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Abstract. An important question in data analysis is how to choose the
kernel function (or its parameters) to solve classification or regression
problems. The choice of a suitable kernel is usually carried out by cross
validation. In this paper we introduce a novel method consisting in choos-
ing the kernel according to an optimal entropy criterion. After selecting
the best kernel function we proceed by using a measure of local entropy
to compute the functional outliers in the sample.

Keywords: Local entropy · Functional data · Kernel selection · Outlier
detection

1 Introduction

Outlier detection is a common task in Statistics and Data Analysis. When one
deals with functional data, this problem becomes difficult since it is not obvious
how to translate functional data into the traditional statistical framework. In
recent works [2,6] and references therein, several authors propose to consider
depth measures to capture the atypical functional data. As we will show, these
measures fails to capture the depth but extreme in shape functional observations.

In this paper we use a finite dimensional representation of functional data
in order to transform the (infinite dimensional) functional data objects to finite
dimensional data points that possess a ‘traditional’ probability distribution. For
this aim, we need first to select a suitable kernel function and/or its adequate
parameters. We address this problem by using a minimal entropy criterion. Next,
given a suitable kernel based representation of the functional data at hand, we
determine if there are functional outliers in the data by using a local entropy
measure for functional data.

The article is organized as follows: In Section 2 we propose a measure of
local entropy and present a consistent estimator for it. In Section 3 we describe
the procedure to choose a suitable kernel to represent functional data and
how to address the problem of outlier detection using a local entropy mea-
sure. In Section 4 we show the performance of the proposed method with two
experiments.
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2 Local Entropies

We consider a measure space (X,F , μ), where X is a sample space (here a com-
pact set of R

d), F a σ-algebra of measurable subsets of X and μ : F → R
+

the ambient σ-additive measure, the Lebesgue measure. A probability measure
(PM) P is a σ-additive finite measure absolutely continuous w.r.t. μ that satisfies
the three Kolmogorov axioms. By Radon-Nikodym theorem, there exists a mea-
surable function fP : X → R

+ (the density function) such that P(A) =
∫

A
fPdμ,

and fP = dP
dμ is the Radon-Nikodym derivative.

The family of α-Entropies, proposed by Rényi [10], plays an important role
in several statistical and data analysis problems. Next we present this family of
uncertainty measures to later extend this concept to a measure of local entropy.

Definition 1 (α-Entropy). Let P be a probability measure defined in a measure
space (X,F , μ) and let fP be the respective density function. For α ≥ 0 and
α �= 1, the α-Entropy of the PM P is computed as follows:

Hα(P) =
1

1 − α
log (Vα(P)) =

1
1 − α

log
(∫

X

fα
P

(x)dx

)

,

where Vα(P) = ||fP||α = EP(fα−1
P

).

Several renowned entropy measures in the statistical literature are particular
cases in the family of α-Entropies. For instance, when α = 0 we obtain the
Hartley entropy, when α → 1 then Hα converges to the Shannon entropy and
when α → ∞ then Hα converges to the Min-entropy measure.

Let x ∈ X be a point in the support of the PM P and let B(x, rδ) be the ball
with center in x and radius rδ that fulfils the following condition:

δ =
∫

B(x,rδ)

fP(x)dx,

the δ-Neighbors of the point x, denoted as nδ(x), is the open set nδ(x) =
X

⋂
B(x, rδ). Let us introduce the new entropy:

Definition 2 (δ-Local α-Entropy). Let x ∈ X be a point in the support of
the PM P and let nδ(x) be the set of its δ-neighbors. For α ≥ 0 and α �= 1, the
δ-local α-entropy of the point x is defined as:

hα,δ(x) =
1

1 − α
log (vα,δ(x)) =

1
1 − α

log

(∫

nδ(x)

fα
P

(x)dx

)

.

The Hα entropy of a PM P can be estimated by means of the local entropy
measures. Given a partition of the support of the PM P into a suitable sequence
of non overlapping regions, that is a collection of points {x1, . . . , xn} and a proper
δ such that X =

⋃n
i=1 nδ(xi) and nδ(xi)

⋂
nδ(xj) = ∅ ∀i �= j, then:

Vα(P) =
∫

X

n∑

i=1

1[x∈nδ(xi)](x)fα
P

(x)dx =
n∑

i=1

∫

nδ(xi)

fα
P

(x)dx =
n∑

i=1

vα,δ(xi),
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where 1[x∈nδ(xi)] stands for the indicator function that takes the value 1 when
x ∈ nδ(xi) and 0 otherwise. Therefore, the entropy of a PM P can be computed
as the sum of local entropies:

Hα(P) =
1

1 − α
log (Vα(P)) =

1
1 − α

log

(
n∑

i=1

vα,δ(xi)

)

. (1)

Next we propose a general method to estimate the δ-Local α-Entropy, and
using Equation 1 the α-Entropy of a probability measure.

2.1 Entropy Estimation

Usually the available data are given as a finite sample. We consider a iid sample
sn(P) = {xi}n

i=1 drawn from a PM P. In first place we propose a method to
estimate the δ-Local α-Entropy and later, by aggregation, an estimator of the
α-Entropy. For this aim, we consider asymptotic fP-monotone functions.

Definition 3 (asymptotic fP-monotone functions). Consider a random
sample Sn = {xi}n

i=1 drawn from a PM P with density function fP. A func-
tion g(x, Sn) : X × Sn → R is asymptotically fP-monotone if:

fP(x) ≥ fP(y) ⇒ lim
n→∞ P (g(x, Sn) ≥ g(y, Sn)) = 1 ∀x, y ∈ X.

Examples of asymptotic fP-monotone functions are g1(x, Sn) ∝ f̂Sn
(x), where

f̂Sn
is a consistent estimator of the density fP and g2(x, Sn, k) = e−dSn,k(x), our

choice in this article, where dSn,k(x), is the distance from the point x to its kth-
nearest neighbour. The asymptotic fP-monotone functions are natural plug-in
estimators of the δ-Local α-Entropy:

ĥα(x) =
1

|1 − α| log
(
g(x, Sn)−α

)
forα > 0andα �= 1.

Proposition 1 (Consistency). The proposed estimator ĥα of the δ-local α-
entropies is consistent.

Proof. Let g be an asymptotic fP-monotone function used as a plug-in estimator
of hα,δ. If fP(x) ≥ fP(y) then for a sufficiently small δ is always true that
hα,δ(x) ≤ hα,δ(y) (and equivalently vα,δ(x) ≤ vα,δ(y)). By Definition 3 then:

fP(x) ≥ fP(y) ⇒ lim
n→∞ P

(
ĥα(x) ≤ ĥα(y)

)
= 1 ∀x, y ∈ X.

With the decomposition given in Equation 1, we are able to propose the following
estimator for the α-Entropy.

Definition 4 (α-Entropy estimator). Given a random sample Sn = {xi}n
i=1

drawn from a PM P and an asymptotically fP-monotone function g(x, Sn), the
plug-in α-Entropy estimator of the distribution P is defined as:

Ĥα(P) =
1

1 − α
log

(
n∑

i=1

v̂α,δ(xi)

)

=
1

1 − α
log

(
n∑

i=1

g(xi, Sn)−α

)

.
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In next section with the aid of Ĥα(P) we will be able to compare the entropy
associated to different kernel representations. The δ-Local α-Entropy estimations
will be used to find functional outliers in the sample.

2.2 Estimation of Minimum Entropy Regions for Outlier Detection

Consider an iid sample sn(P) = {xi}n
i=1 drawn from the PM P. To estimate

which points in the sample belong to high density regions, we solve the following
optimization problem:

min
χ1,...,χn

n∑

i=1

χiĥα,δ(xi) + C

n∑

i=1

ξi

s.t. ĥα,δ(xi) ≤ H + ξi ,
ξi ≥ 0, i = 1, . . . , n ,

(2)

where χi ∈ {0, 1} for i = 1, . . . , n are auxiliary and binary variables, H is a
threshold parameter and C is a regularization constant.

The local entropy measure can be seen as a projection of the sample points
to a new coordinate system where the less locally entropic points are projected
near to the origin and the most entropic far away from the origin. The solution
of the problem stated in Equation 2 is an optimal hyperplane that isolates the
points projected near the origin, that is the set of points that belongs to a high
density (low entropy) region in the support of the distribution.

3 Kernel Selection and Outlier Detection

Most functional data analysis approaches choose an orthogonal basis of functions
B = {φ1, . . . , φN} (N ∈ N), where each φi belongs to a general function space
H (usually L2(X) being X a compact real vector space) and then represent
each functional datum by means of a linear combination in the Span(B) [4,
9]. A usual choices is to consider H as a Reproducing Kernel Hilbert Space
(RKHS) of functions [1]. In this case, the elements in the spanning set B are the
eigenfunctions associated to the (positive-definite and symmetric) kernel K that
generates H. Let f be a curve in H sampled in Sn

f = {(xi, f(xi)) ∈ X × R}n
i=1,

by using the Mercer’s decomposition, the function f can be approximated as:

f(x) ≈
n∑

i=1

αiK(x, xi) =
n∑

i=1

αi

d∑

j=1

λjφj(xi)φj(x),

where λj is the eigenvalue corresponding to the eigenvector φj of the kernel
matrix KSf

= (K(xi, xj))i,j for all (xi, xj) ∈ Sn
f and d = min(n, range(KS)). We

represent each functional datum f ∈ H as a point in R
d by using the expansion

coefficients {λ∗
1, . . . , λ

∗
d} associated to f , where λ∗

j = λj

∑n
i=1 αiφj(xi). This

representation is stable as is demonstrated in Theorem 2 in [8].
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3.1 Kernel Selection Based on a Minimum Entropy Criterion

The choice of the kernel and its best parameters is usually carried out using
a cross-validation criterion. Our approach consist in select the kernel parame-
ter(s) such that the Hα entropy associated to the point representation of the
functional data (using the coefficients {λ∗

1, . . . , λ
∗
d}) is optimal. In this way the

dimension (complexity) [5] of the feature space is established at the point where
the decrements in the Hα entropy is stabilized.

3.2 Functional Outlier Detection Method

Given the best finite dimensional representation of the functional data, we pro-
ceed by using the δ-Local α-Entropy to solve the problem stated in Equation 2
in order to capture the most local entropic functional data (Max-local entropy).

4 Experimental Section

Artificial Experiment: In the first experiment we show how to choose the
best kernel parameter to represent functional data and how to detect functional
outliers in the sample. For this aim, we simulate 100 curves as follows:

fi(t) = sin(t) + cos(t + εi) + ai + bit
2 i = 1, . . . , 95,

fi(t) = sin(t) + cos(t + εi) +
1

2
(sin(5πt) + cos(5πt + εi)) + ai + bit

2 i = 96, . . . , 100,

where t ∈ [0, 2π], and the random coefficients εi, ai, bi, are independently and
normally distributed with means: με = 0, μa = 5 and μb = 1 and variances
σ2

ε = σ2
b = 0.25 and σ2

a = 0.2. The curves are represented in Figure 1.
For this experiment we consider a polynomial kernel Kρ(xi, xj) = 〈xi, xj〉ρ,

where ρ = 1, . . . , 10. In Figure 2-left we shown the entropy for different kernel
degree parameters ρ. We choose the parameter ρ = 7 (the elbow of the plot)

Fig. 1. The 100 curves generated for the experiment.
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Fig. 2. Entropy evolution according to ρ (left) and functional representation of a curve
based on a SVM Polynomial Kernel with ρ = 7 (right).

as it is the value where the changes in the entropy stabilizes. In Figure 2-right
we show an outlier curve approximated using a Support Vector Machine (SVM)
with Kρ=7 to shown that the entropy criterion is adequate to fit the ρ parameter
to represent functional data.

After fixing the best parameter ρ = 7 for representing the simulated func-
tional data, we proceed to detect the outliers in the sample. We use a battery
of different algorithms (already implemented in R) [3] to identify contaminated
points (outliers) in the simulated data. The results are summarized in Table 1.

Table 1. Number of outlier, false-Positive and false-Negative identifications.

Metric/Technique True outliers Positives-false Negative-false
captured (Type I error) (Type II error)

Out-Trim 0 5 5
FM-depth 0 5 5
Out-Mode 0 0 5
Out-RP 0 5 5
Out-RProy 0 5 5
Out-Double R. Proy. 1 4 4
Max-local entropy (Kp=7) 5 0 0

The proposed method (Max-local entropy) works very well in the detection
of the contaminated (outliers) curves. Our method is able to detect all the out-
liers in the sample without any positive-false nor negative-false detections. More
sophisticated techniques, such as Out-Trim that made use of a bootstrapping
procedure to compute the outliers or the double projection method that uses
multiple depth measures, fails in the task of detect the simulated extreme curves.

Real Data Experiment. The real data example considers the detection of
outliers in a sample of non-linear profiles. These data come from the manufacture
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of engineered woodboards [11]. In Figure 3-left we shown the set of 24 curves,
each one corresponding to a vertical density profile. In a previous work [7], the
authors identify 3 outliers profiles that are highlighted in red in Figure 3-right.
The aim of this experiment is to demonstrate that the proposed method is also
able to detect the outliers in the sample of non-linear profiles. For this experiment

Fig. 3. The 24 density profiles and the 3 otulier profiles in red on the right.

we consider a RBF kernel Kσ(xi, xj) = exp− (xi−xj)2

2σ , when σ is the complexity
parameter. When σ increases then the RBF kernel tends to behaves like the
linear kernel. In the other way around, when σ decreases the dimension of the
feature space increases. In Figure 4-left we shown the entropy for different σ-
parameter, we choose the value σ = 20 as it is the point where the changes in
the entropy stabilizes. The representation of one profile obtained for Kσ=20 is
presented in Figure 4-center. In Figure 4-right, we present a boxplot of the local
entropies. The 3 outlier points in this plot correspond to the 3 non-linear outlier
profiles [7] highlighted in red in Figure 3-right.

Regarding the competitor depth measures, the only metric that it is able to
detect the 3 outlier in the sample is Out-Trim, that makes use of a bootstrapping
procedure to determine the extreme values in the sample. The remaining metrics,
also used in the artificial experiment, are able to capture only two outliers (the
two most depth curves in the sample) but not the outlier in shape.

Fig. 4. Entropies associated to different σ values (left). An example of an adjusted
profile using Kσ=20 (center). The distribution of the local entropies (σ = 20)(right).
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5 Conclusions

In this work we introduce a new measure, the local entropy, that can be additively
used to compute the entropy of a distribution. A consistent estimator for the
local entropy is also introduced. Using a finite dimensional representation for
functional data, we select suitable kernel parameters for representing functional
data according to a minimal entropy criterion. Given a suitable representation
of the functional data at hand, we are able to detect the outliers in the sample
outperforming other standard methods in functional outlier detection tasks as
it is demonstrated in the experimental section.
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