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Abstract. We present a method to compute the number of indepen-
dent sets for two basic graph patterns: simple cycles and trees. We show
how to extend this initial method for processing efficiently more complex
graph topologies.

We consider polygonal array graphs that are a graphical representa-
tion of molecular compounds. We show how our method processes polyg-
onal trees based on a 2-treewidth decomposition of the input graph.

A pair of macros is associated to each basic graphic pattern in this
decomposition, allowing us to represent and perform a series of repeti-
tive operations while the same pattern graph is found. This results in a
linear-time algorithm for counting its number of independent sets.

Keywords: Recognition of graph patterns · Counting the number of
independent sets · Symbolic variables · Programming macros

1. Introduction

Counting problems are not only mathematically interesting, also they arise in
many applications. Regarding hard counting problems, the computation of the
number of independent sets of a graph G, denoted as NI(G), has been a key
in determining the frontier between efficient counting and intractable counting
algorithms.

The recognition of structural patterns lying on graphs has been helpful to
design efficient algorithms for counting its number of independent sets. For
example, the linear-time Okamoto’s algorithm [2] computes NI(G) when G is
a chordal graph, and where the decomposition of G in its clique tree gives the
possibility of applying dynamic programming in an efficient way. Other case, is
the Zhao’s algorithm for computing NI(G) on regular graphs [9]. However, for
some kind of graphical patterns there is not an efficient method known, at least
up to today, to compute NI(G).
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Polygonal array graphs have been widely investigated, and they represent a
relevant area of interest in mathematical chemistry because they have been used
to study intrinsic properties of molecular graphs. In addition, it is also of great
importance to recognize substructures of those compounds and learn messages
from the graphic model by clear elucidation of their structures and properties [4].
There are several works analyzing extremal values for the number of independent
sets (known in mathematical chemistry area as the Merrifield-Simmons index)
on hexagonal chain graphs, but none of those works have presented the methods
applied to compute that index [4,5].

The use of macros (common structural patterns) that are basic tools used
in planning community, has been a common tool in AI (Artificial Intelligence),
in order to represent accumulative series of basic operations into a plan action
[6]. A main property of the macros is the possibility to represent accumulative
preconditions and effects by making macros indistinguishable from individual
operators, and allowing them to perform efficiently, a series of repetitive opera-
tions while the same pattern graph is found, as it occurs in the case of polygonal
tree graphs.

Decompositions of graphs such as clique separators, treewidth decomposition
and clique decomposition are often used to design efficient graph algorithms.
There are even wonderful general results stating that a variety of NP-complete
graph problems can be solved in linear time for graphs of bounded treewidth and
bounded clique-width, respectively [7]. In order to obtain an efficient algorithm
using this approach, the input graphs have to be restricted to a graph class nicely
treewidth decomposable.

We show here, that a polygonal tree G has a 2-treewidth decomposition
allowing the application of macros for computing NI(G) efficiently. Our algo-
rithm could be adapted as a computational tool for mathematical chemistry
researchers, to contribute in the analysis of intrinsic properties on those molecu-
lar graphs. In fact, our algorithm can be adapted to compute also other intrinsic
properties on molecular graphs; for example, for counting the number of match-
ing edges of a chemical compound, known as the Hosoya index.

2. Notation

Let G = (V,E) be an undirected graph with vertex set (or node set) V and
set of edges E. The neighborhood for x ∈ V is N(x) = {y ∈ V : {x, y} ∈ E},
and its closed neighborhood is N(x) ∪ {x} which is denoted by N [x]. We denote
the cardinality of a set A, by |A|. The degree of a vertex x, denoted by δ(x),
is |N(x)|, and the degree of G is Δ(G) = max{δ(x) : x ∈ V }. The size of the
neighborhood of x, δ(N(x)), is δ(N(x)) =

∑
y∈N(x) δ(y).

A path from v to w is a sequence of edges: v0v1, v1v2, . . . , vn−1vn such that
v = v0 and vn = w and vk is adjacent to vk+1, for 0 ≤ k < n. The length of
the path is n. A simple path is a path where v0, v1, . . . , vn−1, vn are all distinct.
A cycle is a non-empty path such that the first and last vertices are identical,
and a simple cycle is a cycle in which no vertex is repeated, except that the first
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and last vertices are identical. A graph G is acyclic if it has no cycles. Pn, Cn,
Kn, denote respectively, a path graph, a simple cycle and the complete graph,
all of those graphs have n vertices.

Given a graph G = (V,E), let G′ = (V ′, E′) be a subgraph of G if V ′ ⊆ V
and E′ contains edges {v, w} ∈ E such that v ∈ V ′ and w ∈ V ′. If E′ contains
every edge {v, w} ∈ E where v ∈ V ′ and w ∈ V ′ then G′ is called the induced
graph of G. A connected component of G is a maximal induced subgraph of G,
that is, a connected component is not a proper subgraph of any other connected
subgraph of G. If an acyclic graph is also connected, then it is called a free tree.

Given a graph G = (V,E), S ⊆ V is an independent set in G if for every two
vertices v1, v2 in S, {v1, v2} /∈ E. Let I(G) denote the set of all independent
sets of G. An independent set S ∈ I(G) is maximal if it is not a subset of any
larger independent set and, it is maximum if it has the largest size among all
independent sets in I(G). The determination of the maximum independent set
has received much attention since it is an NP-complete problem.

The corresponding counting problem on independent sets, denoted by NI(G),
consists of counting the number of independent sets of a graph G. NI(G) is a
#P-complete problem for graphs G where Δ(G) ≥ 3.

3. Counting Independent Sets on Basic Topology Graphs

In this section we present two algorithms to compute NI(G) for two basic graph
patterns: cycles and trees.

Since NI(G) =
∏k

i=1 NI(Gi) where Gi, i = 1, . . . , k, are the connected com-
ponents of G [3], then the total time complexity for computing NI(G), denoted
as T (NI(G)), is given by the maximum rule as T (NI(G)) = max{T (NI(Gi)) :
Gi is a connected component of G}. Thus, a first helpful decomposition of the
graph is done via its connected components, and from here on, we consider as
an input graph only one connected component.

It turns out that the combinatorial meaning of the Fibonacci numbers are
closely related to the number of independent sets of some kind of basic graphs
patterns. In fact, it is shown in [8] that Fn+2 is equal to the number of subsets
(including the empty set) in {1, 2, ..., n}, such that no two elements are adjacent,
i.e. there is no two consecutive integers in any subset. If we think of {1, 2, ..., n}
as the vertex set of a path graph, say Pn, where there exists an edge ei =
{i, i + 1}, i = 1, . . . , n − 1, for each pair of sequential nodes, then Fn+2 is equal
to NI(Pn).

On the other hand, if we consider that the n-th element in {1, 2, ..., n} is
adjacent to the first vertex, then Pn turns into a simple cycle Cn, and the
number of subsets (including the empty set) with no two adjacent elements is
characterized by the n-th Lucas number. Therefore, Ln is equal to NI(Cn) [8].

3.1. Cycles

Let Cn = (V,E) be a simple cycle graph, and |V | = n = |E| = m, i.e. every
node in V has degree two.
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Theorem 1. The number of independent sets in Cn is equal to Fn+1+Fn−Fn−2.

Proof. We decompose the cycle Cn as: G ∪ {cm}, where G = (V,E′), E′ =
{c1, ..., cm−1}. G is a path of n nodes, and cm = {vm, v1} is called the back edge
of the cycle.

We build the family Fi = {Gi}, i = 1, . . . , n where Gi = (Vi, Ei) is the
induced graph of G formed by just the first i nodes of V .

We associate to each node vi ∈ V a pair (αi, βi), where αi represents the
number of sets in I(Gi) where vi does not appear, while βi conveys the number
of sets in I(Gi) where vi appears, thus NI(Gi) = αi + βi. The first pair (α1, β1)
is (1, 1) since for the induced subgraph G1 = {v1}, I(G1) = {∅, {v1}}. It is not
hard to see that a new pair (αi+1, βi+1) is built from the previous one by a
Fibonacci sequence, as shown in Eq. 1.

(αi+1, βi+1) = (αi + βi, αi) (1)

Note that every independent set in G is an independent set in Cn, except
for the sets S ∈ I(G) where v1 ∈ S and vm ∈ S. In order to eliminate those
conflicting sets, we use two computing threads denoted by αβ−pairs to compute
NI(Cn), one of those for computing NI(G) and the other one: (α′

i,β
′
i), for

computing |{S ∈ I(G) : v1 ∈ S ∧ vm ∈ S}|.
The second thread αβ−pair is done by starting (α′

1, β
′
1) = (0, 1), and consid-

ering only the independent sets of I(G) where v1 appears (0, β1).
Expressing the computation of NI(Cm) in terms of Fibonacci numbers, we

have (α′
1,β

′
1) = (0, 1) = (F0, F1) → (α′

2, β
′
2) = (1, 0) = (F1, F0) → (α′

3, β
′
3) =

(1, 1) = (F2, F1), . . . , (α′
n, β′

n) = (Fn−1, Fn−2), and the value for the final pair
is (0, Fn−2), then |{S ∈ I(G′) : v1 ∈ S ∧ vn ∈ S}| = 0 + βn = Fn−2. Then,
the last pair associated to the computation of NI(Cn) is (Fn+1, Fn − Fn−2) =
(Fn+1, Fn−1). Then, NI(Cn) = Fn+1 − Fn−1, obtaining a well known identity,
the n-th Lucas number. 
�

Algorithm 1. Count Ind Sets cycles(Cn)
Input: Given a simple cycle graphs Cn, where G ∪ {cm}, where G = (V, E′), E′ =

{c1, ..., cm−1}.
Output: NI(Cn)

Compute the NI(G) of the simple path G
Compute |{S ∈ I(G) : v1 ∈ S ∧ vm ∈ S}|
return αvn + βvn − β′

n−2

3.2. Trees

Let T = (V,E) be a rooted tree at a vertex vr ∈ V . We denote with (αv, βv) the
pair associated with the node v (v ∈ V (T )). We compute NI(T ) while we are
traversing by T in post-order.
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Algorithm 2. Count Ind Sets trees(T )
Input: A tree T
Output: NI(T)

Traversing T in post-order, and when a node v ∈ T is left, assign:
if v is a leaf node in T then

(αv, βv) = (1, 1)
else if v is a parent node with a list of child nodes associated, i.e., u1, u2, ..., uk

are the child nodes of v, as we have already visited all child nodes, then each pair
(αuj , βuj ) j = 1, ..., k has been determined based on recurrence (1) then

Let αv =
∏k

j=1 αvj and βv =
∏k

j=1 βvj . Notice that this step includes the case
when v has just one child node.

else if vr is the root node of G then
return αvr + βvr

end if

This algorithm returns the number of independent sets of G in time O(n+m)
which is the necessary time for traversing G in post-order.

We call Linear NI to the algorithm that computes NI(G) when G is a simple
cycle or a tree. Linear NI will be applied to process any acyclic graph or simple
cycles that we find as part of a more complex graph.

4. Polygonal System Graphs

Let G = (V,E) be a molecular graph. Denote by n(G, k) the number of ways
in which k mutually independent vertices can be selected in G. By definition,
n(G, 0) = 1 for all graphs, and n(G, 1) = |V (G)|. Then σ(G) =

∑
k≥0 n(G, k) will

be the Merrifield-Simmons index of G, that is, exactly the number of independent
sets of G. Merrifield and Simmons showed the correlation between NI(G) and
boiling points on polygonal chain graphs representing chemical molecules [4,5].
The Merrifield-Simmons index is a typical example of a graph invariant used in
mathematical chemistry for quantifying relevant details of molecular structure.

A polygonal chain is a graph Pk,t obtained by identifying a finite number of
t congruent regular polygons, and such that each basic polygon, except the first
and the last one, is adjacent to exactly two basic polygons. When each polygon
in Pk,t has the same number of k nodes, then Pk,t is a linear array of t k-gons.

The way that two adjacent k-gons are joined, via a common vertex or via
a common edge, defines different classes of polygonal chemical compounds.
A special class of polygonal chains is the class of hexagonal chains, chains formed
by n 6-gons. Hexagonal systems play an important role in mathematical chem-
istry as natural representations of catacondensed benzenoid hydrocarbons.

Let TP = H1H2 · · · Hn be a hexagonal chain with n hexagons, where each Hi

and Hi+1 have a common edge for each i = 1, 2, . . . , n−1. A hexagonal chain with
at least two hexagons has two end-hexagons: H1 and Hn, while H2, . . . ,Hn−1 are
the internal hexagons of the chain. If the array of hexagons follows the structure
of a tree where instead of nodes we have hexagons, and any two consecutive
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hexagons share exactly one edge, then we call to that graph a hexagonal tree
(see Fig. 1). And when the nodes in the tree are represented by any k-gon then
we call that graph a polygonal tree.

The propensity of carbon atoms to form compounds, made of hexagonal
arrays fused along the edges gives a relevant importance to the study of chem-
ical properties of benzenoid hydrocarbons. Thus, it has been paralleled by the
study of its corresponding graphs, the so-called polygonal tree graphs. Those
graphs have been widely investigated and represent a relevant area of interest in
mathematical chemistry, since it is used for quantifying relevant details of the
molecular structure of the benzenoid hydrocarbons [1,4]. We show now, how to
count the number of independent sets for polygonal trees based on the use of
macros.

4.1. Counting Independent Sets on Polygonal Trees

A simple cycle graph of length n, Cn, represents a polygon of n sides. Algorithm 1
allow us to compute NI(Cn) for any polygon Cn. But, if we apply Algorithm 1
using symbolic variables (α, β) as the associated pair to each node in the polygon,
then we can compute the Merrifield-Simmon index for any chain of polygons at
the same time that we visit each edge of the array once.

Let us show how to use symbolic variables during the computation of NI(P4).
The two computing threads and its associated pairs are expressed by the sym-
bolic variables: α and β, as shown in Eq. 2.

Lp : (α, β) → (α + β, α) → (2α + β, α + β) → (3α + 2β, 2α + β)
Lc : (0, β) → (β, 0) → (β, β) → (2β, β)

——————-
(3α + 2β, 2α)

(2)

Thus we obtain Eq. 3:

NI(P4) = 3α + 2β + 2α = 5α + 3β (3)

In fact, applying Algorithm 1 and using symbolic variables for computing
NI(Pk), where Pk is a polygon of k nodes, we obtain a last pair: (Fkα +
Fk−1β, Fk−1α) which it is a system of linear equations, where Fk is the k-nth
Fibonacci number. Thus, using symbolic variables α and β, we obtain Eq. 4.

NI(Pk) = (Fk + Fk−1)α + Fk−1β (4)

We can codify the last pair (Fkα+Fk−1β, Fk−1α) obtained from the compu-
tation of NI(Pk) as a macro, that in terms of the initial symbolic variables α,
β can be written as shown in Eq. 5.

α′ = Fkα + Fk−1β, β′ = Fk−1α (5)

This part of forming the pair of linear equations, is called the formation of the
macro. Each symbolic variable in the macro: (α′, β′) represents a linear system
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on two symbolic initial variables: α and β. This macro would be associated to a
common edge between any two polygons.

For example, let P1◦P2 be two contiguous hexagons with common edge {x, y}.
Algorithm 1 computes NI(P1) beginning at the common node (between both
polygons) x, and at the end of the algorithm, the pair (Fkα + Fk−1β, Fk−1α) is
obtained after visiting node y. Such pair of linear equations is associated to the
common edge {x, y}, indicating that it does not matter the initial values for any
α and β, they can be substituted by a current pair of values in order to obtain a
current final pair of linear equations and such that in those new equations, the
value NI(P1) has been considered as part of its accumulative operations.

The expansion of the macro (α′, β′) consists in considering the linear equa-
tions that they represent and substitute the symbolic variables α and β by its
current values represented by new variables. This process of expansion is well-
defined since no macro appears in its own expansion.

When the computation of NI(P2) is started by Algorithm 1, it begins in
the node v1 of P2, and when the node x is visited, a current pair of symbolic
variables (χ, δ) has been computed in the main line LP and other pair (ϕ, γ)
has been obtained in the secondary line LP2 . To visit and process the common
edge {x, y} for P2 implies to substitute the variables α and β in the macro
(Fkα + Fk−1β, Fk−1α) by χ and δ in the main thread LP , and by ϕ and γ in
the secondary thread LP2 . Algorithm 1 continues with those new pairs of linear
equations in both threads, and for the application of the Fibonacci recurrence,
such pairs will be updated until arrive to the last edge of P2, where v1 is one of
its end-points.

At the end of processing a new polygon, we obtain again a new pair of linear
equations (a · χ + b · δ, c · χ + d · δ) as a result for NI(P1 ◦ P2). For using symbolic
variables in the last pair obtained through the processing of polygons, it allows
us to substitute such macro with current variables α and β, updating the macro
associated to the common edge.And in thiswaywe canprocess anypolygonal chain
with any number of polygons in linear time, on the number of edges in the array.

Algorithm 3. Count Ind Sets Polygonal trees(G)
Traversing TP in post-order, and consider all vertex forming the current polygon Pi

that is being visited
repeat

1) Form IP ⊆ I be the indices such that v ∈ X(i), i ∈ IP iff x ∈ V (Pi)
2) Let Xa, Xb ∈ X(i), i ∈ IP be initial nodes of T containing a common edge
{x, y} between Pi and its father polygon in TP . Assume Xa the father node of Xb

3) Apply algorithm 2 on each X(i), i ∈ IP in post-order. The resulting macro is
associated to the common edge {x, y} ∈ Xa

/* If there is a macro (αi, βi) in any X(i), i ∈ IP then a macro-expansion is
performed */
4) Eliminate X(i), i ∈ IP from T , with exception of Xa

until the root node in TG is evaluated
Substitute α = 1, β = 1 in the last macro obtained, resulting a pair of integers (a, b)
Returns NI(TP ) = a + b.
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5. A 2-Treewidth Decomposition for Polygonal Trees

Treewidth is one of the most basic parameters in graph algorithms. There is a well
established theory on the design of polynomial (or even linear) time algorithms
for many intractable problems when the input is restricted to graphs of bounded
treewidth. What is more important, there are many problems on graphs with n
vertices and treewidth at most k that can be solved in time O(ck · nO(1)), where
c is some problem dependent constant [7].

For example, a maximum independent set (a MIS) of a graph can be found in
time O(2k ·n) given a tree decomposition of width at most k. So, a quite natural
approach to solve the NI(G) problem would be to find a treewidth TG of G and
to determine how to join the partial results on the nodes of TG. However, given
a general graph G, finding its treewidth is an NP-complete problem.

Fig. 1. A 2-treewidth decomposition for Trinaftileno
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The treewidth decomposition of TP -polygonal tree graph is based in the well-
known 2-treewidth decomposition of any simple cycle (a polygon); and as any
two adjacent polygons have just one common edge, then it is enough to join
the 2-treewidth decomposition of the two contiguous polygons with the nodes
containing the common edge, as it is shown in Fig. 1.

Let TG = (T, F ) be the 2-tree decomposition of TP = (V,E), where T = (I, F )
is a tree, I is an index set and X is a function, X : I → 2V , satisfying the tree
constraints of any k-tree decomposition [7]. We refer to x ∈ V (G) as vertex and
X(i) ∈ T as nodes of T . A vertex x is associated with a node i ∈ I, or vice versa,
whenever v ∈ X(i). Our treewidth decomposition of TP keeps the structure of a
tree, and then we can apply the Algorithms 2 and 3 for computing NI(TP ).

Fig. 2. Processing the 2-treewidth decomposition
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5.1. Processing Polygonal Trees

In Figs. 1 and 2, we show the 2-treewidth decomposition of a polygonal tree
graph, as well as the application of macros for counting independent sets on the
nodes of the tree. Notice that all common edges are visited twice; the first one, a
macro is formed, and in the second one, an expansion of the macro is performed.
This provides a linear-time algorithm that traverses by all node and edge on the
treewidth.

6. Conclusions

We have proposed a 2-treewidth decomposition for any polygonal tree graph TP ,
where all common edge between two adjacent polygons will appear exactly in
two consecutive nodes of the treewidth. This structure for the treewidth allows
the efficient application of macros for solving counting problems on TP .

We present a novel linear-time algorithm for counting independent sets on
TP . Our method exploits the use of macros for performing repetitive operations
appearing on the basic common patterns (polygons) that form TP . Our algorithm
can be adapted to solve other intrinsic properties on polygonal tree graphs,
impacting directly on the time complexity of the algorithms for solving those
problems.
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