr(X) on X defines a probability measure u"¥ on XV

The symmetric group Sy acts on X" in the obvious way, and hence its acts on
the power set 2 (X"). We call the latter action ™), so that for p € Gy we have

G[SN)(AI X"'XAN):A[)(I) X"'XAP(N>. (878)

The Cartesian product X* = X is well defined both topologically and measure-
theoretically (the topology is generated by all products [];A; with finitely many A;
open and different from X, and likewise for the Borel structure), and the infinite
symmetric group G., = UyGSy acts on it in the obvious way, in that p € Gy C G,
permutes the first N coordinates. Specializing Definition 8.5 to B = C(X), we obtain:

Definition 8.10. A probability measure vy on X" is called:

e permutation-invariant if vy o G[(,M = vy for any p € Gy.

e K-exchangeable (K € N) if it is permutation-invariant and in addition Vy is the
restriction to B of some permutation-invariant probability measure on XN K,
o exchangeable if it is K-exchangeable for all K € N.
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(N)

A probability measure Vo, on X~ is called permutation-invariant if Voo 6 = Ve,
forany p € Sy and N € N, where 0_1(71\/) acts on [;A; by (8.78) on the first N factors
A1,...,Ay whilst acting trivally on all remaining A;’s.

The connection between the two parts of this definition is that vy is exchangeable
iff it is the restriction to XV of some permutation-invariant measure V., on X*.
From Theorems 8.6 and 8.3 we obtain the Hewitt—Savage Theorem:

Corollary 8.11. Let X be a compact Hausdorff space. For any N € N, any infinitely
exchangeable probability measure vy on X" takes the form

VN = dP(u)uN (8.79)
Pr(X)

for some probability measure P on Pr(X) that is uniquely determined by Vy, and
similarly for N = oo, where V., is a permutation-invariant probability measure.

The two claims in the theorem are equivalent by the remark after Definition 8.10.
The probability measure P € Pr(Pr(X)) has the following interpretation. For N €

Nand (xi,...,xy) € XV, define the so-called empirical measure EZE;C"""XN) on X as
(1) _ Ly
Eltn) - ¥ Z S, (8.80)

(¥ i) -
/XdEN’“ """ N o= — Xf(xi). (8.81)

Given a probability measure vy on XV, these formulae give a random probability
measure on X depending on a drawing from XV, i.e., a map

Ey: XN = Pr(X); (8.82)
(X1 sxy) > ESTN), (8.83)

Proposition 8.12. The probability measure P in Corollary 8.11 is given by

Jim dPyF — dPF, (8.84)
N—eo JPr(X) Pr(X)

for each F € C(Pr(X)) (that is, P = limy_,. Py weakly), where Py € Pr(Pr(X)) is
the probability measure on Pr(X) defined by vy € Pr(XN) and (8.82) - (8.83), i.e.,

Py(A) = vn(Ey'(A)) (A CPr(X)). (8.85)

Proof. By the Stone—Weierstrass Theorem it suffices to prove (8.84) for linear com-
binations of monomials like F(u) = p(fi1)--- 1(fx), where fi,...,fx € C(X) are
arbitrary and p(f) = [y du f. This is a simple computation: using (8.85), we have
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/I;rm dPyF = /XN dvn(x1,...,xy) F(ESV))
K 1 N
= /XN dVN(xl, R 7)CN) H <N ij(xl)>
N K 1 N
= dp(u) /XNd'uN(xl,...,xN) H (N Zlfj(x,>> ,

Jer(x) ]:1
where in the third step we used (8.79). The result follows, since clearly
K (1N
I\III_IQO o) dP(u) /XN duM (xy,... xy) JI:II (N,-Zlfj(xi)> _
/P 0 dP (1) /X dp(er) filxr) -+ /X du(xg) filxg) = /P o @PF O

We can also say more about the limit of the sum (8.81), So far, we have been
dealing with the Borel -algebras Zy C Z(XV) and %.. C Z(X*) generated by
the topology (i.e., by the open sets). On top of this, consider .y C By, defined
as the o-algebra generated by the permutation-invariant Borel subsets of XV, or,
equivalently, as the smallest o-algebra for which the permutation-invariant Borel
measurable functions on XV are measurable. Likewise, .% C PBoo: regarding A C
XN as a subset A x [[x-n X of X, we have .7 = Nyen-y. For any permutation-
invariant probability measure vy on XV, the Hilbert space L*(X,.%y, V) is a closed
subspace of L?(X", %y, vy), and the associated conditional expectation

E(y)NNN) ILZ(XN,%N,VN) —)LZ(X75/N,VN) (8.86)

is defined as the corresponding orthogonal projection. Since C(XV) c L*(X"), this
map restricts to C(X”). Similarly for N = . For each N € N, and also for N = oo,
we may regard f € C(X) as a function fx on X" through

fK(xl,...,xN):f(xk) KZI,...,N. (887)

Proposition 8.13. Let V.. be a permutation-invariant probability measure on X,
with restriction Vy to XV. Recall (8.42). For any f € C(X) we have pointwise:

SIN(f) = E(sy,wy) (1), Vn-almost surely; (8.88)
IJim SIN(f) = E(s,v.)(f1), Veo-almost surely, (8.89)
im :

where the left-hand sides of (8.88) and (8.89) are functions on X and X*, respec-
tively. Furthermore, if Voo = U for some [ € Pr(X), then pointwise on X,

lim Sy n(f) = /Xduf, u=-almost surely (f € C(X)). (8.90)

N—oo
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Equivalently, if L, C X is the set of infinite sequences (x1,x2,...) in X* for which
the limit in (8.90) exists for each f € C(X) and equals [y du f, then

u=(Ly) =1, (8.91)

Proof. Eq. (8.88) is almost trivial, since S; y(f) is permutation invariant and hence
already lies in L? (X,-%N,VN), so that the equality just expresses the projection prop-
erty E(Z,%\,,VN) = E (. vy)- Eq. (8.89) follows from the ergodic theorem, applied to

the probability space (X, B, Vo), the unilateral shift
T: (X] s X2, .. ) — ()Cz,)@, .. .),

and the random variable f; defined by f € C(X) via (8.87). Since V., is permutation
invariant, it is also T-invariant (in the sense that v..(T~!(A)) = V..(A) for any A C
B..). This follows either directly, where one has to realize firstly that

T'*l(Al><Az><...An><...):)()(Al><A2><...><...An><...7

and secondly that Z.. is generated by products []; A; with finitely many A; different
from X, or, more easily, from Corollary 8.11. The (pointwise) ergodic theorem gives

1\1,1_r>n SIN(f) =E(z;v.)(f1), Ve-almostsurely (f € C(X)), (8.92)

where %r is the o-algebra within Z.. by the T-invariant sets, and f; € C(X*) is still
defined by (8.87). Since .%,, C Ay and the left-hand side of (8.89) is .#..-measurable
(provided it exists, as we have just shown), eq. (8.89) follows from (8.92).

If Voo = U™, then the unilateral shift on X* is ergodic by Kolmogorov’s 01 law,
and hence the ergodic theorem gives (8.90). Alternatively, if V.. = u*, then the
random variables (fy), defined by (8.87) with N = oo, are i.i.d. (i.e., independent
and identically distributed) and (8.90) follows from the strong law of large numbers
(which, coherently, in turn may be derived from the ergodic theorem!). g

Note that (8.92) has been proved for f € C(X), but it holds for many other func-
tions, including f = 14, where A € A. This gives Borel’s law of large numbers

Al/im Sin(la) = pu(A), u~-almost surely. (8.93)
—o0

For example, take X = {0, 1} (e.g., a coin toss with outcomes 1 = heads and 0 =
tails). With f(x) = x in (8.90) or A = {1} in (8.93), writing p = u({1}), we obtain

lN
lim — Y x; = *_almost surely on 2. 8.94
im Nl;x, p, W<-almost surely on 2 (8.94)

N—oo

Equivalently, if L, C ;N is the set of infinite binary sequences xjx; - - - for which the
limit in (8.94) exists and equals p, then u>(L,) = 1, cf. (8.91).
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8.4 Frequency interpretation of probability and Born rule

Results like (8.90), (8.93), and (8.94) give a relationship between the single-case
probabilities 11 (A) or p and the limits of long series of trials on samples drawn ac-
cording to u or p. Despite the seemingly comforting appearance of N < o on the
left-hand side, this relationship depends in an essential way on the infinite idealiza-
tion X*, which is strictly necessary in order to be able to say that the limit (8.94)
holds almost surely relative to the measure (1. This violates Earman’s Principle (cf.
the Introduction), which is the reason why we prefer the limit (8.49) over (8.93).
Although these results are mathematically equivalent, both formalizing the idea
that if (xj,...,xy) are sampled from X according to some probability measure U,
then (1/N)YY | f(x;) converges to [y du f as N — oo, in (8.49) we never need to
work with the “actual infinity” N = e and (8.49) holds everywhere on Pr(X) rather
than almost everywhere on X*. One reason for this is that in (8.93) etc. the choice of
the sampling measure 1 has to be made at the beginning, whereas in (8.49) it only
comes in at the very end. But it has to made either way, and similarly for any other
serious effort to relate probability to frequencies in long runs of measurements.
The extreme delicacy of such efforts is clear from the fact that limiting results
like (8.90), (8.93), and (8.94) are insensitive to any finite part of the sum, whereas
any practical use of probability only involves finite trials. As Lord Keynes once said:

‘In the long run we are all dead.’

The founder of the mathematical theory of probability expressed himself likewise:

‘The frequency concept based on the notion of limiting frequency as the number of trials
increased to infinity, does not contribute anything to substantiate the applicability of the
results of probability theory to real practical problems where we have always to deal with a
finite number of trials.” (Kolmogorov).

Moreover, a definition of probability based on e.g. (8.93) is well known to be cir-
cular: although superficially the “almost sure” terminology in the statement of the
result might instill confidence in the reader, in fact it is an exceptionally strong con-
straint on the sequences (x,) € X in question that the limit should exist and has the
right value u(A), i.e., that (x) € Ly, cf. (8.91), and we see that this constraint can
only be formulated if the single-case probability u was already defined in the first
place. This shows that the link between probability and frequencies of outcomes of
long runs of trials only exists and makes sense if single-case probabilities are prior.
On the other hand, if single-case probabilities are “objective”, as those provided
by the Born measure in quantum mechanics ought to be at least in remotely realistic
interpretations of the theory (as opposed to “personal” or “subjective” probabili-
ties construed as “degrees of belief” or “rationality constraints” or whatever other
decision-theoretic concept in human psychology), then it is hard to say what they
really mean, since it is precisely about single cases that they do not seem to say
anything. This brings us to what we propose to call the Paradox of Probability:

Although single-case probabilities must be logically prior to probabilities construed
as frequencies, the numerical values of the former have no bearing on single trials
and can only be validated through their predictions about (finite) frequencies.
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This paradox imposes the following consistency requirement (which philosophers
may want to compare with Lewis’s “Principal Principle” that regulates credences):

The assumption that a single-case probability measure be | must imply that the
probabilities for the various outcomes of long runs of repetitions of identical exper-
iments (provided these are possible) are distributed according to L.

This describes the relationship between theoretical and experimental physics quite
well, but still leaves us in the dark as to the meaning of single-case probabilities!

We are now ready to revisit the Born rule, which we already discussed from
a purely mathematical point of view in §§§2.1, 2.5, and 4.1. To repeat the main
point, if a = a* € B(H) is a bounded self-adjoint operator on a Hilbert space, with
spectrum o(a), then any state @ on B(H) defines a unique probability measure [l
on 6(a) C R, called the Born measure, such that

o(f(@) = | o dHof. £ €C(o(a) (8.95)

where f(a) € C*(a) C B(H) is defined through the continuous functional calculus
(Theorem 4.3). For example, for f =idg(4), i.e., the function x — x, eq. (8.95) yields

o(a) = /6 012 (8.96)

The point of this construction of the Born measure is that it is obtained by simply
restricting the state @, initially defined on B(H), to its commutative C*-subalgebra
C*(a). If, in the spirit of (exact) Bohrification, such commutative algebras are iden-
tified with corners of classical physics within quantum theory, one may argue that
Heisenberg gave the right picture of the origin of probability in quantum mechanics:

‘One may call these uncertainties objective, in that they are simply a consequence of the
fact that we describe the experiment in terms of classical physics; they do not depend in
detail on the observer. One may call them subjective, in that they reflect our incomplete
knowledge of the world.” (Heisenberg, 1958, pp. 53-54)

See, however, §11.1. In any case, there are extensions of this construction to un-
bounded self-adjoint operators as well as to families of commuting self-adjoint op-
erators, to which the following discussion applies, too, mutatis mutandis.

The Born rule relates the Born measure for a to measurements of a and as such
is responsible for most predictions of quantum physics, especially in quantum field
theory, where the connection between theory and experiment mainly involves the
measurement of cross-sections computed from the Born measure via Feynman rules.
The Born rule and the Heisenberg uncertainty relations are often seen as a turning
point where indeterminism entered fundamental physics. Nonetheless, it is hard to
say what this Born rule actually states! We made a first attempt in §4.1:

If an observable a is measured in a state ®, then the probability Py(a € A) that the
outcome lies in some measurable subset A C o(a) C R is given by

Py(acA) = Uup(A). (8.97)
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Two questions immediately arise:

1. What is meant by a “measurement” of a (and by its “outcome”)?
2. What does the “probability” Py(a € A) mean?

Perhaps these are even the main questions in the foundations of quantum mechanics.
The first will be taken up in Chapter 11; for now, we simply assume that measure-
ments of quantum-mechanical observables a are defined and have outcomes in 6 (a).
The second has just been answered (or some might say evaded): through the Born
measure, the formalism of quantum mechanics provides numerical values of L (A),
whose mathematical meaning seems unquestionable, and whose operational mean-
ing is given by the predictions they give for outcomes of long runs of repetitions of
identical experiments. Therefore, all that remains to be done is derive these predic-
tions by analogy with the results in §8.3 for the commutative C*-algebra C(X).
One such attempt is—in its strengths and its weaknesses—quite analogous to the
Borel’s law of large numbers (8.93). Although we will soon move to B = B(H), the
following result is valid for any unital C*-algebra B, with infinite tensor product B*
as defined in §C.14 and recalled at the end of §8.2, including the map ¢y, : BY — B>.

Proposition 8.14. If € S(B), there is a unique state ® on B* such that

=

0~ (py(b1 @ -Rby)) = o(b,), MeN,by,... by €B. (8.98)

I
-

n
Moreover, ®™ is pure iff @ is pure.

This is a special case of Proposition C.105, with C; = B and w; = @ for all i € N.
We now take B = B(H) for some separable Hilbert space H, some observable
a = a* € B(H) with spectrum ¢ (a) C R, and some unit vector v € H, with asso-
ciated (normal) pure state @, in B(H) defined by @y, (b) = (v,bv), and Born mea-
sure e, = My on o(a). Now take the corresponding pure state @y, on B(H)™ and
construct the associated GNS-representation 7y (B(H)®). The Hilbert space He:z
carrying this representation is an example of an infinite tensor product of Hilbert
spaces in the sense of von Neumann, which may also be defined directly, as follows.
Take sequences (Y,) = (Y1, ¥, ...) with y, € H satisfying the condition

Y vl = 1] < oo (8.99)

the rationale behind this condition is that for any sequence (z,) of complex numbers,
the product [T, z, converges and has a nonzero limit iff ¥, |z, — 1| < oo, 50 (8.99) is
equivalent to the requirement that [T, || y,|| converges to some nonzero value. Fol-
lowing von Neumann, we now introduce the convention that if, for some sequence
(zn) of complex numbers, [], |z,| converges but [], z, does not, we define the latter
to be zero. On this convention, linear and continuous extension of the expression

((wn), (w2)) = [ T, W), (8.100)

n
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defines an inner product on the finite linear span Hg’ of all sequences (V) satisfy-
ing (8.99); the complete tensor product H” is defined as the closure of Hy in the
ensuing norm. However, this is not the Hilbert space of interest, since it is far too
large (e.g., it is not separable even if H is). To define interesting separable subspaces
of H®, we call sequences () and (y;) that both satisfy (8.99) equivalent if

Y [, ) — 1] < oo (8.101)

this turns out to be a bona fide equivalence relation. In particular, if () and ()
are inequivalent, then ((y,),(y,,)) = 0. For any unit vector v € H, we now define
the incomplete tensor product H;; as the closure of the linear span of all sequences
(y,) that satisfy (8.99) and are equivalent to vV (i.e., the sequence (y),) with ¥, =0
for each n), with inner product borrowed from H* (note that von Neumann’s termi-
nology “incomplete” is somewhat confusing, since H;, is complete as a normed
vector space and in particular it is a Hilbert space). By construction, v € Hy, and
it is easy to show that H;; is the closed linear span of all sequences () that differ
from v € H in at most finitely many places. We often write ®, Y, or Y1 QY ®---
for (y,). Furthermore, for any M € N, any b € B(H) defines a bounded operator

bE)M) on Hy by continuous linear extension of

B (Y @ QYD) =Y R R RbY @ . (8.102)

This extends to a representation 75 of B on H{, as follows. Define b)) € B~ by

b(M):(p}‘/[(ly(g)...(g1H®b)7 (8.103)

in which 1y ®---®1y®b € BM, and @y : B — B* was defined after (8.58). In
other words, for b € B(H), the operator b™) is the element of B* given by the
equivalence class [a;/y]n of the sequence (a;/y)y With 1p in every place except
ay/u = b. We then define 7y (B*) by linear and continuous extension of
o7 (M M M M,
g (BM)pyy = p{M L ) (8.104)
Proposition 8.15. For any unit vector v € H, the GNS-representation Tty (B™) on

H gz is unitarily equivalent with 7y (B*) on Hyy, under which equivalence the cyclic
vector Qg € Hyz corresponds with v™ € Hy.

Proof. This is a simple consequence of Proposition C.91 and the equality

oy (a) = (V7,15 (a) V™) gz, (8.105)
o _ M) _ (M) (MN) : ;
initially for a = b\*/, subsequently for a = b; by, and finally, by linearity
and continuity, for any a € B~. O

In view of this, we will henceforth identify the two Hilbert spaces etc., so that:
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Hye = HE: (8.106)
T (™)) = b3; (8.107)
Quz =V~ (8.108)

Recall that Z(H) is the set of all projections on H, seen as a lattice ordered by
e < f iff ef = e, which is equivalent to eH C fH, and coincides with the order
in B(H )sa, cf. Proposition C.170. Also, & is the Boolean lattice of Borel subsets
of o(a), ordered by inclusion. For each Borel set A C 6(A) we have an associated
spectral projection e4 € & (H), and the map A — e, defined by the Borel functional
calculus, i.e., Theorem B.102, is a lattice homomorphism from % to &?(H). This
follows because from the perspective of the Borel functional calculus the map A —
ey is really the map 14 — e4, which is the restriction of a homomorphism between
C*-algebras and hence preserves positivity. Let 4> be the Boolean lattice of Borel
sets B~ in o(a)™. As above, take some unit vector v € H, with corresponding
vector state @, on B(H) and associated state @y on B(H)* as defined in Proposition
8.14, which in turn defines the GNS-representation 7> of B(H)™ on the Hilbert
space Hgz. The lattice homomorphism A — e, then extends to a homomorphism

& B PHyp): (8.109)
5 (oD
Apx-x Ay x [T ola) = mog(ey)---eq); (8.110)
M+

this defines ¢ on the basis Borel sets in 6(a)* and extends to all of #%. Realizing
Hgz as the infinite tensor product Hy, cf. (8.106) - (8.108), we rewrite this as

e (Al X X Ap X Hc(a)> =) e @.111)
M+1

Theorem 8.16. Let a = a* € B(H), let 1y, be the Born measure on ¢ (a) defined by
some unit vector v € H, and define ¢ by (8.111). Let o(a)3 be the set of all points
in o(a)* for which (8.92), or, equivalently, (8.93) holds (with L ~ L, ). Then

e”(o(a)y) = leg” (8.112)
Furthermore, if A C o(a) is Borel measurable, then, using the notation (8.39),
lim Sl,N(eA) = ,LLD(A) . 11-10,90, (8113)
N—ro0 v

in the strong operator topology (i.e., applied to each fixed vector in Hys ).

This is the quantum-mechanical law of strong numbers, plus its Borel version. In
comparison, the strong law of large numbers or Borel’s law of large numbers gives

uy(o(a)y) =1. (8.114)
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Proof. For any probability measure (1 on any o-finite compact space X, the corre-
sponding probability measure (1™ on X is characterized by the property

pe (A x--x Ay xAx [ ola) | =u(A)u= | Ay x---xAy x [] o(a) |,
M2 M1
for any M € N and Borel sets A; C X. The measure v on & (a)” defined by
v <A1 )< A x T o@)) = o (effl>---e%>) (8.115)
M+

satisfies the above property for i = i, and hence coincides with (. In view of this,
egs. (C.196) and (8.114) give

(Qay,e”(0(a)7) Q) = 1. (8.116)

For any projection ¢’ and any unit vector Y’ € H' in any Hilbert space H’, the prop-
erties (V. e'y') =1, ||¢'y/|| = 1, and 'y’ = y' are equivalent. Therefore,

ew(G(a)“{f)Qw;; = Q. (8.117)
Consider a vector ®,Vy, € Hy, where only y1, ..., Yg possibly differ from v (K <
o). Noting that by (8.106) - (8.107) the right-hand side of (8.115) may be written as
o (1 M 1 M
o ( gl)...e/(w)) = (Quz, Tz (ef;l)"'ei,w))ﬂm
= (07, (e}, @ @elh) ), (8.118)

we modify (8.115) so as to define a new measure v’ on 6(a)* by

v (Al X oo X Ay X H O'(a)) = <®,,l/l,,,(egll)v®~~-®e%)v)®n Vo).
Ml

Generalizing the above case of u*, the measure v = Ly, X -+ X Ly, X [Tg41 Mo
on 0~ is characterized by the following two properties:

V” <A] Xoees XA](X H G(a)) = “WI(A])”'“"I/K(AK); (8119)
K+1

v’ <A1 X XAy XA X ﬁ G(a)) = Uy (A)V' (Al X oo X Ay X ﬁ G(a)),

M+2 M+1
(M > K), (8.120)

oo

and hence v/ = v". Therefore, even though V' # u’, we have v/(o(a)5) = 1, since
membership of 6(a)5 is entirely defined by the tail of the event. Hence we obtain
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€”(0(a)3) @n Yn = @n WY, (8.121)

by the same reasoning as for V™ = Q. Since the linear span of such vectors is
dense in Hy = Hy; and the projection e*(o/(a)y) is bounded, we obtain (8.112).
To derive (8.113), we use the definition of the Born measure ,, to find

[($1v(en) ~ o (ADV7] = 3 (0 () 20 (4P),  (8122)

which vanishes as N — oo, so that (8.113) holds on 0. A similar computation proves
(8.113) on vectors ®, , as above, since the initial K terms where possibly y,, # v
drop out in the limit N — . Thus we have (8.113) on a dense subspace of H:.
Since the strong limit operator iy, (A) - 1 Hy is bounded, this proves (8.113). 0

An alternative argument shows the mere existence of the limit on the left-hand side
of (8.113) on the same dense set, upon which the limit operator is seen to commute
with all local and hence (by norm-continuity) with all quasi-local operators. Since
@y is pure, so is @}, and hence 7y is irreducible. Thus the limit is a multiple of
the unit, and the coefficient 1, (A) then follows from the computation

lim (‘U S] N(eA) > [Jv< ) (8123)
N—yoo
To reduce the level of abstraction and since it is an important case, we now spe-
cialize Theorem 8.16 to a two-level system, i.e., B = M, (C). In other words, we take
H = C?, and pick a simple observable a = diag(1,0) with non-degenerate spectrum
o(a) =2 ={0,1}, so that measurements outcomes are just strings of zero’s and
one’s. Furthermore, we take a unit vector v = ¢o|0) + ¢;|1), where |0) = (1,0)
and |1) = (0,1) form the standard basis of C2, and |co|> + |c1]|? = 1. We write
= |c1|*. The Born measure py, on o(a) = {0,1} is then given by uy({1}) = p
and Uy ({0}) = 1 — p; cf. (2.10) - (2.11). Taking A = {1}, we have ¢4 = |1)(1]. The
Hilbert space (C?) is the closure of the finite linear span of vectors of the kind
W1 @ Y, - with y, € C? and only finitely many , possibly different from v. For
M € N, the operator|1)(1|)) sends such a vector to y; @y --- @ (|1) (1|y) ®
with all y,, unaffected except for n = M. Eqgs. (8.112) - (8.113) then simply read

Ly (o1
135130@2‘1('”“' ) =p- L, (8.125)

where ;;" denotes the set of all infinite binary strings xx; - - - for which x; € 2 and

hm — le (8.126)

and once again the limit in (8.125) is meant strongly, i.e., the expression on the
left-hand side must be applied to a fixed vector in (C?).
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Theorem 8.16 forms the (mathematical) culmination of attempts that started in
1960s to derive the Born rule from other postulates of quantum mechanics, no-
tably the so-called eigenvalue-eigenvector link, according to which a quantum-
mechanical observable has a definite value if and only if the current quantum state is
an eigenvector of the associated operator. This link is applied to the state v (or to
any other state with approximately the same tail) and the operators e (c(a)j) and
limy o0 St v (ea). The idea, then, is that according to (8.112), the property expressed
by the projection e (o (a)5) is certain in the state 0*° (for qubits this means that any
possible infinite string of binary measurement outcomes has average value p). This
is reinforced by (8.113), which states that the frequency operator for the outcome A
has a sharp limit equal to u(A) (for qubits, with A = {1} this limit is p).

However, although the mathematics is suggestive, apart from the fact that the
eigenvalue-eigenvector link itself falls prey to Earman’s Principle (in that sharp
eigenvalues and eigenvectors are an idealization in a world full of continuous spec-
tra), this particular application of the link makes sense only at N = co. In this re-
spect, eq. (8.124) has the same drawback as the strong law of large numbers (on
which its derivation indeed relies), including the fact that attempts to define proba-
bilities through (8.113) or its special case (8.125) are inherently circular. Moreover,
0~ fails to be an eigenvector of any finite-N approximant to (8.125), and by the
same token, the limit operator defined by (8.125) can only be measured via its in-
dividual contributions |1)(1|™), none of which has v as an eigenvector; in fact, it
can be shown that any joint eigenvector of all projections |1)(1|®) is orthogonal to
the entire space (C2)3 with the complete infinite tensor product (C?)*.

Problems with Earman’s Principle are avoided if we use Theorem 8.4 (applied
to B = B(H)) rather than Theorem 8.16: the sequence of operators S; y(e4) forms
a continuous section of the continuous bundle of C*-algebras with fibers (8.50) -
(8.51), whose limit at N = oo, in the sense of (8.46) or (C.560), is given by

Sie(es) : @ — o(A); (8.127)

recall that S| (esa) € C(S(B(H))). In particular, for pure states @ = @, we obtain
the Born probability iy, (A). As we have also seen in the commutative case, this limit
avoids infinite idealizations and other problems with the law of large numbers.

From the point of view of (asymptotic) Bohrification, C(S(B(H))) provides a
classical description of a long run of identical experiments, which becomes increas-
ingly accurate as N — oo; this is the whole point of the limits (8.46) and (C.560). In
particular, the unsound eigenvalue-eigenvector link has been replaced by the role of
points @ € S(B(H)) as truthmakers, which is uncontroversial in classical physics.
If the quantum state in each identical experiment on the given (single) system is @,
then the above derivation shows that in the limit N — oo, this state acquires a clas-
sical meaning (which according to Bohr would even be the only meaning it has),
namely as the point in the “classical phase space” S(B(H)) that gives the relative
frequencies of outcomes of the given long runs of identical experiments. Short of
deriving the Born rule, this at least provides the reasoning that links the Born mea-
sure (which is canonically given by the theory) to experiment.
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8.5 Quantum spin systems: Quasi-local C*-algebras

Beside the Born rule, our second application of the previous formalism is to quan-
tum spin systems, especially to spontaneous symmetry breaking (SSB), see Chapter
10. Postponing a conceptual discussion of infinite systems in their role of idealiza-
tions of finite systems to the preamble of that chapter, for the moment we just de-
scribe infinite quantum spin systems mathematically. As in §C.14, we take a Hilbert
space H, here assumed finite-dimensional, i.e., H = C", and use the standard lattice
Z¢  RY in dimension d. For any finite subset A C Z9, i.e., A € P4(Z4), we put

Hp = ®xeaHys (8.128)
Ax = B(Hp) = @reaB(H,), (8.129)
where H, = H for each x € A, cf. (C.297) and (C.303). The symbolic notations
Il

A= ®,cz4B(H) =limyAp = W : (8.130)
AE:‘,ﬂf(Zd)

all come down to the same thing—see §C.14, notably (C.323) and (C.317)—and

define a quasi-local C*-algebra. Elements of each Ay C A are called local observ-

ables, those in the closure of their union are referred to as quasi-local observables.
Eq. (8.129) defines a map A — A4, which has three important properties:

Ay CAu if AW CA® (Isotony); (8.131)
A, 0,A,0] =0 if AVNAR =0 (Einstein locality); (8.132)
A\ = A,/ (Haag duality), (8.133)

where A;\ in (8.133) is the commutant of A4 within A, and, in cute notation, we put
Al =74 \A (which is infinite), so that the right-hand side of (8.133) denotes

i
AA/ = ®XEA'B(H) = U AA(I) 5 (8134)
AWeP2 (Z4\A)

which is a C*-subalgebra of A. Since A(®) ¢ Z4\A(D) whenever AV N AR =,
Haag duality implies Einstein locality (and sharpens it), but it is still worth men-
tioning these properties separately: although in quantum spin systems (8.133)—and
hence (8.132)—holds, Einstein locality is a more fundamental property (e.g. it is
also valid in algebraic quantum field theory, where Haag duality may well fail).

We now discuss some C*-algebraic concepts that will be needed for the analysis
of SSB. Through the associated GNS-representation 7, : A — B(Hy,), any state @ on
A defines two interesting subalgebras of B(Hy,), which a priori may be different:

e The center AS, = 11»(A)" N7y(A);
e The algebra at infinity A, = ﬂAeg,,/(Zd) To(Apr)".
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Recall that the center of a von Neumann algebra M C B(H) is M NM’, and that M is
called a factor if MNM = C- 1 (cf. §C.21), so A is the center of the von Neumann
algebra 7, (A)”. It is easy to show from Einstein locality that A%, C AS). If each local
algebra A, is simple, Haag duality yields the opposite inclusion, so in that case,

AZ = AS,. (8.135)

Given (8.129), this applies as long as dim(H) < oo, in which case also A is simple.
The algebra at infinity provides a new perspective on the macroscopic observ-
ables in §8.2. Averages like |A|~! Y c4 b(x), where b € B(H), do not have a limit
in A as A 1 Z4, but (depending on ) their representatives |A|~' ¥ cp 7o (b(x))
may have a weak limit in B(Hy,). If they do, Einstein locality implies that the limit
operator lies in algebra at infinity Ay, (and hence, assuming (8.135), in AY). If the
algebra of infinity is trivial (i.e. C- 1y, ), macroscopic observables are therefore “c-
numbers”, i.e., multiples of the unit operator. In particular, they do not fluctuate,
which is among the defining properties of pure thermodynamic phases. Formally,
this idea is captured by the following generalization of the notion of a pure state:

Definition 8.17. A representation m(A) is primary if 7(A)" Nw(A)' is trivial.
A state @ € S(A) is primary if the GNS-representation T is primary.

For compact groups G (or rather their group C*-algebras C*(G)), all representations
are completely reducible, and a representation is primary iff it is a (possibly infinite)
multiple of some irreducible representation. However, this is not the right picture for
general groups or C*-algebras, which requires some discussion. In preparation, we
call some representation 7' (A) on a Hilbert space H' C H a subrepresentation of
a representation 7(A) on H, written n' C &, if #’ = 7. Subrepresentations 7’
of 7 correspond to projections e € m(A)’, such that 7’'(a) = em(a). It follows that
71 (A) and m, (A) have equivalent subrepresentations iff there exists a nonzero partial
isometry w : Hy — H, such that wr; (a) = m(a)w for all a € A.

Definition 8.18. Two representations | and m, of a C*-algebra A are called:

1. equivalent if there is a unitary u : Hy — Hy such that um (a)u* = my(a) (a € A);

2. quasi-equivalent if every subrepresentation of m| has a subrepresentation that
is equivalent to some subrepresentation of T, and vice versa,

3. disjoint if they do not have any equivalent subrepresentations.

We say that two states @1 and @, on A equivalent, disjoint, or quasi-equivalent if
the corresponding GNS-representations T, and T, have the said property.

In other words, 7; and 7, are quasi-equivalent iff 7z; has no subrepresentations dis-
joint from 7,, and vice versa. This, in turn, is equivalent to the property that the set
of m-normal states on A, i.e. states of the form a — Tr(pm;(a)) with p € D(H;), is
the same for i = 1 as it is for i = 2. Contrapositively, 7 and m, are disjoint iff no
state exists that is both 7j-normal and 7,-normal. For example, taking A = C(X),
in which case states are probability measures { on X, equivalence and disjointness
of states recovers the usual notions of equivalence and disjointness of measures,
respectively (i.e., having the same null sets and having disjoint supports).
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Proposition 8.19. For any state @, if ® =t®; + (1 — ) for some t € (0,1), then
) and w, are disjoint iff there is a projection e € A, = Ty (A) N7, (A)” such that

T (A)er, = Tay (A); (8.136)
o (A) o1, = Ty (A)- (8.137)
Since subrepresentations of 7T, (A) always correspond to projections e € 7, (A)'; the

key assumption being made here is that e also lies in the weak closure 7, (A)".

Proof. One direction is easy: if (8.136) - (8.137) hold, then (arguing by contradic-
tion) equivalent subrepresentations 7; (A) of 7y, (A) and m(A) of 7y, (A) are given
by projections e; < e and ey < el =1 H, — € , respectively, through

7i(a) = (@) eh,, (i=1,2,a€A), (8.138)

and the partial isometry w on Hg, whose restriction to e; Hg, implements a (unitary)
equivalence between 7;(A) and m,(A) by definition satisfies w*w = e, ww* = e;.

Moreover, e; < e implies we = w and e, < e implies e w = w, which together give

e*we = w. Furthermore, again by definition, w € 74 (A)’. If now e € 7, (A)”, then

we = ew. Combining these equalities gives w = 0, which is the desired contradiction.

Lemma 8.20. For any functional @' € A* such that 0 < @' < @, where ® € S(A),
there is an operator ¢ € g (A)' on Hy such that 0 < ¢ < 1y and

o' (a) = (Qg,cTy(a)Ry) (a €A). (8.139)
In particular, there is a vector & € Hyg, such that
o' (a) = (&, 70 (a)é)n, (8.140)
Proof. Cauchy-Schwarz for the positive semidefinite form (a,b)’ = @'(a*b) gives
|0 (a*b)? < 0'(a*a)' (b*b) < ©(a*a) 0 (b*b) = || e, () o, || e, (0) a1

Hence we obtain a well-defined positive quadratic form B on Hy,, initially defined
on the dense domain 7, (A) Qg X 7y, (A) Qg by the formula

B(710(a) R, o (b)Q0) = 0 (a'b), (8.141)

and extended to Hy, X Hy by continuity; the above inequality immediately gives
|B(o, )| < |lo||||lw]l, and hence Proposition B.79 yields an operator 0 < ¢ < 1y
such that B(¢@, ) = (@, cy). With (8.141), this gives (8.139). We now compute

o' (@*b*d) = B(T(ba) Qu, T (d) Q) = (T10(a) Re, T (b )cTo(d) Qo)
= B(T1(a) Qo o (b°d) Qo = (T () Ly, T (b7 Tr (d) R,

so that [¢, Ty (b*)] = 0 for each b € A, i.e., ¢ € Ty (A)'. Writing ¢ = ¢7 with ¢} = ¢y,
and then & = ¢1Qy,, completes the proof. O
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We continue the proof of Proposition 8.19 in the converse direction. Assume
o=to+(1—t)o = 0] + 0, (8.142)

with @] =r@; and @) = (1 —1)ws, so that 0 < @] < ® and 0 < ®} < o. It follows
from the first claim in Lemma 8.20 that there is ¢ € B(Hy,) as stated such that

o} (a) = (Qo,cTw(a)Qo); (8.143)
) (a) = (Qp, (1h, — ) Tw(a)Qp), (8.144)

where (8.144) follows from (8.143), (C.196), and ® = o] + . Define @’ € A* by
o' (a) = (Qy,c(1y, — ) Tp(a)Qp)- (8.145)

We have 0 < ' < o (since ¢(1g, —c¢) <c¢) as well as 0 < @' < w} (since also
¢(lg, —c) < 1p, —c). Now assume that @; and @, are disjoint. Applying (8.140)
with ® ~~ @; shows that @’ is 7r;-normal as well as 7>-normal, so that it follows from
the remarks following Definition 8.18 that @’ = 0. Since Qy, is cyclic for 7, (A) by
the GNS-construction, this implies ¢(1g, —¢) = 0, and hence ¢2 = ¢. Since ¢ > 0,
which implies ¢* = ¢, it follows that ¢ is a projection, henceforth called e. Therefore,

01(a) = (Qgp,emy(a)R0)/||eQw||*: (8.146)

W (a) = (Qo, e T (a)Q0)/|le" Qo (8.147)

where 1 = ||eQy]|?. We see from these formulae and Proposition C.91 that 7, and

T, are equivalent to the restrictions of 7 to eHg, and e H,,, respectively; under

this equivalence, the cyclic vectors £, and Q, correspond with eQ,/|e£24|| and

et Qy/||et Qp||, respectively. Since e € 7, (A)’ by Lemma 8.20, it only remains to
be shown that e € 7, (A)". To this effect, for any b € 7, (A)" and ¥ € Hy, define

o' € A%
@ (a) = (etbey, my(a)etbey). (8.148)

Then " is positive, as well as 7, -normal, the latter because of the presence of the
projection e and (8.147). But for a € A" we have the inequalities

0 < 0”(a) < ||letb||*(ew, gy (a)ey), (8.149)
so that 0 < @” < o' for the state (assuming ey is a unit vector)
o) (a) = (y,emy(a)ey). (8.150)

Since ey € eH,, the latter state is 7y, -normal, so that @]’ is itself 7, -normal by
Lemma 8.20 (which argument by now should sound familiar). Again invoking dis-
jointness of @; and @,, it follows that @” = 0, which, since Y was arbitrary, in turn
yields e*be = 0 for any b € 7, (A)’. This forces e € T, (A)". O
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The first of the following corollaries to Proposition 8.19 is Hepp’s Lemma:

Lemma 8.21. Let w : A — B(H) be a representation of A, and let y,y, be unit
vectors in H. Then the vector states ;(a) = (y;, w(a)y;) (i = 1,2) are disjoint iff

(v1,7(a)yn) =0 (a €A). 8.151)

Proof. Take, for example, ® = }(®; 4+ @,) in Proposition 8.19. O

Corollary 8.22. 1. Tivo primary states are either disjoint or quasi-equivalent.
2. A state is primary iff it has no convex decomposition into disjoint states.

Recall that a state is pure if it has no nontrivial convex decomposition whatsoever.
The analogy between pure states and primary states may be completed as follows:

e o pure <> Ty(A) = C-1 (cf. Theorem C.90);
e ® primary <> g, (A) N7y (A)” = C- 1 (cf. Definition 8.17).

A physical property of primary states is that the corresponding correlation functions
have a clustering property of a kind that may even be experimentally accessible:

Theorem 8.23. A state ® on a quasi-local C*-algebra A (8.130) has trivial algebra
at infinity, i.e., Ay, = C- 1, iff it is clustering, in the following sense: for each a € A
and € > 0 there is a finite A C 7¢ such that for all b € A, with ||b|| = 1 one has

|w(ab) — o(a)o(b)| < €. (8.152)

In particular, if @ is primary, then it is clustering and hence (8.152) holds.

Proof. The complete proof is quite technical, but the main idea is as follows. Choose
finite regions A, moving to infinity (i.e., eventually avoiding any given A), and pick
elements ¢, € Ay, ), ||cn|| = 1. The sequence (7, (c,)) in B(Hg) has a weakly con-
vergent subsequence with limit ¢ € B(Hy,). This follows from the Banach—Alaoglu
Theorem B.48, applied to B(H,,) seen as the dual space of Bj(Hgy)): on the unit
ball, the corresponding weak*-topology on B(H,) coincides with the weak operator
topology, so that the unit ball in B(H,) is weakly compact and the theorem applies.

e By von Neumann’s Bicommutant Theorem C.127 we have ¢ € 7, (A)".
e By Einstein locality (8.132) and the delocalization of the A, also ¢ € T, (A)'.

Hence c € A¢,, and by a more refined argument (which is unnecessary if if Ay, = AY)),
even ¢ € Ag,. Soif A7 = C- 1 we have ¢ = (Q4,¢g) - 1. On the other hand,

<Qw7 CQ(D> = 111’1‘1(!2(,)7 n'a)(cn>gw> = lim CO(C,,),
n n
so that we may compute:
lim®(ac,) = 1Im{Qgp, T (@) T (cn) o) = (Ru, Tw(a)cRyp) = o(a)limo(c,).
n n n

Thus for any € > 0 there is an N such that |@(ac,) — w(a)®(c,)| < € for alln > N.
To derive (8.152) from this, an easy reductio ad absurdum argument suffices.
The converse direction follows from Kaplansky’s Density Theorem C.131. [
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8.6 Quantum spin systems: Bundles of C*-algebras

In this section we reformulate the theory of quantum spin systems in the continuous
C*-bundle language of §8.2. First, for each N € N we define Ay € 2(Z%) by

Ay ={xeZ| x| <N}. (8.153)

We then have the following analogue of the continuous bundle of C*-algebras Al
of C*-algebras of Theorem 8.8. The base space remains I = 1/N C [0, 1], where
N={1,2,...,e} (seen as possible values of 1/%), and the fibers are given by

Ag =A=limyAs, = |J Ax, (8.154)
NeN
AI/N :AAN ZB(HAN) (NEN), (8155)

cf. (8.128) - (8.130), still assuming dim(H) < eo. As before, the topology of this
bundle is defined through its continuous cross-sections (a; /N)NGN’ which are the
analogues of the quasi-local sequences of Definition 8.7. Given (8.154) - (8.155),
each fiber algebra Ay is a subalgebra of A¢, and some sequence (a)/y)ycx; Simply
defines a continuous cross-section of the bundle iff within A (i.e. in norm) we have

lim ayy = ao. (8.156)

In other words, a sequence (a;/y)nven With aj/y € Aj/y C A is quasi-local in the

sense of Definition 8.7 iff it converges in A (i.e., iff it is Cauchy in the norm of A).
The continuous bundle of Theorem 8.4 makes equally good sense for quantum

spin systems. First, with B = B(H) = M,,(C), the fibers are obviously given by

Al = Cc(S(B(H))); (8.157)
AY) = B(Hy,). (8.158)

Second, the continuous sections are once again specified via symmetrization maps
Sun : B(Hp,,) = B(Hp,,), (8.159)
defined similarly to (8.39), namely via canonical symmetrizers
Sy : B(Hay) — B(Hp,,) (8.160)

that are defined a la (8.35) - (8.36), where this time the tensor product and ensuing
permutation in (8.35) are over all sites x € Ay. Regarding a;/y € B(Hp,,) as an
element o/ m Of B(H,, ) via the embedding Aa,, < Ay, we finally define Sy v by

Su(am) = Sn(dj ). (8.161)
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Symmetric and quasi-symmetric sequences may then be defined exactly as in
Definitions 8.2 and 8.3; each quasi-symmetric sequence (a; /N) ~NeN duly has a limit
ap € A(()C> given by (8.46), where " is defined as in (8.47), once again with a tensor
product over all sites x € Ay. By definition, the continuous sections of the bundle
(8.157) - (8.158) are then given by the quasi-symmetric sequences.

Although the fibers A in (8.154) and C(S(B(H))) in (8.157) are as wide apart as
they could possibly be, they stunningly arise as limit algebras at 7 =0 (i.e., N = oo
or A = Z4) for the same fiber algebras (8.155) and (8.158) at i > 0 (i.e., N < oo or
A € P4(Z4)). As in §8.2, the difference lies in the choice of the topology on the
bundle, defined via the continuous sections, which in the first case are the quasi-local
sequences, and in the second are the quasi-symmetric (i.e., macroscopic) ones.

An interesting connection between these bundles can be obtained via the follow-
ing concept, which in a way justifies the introduction of the bundles themselves.

Definition 8.24. A continuous field of states on a continuous bundle of C*-algebras
with fibers (A1) e is @ family (@ )y ) ycxy where

oy € S(Ay/n); (8.162)
dim oy (ayy) = aolao), (8.163)
for each continuous cross-sections (a; /N). In that case, we write

Wy :Al,l_f)llowl/m (8.164)

despite the fact that all states in question may be defined on different C*-algebras.
For example, any state @ on Ag = A as in (8.154) defines a continuous field:

Proposition 8.25. For any state ® € S(A), the set (@) /) ycr; of states defined by

Wy = ; (8.165)
Oy/N = O,y (8.166)
is a continuous field of states on the bundle with fibers (8.154) - (8.155).

Proof. We use the notation of Definition 8.7. For local sequences (8.57) we have

oy/y(an) = ola ) = o(ayy),

forall N > M. Since ap = a; y, this equals @y (ap). For quasi-local sequences, ay is
the limit of the sequence (a; ) in the norm of A, so that w(a; /y) — @(ao). O

Definition 8.26. A state ® € S(A) is macroscopic if limy . @(a; /y) exists for any
(quasi-) symmetric sequence (ay/y).

It does not matter whether we put “symmetric” or “quasi-symmetric” here, since
existence of the limit for symmetric sequences implies its existence on quasi-
symmetric sequences. Indeed, using the fact that ||@|| = 1, we may estimate
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|@(ay)n) — ©(aym)| < [0(@)y) — oldy)|
+lain —aynll+llam —amll, (8.167)

for any sequence (4 /). Using Definition 8.3, and hence taking (& /) symmetric,
we see that if (@(d;/y)) is a Cauchy sequence, then so is (@(a; /y)).

Proposition 8.27. A macroscopic state ® determines a state (1)8c> on C(S(B)) by

wéc) (ag) = Lim o(ay/y), (8.168)

where (ayy) is any quasi-symmetric sequence with limit ag € C(S(B)), cf. (8.46).

Proof. First, note that a)o(c> is independent of the choice of the approximating se-

quence (a; /N), since by the same argument as in the proof of Proposition C.126, if
ay /N — ag as well as a’l/N — ag, we have

. ) _ . _
A}I_IQOHGUN dyy |l = llao — aoll =0, (8.169)
and because ||| = 1 for any state @, we also have
|w(a1/N_a/1/N)| < Hal/N_all/N”- (8.170)
Egs. (8.169) - (8.170) obviously imply
A%i_r}riow(al/N) :Al]i_r&a)(a’l/N). (8.171)
We next show that if a; vy — ao and by /5 — by in the sense of (C.560), then
al/Nbl/N — apby.

If (a;/y) is a symmetric sequence a la (8.43), and likewise (b;/y), where we may
assume without loss of generality that M is the same for both, then

ao(p) = p™ (arjm), (8.172)

where p € S(B), and likewise for by. Using (8.38), we obtain
AlliggoPN(m/NbuN) = pM (a1 )m)p" (b1/n1) = ao(p)bo(p) = (aoho)(p). (8.173)

In particular, if aj/y — ao, then aT/Nal/N — agap. Since  is a state, it follows

that (u(gc) (agao) > 0, and since also a)éc)( lg)) = 1 (because the sequence with

ayy =1 H,, converges to Ls(m)))s the claim follows for symmetric sequences.
For quasi-symmetric sequences (a;/y) the result follows by approximating (a;,y)
with symmetric sequences (cf. Definition 8.3).
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Each state a)éc) €S (A(()C)) is represented by a probability measure p on the state
space S(B(H)) of B(H). We compute this measure if @ € S(A) is permutation-
invariant in that each restriction @/ y = @Oy Ay is invariant under the natural
action of the permutation group &4, on B(Huy) = ®@yepyB(H), where N € N
and |Ay| is the number of points in Ay (as in the case of B* in §8.2). It fol-
lows from the Quantum De Finetti Theorem 8.9 (and the fact that that the set
§S=(A) of permutation-invariant states on A is a so-called Bauer simplex) that each
permutation-invariant state @ € S~ (A) takes the form

o=[  dulp)p”, (8.174)
S(B(H))

where U is some probability measure on S(B(H)), and p € S(B(H)); the associated
state 0 on A is defined by its values on each A4, C A via the isomorphism

Apy = @penyB(H). (8.175)

Furthermore, the integral in (8.174) is defined weakly, i.e., for any a € A the number
o(a) is obtained by integrating the function p — p>(a) on S(B(H)) with respect to
. In particular, ® € 9,5%=(A) iff u is a Dirac measure on S(B(H)).

Proposition 8.28. Each permutation-invariant state ® € S°=(A) is macroscopic

(cf. Definition 8.26), and the probability measure 1 on S(B(H)) defined by a)(()c>
via (8.168) coincides with the one appearing in (8.174).

Proof. Let (a /N) be a symmetric sequence (the quasi-symmetric case follows from
this), so that a;/y = Sy n(a;/y) for some M whenever N > M, cf. (8.43). The limit

ap € C(S(B(H))) is given by (8.172), so that state a)(gc) on C(S(B(H))) defined by

o= [ du(p)f(p) (8.176)
S(B(H))
satisfies the required condition

lim @ /y(a = /y(a :/ d M(q =0\a). O
Aim oy (ayy) = oyularm) S p(p)p™ (aim) = @y (ao)
To proceed we make the following technical assumption on @ € S(A) (which is
satisfied in typical physical models): if 7y (a;/y) — 0 weakly in B(Hg), for some
sequence (aj/y) where a; )y € Ay y, then 7y (a;/y) Qe — 0in B(Hg) (in norm).

Theorem 8.29. Assume that the state ® in part 1 below (and likewise the states ®,
and @y in part 2) satisfies the above technical condition. Then:

()

1. If @ is a primary macroscopic state on A, then the corresponding state @, is
pure, i.e., the probability measure |1 on S(B(H)) is a Dirac measure.

2. If oy and m, are quasi-equivalent primary macroscopic state on A, then | = Uy
(and hence if Uy # W, then @) and @, are disjoint).
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The techniques in the proof below can be used to show that our additional assump-
tion is equivalent to: if (8.178) below holds weakly in B(Hy,), then it also holds
strongly. Thus we could have redefined a macroscopic state ® as one for which the
strong limit limy e, 7Ty (a1 /v) exists in B(Hg) (and some authors indeed do so).

Proof. We first show that if @ is a primary macroscopic state on A, and (a; /N) is
symmetric (from which the quasi-symmetric case duly follows) such that

lim (I)(al/N) =a, (8177)

N—ro0

then, in the weak operator topology on the GNS-representation space B(Hy),

lim 7Tw(611/1v) =a-ly,. (8.178)
N—roo

To this end, we first note that [|a; /v || is uniformly bounded in N: if (a;y) is sym-
metric, as in (8.43), then obviously ||a; /|| = ||a; /|| for all N > M, so that if (a; /y)
is merely quasi-symmetric we have ||la;/y|| < [|a;/yl| + € for all N > M, where €
and M are the quantities appearing in Definition 8.3. Hence it is enough to establish
the weak limit (8.178) between states in a dense set, viz. T, (b)Qg, where b € A,
or even in UyAyy. Furthermore, using the polarization identity (A.5) and (C.8) -
(C.9), it is enough to prove that for each K € N and b € A; /g, we have

lim o(b*a;/yb) = aw(b*D), (8.179)

N—roo

since by the GNS-construction we obviously have

Theorem 8.23 implies (or even states) that if @ is primary, for eachb € A and € > 0
there is M € N such that for alla € A}y = with [la]| = 1, we have

|0(b*ba) — o(b*b)w(a)| < €. (8.181)

Assuming b € A g, we first note that limy_,«[a;/y,b] = 0 in norm (even though
limy a1y does not exist in norm), and secondly that, for any given M € N, if
dy/y is the same as a;/y except that in any term b @ --- ® b|,,| that contributes to
ay/y we replace b; ~~ 1y whenever b; € Ay, then

dim [|dyy —aywll =0. (8.182)

Given (8.177), these facts with (8.181) immediately give (8.179) and hence (8.178).
According to (8.177) and (8.178), the state a)o(c> € S(C(S(B(H)))) is given by

oy (ao) = dim (Qo, 7w (a1/8)R0), (8.183)
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where ay /y is some symmetric sequence converging to — a in the sense of (C.560);
as in the proof of Proposition 8.27, the left-hand side is independent of the particular
choice of this sequence. The proof of Proposition 8.27 also showed that if a; /y — ao
and by /y — bo, then ay/yby/y — aobo, so that

wéc) (aobo) = Jﬂ(gw,ﬂw(ﬁllmblm)ﬂd

where o is defined by (8.177), and likewise 3. At this point that we need our ad-
ditional assumption, which, together with uniform boundedness of || 7, (a1 /y)|| and
hence of ||y (a1 /y) Q20| in N yields that the first term in the second line is zero.

Therefore, a)(()c> is multiplicative and hence pure (cf. Proposition C.14).

To prove the second claim, first suppose @; and ®, are quasi-equivalent. In that
case, up to unitary equivalence, either 7, is a subrepresentation of 7g,, or vice
versa; assume the former. We then have a projection e € 7, (A)’ such that

TTo, (a) = eTtw, (a), (8.184)

for each a € A, and since e = 1 Ho, by construction, eq. (8.178) gives

lim 7y, (a/n) = @1 -€; (8.185)

N—o0

1\%1_r>rio7tw2(a1/N) =0 1a,, . (8.186)
Multiplying both sides of (8.186) with e gives a1 = 0. g

Corollary 8.30. A permutation-invariant state ® € SG"“(A) is primary iff the cor-
responding measure | in (8.174) is a Dirac measure, and it is pure iff the latter is
supported by a pure state on B(H).

Proof. In the first claim, the inference from “primary“ to “Dirac” obviously follows
from Theorem 8.29. The converse direction is a consequence of the commutation
theorem (C.329) for von Neumann algebras, combined with the fact that each rep-
resentation of B(H) for finite-dimensional H is primary (which in turn follows from
the fact, not proved in this book, that B(H) has just one irreducible representation,
up to equivalence). The second claim follows from Proposition C.105. O

Finally, one macroscopic state generates many others. A folium in the state space
S(A) of a C*-algebra A is a convex, norm-closed subspace .# of S(A) with the
property that if @ € .% and b € A such that @(b*b) > 0, then the “reduced” state
p : a— o(b*ab)/w(b*b) must be in .%. For example, if 7 is a representation of
A on a Hilbert space H, then the set of all density matrices on H (i.e. the £-normal
states on A) comprises a folium .#. In particular, each state @ on A defines a folium
Fo = Fr, through its GNS-representation 7. It then follows from cyclicity of the
GNs-representation that each state in the folium .%#, of a macroscopic state @ € S(A)
is automatically macroscopic and even has the same limit state 0 as o.
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Notes

68.1. Large quantum numbers

Theorem 8.1 has been adapted from Landsman (1998b); the proof relies on Si-
mon (1980), who, generalizing the case of SU (2) treated by Lieb (1973), in turn uses
the coherent states for Lie groups introduced by Perelomov (1972, 1986). Duffield
(1999) gives the details of the method of steepest descent used in proving (8.30).
Although this material was inspired by Bohr’s Correspondence Principle, at the end
of the day the relationship may seem remote.

§8.2. Large systems

The theory in this section, which elaborates on Landsman (2007), is a reformula-
tion in terms of continuous bundles of C*-algebras of the formal parts of a series of
papers on quantum mean-field systems by Raggio & Werner (1989, 1991), Dulffield
& Werner (1992a,b,c), and Duffield, Roos, & Werner (1992). These models have
their origin in the treatment of the BCS theory of superconductivity due to Bogoli-
ubov (1958) and Haag (1962); for further references see the notes to §10.8.

§8.3. Quantum de Finetti Theorem
Theorem 8.9 is due to Stgrmer (1969), whose proof was based on the fact that
the G..-action on B is asymptotically abelian, in that for any a,a’ € B™ one has

inf{||[ep (). d]]|,p € G} =0.

This implies that S¥=(B>) is a Choquet simplex, which quickly leads to (8.66). Our
proof is taken from Hudson & Moody (1975). See also Caves, Fuchs, & Schack
(2002a). Finite-size corrections to Theorem 8.9 are studied e.g. in Konig & Mitchi-
son (2009). Corollary 8.11 is due to Hewitt & Savage (1955), who credit Jules Haag
(rather than De Finetti) for the binary case (i.e., X = {0,1}). See Kallenberg (2005)
for an exhaustive account of such results (in classical probability theory).

Proposition 8.12 is taken from Diaconis & Freedman (1980), who also give
finite-size corrections to Corollary 8.11, as follows. Let a permutation-invariant
probability measure vy on X"V be K-exchangeable, so that there is a permutation-
invariant probability measure vy, x on X¥*K whose restriction to XV is vy. Let
Py+k be the probability measure on Pr(X) defined by vyix as in (8.83), i.e.,
Pyik(A) = VNH((E]QiK(A)), and finally define

VNik = /Pr(X) dPy k() uN e,

as in (8.79). Then, in terms of the usual norm on the Banach dual C(XN ),

K(K—1)

v —vill < ==

Proposition 8.13 is stated without proof in Kingman (1978). See Mackey (1974) or
Gray (2009) for ergodic theory in connection with probability theory.
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Of course, there are numerous results in probability theory that do not share the
problems of the law of large numbers. For example, in the situation (8.94), for any
€ > 0 one has the Chernoff-Hoeffding bound

N ‘1 v 1>¢| < ~2Ng?
—E X — e
u ij]t pI = > )

which is superior to the weak law of large numbers, i.e., for every € > 0,

| N
. N 72 > _
Alflak»o‘ ('Ni ] ! p_8> 0,

which from the point of view of Earman’s Principle is already a marked conceptual
improvement over the strong law (but which is mathematically weaker).

§8.4. Frequency interpretation of probability and Born rule

The Kolmogorov quote is from Fine (1973, p. 94), which even 40 years later is
still to be recommended as one of the best (technical) book on the foundations of
probability theory. See also Hajek & Hitchcock (2016) for a comprehensive recent
survey of the philosophy of probability. The Keynes quote is from Hacking (2001,
p. 149), which is a very elementary introduction to the foundations of probability
At a more advanced level see also Gillies (2000), whilst Howson (1995) is a useful
brief survey.

The original version of the Principal Principle (Lewis, 1980) equated probabil-
ity (or chance) as subjective degree of belief (i.e. credence) with objective chance
(though in the single case as opposed to relative frequency. Our own version in the
main text is meant to clarify the relationship between singe-case probabilities and
long run frequencies, both seen as objective.

Attempts to derive the Born rule started with Finkelstein (1965) and were contin-
ued e.g. by Hartle (1968), Farhi, Goldstone, & Gutmann (1989), Van Wesep (2006),
Aguirre & Tegmark (2011), Moulay (2014), and others, partly based on indubitable
mathematical arguments in the spirit of the strong law of large numbers supplied
by e.g. Ochs (1977, 1980), Bugajski & Motyka (1981), Pulmannova & Stehlkova
(1986). Such attempts (typically presented as claims) provoked valid critiques of the
kind mentioned in the main text from e.g. Cassinelli & Sdnchez-G6émez (1996) and
Caves & Schack (2005). For a balanced account see also Cassinelli & Lahti (1989).
Infinite tensor products of Hilbert spaces were introduced by von Neumann (1938).

Our approach, which is sympathetic to both sides of the dispute, is a vast ex-
pansion of Landsman (2008). The existence of ec as in (8.109) - (8.110) is based
on the same extension argument that proves the Kolmogorov existence theorem for
infinite product probabilities, see e.g. Dudley (1989), proof of Theorem 8.2.2, and
Van Wesep (2006), who carries out the proof for X = {0, 1}.

There is also a large (and inconclusive) literature on alleged derivations of the
Born rule in the context of the Many-Worlds (i.e. Everettian) Interpretation of quan-
tum mechanics, which may be traced back from Wallace (2012), who supports such
derivations, and Dawid & Thébault (2015), who criticize them.



Notes 331

§8.5.Quantum spin systems: Quasi-local C*-algebras

Basic references are Ruelle (1969), Israel (1979), Bratteli & Robinson (1987,
1997), and Simon (1993); for macroscopic states see Hepp (1972) and Sewell
(2002). Naaijkens (2013) is a useful brief introduction to quantum spin systems.

The proof that Haag duality holds for quantum spin systems is far from trivial: see
Simon (1993), Prop. IV.1.6. In the proof of (8.135), simplicity of A given simplicity
of each A, is easily inferred from the fact that if I C A is an ideal, then Iy =1NA, is
an ideal in Ay = B(H, ), which must be either zero or A4, both of which contradict
non-triviality of /. Theorem 8.23 is a famous result due to Lanford & Ruelle (1969),
partly anticipated by Powers (1967). For a complete proof see also Simon (1993),
Theorem IV.1.4.

68.5.Quantum spin systems: Bundles of C*-algebras

This section was inspired by Landsman (2007), §6, and Gerisch (1993).

Folia of states (in the sense meant here) were introduced by Haag, Kadison, &
Kastler (1970), but note that the name “folium” is poorly chosen, since S(A) is by
no means foliated by its folia (for example, a folium may contain subfolia).



Chapter 9
Symmetry in algebraic quantum theory

In §3.9 we defined symmetries of classical physics as symmetries of either Poisson
manifolds or Poisson algebras; these notions are equivalent. At the bare level of the
underlying phase space X, merely seen as a locally compact space (rather than a
Poisson manifold), the key result establishing this equivalence is this:

Theorem 9.1. Let X and Y be locally compact Hausdorff spaces. Each isomorphism
o :Cy(Y) — Co(X) is induced by a homeomorphism ¢ : X — Y via & = ¢* (and so
each automorphism of Cy(X) is induced by a homeomorphism of X ).

More generally, if A and B are commutative C*-algebras, then each isomorphism
o : A — B is induced by a homeomorphism @ : £(B) — X(A) of the corresponding
Gelfand spectra via o = Gg' 0 9* 0 Ga, where Gy : A — Co(Z(A)) is the Gelfand
ismomorphism, cf. (C.79), and similarly for B (and so each automorphism of A is
induced by a homeomorphism of its Gelfand spectrum X(A)).

This immediately follows from Theorems C.8 and C.45, and Corollary C.48.

In Chapter 5 we saw that even in elementary quantum mechanics, where A =
B(H) for some Hilbert space H, the concept of a symmetry is more diverse, as least
apparently, since a non-commutative C*-algebra like B(H) gives rise to numerous
“quantum structures”. The ones we looked at were listed after Proposition 5.3, viz.

The normal pure state space &1 (H ), dressed with a transition probability (2.44).
The normal (total) state space 9 (H), seen as a convex set; see Theorem 2.8.
The self-adjoint operators B(H ), on H, seen as a Jordan algebra.

The effects &(H) = [0, 1]y on H, seen as a convex poset.

The projections &7 (H) on H, seen as an orthocomplemented lattice.

The unital commutative C*-subalgebras ¢ (B(H)) of B(H ), seen as a poset.

SANAIE S

Each structure comes with its own notion of a symmetry, see Definition 5.1. This
raises two questions, which for B(H) were completely answered in Chapter 5:

e The possible equivalence of the various notions of quantum symmetry;
e Unitary implementability of symmetries.

Indeed, it was found that if dim(H) > 2, then all these notions of symmetry are
equivalent, as well as unitarily implementable a la Wigner; see Theorem 5.4.

© The Author(s) 2017 333
K. Landsman, Foundations of Quantum Theory,
Fundamental Theories of Physics 188, DOI 10.1007/978-3-319-51777-3_9



334 9 Symmetry in algebraic quantum theory

9.1 Symmetries of C*-algebras and Hamhalter’s Theorem

In this chapter we generalize this analysis from A = B(H) to arbitrary C*-algebras
A, which for simplicity we assume to have a unit 14. See §C.25 for terminology.

Definition 9.2. Let A be a unital C*-algebra.

1. The pure state space P(A) = d,S(A) is the extreme boundary of the state space
S(A), seen as a uniform space equipped with a transition probability

7(0,0") =inf{w(a) |a€A,0<a< 1,0 (a) =1} 9.1)

A Wigner symmetry of A is a uniformly continuous bijection W : P(A) — P(A)
with uniformly continuous inverse that preserves transition probabilities, i.e.,

T(W(0)W(0')) =1(0,0"), o,0" € P(A). 9.2)

If A= B(H), Proposition C.177 guarantees that the above expression reproduces
the standard quantum-mechanical transition probabilities (2.44), but compared
to this special case, one novel aspect of P(A) is that all pure states are now taken
into account (as opposed to merely the normal ones, which notion is undefined
for general C*-algebras anyway). Another is that in order to obtain the desired
equivalence with other structures, the set P(A) should carry a uniform structure,
namely the w*-uniformity inherited from A*.

2. The state space S(A) is the set of all states on A, seen as a compact convex set in
the w*-topology inherited from the embedding S(A) C A*. A Kadison symmetry
of A is an affine homeomorphism K : S(A) — S(A).

Compared to A = B(H), firstly all states are now taken into account (instead of
all normal states), and secondly we have added a continuity condition on K.

3. Any C*-algebra A defines an associated Jordan algebra (more precisely, a JB-
algebra), namely A, equipped with the commutative product aob = }(ab+ ba).
A Jordan symmetry J of A is a Jordan isomorphism of (Asa,©) (o1, equivalently,
an invertible unital linear isometry of (Asa, | - ||), which in turn is the same as
a unital linear order isomorphism of (Asy, <), ¢f. Lemma C.173). A weak Jor-
dan symmetry of A is an invertible map J : Asy — Agy whose restriction to each
subspace Csy of Asy, where C € € (A), is linear and preserves the Jordan product.

4. The effects in A comprise the order unit interval &(A) = [0,14], i.e., the set of
all a € Agy such that 0 < a < 14, seen as a convex poset in the obvious way. A
Ludwig symmetry of A is an affine order isomorphism L : &(A) — &(A).

5. The projections P (A) in A form an orthomodular poset (cf. Definition D.1) with
e< fiffef =eand e =14 —e; if A is a von Neumann algebra (cf. Proposition
C.136), or more generally an AW*-algebra or a Rickart C*-algebra (see §C.24),
P(A) is even an orthomodular lattice. A von Neumann symmetry of A is an
isomorphism N : Z(A) — P2 (A) of orthomodular posets.

6. The poset € (A) (lying at the heart of exact Bohrification) consists of all commu-
tative C*-subalgebras of A that contain the unit 1,4, partially ordered by inclu-
sion. A Bohr symmetry of A, then, is an order isomorphism B : € (A) — € (A).
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The structures 1, 2, 3 (with Jordan symmetries), and 4 are equivalent; see Theo-
rem C.179 for 1 <+ 2 and Theorem C.172 for 2 <= 3; the equivalence 3 < 4 is proved
in exactly the same way as in Proposition 5.21, with Lemma 5.20 for the special case
A = B(H) replaced by Lemma C.173 (which has the same proof). From 1-4 we pick
the Jordan algebra structure of A, since it gives the most straightforward results.

Henceforth, A and B are unital C*-algebras, and we define a weak Jordan iso-
morphism of A and B as an invertible map J : Ay, — By, whose restriction to each
subspace Cs, of Agy, where C € €'(A), is linear and preserves the Jordan product
o (so that a Jordan symmetry of A alone is a weak Jordan automorphism of of A).
Such a map complexifies to a map Jc : A — B in the usual way, i.e. writing a € A
as a = b+ic, with b* = b and ¢* = ¢, cf. (C.9), and put Jc(a) = J(b) +iJ(c)). If no
confusion arises, we just write J for Jc. We first turn to Bohr symmetries.

Proposition 9.3. Given a weak Jordan isomorphism J : Asy — Bs,, the ensuing map
B:%(A) — € (B) defined by B(C) = Jc(C) = J(C) is an order isomorphism.

Note that as an argument of B the symbol C is a point in the poset % (A), whereas
as an argument of Jg it is a subset of A, so that J¢(C) stands for {Jc(c) | ¢ € C}.

Proof. The restriction Jic : C — B is a homomorphism of C*-algebras on each com-
mutative C*-algebra C C A (although J : A — B may not be). Since J|c is injective
on Cs, (where it coincides with J), it is also injective on C. Hence J|c is isometric
by Theorem C.62.3, so that its range is closed and therefore J(C) is a commutative
C*-algebra in B, which is unital if C is. Trivially, if C C D in A (so that C < D in
% (A)), then J(C) C J(D) in B (so that J(C) < J(D) in €(B)). O

The converse, however, is a deep result, which we call Hamhalter’s Theorem:

Theorem 9.4. Let A and B be unital C*-algebras and let B : €(A) — € (B) be an
order isomorphism. Then there is a weak Jordan isomorphism J : Agy — By, such that
B = Jc. Moreover, if A is isomorphic to neither C> nor My(C), then J is uniquely
determined by B, so in that case there is a bijective correspondence J <+ B between
weak Jordan symmetries J of A and Bohr symmetries B of A.

Before proving this, let us explain why C? and M, (C) are exceptional. In the first
case, €(C?) 22 {0,1} (with 0 = C- 1, and 1 = C?), which admits just one order iso-
morphism (viz. the identity map), which is induced by both the map (a,b) — (b,a)
and by the identity map on C? (each of which is a weak Jordan automorphism).

In the second case, the poset € (M>(C)) has a bottom element 0 = C- 1,, as
before, but no top element; each element C # C- 1, of €' (M, (C) is a unitary conju-
gate of the diagonal subalgebra D,(C), with 0 < C but no other orderings. Further-
more, CNC’' = C- 1, whenever C # C'. Hence any order isomorphism of 4’ (M, (C))
maps C- 1, to itself and permutes the C’s. Thus each map J : M»(C)sy — M2(C)sa
whose complexification J¢ : M>(C) — M,(C) shuffles the C’s isomorphically (as
C*-algebras) gives a weak Jordan automorphism. For example, take (a,b) — (b,a)
on D,(C) and the identity on each C # D,(C)); this induces the identity map on
% (M>(C). Tt follows that there are vastly more weak Jordan automorphisms of
M,(C) than there are order isomorphisms of € (M, (C)).
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Proof. The key to the proof lies in the commutative case, which can be reduced to
topology. If A = C(X), any C € € (A) induces an equivalence relation ~¢ on X by

x~cyiff f(x) = f)VfeC. 9.3)

This, in turn, defines a partition X =| |; K, of X (henceforth called ), whose blocks
K; C X are the equivalence classes of ~¢. To study a possible inverse of this proce-
dure, for any closed subset K C X we define the ideal

Iy =C(X;K) = {f € C(X) | f(x) =0Vx € K}, (9.4)

in C(X), and its unitization Ix = Ix ® C- 1x, which evidently consists of all continu-
ous functions on X that are constant on K. If X is finite (and discrete), each partition
7 of X defines some unital C*-algebra C C C(X) through

C= ) Ik, 9.5)

K,en

which consists of all f € C(X) that are constant on each block K, of the given
partition 7. In that case, the correspondence C <+ 7w, where 7 is defined by the
equivalence relation ~¢ in (9.3), gives a bijection between € (C(X)) and the set
B(X) of all partitions of X. For example, the subalgebra C = Ix corresponds to the
partition consisting of K and all singletons not lying in K. Given the already defined
partial order on € (C(X)) (i.e., C < D iff C C D), we may promote this bijection to
an order isomorphism of posets if we define the partial order <’ on B(X) to be the
opposite of the natural one < in which & < @’ (where 7 and 7’ consist of blocks
{Ky} and {K], }, respectively) iff each K} is contained in some K3, (i.e., 7 is finer
than 7’). The partial ordering <’ makes J3(X) a complete lattice, whose top element
consists of all singletons on X and whose bottom element just consists of X itself:
the former corresponds to C(X), which is the top element of € (C(X)), whilst the
latter corresponds to C - 1x, which is the bottom element of € (C(X)).

For general compact Hausdorff spaces X, since C(X) is sensitive to the topology
of X the equivalence relation (9.3) does not induce arbitrary partitions of X. It turns
out that each C € ¢'(C(X)) induces an upper semicontinuous partition (abbreviated
by u.s.c. decomposition) of X, i.e.,

e Each block K of the partition 7 is closed,;

e For each block K of x, if K) C U for some open U € &(X), then there is
V € 0(X) such that K3 CV C U and V is a union of blocks of 7 (in other
words, if K is such a block, then VN K = @ implies K = 0).

This can be seen as follows. Firstly, if we equip 7 with the quotient topology with
respect to the the natural map g : X — &, x — K, if x € K, then 7 is compact, for
X is compact. Moreover, 7 is Hausdorff. To see this, let K and K, be two distinct
points in 7. Recall that x,y € K, if and only if f(x) = f(y) for each f € C. Since
K # Ky, there is some x € K3, some y € K, and some f € C such that f(x) # f(y),
whence there are open disjoint U,V C C such that f(x) € U and f(y) € V.
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Define f : © — C by f(K;) = f(x) for some x € K. By definition of Kj, this is
independent of the choice of x € K, hence f is well defined. Again by definition,
we have f = fog, hence ¢~ '(f~1)[U] = f~'[U], which is open in X since f is
continuous. Since 7 is equipped with the quotient topology, it follows that £~ [U]
is open in 7, and similarly ~'[V] is open. Moreover, we have f(K;) = f(x) and
f(x) € U, hence K € f~'[U], and similarly, K, € f~'[V]. We conclude that 7 is
also Hausdorff. Since ¢ is a continuous map between compact Hausdorff spaces, it
follows that g is closed. It is a standard result in topology that ¢ is closed iff 7 is a
u.s.c. decomposition, so we have now proved the latter.

Consequently, by the same maps (9.3) and (9.5), the poset € (C(X)) is anti-
isomorphic to the poset §(X) of all u.s.c. decompositions of X in the natural or-
dering < (which proves that F(X) is a complete lattice, since € (C(X)) is). This is
still a complicated poset; assuming X to be larger than a singleton, the next step is to
identify the simpler poset .%,(X) of all closed subsets of X containing at least two
elements within F(X ), where (as above) we identify a closed K C X with the (u.s.c.)
partition g of X whose blocks are K and all singletons not lying in K (note that the
poset Z (X) of all closed subsets of X is less useful, since any singleton in .% (X)
gives rise to the bottom element of F(X)). To do so, we first recall that f is said to
cover o in some poset if & < B, and o < y < 8 implies o = ¥. If the poset has a
bottom element, then its covers are precisely its atoms. Furthermore, note that since
the bottom element 0 of §(X) consists of singletons, the atoms in §F(X) are the par-
titions of the form 7y, .} (Where x| # x2). It follows that some partition 7 € F(X)
lies in .%,(X) C §(X) iff exactly one of the following conditions holds:

e 7misanatominF(X),ie.,T= T(x, vy} TOr sOmMe x1,X2 € X, X1 # x23

e 7 covers three (distinct) atoms in F(X), in which case 7 = Tix, xy.x3} Where all x;
are different, which covers the atoms 7y, 1,1}, Ty, 1y} and Ty, 1013

e If ot # 3 are atoms in F(X) such that ¢ < 7w and § < 7, there is an atom y < 7
such that there are three (distinct) atoms covered by o V 7y and three (distinct)
atoms covered by BV 7. In that case, T = mx where K has more than three el-
ements: if & = 7y, .,y and B = 7y, o1, then due to the assumption o # J3,
the set {x;,x2,x3,x4} (which lies in K) has at least three distinct elements, say
{x1,%2,x3}. Hence we may take ¥ = 7y, .1, in which case &V y = Ty, 1 41
which covers the atoms «, ¥, and 7y, ... Likewise, we have BVvy= Ty 0304}
which covers three atoms f3, ¥, and Ty s}

In order to see that 7 satisfying the third condition must be of the form 7x, assume
the converse. So 7 contains two blocks K and K, consisting of two or more el-
ements. Say {x,x} C K3 and {x3,x4} C K. Then & = 7y, ,,} and By, ,,} are
atoms such that o, f < 7, and there is an atom y = Tixsxg} < 7 such that there are
three atoms covered by & V ¥, and there are three atoms covered by 8 VV 7. It follows
from the second condition that oV y = 7y, with L a three-point set. This implies that
{x1,%2} N {xs,x6} is not empty, from which it follows that &tV y = 7y, «, xs v} Sim-
ilarly, we find B V'Y = gy, 1, x5 x)- Since {x1,x2,%5,% } and {x3,x4,%s, %} overlap,
we obtain &V BV Y = T, v x5,x0,x55) - Moreover, o, B,y <, soaVpVvy<
However, since x1,x; € K , we must have {x;,x2,x3,%4,X5,%¢} C K, by definition of
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the order on F(X). But since x3,x4 € K;;, we must also have {x,x2,x3,%4,%5,x¢} C

K,;;, which is not possible, since K and K|, are distinct blocks, hence disjoint. We

conclude that 7 can have only one block K of two or more elements, hence 7 = 7k.
Thus %, (X) C F(X) has been characterized order-theoretically. Moreover,

T = Vyex TEK(x)a (96)

where K (x) is the unique block of X that contains x. Hence .%, (X ) determines F(X).
Let X and Y be compact Hausdorff spaces of cardinality at least two (so that
the empty set and singletons are excluded). By the previous analysis, an order
isomorphism B : €(C(X)) — ¥(C(Y)) is equivalent to an order isomorphism
§(X) — F(Y), which in turn restricts to an order isomorphism %, (X) — %, (Y).

Lemma 9.5. If X and Y are compact Hausdorff spaces of cardinality at least two,
then any order isomorphism F : %,(X) — %#,(Y) is induced by a homeomorphism
QX =Y via F(F) = @(F), i.e., F(F) = Uyer{®(x)}. Moreover, if X and Y have
cardinality at least three, then @ is uniquely determined by F.

To see the idea, we first prove this for finite X, where .%,(X) simply consists of all
subsets of X having at least two elements, etc. It is easy to see that X and ¥ must
have the same cardinality |X| = |Y| = n. If n = 2, then .%,(X) = X etc., so there is
only one map F, which is induced by each of the two possible maps ¢ : X — Y, so
that ¢ exists but fails to be unique. If n > 2, then F must map each subset of X with
n— 1 elements to some subset of Y with n — 1 elements, so that taking complements
we obtain a unique bijection ¢ : X — Y. To show that ¢ induces F, note that the
meet A in .%,(X) is simply intersection N, and also that for any F € .%,(X),

F = User {x} = Negr{x}* = (Uggr{x}), ©.7

where A° = X\A. Since F is an order isomorphism, it preserves A = N, so that

FIF) = NegrF({x}9) = NegrX\{@(0)} = (Urgr{@(1)})* = Urer{@(x)}. (9.8)

Now assume that X is infinite. Let x € X. If x is not isolated, we define ¢(x)
as follows. Let &'(x) denote the set of all open neighborhoods of x. Since x is not
isolated, each O € €(x) contains at least another element, so O € .%(X). More-
over, finite intersections of elements of {0 : O € O(x)} are still in %, (X). In-
deed, if Oy,...,0, € O(x), then O;N...N O, is an open set containing x, and
since O1N...N0O0, C O;N...NO,, it follows that 01 N...N O, € F»(X). Since
F is an order isomorphism, we find that finite intersections of {F(0) : O € €(x)}
are contained in .%,(Y). This implies that {F(O) : O € O(x)} satisfies the finite
intersection property. As Y is compact, it follows that Iy = Noeg () F(O) is non-
empty. We can say more: it turns out that [, contains exactly one element. Indeed,
assume that there are two different points y;,ys € I;. Then {y;,»} € Z(Y), so
F=1({y1,2}) € Z2(X). Since {y1,y2} € F(O) for each O € &(x), we also find that
F~'({y1,y2}) C O for each O € €(x). This implies that
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Tmh < () 0={} (9.9)

0€0(x)

where the last equality holds by normality of X. But this is a contradiction with F :
F(X) — Z,(Y) being a bijection. So I, contains exactly one point. We define ¢ (x)
such that {@(x)} = I. Notice that ¢(x) cannot be isolated in Y, since if we assume
otherwise, then ¥ \ {@(x)} must be a co-atom in .%,(Y), whence F~ (Y \ {¢(x)})
is a co-atom in .%(X), which must be of the form X \ {z} for some isolated z € X.
Since x is not isolated, we cannot have x = z, so X \ {z} is an open neighborhood
of x, which is even clopen since z is isolated. By definition of ¢(x), we must have
o(x) € F(X \ {z}), but F(X \ {z}) =Y \ {@(x)}. We found a contradiction, hence
¢(x) cannot be isolated. Now assume that x is an isolated point. Then X \ {x} is a co-
atom in .%»(X), so F(X \ {x}) is a co-atom in .%,(Y), too. Clearly this implies that
F(X\{x}) =Y\ {y} for some unique y € ¥, which must be isolated, since ¥ \ {y}
is closed. We define ¢(x) =

In an analogous way, F~! induces a map y : ¥ — X. We shall show that ¢ and
y are each other’s inverses. Let x € X be isolated. We have seen that ¢(x) must be
isolated as well, and that @(x) is defined by the equation F(X \ {x}) =Y\ {o(x)}.
Since F is an order isomorphism, we have X \ {x} = F~1(Y'\ {@(x)}). Since ¢(x)
is isolated, we find by definition of y that y(¢(x)) = x. In a similar way we find
that @(y/(y)) =y for each isolated y € Y. Now assume that x is not isolated and let
F € %,(X) such that x € F. Then

ﬂ F(O Cﬂ{F : O open, F C O}
0€0(x)

—F (ﬂ{o : 0 open, F C 0}) — F(F), (9.10)

where the last equality follows by completely regularity of X. The penultimate
equality follows from the following facts. Firstly, the set (1{O : O open,F C O}
is closed since it is the intersection of closed sets. Moreover, the intersection con-
tains more than one point, since F contains two or more points and F C O for each
0. Hence N{O : O open,F C O} € F,(X), and since F is an order isomorphism,
it preserves infima, which justifies the penultimate equality. Hence ¢(x) € F(F) for
each F € .%,(X) containing x. Since x is not isolated, ¢(x) is not isolated either.
Hence in a similar way, we find that y(¢(x)) € F~!(G) for each G € .%,(Y) con-
taining @(x). Let z = w(¢@(x)). Combining both statements, we find that z € F for
each F' € .%,;(X) such that x € F. In other words, z € (\{F € %»(X) : x € F}. Since
x is not isolated, we each O € €(x) contains at least two points. Hence

(WFeZ(X):xeF}C({0:0€ O(x)} = {x}, 9.11)

where we used complete regularity of X in the last equality. We conclude that z = x,
so ¥(¢@(x)) = x. In a similar way, we find that @(y/(y)) = y for each non-isolated
y € Y. We conclude that ¢ is a bijection with inverse ¢ ' = .
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Continuing the proof of Lemma 9.5, we have to show that if F € .%,(X), then
©O[F] = F(F). Let x € F. In the proof that ¢ is a bijection we already noticed that
¢(x) € F(F) if x is not isolated. If x is isolated in X, then we first assume that F
has at least three points. Since {x} is open, G = F \ {x} is closed. Since F contains
at least three points, G € .%,(X). So G is covered by F in .%,(X), so F(F) covers
F(G). It follows that there must be an element y; € Y \ F(G) such that

F(F)=F(GU{x}) =F(G)U{ys}. 9.12)
Both GU {x} and X \ {x} are elements of .%>(X), so

F(G) = F(GU{x} NX\ {x}) = F(GU {x}) NF(X\ {x})
= (F(G)u{yeH) N\ {o()}), (9.13)

where F(X\ {x}) =Y \ {¢(x)} by definition of values of ¢ at isolated points. Since
x ¢ G and F preserves inclusions, this latter equation also implies F(G) CY\{@(x)}.
Hence we find

F(G) = (F(G)U{ycHN (Y \{o(0)}) =F(G)U({ye} Y \{e(x)}).  (9.14)

Thus we obtain {yg} NY \ {@(x)} C F(G), but since yg ¢ F(G), we must have
©(x) = yc. As a consequence, we obtain F(F) = F(G) U{¢(x)}, so ¢(x) € F(F).

Summarizing, if F has at least three points, then ¢ (x) € F(F) for x € F, regardless
whether x is isolated or not. So @[F] C F(F) for each F € .%#,(X) such that F has at
least three points. Let F € .%,(X) have exactly two points. Then there are Fi,F> €
F>(X) with exactly three points such that F = F; N F>. Then since ¢ is a bijection
and F as an order isomorphism both preserve intersections in .%;(X), we find

plFl =9[R NK|=¢[R|Ne[R] CF(F)NF(FRR)=FF NFkK)=FF). 9.15)

So @[F] C F(F) for each F € %,(X). In a similar way, we find ¢ ~'[G] C F~![G] for
each G € .#,(Y). So if we substitute G = F(F), we obtain ¢~ ![F(F)] C F. Since ¢
is a bijection, it follows that F(F) = @[F] for each F € .%,(X). As a consequence, ¢
induces a one-one correspondence between closed subsets of X and closed subsets
of Y. Hence ¢ is a homeomorphism. This proves Lemma 9.5. ]

The special case of Theorem 9.4 where A and B are commutative now follows if
we combine all steps so far:

1. The Gelfand isomorphism allows us to assume A =C(X) and B=C(Y), as above.

2. The order isomorphism B : ¥ (A) — € (B) determines an order isomorphism F :
F(X) — §(Y) of the underlying lattices of u.s.c. decompositions, and vice versa.

3. Because of (9.6), the order isomorphism F' in turn determines and is determined
by an order isomorphism F : %, (X) — %, (Y).

4. Lemma 9.5 yields a homeomorphism ¢ : X — Y inducing F : %, (X) — (7).

5. The inverse pullback (¢~!)* : C(X) — C(Y) is an isomorphism of C*-algebras,
which (running backwards) reproduces the initial map B : € (C(X)) — € (C(Y)).
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Therefore, in the commutative case we apparently obtain rather more than a weak
Jordan isomorphism J : Ag; — Bg,; we even found an isomorphism J : A — B of C*-
algebras. However, if A and B are commutative, the condition of linearity on each
commutative C*-subalgebra C of A includes C = A, so that (after complexification)
weak Jordan isomorphisms are the same as isomorphisms of C*-algebras.

We now turn to the general case, in which A and B are both noncommutative (the
case where one, say A, is commutative but the other is not, cannot occur, since € (A)
would be a complete lattice but ’(B) would not). Let D and E be maximal abelian
C*-subalgebras of A, so that the corresponding elements of % (A) are maximal in the
order-theoretic sense. Given an order isomorphism B : €' (A) — € (B), we restrict the
map B to the down-set| D = € (D) in € (A) so as to obtain an order homomorphism
Bip : €(D) — %€(B). The image of €' (D) under B must have a maximal element
(since B is an order isomorphism), and so there is a maximal commutative C*-
subalgebra D of B such that Bip:¢(D)— % (D) is an order isomorphism. Applying
the previous result, we obtain an isomorphism Jp : D — D of commutative C*-
algebras that induces Bp. The same applies to E, so we also have an isomorphism
Jg 1 E — E of commutative C*-algebras that induces Bjg. Let C = DNE, which lies
in €(A). We now show that Jp and Jg coincide on C. There are three cases.

1. dim(C) = 1. In that case C = C- 14 is the bottom element of €’ (A), so it must be
sent to the bottom element C = C - 1 of ¢'(B), whence the claim.

2. dim(C) = 2. This the hard case dealt with below.

3. dim(C) > 2. This case is settled by the uniqueness claim in Lemma 9.5.

So assume dim(C) = 2. In that case, C = C*(e) for some proper projection e €
P (A), which is equivalent to C being an atom in % (A). Recall that all our C*-
algebras are unital, and that by assumption C*-subalgebras C share the unit of
the ambient C*-algebra A, hence C*(e) contains the unit of A. Hence C = B(C) =
B|p(C) = B|(C) is an atom in €'(B), which implies that C = C*(&) for some pro-
jection é € Z(B). If Jp(e) = Jg(e) we are ready, so we must exclude the case
Jp(e) =&, Jr(e) = 1p —é. This exclusion again requires a case distinction:

dim(eAe) = dim(etAet) = 1; (9.16)
dim(eAe) = 1, dim(etAet) > 1; 9.17)
dim(eAe) > 1, dim(etAet) > 1, 9.18)

where e = 14 — e. Each of these cases is nontrivial, and we need another lemma.
Lemma 9.6. Let C € €(A) be maximal (i.e., C C A is maximal abelian).

1. For each projection e € Z(C) we have dim(eCe) = 1 jff dim(eAe) = 1.
2. We have dim(C) = 2 iff either A = C? or A = M,(C).

Proof. For the first claim dim(eAe) = 1 clearly implies dim(eCe) = 1. For the con-
verse implication, assume ad absurdum that dim(eAe) > 1, so that there is an a € A
for which eae # A - e for any A € C. If also dim(eCe) = 1, then any ¢ € C takes the
formc=u-e+ etcel for some € C. Indeed, since c,e, e commute within C,
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c=ce+cet =ce* +c(eh)? =ece+etcet = pe+etcet, 9.19)

where the last equality follows since ece € eCe, which is spanned by e. This implies
that eae € C' (where C' is the commutant of C within A), and since C is maximal
abelian, we have C = C’, whence eae € C. Now eae = e(eae)e, hence eae € eCe,
whence eae = A - ¢ for some A € C. Contradiction. According to Theorem C.169.1,
the assumption dim(C) = 2 implies that A is finite-dimensional, upon which Theo-
rem C.163 and (C.641) yield the second claim. ]

Having proved Lemma 9.6, we move on the analyze the cases (9.16) - (9.18).

e Eq. (9.16) implies that C is maximal, as follows. Any element a € A is a sum
of eae, etaet, eaet, and etae; nonzero elements of C' = {e}’ can only be of
the first two types. If (9.16) holds, then dim(C’) = 2, but since C is abelian we
have C C C’ and since dim(C) = 2 we obtain C' = C. Lemma 9.6.2 then implies
that either A =2 C? or A 22 M,(C). These C*-algebras have been analyzed after
the statement of Theorem 9.4, and since those two A’s conversely imply (9.16),
we may exclude them in dealing with (9.17) - (9.18). By Lemma 9.6.2 (applied
to D and E instead of C), in what follows we may assume that dim(D) > 2 and
dim(E) > 2 (as D and E are maximal).

e Eq. (9.17) implies dim(eD) = 1. Assuming Jp(e) = &, this implies dim(éD) = 1
(since Jp is an isomorphism). Applying Lemma 9.6.1 to B gives dlm(eBé) = 1
(since D is maximal). If also dim((1p — &)B(13 — &)) = 1, then dim(D) =
whence dim(D) = 2, which we excluded. Hence

dim((15—&)B(15—¢&)) > 1. (9.20)

Applied to Jg this gives Jg(e) = €, and hence Jp and Jg coincide on C = C*(e).
e Eq. (9.18) implies that dim(eDe) > 1 as well as dim(e* Ee*) > 1 (apply Lemma
9.6.1 to D and E). Since dim(eDe) > 1, there is some a € D such that e and
d’ = eae € D are linearly independent, and similarly there is some b € E such
that b’ = e'be' is linearly independent of e*. Then a,b’,e commute (in fact,
d'b’ =b'd’ = 0), so that we may form the abelian C*-algebras C; = C*(e,a’) C D
and C, = C*(e,b") C E, which (also containing the unit 14) both have dimension
at least three. We also form C3 = C*(e,d’,b"), which contains C; and C; and
hence is at least three-dimensional, too. Because D and E are maximal abelian,
C3 must lie in both D and E. Applying the abelian case of the theorem already
proved to D and E, as before, but replacing C used so far by C3, we find that Jp
and Jg coincide on C3 (as its dimension is > 2). In particular, Jp(e) = Jg(e).

To finish the proof, we first note that Theorem 9.4 holds for A = B = C by in-
spection, whereas the cases A 22 B 22 C? or 22 M,(C) have already been discussed.

In all other cases we define J : A, — B, by putting J(a) = Jp(a) for any max-
imal abelian unital C*-subalgebra D containing C = C*(a) and hence a; as we just
saw, this is independent of the choice of D. Since each Jp is an isomorphism of
commutative C*-algebras, J is a weak Jordan isomorphism. Finally, uniqueness of
J (under the stated restriction on A) follows from Lemma 9.5. ]
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Theorem 9.4 begs the question if we can strengthen weak Jordan isomorphisms
to Jordan isomorphism (i.e. invertible linear maps that preserve the Jordan product,
cf. Appendix C.25). This hinges on the extendibility of weak Jordan isomorphisms
to linear maps (which of course continue to preserve the Jordan product and hence
are automatically Jordan isomorphisms). A general result in this direction is:

Theorem 9.7. Let A and B be unital AW*-algebras, where A contains no summand
of type Io. Then there is a bijective correspondence between order isomorphisms
B: € (A) — € (B) and Jordan isomorphisms J : Agy — Bga.

This follows from Gleason’s Theorem for AW *-algebras, which we will neither
state nor prove. If A = B = B(H), then the ordinary Gleason Theorem suffices to
yield the crucial lemma for Wigner’s Theorem for Bohr symmetries (i.e. Theorem
5.4.6):

Lemma 9.8. Let H be a Hilbert space of dimension greater than two. Then any Bohr
symmetry of € (B(H)) is induced by a Jordan symmetry of B(H )sa.

Proof. This follows from Theorem 9.4 and Corollary 5.22, which for the case at
hand turns weak Jordan isomorphisms into Jordan isomorphisms. O

We finally turn to symmetries of projection lattices. Theorem C.174 shows that
for von Neumann algebras (and more generally for AW*-algebras) A (without sum-
mand of type 1) and B, any isomorphism N : #(A) — Z?(B) of the correspond-
ing orthocomplemented projection lattices (which automatically preserves arbitrary
suprema) is the restriction of a unique Jordan isomorphism J : Agz — Bsa.

This completes the argument to the effect that for many C*-algebras of observ-
ables A (including B(H ) for dim(H) > 1 as far as nos. 1-4 are concerned, and having
dim(H) > 2 if we also include nos. 5-6) our six seemingly different notions of sym-
metry of a quantum system described by a C*-algebra are equivalent. In particular,
they are equivalent to Jordan isomorphisms, which are also the easiest ones to use,
as they involve a readily identifiable part Ag, of A, and (by complexification, as ex-
plained above) may even be defined on A itself (namely as those complex-linear
isomorphisms that preserve the involution * as well as the Jordan product o).

Putting B = A and assuming (without loss of generality) that A C B(H ), Theorem
C.175 then yields a separation of Jordan automorphisms into three disjoint classes:

Corollary 9.9. If J is a Jordan symmetry of a unital C*-algebra A C B(H), then
there are three mutually orthogonal projections ey, e, ez in A'NA" such that:

l.ei+er+e3=1p;

2. The map a— J(a)e; from A to B(e1H) is a homomorphism (of C*-algebras);

3. The map a — J(a)ey from A to B(exH) is an anti-homomorphism (ibid.);

4. The map a — J(a)e3 from A to B(esH) is both a homomorphism and an anti-
homomorphism of C*-algebras (so that the “corner” J(A)es is commutative).

If in addition a — J(a)e| is not an anti-homomorphism and a — J(a)e; is not a
homomorphism, then ey, e, and e3 are uniquely determined by these conditions.

As we shall now see, if the symmetries form a (Lie) group, then this result often
justifies restricting our attention simply to homomorphisms of C*-algebras.
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9.2 Unitary implementability of symmetries

There are good reasons for the dichotomy (or even trichotomy) between homo-
morphisms and anti-homomorphisms of C*-algebras left by Corollary 9.9, since
in physics certain discrete symmetries of quantum theory indeed give rise to anti-
homomorphisms: the best-known examples are time inversion 7 and charge con-
jugation C combined with space inversion (i.e. parity) P, giving CP (there are also
other examples in condensed matter physics, like quantum spin flip). However, for
the kind of problems mainly addressed in this book it is sufficient to restrict our
attention to homomorphisms. One reason is that even if we use discrete symmetries
(where the simplest non-trivial group Z, often suffices to make our point), the mod-
els we treat simply realize these symmetries as homomorphisms. Another reason
is that if symmetries join to form a connected topological group G (typically a Lie
group) and the maps x — J, sending x € G to some Jordan symmetry J, of the given
C*-algebra A of observables form a (strongly) continuous homomorphism (see be-
low), then the identity e € G must be mapped to the identity id4, which of course is
a homomorphism of A. Continuity then implies that all J, must be homomorphisms.

In what follows we therefore assume that G is a (topological) group and that we
are given a (continuous) homomorphism x — o, from G into the group Aut(A) of all
automorphisms of A; note that, given our restriction to homomorphisms, we switch
notation from J to the customary symbol ¢. Continuity here always means strong
continuity, in that for each a € A the map x — @, (a) from G to A is continuous (so
that the map G x A — A given by (x,a) — ,(a) is continuous, as usually required
for group actions in a topological setting, cf. Proposition 5.35).

It follows from Theorem 5.4 (technically, from part 4 of that theorem, but
“morally” from all of it, including the equivalences between all kinds of symmetries)
thatif A = B(H ), then a homomorphism & : G — Aut(B(H)) is always implemented
by a family u(x) of unitary operators on H, in that

oy (a) = u(x)au(x)* (x € G). 9.21)

The group representation property .0y, = 0, does not enforce u(x)u(y) = uyy:
indeed, as we saw in detail in §5.10 one may have a projective unitary representation
g — u(x) of G on H. However, by Theorem 5.62 one may usually pass to a central
extension G of G for which this problem does not arise (e.g., SO(3) = SU(2)). In
Corollary 9.12 below (unbroken symmetry), even such a passage is not necessary.
For general C*-algebras A—especially those modeling either classical systems
(in which case A is commutative) or infinite quantum systems (where A is typically
an infinite tensor product), one rarely has o/(a) = uau® for some u € A even for
single automorphisms «, let alone for a whole group of them. Instead, we settle for
a weaker notion of unitary implementability, where the unitary u need not be in A.

Definition 9.10. Let w : A — B(H) be a representation of A. An automorphism o €
Aut(A) is implemented in H if there exists a unitary operator u : H — H such that

n(o(a)) = un(a)u” (a€A). 9.22)
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The fundamental criterion for implementability uses the pullback o* : S(A) — S(A)
of & : A — A to the state space S(A), defined by o*w = wo o' cf. §C.25.

Theorem 9.11. An automorphism o : A — A can be implemented in the GNS-repr-
resentation Ty defined by a state ® on A iff o+ and Ty are unitarily equivalent.

Proof. Whether or not 7+ and 7, are unitarily equivalent, we may define

w Ha) — Ha*a); (9.23)
Wiy (a) Qo = Mg o(0(a)) Ruxw- 9.24)

This operator is well defined and unitary, and satisfies wQg, = Qg+, as well as
Wity (a)w* = Ty (a(a)); these properties even characterize w. If Ty+q = 7y, there
exists a unitary v : Hgy — Hyx g satisfying vitg (a)v* = Mg+ (a), a € A. Then u = v*w
satisfies (9.22) for w = my. The converse is similar. O

An important special case arise if @ is invariant under .

Corollary 9.12. If o*® = o (that is, w(a(a)) = w(a) for all a € A), then « is
implemented by a unitary operator uy : Hy — Hyy satisfying uyQq = Qg. In par-
ticular, given a continuous homomorphism o : G — Aut(A) such that o; ® = o for
each x € G, one has a family of unitaries uq(x) : Hy — Hy that for all x € G satisfy

o (¥) Q0 = Qo; (9.25)
T (Q(a)) = uep(X) Ty (a)ug(x)*, (9.26)

and form a continuous unitary representation of G on Hy.

Proof. One easily checks that the following operators do the job:
Up (X) T (a) Qe = Ty (0 (a)) Q. O

Given some o € Aut(A), a weak form of spontaneous symmetry breaking
(SSB) is that some state @w—it is always a state that breaks a symmetry—satisfies
o’ @ # o; a stronger one states that the two equivalent conditions in Theorem 9.11
are violated, i.e., that & cannot be implemented in the GNS-representation 7, (A)
(cf. Definition 9.10). In order to be physically relevant, the weaker notion has to be
supplemented with additional structure, which also guarantees that generically the
weak form implies the strong one. Part of this structure involves the identification of
suitable classes of states within which we define SSB; these classes are predicated
on a time-evolution on A. We also need a symmetry group instead of a single auto-
morphism ¢ (which implicitly uses the group Z, = Z/p - Z, where p is the smallest
integer such that a” = id,; if no such p exists the group is just Z). Thus we need:

e A C*-algebra A with time-evolution, i.e., a homomorphism o : R — Aut(A);
o A preferred class of states defines via «, viz. ground states or equilibrium states;
e A symmetry group G acting on A via a homomorphismy : G — Aut(A) satisfying

oY =Y (t€R,g€G). 9.27)



346 9 Symmetry in algebraic quantum theory

9.3 Motion in space and in time

The C*-algebras A we are going to use are the quasi-local ones introduced in §8.5
for quantum spin systems; especially recall (8.130). Also, the C*-algebra A = B™ in
8.2 is a case in point, but this would require some changes in what follows. The last
expression in (8.130) is convenient for introducing spatial translation symmetry

7: 24 — Aut(A) (9.28)
of Z4, as follows: for x € Z, define 7, : Ay — A, initially by

T (b(y)) = b(x+Y), (9.29)

where, for given b € B(H) and y € A, the operator b(y) € A, is the element ®,c 4 a;,
with a, = b and a; = 1y whenever z # y. Since arbitrary elements of A4 are (norm-
limits of) finite linear combinations of products of such operators b(y), the automor-
phic (and hence isometric) property of 7, defines its action on all of A4 (if necessary
by continuous extension). Note that for a € A4 the operator 7,(a) thus defined is in-
dependent of the (typically non-unique) realization of a in terms of the b(y), because
Ty is an isometry. The group homomorphism property of the map (9.28) thus con-
structed is guaranteed by (9.29), whilst continuity is no issue since Z¢ is discrete.

Since Ay = ®ycaAy with A, = B(H), an equivalent way to define 7, is to use
identifications idy, : A, — A; (since A, = A, = B(H ), which, taking tensor products,
yield isomorphisms ids o/ : Ay — A4/ whenever some bijection A = A’ is given.
In terms of those, we simply have (7y)|4, = ida xt4 - Either way, the maps (%),
extend to T, : A — A by continuity. The following property then holds:

Proposition 9.13. An automorphic action © of Z¢ on a quasi-local C*-algebra A is
asymptotically abelian in the sense that limy_,e[a, Tc(b)] = 0 for all a,b € A.

Here x — oo means that any sequence (x,) with |x,| — oo with respect to the Eu-
clidean norm on Z? has a subsequence (x},) for which the stated result holds.

Proof. For a and b local, i.e., a € A 1) and b € A, this follows from Einstein
locality. The general case follows by approximating a and b by local elements. [

Thus quasi-local C*-algebras A satisfy the assumptions in the following theorem,
which will be important in linking the various notions of SSB discussed earlier.

Theorem 9.14. Let A be a C*-algebra A equipped with an asymptotically abelian
action T of Z¢, and let  be a translation-invariant primary state on A (i.e., TTO=0
forall x € Z%). Then Qg is the only translation-invariant vector in Hy. Moreover,

lim (a7 (b)) = w(a)o(b) (a,b € A); (9.30)
1im 7, (2(b)) = ©(b) -1, (b€ A); 9.31)
lim [A|7' Y 70 (1:(0)) = ©(b) - 1n, (bEA). (9.32)

ATZe XEA
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Here (9.31) and (9.32) hold in the weak operator topology on B(Hy,), and the limit
A 1 Z% in is taken along the hypercubes Ay in (8.153) as N — oo.

Proof. If @ is primary, Theorem 8.23 (or its proof) yields

lgrl |w(aty (b)) — o(a)w(1(b))| = 0. (9.33)
X—yoo

Translation-invariance of @ then yields (9.30), which also is a lemma for (9.31) -
(9.32). Towards (9.31) we compute @(aty(b)) in terms of the projection

eo= lim [A]7'Y u(x 9.34
0= Jim A"} u(x) 9.34)

XEA

onto the translation-invariant subspace of Hy,, where u is the unitary representation
of Z on H,, from Corollary 9.12 (with G = Z%), and the limit is taken in the strong
operator topology. Eq. (9.34) is a special case of von Neumann’s L? ergodic theo-
rem (which generalizes the Peter—Weyl-Schur relation ey = [; dxu(x) for compact
groups G to amenable groups like Z¢ or RY). Since g R, = Q, we have

o(at(b)) = (R, Tp(a) Ty (T(D)) Rp) (9.35)
= (Qp, Tp(a) ([T (T:(D)),e0] + 0T (D)) Rep). (9.36)

We now let x — . The commutator then vanishes, because the weak limit of
Tw(T:(b)) lies in the center of 7, (A)”, which is trivial since @ is primary. The
remaining term matches with (9.30) iff e is one-dimensional, so that €2, is the only
translation-invariant vector in Hy, and eg = [Q) (2| A similar trick then yields

7o (%(0)) o () Lo = ([T (7:(D)), o ()] + Ter (@) ([0 (T(D) ), €0] + (D)) Qoo
Both commutators vanish (weakly) as x — oo, proving (9.31). Similarly, write
o (5(5)) 70 (@) 0 = ([T0( (b)), To(@)] + To(@u(x)T0(5)) R0, (937)

and use (9.34) and the previous formula for e to prove (9.32). ]

In the C*-algebraic formalism, dynamics is described by a continuous homomor-
phism o : R — Aut(A), t — o. For A = B(H'), where H' is some Hilbert space (not
to be confused with our earlier H in the quasi-local setting), Theorem 5.4 yields

o (a) = wau; (9.38)

for some family of unitaries u, = u(t), t € R. Eq. (5.268) and Proposition 5.53 then
imply that the family u, may be redefined so as to make the map ¢ — u, a continuous
unitary representation of R on H’. Stone’s Theorem 5.73 finally gives the familiar
expression for time evolution in the so-called Heisenberg picture in terms of the
Hamiltonian h, which is a (possibly unbounded) self-adjoint operator on H, i.e.,

h

o (a) = eae~ (9.39)
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For arbitrary (unital) C*-algebras A one has no counterpart of Theorem 5.4, and
one cannot rely on Theorem 9.11 either because there are no preferred states to begin
with; such states typically require a time-evolution for their definition (see below).
For quantum spin systems (still with H = C" and hence B(H) =2 M,,(C)), one tries to
construct the map ¢ — o from local approximations: with A4 given by (8.129) with
(8.128), we pick local Hamiltonians s, € B(H, ) and define maps 7 — Aut(A, ) by

o (a) = e ge~ A (9.40)

where a € Aj. Letting A 74, we would then like to assemble the family o into
a single automorphism group a : R — Aut(A), which describes the dynamics of the
corresponding infinite quantum system. Towards this aim, we start from a potential
(also called an interaction) ®(X) € B(Hx ), which is defined for any finite sublattice
X of Z4, in terms of which the local Hamiltonians / A take the form

ha =Y, ®(X), (9.41)
XCA

where the sum is over all sublattices X of A. For nearest-neighbour interactions,
®(X) is nonzero iff X = {x,y} is a pair of neighbours, and in the presence of an
external magnetic field one also has terms proportional to ®({x}). For example,
the quantum Ising model is defined by H = C? and @ ({x,y}) = —Jo3(x)03(y) for
nearest neighbours and ®({x}) = —Boj (x) for all x, where J > 0 and B € R. The
local Hamiltonians are therefore given by

ha=—J Y. o3(x)o3(y) =B Y o1(%), 9.42)

(xy)eA xeA

where the sum over (xy) € A denotes summing over nearest neighbours in A. The
expression (9.42) implicitly has so-called free boundary conditions, in that only
neighbours inside A take part in &4 . Alternatively, one could use periodic boundary
conditions, which in d = 1 define the quantum Ising chain

hy=—J (1\121(()'3()6)0'3()64— 1) +G3(N)G3(1)) —B i 0'1()6). (9.43)
x=1

x=1

In (9.42) - (9.43) the operators o;(x) in A, is defined as explained after (9.29). We
are going to study the quantum Ising chain in detail in connection with SSB; for
the moment, we just mention another popular spin model, namely the Heisenberg
model for magnetism. This also has H = C2, but the local Hamiltonians are

3
ha=7Y. Y a(y)ai(y), (9.44)
(xyea) =1

with free boundary conditions, where J < 0 (J > 0) yields (anti) ferromagnetism.
Although we do not have (9.38) for any u; € A, we may construct o, as follows.
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Theorem 9.15. Let @ be a short-range potential in that there is r € N such that
D(X) #0only if |x—y| < rforall x,y € X, and define local Hamiltonians h by
(9.41). For fixed finite A C 7¢ and a € Ay, the following (norm) limit exists and
defines an automorphism 0 of U, ~z4Aa and hence by continuity also of A:

o(a) = lim &My ge~thay (9.45)

Proof. Note that for large enough N, the hypercube Ay contains any A € & f(Zd).
Take a € Ay, take Ay, D Ay, D A, and use (9.40) and (9.41) to compute

(Aw,) (Awy) ood (A (A
o™ (@) o™ @)l = | s Go(e6™ o @)

t (A (A A A
= [ a5 (™ 00 @] a0 )|
t A A
= | [ sl g, g
t (Aw,) (Any)
< /0 dslla™ (hay, —hay, 02" (@)

! (Any)
< |, dslilhay, = hay, 0= (@)

[as| T Eler.a @)

)CE/\NZ \ANI X>x

Y X /0, ds [[®(X), " (@)]]. (9.46)

XEANZ \AN1 Xox

IN

We now show that the left-hand side of the first line is a Cauchy sequence. Since

(ANI)(a) _ ei(f—s) ZYgANl ‘P(Y)ae—i(f—S)ZYgANl D(Y) c

o) B(Hyy, ), (9.47)

which is finite-dimensional (as Ay, is finite), we have a norm-convergent expansion

-\

o (@) =a+it Y [®(1)a+ % Y [00), ()] 4+ (9.48)
Y1 CAN, T N hCEAN,

Let A(r) consist of all y € Z¢ for which there is some x € A for which |[x —y| < r.

Then the zeroth term a in (9.48) is in A4, the first is in AA(,>, ..., the n’th is in

A4 (nr)- Therefore, we can find n = n(Ny, N2, 3) such that the only terms in (9.48) that

contribute to the commutator in (9.46) are the n’th and beyond. Taking Ay, and Ay,

large enough, this tail can be made arbitrarily small, so that (Oc,(AN ) (a))n is a Cauchy

sequence in A. This gives convergence of (9.45) for a € A4, where A is arbitrary
(but finite), yielding an automorphism ¢4 in UpA 4. Being an automorphism, ¢ is
isometric, so that it extends to A by continuity. g
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9.4 Ground states of quantum systems

A ground state of a finite system Ay = B(H, ) is an eigenstate of the local Hamil-
tonian i, with the lowest eigenvalue; because dim(Hy ) < oo, the spectrum of A4 is
discrete and hence local ground states exist. For infinite systems, no Hamiltonian is
yet defined, so we need to define ground states in terms of the dynamics ¢.

Definition 9.16. Let A be a C*-algebra with time evolution, i.e., a continuous ho-
momorphism o : R — Aut(A) (which gives the dynamics of the underlying physical
system). A ground state of (A, &) is a state ® on A such that:

1. o is time-independent, i.e. o' ® = @ (or w(o4(a)) = w(a) foralla € A)Vt € R;
2. The generator hg, of the ensuing continuous unitary representation

s u = e (9.49)
of R on Hy, has positive spectrum, i.e., 0(hgy) C RY, or, equivalently,

(W, hoy) >0 (v € D(hg)). (9.50)

Note that the existence of the operator A, is guaranteed by Corollary 9.12 and the
arguments after (9.38). Since Corollary 9.12 yields

heQyh = 0; 9.51)
To(0y(a)) = "o my(a)e e, (9.52)

it follows that &, is a Hamiltonian in the usual sense, implementing the Heisenberg-
picture time evolution (albeit in the representation 7, (A) rather than in A itself).
Moreover, in view of (9.51) and the assumed positivity of 6(h), the unit vector
Q of the GNS-representation 7T, induced by a ground state @ is a ground state
for the Hamiltonian 4, in the usual sense. If @ is pure (see below for a discussion
of this desirable possibility), then obviously exp(ithy) € Ty»(A)”, since the latter
equals B(Hy). A deep result states that this is always the case (Borchers Theorem):

Theorem 9.17. If @ is a ground state on A, then exp(ithy) € Tu(A)” for allt € R.

As we shall see, this contrasts with equilibrium states. The Heisenberg equation of
motion for operators a(z) has a counterpart in the C*-algebraic formalism, which
requires a concept already encountered in §3.1, but repeated here for convenience:

Definition 9.18. A derivation on a C*-algebra A is a linear map 6 : A — A with
6(ab) = 6(a)b+ad(b), (a,b € A) (Leibniz rule). (9.53)

An unbounded derivation is a linear map 8 : Dom(0) — A, where the domain

Dom(68) C A of 6 is a dense linear subspace of A, that satisfies the Leibniz rule.
An (unbounded) derivation § is symmetric when 8(a*) = d(a)* for all a (in

Dom(6), which must be self-adjoint in that a € Dom(8) iff a* € Dom(3)).
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Bounded derivations are rare in classical physics; nonzero derivations of A = Co(R?)
do not even exist, but it has plenty of unbounded derivations, viz. §(f) = & f for
some vector field £ on R, In quantum mechanics, A = B(H ! ) does have derivations,
all given by 8(a) = i[h, a] for some bounded (self-adjoint) operator 4 on H'.

Proposition 9.19. Any continuous homomorphism o : R — Aut(A) on any C*-
algebra A defines an unbounded symmetric derivation & on A by the norm limit

< (@) =lim %la)—a (9.54)

@) =g =0 1

where Dom(0) consists of all a € A for which this limit exists. Moreover, this domain
is stable under o in that if a € Dom(9), then oy(a) € Dom(9) (1 € R).

The proof is an elementary verification (cf. Theorem 5.73). On H, we then have

Tw(8(a)) = ilhe, Te(a)], (9.55)

which, then, is “Heisenberg’s equation of motion revisited.” One may also reformu-
late Definition 9.16 in terms of the derivation § associated to @ by (9.54):

Proposition 9.20. A state 0 € S(A) is a ground state for given dynamics o iff
—iw(a*6(a)) >0 (a € Dom(d)). (9.56)

Proof. If @ is a ground state according to Definition 9.16, we may use (9.55),
(C.196), (9.51), and finally (9.50) to compute

—io(a*8(a)) = —i(Qu, T (a*8(a)) Qo) = (Qu, T (a)* [he, Te ()] Qo)
(7t (0) Ry ho Ty (@) Q) > 0. 9.57)

Conversely, we first show that if @ satisfies (9.56), then it is ¢ -invariant. We initially
assume a = a*, so that §(a)* = §(a*) = 6(a), as J is symmetric by construction.
Since o is a state, one has @(b*) = @(b) for any b € A, so taking b = §(a)a, using
(9.56) just in that @(a*6(a)) € iR, we obtain @(d(a)a) = —m(ad(a)). Hence

o(8(a*)) =0, (9.58)

by (9.53), so also @(8(as(a)?)) =0, s € R. With (9.54), we find
0= [ asodentar) = [ dso( Golen(a?)oo)
= [(as Soen@P))m = [ ds 0@ (@?) = o) - o)

Hence (0, (a?)) = ®(a?) for each u > 0 (and analogously for each u < 0), when-
ever a* = a, i.e., o(a,(b) = ®(b) for each b > 0. But any b € A may be written as
a sum of at most four positive elements, so @ o ¢, = ® for all u € R. We therefore
have a Hamiltonian A, whose positivity follows from (9.57), ran backwards. O
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9.5 Ground states and equilibrium states of classical spin systems

Thermal equilibrium states are arguably physically more relevant than ground states,
as the latter rely on the idealization of temperature zero. Since in statistical mechan-
ics infinite systems are used to approximate very large ones, it will be of particular
interest to define equilibrium states in infinite volume. If only to highlight contrasts
with quantum theory, we take a long run and start with the classical case.

Classical spin systems on a lattice are defined by a single-site configuration space
n={0,1,...,n}, where m € n may either be interpreted as some spin-like degree
of freedom (as in the Ising model, where n = 2) or as the number of (structureless)
particles occupying a given site (in which case one has a latfice gas). As in (C.310),
for any finite sublattice A C Z¢, the local algebra of observables is given by

Ay =con?), 9.59)

where n* = C(A,n) consists of all functions s : A — n. For finite A this is a finite
set (of cardinality nlAl), so that all functions in question are continuous and hence
C(n™) just stands for the commutative C*-algebra of all functions from n** to C. If

A C A(z), we have maps l<C> :A<C> — A(C) , written f; — f>, which are given

AMAR) A AQ)
by
f2(s) = fi(s)a,); (9.60)
where s: A®) — n. As these maps are injective, the ensuing inductive limit is simply
A©) = Uy gy = (n™), 9.61)
where QZd = [l czen is endowed with the product topology and hence (by Ty-

chonoff’s theorem) is compact (for n = 2,d = 1 this is a model of the Cantor set).

As in the quantum case, local Hamiltonians are defined via an interaction P,
which now is an assignment X — ®(X), where X C Z¢ is finite and ®(X) € Agf).
If X C Y, we regard @(X) an an element in A§f ) through the inclusion Agf) C Agf) ,

indicating this explicitly by writing ®(X)y € A(YC>. We then define hy € AE\C) by

ha =Y, ®(X)a, (9.62)
XCA

where the the sum is over all subsets X of A. For example, the Ising Hamiltonian
ha(s)=—J Y sisj—BY si, (9.63)
(ij)a icA
where the sum is over nearest neighbours in A, and we assume 2 = {—1, 1} (rather
than the usual c-bit {0, 1}), comes from the following potential:

o O(X)=0ifeither |X| > 2 or, if |X| = 2, its elements are not nearest neighbours;
o &({i}):s— —Bs;, and @({i,j}) : s — —Js;s; if i and j are nearest neighbours.
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As in (9.41), the prescription (9.62) has free boundary conditions, in that it only
involves spins inside A. Another possibility is to fix a “boundary” spin configuration

be QZd, and define hf’\ € Aﬁf) by

Wb = Yy @(X)h. (9.64)
XCZ4 |X| <0, XNAZD

This involves some new notation & (X )5 ‘» Which means the following. In principle,

P(X) e A;) is a function on 7¥. We now turn @(X) into a function ®(X)} on n”
(so that 4% is a function on n* as required): for given s : A — nand givenb: Z¢ — n
we define s’ : X — n by putting s’ = s on XN A and s’ = b on the remainder of X

(which is X N A€, with A€ = Zd\A). Then
@ (X)4 (5) = PX)(s). (9.65)

Physically, this simply means that those spins outside A that interact with spins in-
side A are set at a fixed value determined by the boundary condition b. For example,
consider the Ising model in d = 1. If we take A = {2,3}, then from (9.62) we obtain
ha = —Jsps3 — B(sy + 53); spins outside A do not contribute. From (9.64), on the
other hand, we obtain hf’\ = hp — J(b152 + s3b4). Although the boundary condition
b is arbitrary, one may think of simple choices like b; = 1 or —1 for each i.

We may actually rewrite (9.64) as a difference between Hamiltonians with free
boundary conditions. To do so, for given finite A we pick some finite A’ D A large
enough that it contains all spins outside A that interact with spins inside A (provided
this is possible). With the conventional notation k4 (s|b) = K4 (s), this yields

ha(sb) = har(s,0) —hana (b) = ), @(X)ar(s,0) = Y @(Y)pna (D).
X'CA’ YCANA

Analogous to (9.65), the notation @ (X’),/(s,b) here means @(X')4/(s"), for the
function s’ : A’ — nthaton A C A’ coincides with s : A — n, whilston (A"\A) C A’
it coincides with the restriction of b to A"\ A. Thus we may also write

ha (s|b) = Al}gzll(h/\’(s ,b) —hana (D)), (9.66)

although neither hyq(s,b) nor hya 4 (b) makes sense by itself. Periodic boundary
conditions for local Hamiltonians may be defined for arbitrary interactions & and
special lattices. For example, the Ising chain in d = 1 has local Hamiltonians

n—1 n
h?fczﬁ...,n}(s) =J (slsn + Z SiSi+1> _sti- (9.67)
i=1

i=1

Naively, a ground state of a finite classical spin system, i.e., a system of the
above kind defined on a fixed finite lattice A C Z¢, is a spin configuration so € n*
that minimizes the local Hamiltonian /24 (9.62), or its counterpart (9.64), that is,
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ha (s0) < hy(s), (9.68)

for all s € . For example, if A is a hypercube Ay, then the Ising model (9.63)
has a unique ground state for B > 0, namely so(x) = 1 for all x € A, whereas it
has two ground states S(T for B =0, given by saE (x) = £1 for all x. Ground states
of finite classical systems always exist (since the space on which /4, is finite), but
they are not necessarily unique; we just gave a counterexample! The same is true
for quantum theory, since for B = 0 also the quantum Ising model (9.42) has two
degenerate symmetry-breaking ground states. Nonetheless, this case is special, since
for nonzero small values of B the ground state of the quantum Ising model is unique
for finite A, whereas on the infinite lattice Z¢ it is degenerate (cf. §10.7).

The definition of ground states of infinite classical spin systems is just slightly
more involved: for local Hamiltonians 24 with free boundary conditions defined by

an interaction & a la (9.62), a ground state is a point sy € 7Zd for which
ha(soja) < ha(sia)s (9.69)
for any finite A C Z¢ and any spin configuration s € QZd. Alternatively, one may ask
K (s0) < Y (s), (9.70)
for all finite A C Z¢ and all spin configurations s € QZd that coincide with sy outside
A, where hf{’ stands for (9.64) with b = sg. In other words, sg provides a boundary
condition b, which is fixed for all s that compete with sy in minimizing the local
Hamiltonian hiis". Both definitions give the usual two ground states for the Ising
model with B = 0 (in which all spins are either “up” or “down”), but the second
one also opens the possibility of domain walls, where infinite chains of “spin up”
alternate with infinite chains of “spin down”, and similarly in higher d.

If different ground states in the above (“pure”) sense exist, we may reinterpret
such states so as Dirac measures 5s0 on the space n? of all spin configurations on A,
and may also allow convex combinations of ground states as ground states. This, as
well as the analogy with Definition 9.16 (in which no purity condition is imposed)
inspires a more liberal definition of a ground state, which is predicated on Boltz-
mann’s idea that a state of a classical system of the kind we consider is a probability
measure /.LR on n’*, and likewise for gZd. In the C*-algebraic formalism we use, this
follows from (9.61) and the identification of states on C(X) with completely regular
probability measures on X (assumed to be a compact Hausdorff space, cf. §B.5). A
state 4 on C (QZd), i.e., a probability measure on QZd
algebra C(n), i.e., a probability measure ti, on n*

, induces a state on each local
simply by restriction, since

Cn*) c cn®") ©.71)

through the injection (9.60), according to which f4 € C(n”) has image f € C (QZ‘])
defined by f(s) = fa (5o ). The measure 4, then, is given in terms of y by
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pa(fa) = p(f); 9.72)

the corresponding probability distribution p, (i.e., pa (s) = ua ({s})) is given by
pals)=pn ({s’ € de | STA = s}) , sen’. (9.73)

The family of probability measures (i, ) defined by U is consistent in that if A M c
A® and f; € (") and f, € C(n""™) are related as in (9.60), then

o) (f1) = Uy (f2)- 9.74)

Conversely, a consistent family of probability measures (14 ) defines a unique prob-
ability measure [l on QZd which induces the given family through (9.72).

Definition 9.21. For given finite A C 7¢, a probability measure [,LX on n

n* is a
ground state of a local Hamiltonian ha (with free boundary conditions) if, in terms

of the probabilities p'\ (s) = u$ ({s}), for any probability measure s on n*,

Y A ha < Y pa(s)ha. 9.75)
SGQA SEQA

Z

A probability measure Ly on n Yisa ground state for some interaction @ if (9.75)

holds for any probability measure [ on ﬁZd and any finite subset A C 7.4, where this
time p9\ (and analogously p, ) is defined by (9.73).

In particular, convex sums of pure ground states are ground states in this more gen-
eral sense, so that, if all pure ground states break some symmetry (as is the case
for the Z;-symmetry s — —s of the Ising model at B = 0), symmetric convex sums
will restore the symmetry. The set of all ground states of a given interaction @ is a
convex set, whose extreme points are the pure ground states (at least, under suitable
hypotheses on @). This leads to a discussion of SSB similar to the quantum case.

In the following discussion of equilibrium states, we use the notation
Pr(X) = S(C(X)) (9.76)

for the compact convex set of all completely regular probability measures on X,
which as above will either be the finite set n”* (with discrete topology)—on which of
course any probability measure is completely regular—or the compact space de. In
the first case we may as well use probability distributions p, (instead of probability
measures) on . In the second, we could also use Baire measures.

Given an interaction ¢ and the ensuing family (9.62) of local Hamiltonians /4,
we define the local energy for each finite A C Z¢ as a function & : Pr(n) — R by

Er(pA) =Y, PA($)ha(s). 9.77)

sent
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Of course, this is just the expectation value of the Hamiltonian in the state p,. The
local entropy S, : Pr(n*) — R is a more subtle concept; rather than the expectation
value of some (local) observable, it specifies a property of the probability distribu-
tion itself. With Boltzmann’s constant kg, we have

$(pa) = ~ks ¥ pa(s)In(pa(s)) 9.78)

S‘Gﬁ
Note that Sx (pa) > 0, with equality iff p, is a pure state (i.e., ps is supported at a
single spin configuration). The local free energy .7 F. Pr(n) — R is defined as
FP— &\ 18,4, (9.79)

where B = 1/kgT. A local equilibrium state, then, is a probability distribution pﬁ

that minimizes the free energy (for fixed temperature 7).

Theorem 9.22. For each T > 0, there is a unique local equilibrium state, given by
the Boltzmann distribution (and associated partition function)

Ph(s) = (Z3) e PO (9.80)
= Y e hml), 9.81)
s'enh

The associated free energy in equilibrium is then given by
FP = 7P (pPy=—p'mZE. (9.82)
Proof. The claim follows from the fact that any p, € Pr(n”) satisfies the inequality
FP(pa)>—-B 'z, (9.83)
with equality iff p = pﬁ, i.e., using (9.79), (9.77), and (9.78), we need to show that

Y p(s)(ha(s)+ B np(s)) + B InZh > 0. (9.84)

SEEA
Using (9.80), for each s € EA we obtain
—Bha(s) =InZP +1nph (s). (9.85)

Substituting this in (9.84), using ¥s p(s) = 1, omitting the ensuing prefactor f~!,
and noting that pﬁ (s) > 0 for all s, the inequality (9.84) to be proved becomes

Y, p(s ( P(s) ) > 0. (9.86)

SEEA Pa (9)
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Hence we need to prove the inequality

Y P ( pﬁ%) In ( ’ﬁ”)) >0, (9.87)
P

S€EA AlS Pa (s

with equality iff p(s) = pﬁ (s) for all 5. Let us note that the function f(x) = xInx is

strictly convex for all x > 0, that is, for any finite set of numbers p’(s) € (0,1) with
Y., P'(s) = 1 and any set of positive real numbers (x;), > 0, we have

Y ') f () > f (Zp’(s)xs) , (9.88)

with equality iff all numbers x; are the same. Applying this with p’(s) = pﬁ (s) and

X5 = p(s)/pﬁ (s), so that p’(s)x; = p(s) and hence ¥ p’(s)x; = ¥, p(s) = 1, which
makes the right-hand side of (9.88) vanish since In(1) = 0, finally leads to (9.87).

Equality arises iff p(s)/ pﬁ (s) equals the same numer ¢ for all s; summing over all s

forces ¢ = 1, so that one has equality iff p(s) = p/ﬁ\ (s) for all s, as desired. O

Neither the local Hamiltonians (9.62) nor the local partition functions (9.81) have
alimitas A 1 Z¢. A precise definition equilibrium states of infinite classical systems
was given in 1968 by Dobrushin and by Lanford and Ruelle (DLR).

Definition 9.23. For fixed inverse temperature B € (0,00) and fixed interaction @,

a Gibbs measure ,uﬁ is a (Baire = regular Borel) probability measure on gzd such

that for each finite A C Z¢ and each pair (s,b) of a spin configuration s : A — n plus
boundary condition b : A° — n, the conditional probability uP (s|b) for the events

s=1{s ¢ de | siA =s}C de; (9.89)

b={s" €n™ |sj. =b} cu?, (9.90)

is given in terms of the local Hamiltonian hx (s|b) as defined by (9.66) by

uP(slb) = (24 (b)) ' Fralsh), (9.91)
ZE(b) = Y e Pl (9.92)
senh

Recall that b (s|b) = uP(snb)/uP(b), where sNb = {s,} consists of the single
spin configuration s;, : Z¢ — n that coincides with s on A and coincides with b on
A€. Thus we may write u? (s|b) = pP (s,) /uP (b), where pP (s) = uB ({s}) as usual.

It was initially unclear how to generalize this highly fruitful definition of equilib-
rium states in classical statistical mechanics to the quantum case, where conditional
probabilities are not well defined (this was eventually resolved, however, through
Definition 10.9 below). Thus a different (equally fruitful) approach to equilibrium
states of (infinite) quantum systems was developed, to which we now turn.
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9.6 Equilibrium (KMS) states of quantum systems

For finite quantum spin systems we have expressions for the energy &P , the en-
tropy S4, and the free energy Z 4 that are analogous to their classical counterparts
(9.77), (9.78), and (9.79). In particular, these quantities are functions on the state
space S(A,). Since Ay = B(H, ), where we assume that H and hence H, is finite-
dimensional, each state @y € S(A,) is given by a density operator py, so that

Ex(wp) = A (ha) =Tr(paha); (9.93)

Sa(@p) = —kgTr(palnp,); (9.94)

FP =&, -T13,. (9.95)
B

Defining a local equilibrium state as a density matrix p, that minimizes the free
energy (for fixed T'), we have the following quantum analogue of Theorem 9.22:

Theorem 9.24. For each T > 0, there is a unique local equilibrium state wﬁ, viz.

oP(a) =T (pfa) : (9.96)
ph = (28) e P, 9.97)
2B = (e*ﬁ’m) . (9.98)

Accordingly, the free energy F, /{3 in equilibrium is given by
FP = #PpPy=—p1m2P. (9.99)
Proof. One proof is analogous to the classical case, in that for all py € Z(B(Hj)).
FPpr)>—p ' Im2E, (9.100)

with equality iff py = pﬁ . This, in turn, follows from the inequality

Tr(a(lnb—1Ina)) < Tr(b—a), (9.101)

with equality iff b = a, which is valid for matrices a, b for which a > 0 (in the usual
sense that 4 > 0 for each A € o(a)) and b > 0 in that A > 0 for each A € 6(b). The

casea = pp and b = pﬁ immediately gives the claim. 0
What remains to be done, however, is to define equilibrium states for infinite sys-

tems. This is achieved through the so-called KMS-condition, which is based on the
observation that for any a,b € A4, in terms of (9.40) the state (9.96) satisfies

f (o) (a)b) = of (ba ()5 (a)) (1 €R). (9.102)
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Moreover, in finite systems this condition (even at t = 0) fully characterizes a)f:

Proposition 9.25. Let h be a self-adjoint operator on a finite-dimensional Hilbert
space H', with associated density operator p and (complex) time-evolution given by

e—h
= 1
P e (9.103)
o, (a) = éPae™™ 7€ C,ac B(H), (9.104)

respectively (the exponentials being defined by a norm-convergent power series).
Then the associated two-point functions defined by ®(a) = Tr(pa) satisfy

o(ab) = o(boy(a)) (a,b € B(H)). (9.105)
Conversely, any state for which (9.105) holds for given h and o is given by (9.103).

Proof. Eq. (9.105) follows from (9.103) - (9.104) and cyclicity of the trace, i.e.,
(A.78). Similarly, given non-degeneracy of the Hilbert-Schmidt inner product (B.495)
on B(H), eq. (9.105) is equivalent to the condition

pa=e"acp, (9.106)

for each a € B(H'). Multiplying with exp(h) shows that exp(h)p commutes with
every a € B(H'). Since B(H') = C- 1y, we obatin exp(h)p = A - 1. Since exp(h)
is invertible with inverse exp(—#), we obtain p = A - exp(—h), upon which the nor-
malization condition Tr(p) = 1 yields (9.103). O

For arbitrary C*-algebras A with time-evolution 7 + ¢4, expressions like &g (a)
may not be defined, so one has to proceed more carefully, but the idea is the same.

Definition 9.26. Let A be a C*-algebra with an automorphism group R. A KMS
state ar “inverse temperature” B € R is a state 0 on A with the following property:

1. For any a,b € A, the function F,j, : t — 0(boy(a)) from R to C has an analytic
continuation to the strip

S =1{z€C|0<Im(z) < B}, (9.107)
where it is holomorphic in the interior and continuous on the boundary
0.7 =RU(R+iB). (9.108)
2. The boundary values of F, j, are related, for allt € R, by

Fop(t) = o(boy(a)); (9.109)
Fop(t+iB) = o(oy(a)b). (9.110)

If this is the case, @ satisfies the KMS-condition af (inverse temperature) .
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It is easy to show that A has a dense subset A, such that for any a € A, the function
t — oy (a) from R to A extends to an entire A-valued analytic function, written z —
o (a) (i.e., for each ¢ € A* the function z — ¢@(0;(a)) from C to C is entire analytic).
Namely, for any a € A and € > 0, define

< dt —12)2¢
= e Q, , 9.111
dg /700 \/2%6 z(a) ( )

which satisfies a; € Aq and limg|gae = a. If A = B(H') with dim(H') < e, we even
have B(H')q = B(H'), since (9.104) is entire analytic in z for any a € B(H'). For
any A, the KMS-condition on @ is then equivalent to the simpler requirement

w(ab) = 0(bays(a)) (a € Ag,b € A). (9.112)

Corollary 9.27. If A = B(H') with dim(H') < o, then KMS states (at fixed ) are
necessarily given by the equilibrium states of Theorem 9.24 and hence are unique.

Although initially the characterization of equilibrium states of infinite systems by
the KMS condition was tentative, in the 1970s and ’80s it became clear that it was
spot on, being equivalent to local and global thermodynamic stability (against per-
turbations of the dynamics), the (Iocal) maximum entropy principle, etc. Also:

Proposition 9.28. A KMS state at B € R\{0} is time-independent.

Proof. We just sketch the proof if A is unital. Taking b = 14, for fixed a € Ay the
function F,;, = F defined by F(z) = w(0;(a)) is entire analytic on C. Writing
z=t+is (with s, € R), we have o, = o o oy and hence (since each ¢; is an
automorphism and hence an isometry), |F (t +is)| < ||ois(a)||. Also, (9.112) yields
F(t+i(s+B)) = F(t+is). Hence F (¢ +is) is bounded in 7 and periodic in s; by the
latter property its supremum on C may be computed by its supremum on the strip
B, and by the former property this supremum is finite. Therefore, F is bounded,
and so by Liouville’s Theorem it must be constant, especially if z =t € R. Hence
o @ (a) = w(a) for each a € Ay, and since this is a dense set, o' ® = @. O

By the argument for ground states following Definition 9.16, the automorphism
group t — 0 is unitarily implemented in the GNS-representation 7, induced by
a KMS state @, such that (9.51) - (9.52) hold. However, the operator %, in this con-
struction should not be confused with the Hamiltonian of the system. For example
suppose A = B(H') for some (not necessarily finite-dimensional) Hilbert space H’,
so that (9.39) holds for some (not necessarily bounded) Hamiltonian % with discrete
spectrum, such that exp(—fh) € By (H'). If we now define the density operator

e—[ih

then the corresponding state @ satisfies the KMS-condition at 3. Generalizing the
computations around (2.66) in §2.4, we then find (up to unitary equivalence):
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Hy = By(H'); (9.114)
o(a)b = ab; (9.115)
Qo =p'/? (9.116)
e = my (™) mp, (), 9.117)

where for any a € B(H'), the operator 7,,(a) on B(H') is defined by
7, (a)b = ba. (9.118)

Note that (9.115) is well defined, since p > 0 and p € B;(H’), whence p'/? €
B> (H’), and hence also ab € By(H') and ba € B,(H'), since By(H') is a two-sided
ideal in B(H'). If h happens to be bounded, we may therefore write

ho = T (h) — 7, (). (9.119)

Note that the 7, term in (9.117) is not needed for (9.52), since 7, (a), 7, (b)] =0
for any a,b € B(H'), but it is necessary to secure (9.51). Another feature of this
example is that the vector 4 is not only cyclic for T, (B(H')), which it has to be
by virtue of the GNS-construction, but also separating, i.e., Ty(a)Q, = 0 implies
Tp(a) = 0. In other words, one has @(a*a) = 0 iff a = 0 (which is by no means the
case for ground states). If dim(H') < oo, this is obvious, because 7Ty (a)Qq = ap'/?
and p'/2 is invertible. In general, for arbitrary C*-algebras A we have:

Proposition 9.29. Let @ be a KMS state on A at B € R. Then Q, is both cyclic and
separating for g, (A) and hence also for T, (A)” (as well as for T, (A)').

Proof. Since w(a*a) = || 7ty (a)Qq||?, we have w(a*a) = 0 iff 7, (a) Qg = 0, so that

if w(a*a) =0, and hence F,« 4(t) =0, cf. (9.109). The “edge of the wegde” theorem
then gives Fy ,(z) = 0 for all z € ., upon which the KMS-condition gives

w(aa*) = Fyp 4(if) = 0.

This means that @ (a*a) = 0iff @(aa*) =0, or 7y (a) Qe = 0 iff Tk (a)* Qe =0, and
hence 7, (b* )Ty (a) Qe = 0 iff 1 (a*) 7y, (b) Ry = 0. Since Q4 is cyclic for 7, (A),
the assumption 7, (a)Q, = 0 therefore implies that the bounded operator 7y, (a*)
vanishes on a dense domain in Hy, and hence vanishes. Since 7y (a) = (7 (a*))*, it
follows that 7, (a) = 0. The extension to 7, (A)” (and 7, (A)") is obvious. O

Corollary 9.30. If @ is a KMS state on a quasi-local algebra A, i.e., given by (8.130)
with dim(H) < o, then ®(a*a) = 0 iff a = 0 and hence the GNS-representation
Tw : A — B(Hy) is injective.

Proof. By the previous proof, the closed left-ideal (C.204) is actually a two-sided
ideal, which must be zero, since A is simple (as is easily shown from the simplicity
of B(H) for finite-dimensional H, cf. §8.5). O
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Proposition 9.29 shows that the von Neumann algebra 7, (A)” is in standard
form (see Definition C.158), so that the KMS condition bring us into the realm of
the Tomita—Takesaki theory. In particular, Theorem C.159 provides us with another
time-evolution, namely the one given by the modular group. In the situation of The-
orem C.159, we take a € My, and b € M, and compute

(Q,ba_i(a)Q) = (Q,bAaA"'Q) = (Q,bAaR)
= (A0 Q, A ?aQ) = (JA?2aQ,7A ?b* Q)
= (5aQ,Sb*Q) = (a*Q,bQ) (9.120)
= (Q,abQ), 9.121)

where we used the property A'/2Q = Q as well as anti-unitarity of J, which im-
plies (Jy,J@) = (@, y); these facts follow from the definitions of A and J via S.
Therefore, the state @ on M defined by 0(a) = (2,aQ) (a € M) satisfies the KMS-
condition for the modular group at § = —1. If, on the other hand, we start with a
B-KMS state @ on a C*-algebra A with respect to some given time-evolution o, and
take H = Hgpy, M = T (A)”, and Q = Qy,, the normal extension of @ to 7, (A)” given
by (Qg, Q) still satisfies the KMS condition with respect to the time-evolution on
T (A)" given by conjugation with exp(ithy), as in (9.52). Comparing the latter with
the time-evolution on M defined by conjugation with A? (cf. Theorem C.159) gives

eho = A~/P, (9.122)

since both one-parameter groups of unitary operators satisfy the KMS-condition at
B, and some time-evolution o; that satisfies the KMS-condition relative to a given
state @ and inverse temperature f3 is unique. To see this (barring technicalities about
unbounded operators that are easily dealt with), take § = —1 for simplicity, assume
ay is conjugation by A" = exp(ith) (i.e., A = exp(h)), and rewrite (9.112) as

w(ab) = (b*Q,AaQ). (9.123)

This determines (@, A y) between a dense set of vectors @, y, and hence fixes A.
The operators J and A from the Tomita—Takesaki theory can explicitly be com-
puted in the example (9.113); the antilinear operator J : Bo(H') — B,(H') reads

Jb = b*, (9.124)

so that the isomorphism a — JaJ between 7, (A)” = B(H') (where B(H') acts on
By (H') by left multiplication) and its commutant 7, (A)’ = B(H') (which copy of
B(H') now acts on B, (H') by right multiplication) is given by JaJb = ba. Further-
more, the (generally unbounded) linear operator A : By(H') — By(H') is given by

Ab=pbp~!, (9.125)

which strictly speaking is defined as the closure of the expression (9.125) on the
domain of all b € B,(H') for which bp~'/2 € B(H'").
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Theorem 9.31. For given unital C*-algebra A, dynamics @ : R — Aut(R), and in-
verse temperature 3 € R, let S B (A) be the compact convex set of KMS states. Then

9.S5(A) = S5(A) N SH(A), (9.126)

where S,(A) is the set of primary states on A (cf. Definition 8.17). Consequently,
extreme KMS states at fixed inverse temperature 3 are either equal or disjoint.

This suggests that extreme KMS states define pure thermodynamics phases.

Proof. We enlarge Sg(A) to the set Kg(A) C A* of all continuous linear functionals
on A that satisfy the B-KMS condition (so that Sg(A) consists of all positive elements
in K3 (A) of unit norm). The key to the proof is a bijection between the set S(®) of
functionals p € Kg (A) for which 0 < p < @, where @ € Sg (A) is fixed, and the set
T () of operators ¢ € Ty(A) N 7y(A)” such that 0 < ¢ < 1p,,, given by

p(a) = (R, cmy(a)Lp)- (9.127)

This implies the claim, since @ € J,Sp iff any p € S(w) takes the form p = t® for
some ¢ € [0, 1] (cf. Lemma C.17), which in turn is the case iffc =1 - 1,,.

First, for any state @ € S(A) there is a bijection between the set of linear func-
tionals p € A* for which 0 < p < @ and the set of operators ¢ € T, (A)' such that
0 <c¢<1p,, given by (9.127). Indeed, in one direction, given a = b*b > 0, we have

(0 —p)(a) = (T (b)Ra, (11, — ¢) e (b)Qw) > 0, (9.128)

forif 0 <c¢ < lg,, then 0 < (1g, —c¢) < 1g,,. Hence p < o, whilst from (9.127)
we similarly find p > 0. Conversely, p induces a quadratic form R on Hy,, defined
initially on the dense domain 7, (A)H by the formula

R(7y(a) Qo T (b) Q0) = p(a*b), (9.129)

which is easily seen to be well defined, positive, and bounded, and so Proposition
B.79 supplies the operator ¢, which a simple computation shows to be in 7, (A)’.

For the bijection S(®) = T (@), where @ is a B-KMS st