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Abstract. Latent force models (LFM) are an hybrid approach which
combines multiple output Gaussian processes and differential equations,
where the covariance functions encode the physical models given by the
differential equations. LFM require the specification of the number of
latent functions used to build the covariance function for the outputs.
Furthermore, they assume that the output data is explained by using
the entire set of latent functions, which is not the case in many real
applications. We propose in this paper the use of an Indian Buffet process
(IBP) as a way to perform model selection over the number of latent
Gaussian processes in LFM applications. Furthermore, IBP allows us to
infer the interconnection between latent functions and the outputs. We
use variational inference to approximate the posterior distributions, and
show examples of the proposed model performance over artificial data
and a motion capture dataset.

Keywords: Indian buffet process · Latent force models · Gaussian
processes · Regression

1 Introduction

Latent force models (LFM) are an hybrid approach of Gaussian processes (GP),
where the covariance function is built from a convolution. This convolution is
performed using the Green’s function of a differential equation [1]. Hence, latent
functions may represent a physical quantity, like the action of a protein for
transcription regulation of a gene or a latent force in a system involving masses,
springs and dampers (see [1]). Despite its success for prediction, it is still unclear
how to select the number of latent functions and, how to unveil the interactions
between the latent functions and the output variables that are being modelled [5].
Several methods have been proposed in the literature for the problem of model
selection in related areas of multiple output Gaussian processes. For example in
multi-task learning, a Bayesian multi-task learning model capable to learn the
sparsity pattern of the data features base on matrix-variate Gaussian scale mix-
tures is proposed in [11]. Also, in [7], Robot inverse dynamics are approximated
by a multi-task Gaussian Process where a Bayesian information criterion is used
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for model selection. In a closely related work in multi-task Gaussian processes
[15], the problem of model selection was approached using the spike and slab
distribution as prior over the weight matrix of a linear combination of Gaussian
processes latent functions. The inference step is performed using a variational
approach.

In this paper, we use an Indian Buffet Process (IBP) [9,10] for model selection
in latent force models. The IBP is a non-parametric prior over binary matrices,
that imposes an structure over the sparsity pattern of the binary matrix. It has
previously been used for introducing sparsity in linear models [12]. We formulate
a variational inference procedure for inferring posterior distributions over the
structure of the relationships between output functions and latent processes, by
combining ideas from [4] and [8]. We show examples of the model using artificial
data and motion capture data.

2 Latent Force Models

In a multi-variate regression setting the likelihood model for each output can be
expressed as yd(t) = fd(t) + wd(t), where t ∈ R

+ is the input time, {yd(t)}D
d=1

is the collection of D outputs, wd(·) is an independent noise process and each
fd(t) is given by

fd(t) =
Q∑

q=1

Sd,q

∫ t

0

Gd(t − τ ′)uq(τ ′) d τ ′, (1)

where Gd(·) is a smoothing function or smoothing kernel, {uq(t)}Q
q=1 are orthogo-

nal processes, and the variables {Sd,q}D,Q
d=1,q=1 measure the influence of the latent

function q over the output function d. We assume that each latent process uq(t)
is a Gaussian process with zero mean function and covariance function kq(t, t′).

2.1 Covariance Functions

Due to the linearity in expression (1), the set of processes {fd(t)}D
d=1 follows a

joint Gaussian process with mean function equal to zero, and covariance func-
tion given by kfd,fd′ (t, t′) =

∑Q
q=1 Sd,qSd′,qkfq

d ,fq

d′ (t, t
′), where kfq

d ,fq

d′ (t, t
′) is

defined as

kfq
d ,fq

d′ (t, t
′) =

∫ t

0

∫ t′

0

Gd(t − τ)Gd′(t′ − τ ′)kq(τ, τ ′) d τ d τ ′. (2)

For some forms of the smoothing kernel Gd(·), and the covariance function kq(·),
the covariance functions kfq

d ,fq

d′ (t, t
′) can be worked out analytically. Additio-

nally, we assume the following form for kq(t, t′)

kq(t, t′) = exp
(

− (t − t′)2

l2q

)
, (3)

where lq is the length-scale associated to latent function q. Next, we briefly
describe two different smoothing kernels used in this work.
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Gaussian Smoothing (GS) Function. If we assume that the smoothing
kernel Gd(·) has the following form

Gd(t, t′) =
p
1/2
d

(2π)1/2
exp

[
−pd

2
(t − t′)2

]
,

where pd is a precision value. Although we refer to this function as GS function, it
has been shown by [2] that this Green’s function can be derived from a particular
form of a partial differential equation that represents a diffusion process.

Second Order Differential Equation (ODE2). In this scenario, we assume
that the data can be explained using a second order differential equation related
to a mechanical system

md
d2fd(t)

dt2
+ Cd

dfd(t)
dt

+ Bdfd(t) =
Q∑

q=1

Sd,quq(t), (4)

where {md}D
d=1 are mass constants, {Cd}D

d=1 are damper constants, and {Bd}D
d=1

are spring constants. Without loss of generality, the value of the mass md,
for all d, is set to one. Now, assuming initial conditions equal to zero, the
solution for the Green’s function associated to (4) is given by Gd(t − t′) =
1

ωd
exp [−αd(t − t′)] sin [ωd(t − t′)] , where αd is the decay rate and ωd is the nat-

ural frequency. Both variables are defined as αd = Cd/2 and ωd =
√

4Bd − C2
d/2,

as explained in [2]. In next section, we describe the proposed method for model
selection in latent force models.

3 Model

The model selection approach presented here follows ideas from the variational
formulation for convolved multiple output Gaussian processes presented in [4],
and the variational formulation for the Indian Buffet Process proposed in [8].
We start by defining the likelihood as p(y|u,X,θ,S,Z) =

∏D
d=1 N (yd|fd,Σwd

),
where Σwd

is the covariance matrix associated to noise process at output d,
u = {uq}Q

q=1, S = [Sd,q] ∈ �D×Q, Z = [Zd,q] ∈ {0, 1}D×Q and each output
vector fd is defined as

⎡

⎢⎣
fd(x1)

...
fd(xN )

⎤

⎥⎦ =

⎡

⎢⎢⎣

∑Q
q=1 Zd,qSd,q

∫
X Gd,q(x1 − z)uq(z)dz

...∑Q
q=1 Zd,qSd,q

∫
X Gd,q(xN − z)uq(z)dz

⎤

⎥⎥⎦ .

For each latent function uq(·), we define a set of auxiliary variables or inducing
variables uq ∈ R, obtained when evaluating the latent function uq at a set of
M inducing inputs {zm}M

m=1. We refer to the set of inducing variables using



638 C. Guarnizo et al.

u = {uq}Q
q=1. Following ideas used in several computationally efficient Gaus-

sian process methods, we work with the conditional densities p(u|u), instead of
the full Gaussian process p(u), as in [3]. The conditional density of the latent
functions given the inducing variables can be written as

p(u|u) =
Q∏

q=1

N (uq|k�
uq,uq

K−1
uq,uq

uq, kuq,uq
− k�

uq,uq
K−1

uq,uq
kuq,uq

),

with k�
uq,uq

= [kuq,uq
(z, z1), kuq,uq

(z, z2), . . . , kuq,uq
(z, zM )]. The prior over u

has the following form p(u) =
∏Q

q=1 N (uq|0,Kuq,uq
). For the elements of S we

use an spike and slab prior as follows [12]

p(Sd,q|Zd,q, γd,q) =Zd,qN (Sd,q|0, γ−1
d,q) + (1 − Zd,q)δ(Sd,q),

where Zd,q are the elements of the binary matrix Z that follows an Indian
Buffet Process Prior. Thus, the prior for Zd,q is given by p(Zd,q|πq) =
Bernoulli(Zd,q|πq). With πq =

∏Q
j=1 υj and p(υj) = Beta(α, 1). To apply the

variational method, we write the joint distribution for Z and S as

p(S,Z|υ,γ) =
D∏

d=1

Q∏

q=1

[πqN (Sd,q|0, γ−1
d,q)]Zd,q [(1 − πq)δ(Sd,q)]1−Zd,q ,

where hyperparameters γd,q follow p(γ) =
∏D

d=1

∏Q
q=1 Gamma(γd,q|aγ

d,q, b
γ
d,q).

According to our model, the complete likelihood follows as

p(y,X, u,S,Z,υ,γ,θ) =p(y|X, u,S,Z,υ,γ,θ)p(u|θ)p(S,Z|γ,υ)p(υ)p(γ),

where θ are the hyperparameters regarding the type of covariance function.

3.1 Variational Inference

For the variational distribution, we use a mean field approximation, and assume
that the terms in the posterior factorize as q(u) =

∏Q+
q=1 q(uq), q(S,Z) =

∏D
d=1

∏Q+
q=1 q(Sd,q|Zd,q)q(Zd,q), q(γ) =

∏D
d=1

∏Q+
q=1 q(γd,q), q(υ) =

∏Q+
q=1 q(υq).

where Q+ represents the level of truncation, this indicates that the number of
latent functions Q is estimated from the range [1,Q+] (see [8], for details). Fol-
lowing the same formulation used by [3], the posterior takes the form q(u,u,S,
Z,υ,γ) = p(u|u) q(u) q(S,Z) q(γ)q(υ). Thus, the lower bound FV (q(u), q(S,Z),
q(γ), q(υ)) that needs to be maximized, is given as [6]

∫
q(u,u,S,Z,υ,γ) log

{
p(y,X, u,S,Z,υ,γ,θ)

q(u,u,S,Z,υ,γ)

}
du dudSdZdυ dγ.

Updates for moments of each variational distribution are obtained by calculating
the derivative of the expression above with respect to each moment and setting
the derivative equal to zero.
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4 Results

In this section, we show results from different datasets, including artificial data
and motion capture data. For the artificial dataset, we are interested in recov-
ering the known interconnection matrix (Z) between the latent functions and
outputs. For the real datasets, we analyse the regression performance compared
to its non-sparse version.

4.1 Synthetic Data

To show the ability of the proposed method to recover the underlying structure
between the output data and the latent functions, we apply the method to a
toy multi-output dataset. Toy data is generated from the model explained in
section 3, with the GS smoothing kernel, D = 3, Q = 2 and α = 1. For GS
smoothing kernel, we set the precision values to p1 = 0.01, p2 = 1/120, and
p3 = 1/140. We use the following values for matrices Z, and S,

Z =

⎡

⎣
0 1
1 0
1 0

⎤

⎦ , S =

⎡

⎣
0 1.48

−3.19 0
6.87 0

⎤

⎦ .

For the covariance functions kq(t, t′) of the latent functions, we choose the length-
scales as l1,1 = 0.1 and l2,1 = 0.2. Next, we sample the model and generate 30
data points per output, evenly spaced in the interval [0, 1]. We assume that
each process wd(t) is a white Gaussian noise process with zero mean, and stan-
dard deviation equal to 0.1. The approximate model is then estimated using the
proposed variational method with Q+ = 4 and α = 1. Additionally, for the vari-
ational distribution of latent functions, we set M = 15 inducing points evenly
space along the output interval. Fig. 1 shows the results of model selection for
this experiment. Hinton diagram (Fig. 1a) shows that E[Z] approximates well
Z. Moreover, the posterior mean functions for each output closely approximate
the data, as shown in Figures 1b to 1d.

4.2 Human Motion Capture Data

In this section, we evaluate the performance of the proposed method compared to
the Deterministic Training Conditional Variational (DTCVAR) inference proce-
dure proposed in [3]. DTCVAR also uses inducing variables for reducing compu-
tational complexity within a variational framework, but assumes that Zd,q = 1,
for all q, and d. Hyperparameters for kernel functions are learned using scaled
conjugate gradient optimization. In this case, we use the Carnegie Mellon Uni-
versity’s Graphics Lab motion-capture motion capture database 1. Specifically,
we consider the movements “walking” and “balance” from subject 02 motion 01
and subject 49 motion 18, respectively. From the 62 channels, we select 15 for

1 This dataset is available at http://mocap.cs.cmu.edu

http://mocap.cs.cmu.edu
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(a) Hinton diagram
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(b) Ouput 1
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(c) Ouput 2
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(d) Ouput 3

Fig. 1. Results for model selection for example 1. Hinton diagram for E[Zd,q] and,
mean and two standard deviations for the predictions over the three outputs.

this experiment. We assume a level of truncation Q+ = 9, and make a compari-
son between the GS and the ODE2 covariance functions. The latter covariance
function is used because human motion data consists of recordings of an skele-
ton’s joint angles across time, which summarize the motion. For performance
comparison purposes, we use standardized mean square error (SMSE) and mean
standardized log loss (MSLL) as defined in [14]. Table 1 shows the performance
comparison, where best performance is obtained using the method proposed
here. Figure 2 shows the Gaussian process mean and variance for the predictive

Table 1. Standardized mean square error (SMSE) and mean standardized log loss
(MSLL) for different models and different kernel functions.

Subject ODE2 IBP + ODE2 GS IBP + GS

02 SMSE 0.5463 0.2087 0.5418 0.1790
SMLL -0.6547 -1.2725 -0.7863 -1.1993

42 SMSE 0.9448 0.1013 - -
SMLL -0.0295 -1.5939 - -

distribution of six outputs from subject 02 using IBP + ODE2. In most of the
predictions, the model explains the testing data points with adequate accuracy,
taking into account that the number of latent functions inferred by our approach
is 2, while DTCVAR approach uses 9 latent functions.
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(b) Channel 2 Lower Back
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(c) Channel 3 Lower back
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(d) Channel 2 Thorax
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(e) Channel 3 Thorax
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(f) Channel 2 Head

Fig. 2. Mean (solid line) and two standard deviations (gray shade) for predictions over
six selected outputs from IBP + ODE2 trained model. Data points are represented by
dots.

5 Conclusions

We have introduced a new variational method to perform model selection in
latent force models. Our main aim was to identify the relationship between the
latent functions and the outputs in LFM applications. The proposed method
achieved comparable results to the DTCVAR method, in which, a full connec-
tivity between latent functions and output functions is assumed. This makes our
method suitable to applications where the complexity of the model should be
reduced. The proposed model selection method can be applied in other applica-
tions that involve the use of a covariance function based on differential equations,
such as inferring the biological network in gene expression microarray data (e.g.
see [13]).
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comments over the model proposed here.



642 C. Guarnizo et al.

References
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