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Abstract. Image segmentation is one of the first steps in any process
concerning digital image analysis and its accuracy will go on to determine
the quality of this analysis. A classic model used in image segmentation
is the Mumford-Shah functional, which includes both the information
to pertaining the region and the length of its borders. In this work, by
using the concept of loss in Bregman Information a functional is defined
which is a generalization of the Mumford-Shah functional, once it is
obtained from the proposed function by means of the Squared Euclidean
distance as a measure of similarity. The algorithm is constructed by using
a fusion criterion, which minimizes the loss in Bregman Information. It
is shown that the proposed hierarchical segmentation method general-
izes the algorithm which minimizes the piecewise constant Mumford-
Shah functional. The results obtained through use of the Generalized
I-Divergence, Itakura-Saito and Squared Euclidean distance, show that
the algorithm attained a good performance.

Keywords: Hierarchical segmentation · Mumford-Shah functional ·
Fusion region

1 Introduction

The segmentation of images is one of the first steps in any process concerning
digital image analysis and its accuracy determines the quality of this analysis.
The main goal of segmentation is to subdivide an image into homogeneous groups
called regions. Homogeneity can be measured in terms of color, texture, motion,
depth, etc. For the purpose of this study, it is measured through the similarity
of the gray levels. Thus, the regions are formed by pixels, connected or not, and
which are grouped by a criterion that determines the similarity or dissimilarity
of their values, thereby generating a single partition [1].

Determining how image segmentation should be performed is not an easy
task to solve, since the level of detail to which it is accomplished will depend
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on the observer along with the complexity of the problem to be solved.
The representation of all possible regions pertaining to the image is called Hier-
archical Partition H of the image. Image segmentation is obtained from the H
Hierarchy constructed by selecting a partition from the set. This approach allows
regions to be selected at different scales or sections of the image, [4].

A classic model used in segmentation of an image I is the Mumford- Shah
functional, [6]. The segmentation procedure that uses this variational model
partitions I into Xi sets obtained by the agglomeration of regions, considering
both the information of the region and the length of its boundaries.

In this paper, the authors propose the use of the concept of Bregman Infor-
mation, presented by Banerjee et al. [2] as an alternative to the construction of
the hierarchy H. The proposed method is a development of the minimization
algorithm in discrete form the Mumford-Shah functional presented in [5], dif-
ferentiated by the fusion criterion and also the widespread similarity measure
through the concept of Bregman Information. Thus, H is obtained by a fusion
algorithm in which the loss in Bregman Information is minimized. The Bregman
Information used for the functional can be defined using different metrics derived
from the Bregman divergence.

2 Bregman Information

2.1 Bregman Divergence

Definition: Given a convex function ϕ : R
n

R the corresponding Bregman
Divergence between x and y ∈ dom(ϕ) is given by:

dϕ(x, y) = ϕ(x) − ϕ(y) − 〈∇ϕ(y), x − y〉
where ∇ϕ(y) is the gradient vector of ϕ in y [3].

A low mathematical accuracy of this definition is presented in Fig.1.

Fig. 1. Geometric interpretation of Bregman Divergence.

Different choices for the convex function f induces different metrics, Table 1
contains some convex functions f with their respective Bregman Divergences [2].

In [2], the authors use the divergence of Bregman to measure the distor-
tion rate of Shannon, thus introducing the concept of Bregman Information.
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Table 1. Convex Functions x Bregman Divergence.

Domain ϕ(x) dϕ(x, y) Distance

R
d x 2 x− y 2 Squared Euclidean Distance

R++ − log x x
y
− log(x

y
)− 1 Itakura-Saito Distance

d-Simplex
∑d

j=1 xj log2 xj

∑d
j=1 xj log2(

xj

yj
) KL-Divergence

R
d
+

∑d
j=1 xj log xj

∑d
j=1 xj log(

xj

yj
)−∑d

j=1(xj − yj) Generalized I-Divergence

From this concept, the problem of finding a partition and its representatives
is presented as a problem of minimizing the loss in Bregman Information. In
the following sections, a summary of these concepts is presented, with a more
detailed study established in [2].

2.2 Bregman Information

Definition: Let X be a random variable with values in X = {xi}n
i=1 ⊂ S ⊂

R
n with a discrete probability distribution v = {vi}. Given the divergence of

Bregman dϕ, the Bregman Information of the X, in relation to ϕ is given by:

I(X) = mins∈ri(S)

n∑

i=1

vidϕ(xi, s).

The vector s, which makes the above mentioned functional minimal will
be called the Bregman Representative of X. This representative does not
depend on the choice of Bregman divergence and it is the value expected for the
random variable X, [2]. So taking s = μ =

∑n
i=1 vixi one has:

I(X) =
n∑

i=1

vidϕ(xi, μ). (1)

2.3 Loss in Bregman Information

Let X be a random variable that take values in a finite set X = {xi}n
i=1 ⊂ S ⊂ R

n

following a probability measure v. Let ℘ = {Rh}k
h=1 be a partitioning of X

with their respective Bregman representatives. If M = {μh}k
h=1 is the set of

those representatives and p = {ph}k
h=1 with ph =

∑
xi∈Rh

vi as a measure of
probability in M , it has the variable induced M with values in M and the
probability of distribution p. Thus Rh is a random variable with values in Rh

following the probability distribution vi

ph
to xi ∈ Rh, [2].

Note that Iϕ(X) is the “Bregman Total Information” while Iϕ(M) is the
“Bregman Information between regions”. The difference Lϕ(M) = Iϕ(X) −
Iϕ(M) is called Loss in Bregman Information and represents the “Breg-
man Information within regions”,[2]. Applying Bregman Information definition
given in (1), it follows that:

Lϕ(M) =
k∑

h=1

n∑

i=1

vidϕ(xi, μh). (2)
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Lϕ(M) measures the Information Loss occurred when performing the partition
of X. Thus, the smaller the loss in Bregman Information better will be the
performed partition.

If k = n, i.e., the number k of regions is equal to the size of X, then there is
no loss of information. On the other hand if all elements of the set X are grouped
into a single set, the loss of information is given by the Bregman Information of
the X, in other words, Lϕ(M) = Iϕ(X) where M = {μ} and μ is the Bregman
representative of the X.

Based on the above definitions presented, the problem of determining a par-
tition for a given image I = {xi}n

i=1 may be formulated as an optimization
problem of Lϕ(M). The goal is to determine M = {μh}k

h=1 such that Lϕ(M) is
minimal.

3 Proposed Method

The main idea of the proposed method is to combine Bregman Information of
regions with boundaries, to obtain a hierarchical partition. With the hierarchi-
cal structure constructed, the problem of targeting becomes the locating of the
desired partition in the hierarchy, which can be performed by establishing a
threshold for the number of end regions.

Let I = {xi} be all the pixels of a given image, ℘ = {Rh}k
h=1 an I partition

with their respective Bregman representatives, M = {μh}k
h=1 and K the set

of all the boundaries between the regions obtained by the partition. For the
construction of the hierarchical structure a region merging algorithm is used,
whose purpose is to determine the sets of representatives M and boundaries K,
which minimize the functional defined by:

Eϕ(M,K) =
k∑

h=1

∑

xi∈Xh

vidϕ(xi, μh) + λl(K) = Lϕ(M) + λl(K). (3)

where:

– Eϕ(M,K) is the energy of the functional in function of the image X =
{xi}n

i=1 and the K boundaries between regions.
– l(K) is the length of the boundaries K.
– λ is a scale parameter [7].

Note that the segmentation of the functional defined in equation (3) is a prob-
lem of minimizing the loss in Bregman Information Lϕ(M), plus a regularization
term that controls the length of boundaries K that divide regions.

Due to the large quantity of points in image I, for a hierarchical partition,
we constructed the Region Adjacency Graph (RAG) for the pixels in the image.
Thus, the fusion is performed only to neighboring regions that meet the criteria
of similarity. For each graph edge, there is associated a minimum value α which
indicates the cost of fusion. Later, the regions are merged iteratively following
the criterion of fusion, usually this criterion involves minimizing the cost of the
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fusion. Each time a pair of regions is joined, a new node is created in the tree.
This new node is attached to the pair of nodes, that are now called “children
nodes”, and a new value α is assigned to the “father node”. The algorithm stops
when there is only one region in RAG. The cost and fusion criteria used in this
study are presented below.

3.1 Fusion Cost

Merging two adjoining regions is interesting if its result is better than the previ-
ous representation, that is, if the energy Eϕ(X), considering the joined regions,
is less than when these were separated. From this statement the criterion used
in the fusion algorithm is constructed.

Consider the adjacent regions R1 = {x1, ..., xl} and R2 = {xl+1, ..., xm} such
that R = {x1, ..., xm}. If Xu is a random variable with values in Xu following the
probability distribution vi the Bregman representative of Xu is μ =

∑m
i=1 vixi.

Note that Xd = {R1, R2} is a partition from Xu and M = {μh}2h=1 the
respective set of Bregman representatives. Considering p = {ph}2h=1 with ph =∑

xi∈Rh
vi as a probability measure in M , we have the induced variable M with

values in M and the probability distribution p. The regions Rh are random
variables with values in Rh following the probability distributions vi

ph
for each

xi ∈ Rh. Bregman representatives of the variables R1 and R2 are given by:
μ1 =

∑l
i=1

vi

p1
xi and μ2 =

∑m
i=l+1

vi

p2
xi, respectively.

The Bregman representative s, from M, is the expected value of M, these
means: s =

∑2
h=1 phμh = p1

∑l
i=1

vi

p1
xi + p2

∑m
i=l+2

vi

p2
xi =

∑m
i=1 vixi = μ.

From definition (1) one has:

Iϕ(M) =
2∑

h=1

phdϕ(μh, μ) = p1dϕ(μ1, μ) + p2dϕ(μ2, μ). (4)

One also observes that the loss in Bregman Information given by the Xd

partition is Lϕ(M) = Iϕ(Xu) − Iϕ(M).
In order to define the fusion criterion the difference between the energy

obtained by considering the fusion regions, Eϕ(Mu,Ku), and that obtained when
they remain separate, Eϕ(M,K), should be calculated. If there is no partition
to Xu, the set Ku is empty. Therefore, l(Ku) = 0. In this manner one obtains
from equation (3) that

Eϕ(Mu,Ku) = Lϕ(Mu) + λl(Ku) = Lϕ(Mu) = Iϕ(Xu); (5)

Let K be a unitary set whose element is the boundary between R1 and R2.

Eϕ(M,K) = Lϕ(M) + λl(K); (6)

Thus, using equations (4), (5) and (6), a definition is made as follows, the
cost of the fusion Δϕ(R1, R2) of the regions R1 and R2 are defined in the fol-
lowing.

Definition: Let ϕ a relatively convex and differentiable function, R1 =
{x1, ..., xl} and R2 = {xl+1, ..., xm} two adjacent subsets of X with Bregman
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representatives, μ1 and μ2 respectively. Let M = {μ1, μ2} be an interior set of
dom(ϕ). Consider X as a random variable with values in X following the prob-
ability distribution vi. Being p = {ph}2h=1 with ph =

∑
xi∈Rh

vi a probability
measure on M and K being a unitary set whose element is the boundary between
R1 and R2. Then,

Δϕ(R1, R2) = Eϕ(Mu,Ku) − Eϕ(M,K), or

Δϕ(R1, R2) = p1dϕ(μ1, μ) + p2dϕ(μ2, μ) − λl(K). (7)

Note that the fusion cost is calculated using only the Bregman representa-
tives of the regions instead of all the elements of R1 and R2. This procedure is
analogous to that shown in [8].

One observes that if X follows a uniform probability distribution, this means
p1 =

∑
xi∈R1

vi =
∑l

i=1
1
m = l

m and p2 =
∑

xi∈R2
vi =

∑m
i=l+1

1
m = m−l

m .
Hence,

Δϕ(R1, R2) =
l

m
dϕ(μ1, μ) +

m − l

m
dϕ(μ2, μ) − λl(K). (8)

Considering the convex and differentiable function ϕ = ‖.‖2, the Bregman
divergence is the Euclidean distance, which is, dϕ(x, y) = ‖x − y‖22. Therefore,

Δϕ(R1, R2) =
l

m
‖μ1 − μ‖22 +

m − l

m
‖μ2 − μ‖22 − λl(K), where (9)

l = |R1| and m − l = |R2|. (10)

Furthermore:

‖μ1 − μ‖2 =
|R2|‖μ1 − μ2‖2

|R1| + |R2| and ‖μ2 − μ‖2 =
|R1|‖μ1 − μ2‖2

|R1| + |R2| . (11)

Replacing the equations (10) and (11) in (9) one has:

Δϕ(R1, R2) =
|R1||R2|

|R1| + |R2| ‖μ1 − μ2‖22 − λl(K). (12)

Equation (12) is the discretized form of the Mumford-Shah functional, one
of the most robust methods used in image segmentation [5].

The decision to merge two regions is not made based on the simple compari-
son of the two regions, but considering if the union results in a better approxima-
tion, that is, a consideration is made as to how much Δϕ(Ri, Rj) is less than zero.
In this manner, the fusion of (Ri, Rj) occurs if for each Ri with Δϕ(Ri, R.) < 0,
Δϕ(Ri, Rj) is minimal.

3.2 Algorithm

Let I = {xi} be the set of pixels in a given image and ℘ = {Rk} a partition from
I. The initial partition can be obtained by considering each pixel as an image
region, that is, causing Ri = xi,∀i.

1. Set the ℘ initial partition;
2. Input a value for the scale parameter λ;
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3. While |℘| > 1
(a) Calculate cost Δϕ(Ri, Rj) as defined in (7) for each pair of adjacent

regions the fusion;
(b) Find the set C of all pairs of adjacent regions in which Δϕ(Ri, Rj) < 0;
(c) While a pair Cij ∈ C is selected

i. Select the pair Cij = (Ri;Rj) following the fusion criterion;
ii. Replace in ℘, Ri and Rj with the union of these regions;
iii. Remove from C all pairs containing Ri or Rj ;

(d) End-While;
(e) Increase λ;

4. End-While;

The λ increment can be linear, polynomial or exponential. The algorithm per-
forms a multi-scale segmentation, depending on this parameter. The increase in
λ value enables the fusion of regions that will remain separated with lower values
of this parameter.

4 Obtained Results

In the experiments, one observed the ability of the described method to capture
the regions using different choices of Bregman Divergence. The performance was
analyzed for the methods of three Bregman Information definitions given by the
divergence: Generalized I-divergence, Itakura-Saito and Squared Euclidean. The
last, as previously shown, generates the discretized form of the Mumford-Shah
functional(MS).

Fig. 2. (a) original images, (b) segmented images using Squared Euclidean distance,
(c) segmented images using Generalized I-divergence , (d) segmented images using
Itakura-Saito.
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The parameter λ as well as the method used for increasing the λ depends
on the choice of Bregman Divergence. In this work for Generalized I-divergence
and Itakura-Saito, the parameter was increased linearly while for the Squared
Euclidean an exponential increase was chosen. Fig. 2 shows the results obtained
using the Bregman divergences mentioned above. One observes that the algo-
rithm performed well in all models. Methods using the divergences Generalized
I-divergence and Itakura-Saito have similar results to the discrete model of MS.

5 Concluding Remarks

The applicability of systems involving the search for similarity depends on the
distance chosen. Moreover, in many applications it is not clear which is the
most appropriate metric. Thus, several studies have been conducted in order to
develop methods that are efficient for a family of distance functions that share
similar properties. In this sense, we propose a functional which generalizes the
Mumford-Shah Funcional. We propose the use the Bregman Information concept
as an alternative to constructing a hierarchical segmentation method. From this
concept, the method allows the use of different similarity measures as well as it
allowing to update Eϕ, during the merging process, with a computational cost
that does not depend of the size of the intervening regions.

The results presented herein were obtained using the Generalized I-
divergence, Itakura-Saito and Squared Euclidean, which demonstrate the good
performance of the algorithm for these different choices.
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