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Abstract. An atlas is a shape model derived using statistics of a pop-
ulation. Standard models treat local deformations as pure translations
and apply linear statistics. They are often inadequate for highly vari-
able anatomical shapes. Non-linear methods has been developed but are
generally difficult to implement.

This paper proposes encoding shapes using the special Euclidean group
SE(3) for model construction. SE(3) is a Lie group, so basic linear algebra
can be used to analyze data in non-linear higher-dimensional spaces. This
group represents non-linear shape variations by decomposing piecewise-
local deformations into rotational and translational components.

The method was applied to 49 human liver models that were derived
from CT scans. The atlas covered 99% of the population using only
three components. Also, the method outperformed the standard method
in reconstruction. Encoding shapes as ensembles of elements in the SE(3)
group is a simple way of constructing compact shape models.

Keywords: Statistical Shape Model · Special Euclidean Group · Lie
Groups · Lie Algebras · Anatomical Atlas

1 Introduction

Statistical shape models, or atlases, are shape descriptors, derived using statis-
tical analysis on a population, that was introduced by Cootes et al. [2]. Atlases
have been widely used in medical applications such as shape analysis, segmen-
tation, and treatment planning. The concept is to reduce the dimensionality of
a large dataset by capturing variations and removing redundancies. This is of-
ten performed using classical principal component analysis (PCA) [12], which
assumes the shape space to be Euclidean so that pure translations will describe
point-wise deformations. Although this might be a legitimate assumption in some
datasets, it is not useful for highly variable human anatomy such as the liver.
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Many attempts have been made to construct compact and accurate shape
models of the human liver. Lamecker et al. [13] divided the liver into four patches
and encoded local distortions by mapping each patch to a disk. Davatzikos
et al. [3] used wavelet transforms to construct hierarchical shape models. Feng
et al. [5] used a multi-resolution method for model construction. Okada et al. [14]
considered inter-organ relationships to handle large variations of shapes. Foruzan
et al. [7] employed classification of samples to construct population-based mod-
els. These models adapted the original PCA formulation, with limited success.

There has been some previous work on applying non-linear statistical analysis
for shape model construction. Heap and Hogg [8] extended the PDM using polar
coordinates. Fletcher et al. [6] presented principal geodesic (PGA) as a general-
ization of PCA to non-linear spaces; the method approximated geodesics by per-
forming the analysis on the tangent space of the data manifold. The method was
applied to medial representations and diffusion tensor images. Sommer et al. [16]
introduced exact-PGA that performed intrinsic computations on the manifold;
this was more accurate, but less efficient than, PGA. Hefny et al. [9,11,10] intro-
duced constructing shape models by encoding shapes as elements of a matrix Lie
group to enable accurate and efficient non-linear analysis, applying the method
to quadrilateral meshes extracted from CT images.

This work proposes modeling a triangulated shape as triples of homogeneous
four-vectors and encoding them as rigid transformation matrices. These trans-
formation matrices are members of the special Euclidean Lie group SE(3). This
encoding captures deformations caused by translating or rotating the triples
in 3D. A Lie group has an associated Lie algebra, with an exact mapping that
maps simple computations on the algebra back to the non-linear group.

The rest of the paper has the following structure. The special Euclidean group
SE(3) is introduced in Section 2. Shape encoding and model construction are
developed in Section 3. Experiments and results are presented in Section 4.
Discussions and conclusions are drawn in Section 5.

2 The Special Euclidean Group SE(3)

The special Euclidean group SE(3) is the Lie group of rigid transformations in
R

3. SE(3) is defined as the semi-direct product of the special orthogonal group
SO(3) and the real-valued three-vector group R

3. A transformation T ∈ SE(3)
has the structure

T =

[
R t

0 0 0 1

]

where R ∈ SO(3) is a rotation matrix, and t ∈ R
3 is a translation vector.

The group SE(3) is isomorphic to a subset of the general linear groupGL(4,R)
because it is a real-valued 4×4 matrix. The group identity is the identity matrix
I. The group operation ◦ is defined as the standard matrix multiplication, so

Ti ◦ Tj = TiTj =

[
Ri ti
0 0 0 1

] [
Rj tj
0 0 0 1

]
=

[
(RiRj) (Ritj + ti)
0 0 0 1

]
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Each transformation T ∈ SE(3) has an inverse transformation T−1 ∈ SE(3) that
is the matrix inverse.

The group SE(3) has the Lie algebra se(3) with 6 generators that are 4 × 4
matrices corresponding to the 6 degrees of freedom of each group element. Three
infinitesimal translations are represented by the three matrices Gtx , Gty and Gtz :

Gtx =

⎡
⎢⎢⎣

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ Gty =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ Gtz =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

Three infinitesimal rotations are represented by the three skew-symmetric ma-
trices Gηx , Gηy and Gηz :

Gηx =

⎡
⎢⎢⎣

0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

⎤
⎥⎥⎦ Gηy =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 0

−1 0 0 0
0 0 0 0

⎤
⎥⎥⎦ Gηz =

⎡
⎢⎢⎣

0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

The algebra se(3) is a linearization of the manifold SE(3), so it can be repre-

sented by a coordinate vector �k ∈ R
6 as

�k = [tx, ty, tz , ηx, ηy, ηz]
T

An arbitrary element K ∈ se(3) is described by multiplying its linear coordinate
with the generators such that

K = txGtx + tyGty + tzGtz + ηxGηx + ηyGηy + ηzGηz

The exponential mapping exp : se(3) → SE(3) produces a matrix that corre-
sponds with the element K. This mapping is well-defined and surjective. It is
commonly represented as a Taylor series expansion

exp(K) = e[K] =

∞∑
i=0

Ki

i!
= I +K +

K2

2!
+

K3

3!
+ · · ·

Because the generator matrices Gα are nilpotent, the Taylor expansion can
be easily computed as a rotation sub-matrix and a translation sub-vector [11].
The exponential map takes any element of the Lie algebra se(3) to the transfor-
mation in the Lie group SE(3). The logarithmic mapping log : SE(3) → se(3) is
the inverse process, or the natural logarithm of a matrix, which is well defined
because for a 4× 4 homogeneous transform T we always have det(T ) = 1.

Both mappings can be used to compute the mean and covariance of samples
in the Lie group SE(3) using known methods [15]. For a dataset of n samples
{s0, ..., sn−1} ∈ SE(3), both moments can be computed iteratively. An initial
mean μ0 is arbitrarily selected from the dataset. The deviation of the mean is
computed in the tangent space as
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ki,j ≡ log
(
si · μ−1

j

)
where i indexes the samples and j is an iteration index. The mean can be itera-
tively computed as

μj+1 = exp

(
1

n

∑
i

ki,j

)
· μj (1)

At each iteration j, the covariance can be computed iteratively as

Σj =
1

n

∑
i

(
ki,j · kTi,j

)
(2)

These means and covariances will be used to statistically analyze the data
after encoding the shapes as SE(3) transformation.

3 Shape Encoding and Model Construction

A dataset consists of a population of shape samples with a previously established
point correspondence. Shapes must be aligned to remove global rigid transfor-
mations and scaling. An important assumption in our work is that the data are a
triangulated mesh, so each sample can be handled as an ensemble of point triples
or triangles. A non-degenerate triangle �Pi can be represented, in homogeneous
coordinates, by the matrix

Pi =

⎡
⎢⎢⎣

pxi,0 pxi,1 pxi,2
pyi,0 pyi,1 pyi,2
pzi,0 pzi,1 pzi,2
1 1 1

⎤
⎥⎥⎦ (3)

where the order of the points pi,0, pi,1, and pi,2 is arbitrary but must be consistent
across the point correspondence of all samples. We will refer to point pi,0 as the
base vertex of triangle #i.

Any triangle �Pi that is represented by Equation 3 can also be written as a
transformation of a canonical matrix. Consider a canonical triangle in the XY
plane that has one vertex at the origin and one on the X axis; its form is

P ∗
i =

⎡
⎢⎢⎣

0 px∗i,1 px∗i,2
0 0 py∗i,2
0 0 0
1 1 1

⎤
⎥⎥⎦ (4)

This can be mapped to the general triangle �Pi as

�Pi = TiP
∗
i (5)
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where the origin of the canonical triangle is mapped to the base vertex of the
general triangle. An important class of triangulated meshes are simple closed
meshes. Topologically, these are diffeomorphic to a closed shape (such as a sphere
or a torus) and have a key constraint:

Every non-base vertex is in the plane of some other general triangle
With this constraint in mind, for the purposes of constructing an atlas, we can
neglect the canonical triangle because the positions of its non-base vertices will
be completely described as the base vertex of some other general triangle. (This
is not strictly true for other topologies but works for completely closed surfaces.)

We can therefore perform computation just on the transformation matrices Ti

that describe each triangulated sample shape. A shape can be encoded as a list
of elements in SE(3). This has the distinct advantage over point-based PCA by
handling both rotations and translations, instead of handling only translations.
Since translations and rotations are in difference units, the translational compo-
nents were scaled to be in comparable units with the rotational components.

To construct a statistical atlas, every shape is converted from an ensemble of
triangles to an ensemble of rigid transformation matrices. The mean of corre-
sponding matrices is computed using Equation 1 and the covariance is computed
using Equation 2. Finally, an eigenvalue decomposition is applied to the covari-
ance matrix. The statistical atlas consists of the mean shape and the eigenvectors
as modes of variation.

4 Experiments and Results

Our dataset consists of 49 liver triangular meshes extracted from computed to-
mography (CT) scans obtained using GE Lightspeed Ultra scanner (General
Electric, Milwaukee, USA). The data collection was approved by the relevant
Institutional Review Board. The images were manually segmented by a special-
ized physician and automatically triangulated. Point correspondence between
meshes was established using the minimum description length algorithm [4].
Both standard PCA and the proposed method were implemented using MAT-
LAB Parallel Computing Toolbox (Mathworks, Natick, USA) and executed on
an NVIDIA Tesla K40 GPU (Nvidia, Santa Clara, USA).

One interesting comparison criteria is the parsimony of the model description.
For dimensionality reduction, it is desirable to minimize the number of deduced
descriptive features that capture most of the variability. The first component
of the standard PCA covered 47% of the population variability; it required 11
components to cover 95% and 27 components to cover 99%. The first component
of the SE(3) atlas covered 66%; it required 2 components to cover 95% and 3
components to cover 99% of the population. It is clear that the SE(3) implemen-
tation outperformed the standard implementation of PCA. Figure 1 shows the
plots of the accumulated eigenvalues of both methods.

The volumes were reconstructed using both the SE(3) and PDM methods
with just two components. Three evaluation methods were implemented, namely
relative volume reconstruction error, average point distance error, and Dices’s
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Fig. 1. Accumulated Eigenvalues for both standard PCA and SE(3) encoding.

Table 1. Summary of Results

Method Relative volume error Average point distance error Dice’s coefficient

SE(3) 7.97% (± 4.51%) 4.13 mm (± 1.61 mm) 92% (± 7.13%)
PDM 17.01% (± 6.82%) 17.06 mm (± 2.25 mm) 76% (± 5.60%)

coefficient of overlapping volumes as explained in [1]. The three evaluation meth-
ods were applied to each sample, and both mean and standard deviation were
computed for the population.

The volumes enclosed within the triangulated surfaces were computed for the
original meshes and the reconstructions, as was the relative error in volume
reconstruction. The mean relative volume error was 7.28% with a standard de-
viation of 4.5% for the proposed method, while it was 17.01% with a standard
deviation of 6.82% for the standard PDM method. The mean average point dis-
tance error was 4.13 mm with a standard deviation of 1.61 mm for the proposed
method, while it was 17.06 mm with a standard deviation of 2.25 mm for the
standard PDM method. The mean Dice’s coefficient was 92% with a standard
deviation of 7.13% for the proposed method, while it was 76% with a standard
deviation of 5.60% for the standard PDM method. All these errors are statisti-
cally significantly different, with p < 0.001. Table 1 summarizes the results.

5 Discussion and Conclusions

This work proposed using the special Euclidean group SE(3) of rigid transfor-
mations to encode anatomical shapes for statistical analysis and shape model
construction. The shapes were processed as triples of points, instead of inde-
pendent points as in the standard method. Processing shapes as triples enabled
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a decomposition of local patch transformations into rotations and translations,
rather than using only points that accounts for only translations. The shape can
be easily retrieved using those transformations.

The significance of this encoding that it takes the form of a Lie group. A Lie
group is a powerful mathematical structure that is simultaneously an algebraic
group and a smooth manifold, so complicated geometric data can be processed
using simple tools of algebra. Here, we began with the oriented plane of a triangle
in a mesh; this geometric element can be represented as an algebraic element
in the form of a 4 × 4 homogeneous rigid transformation which is in the SE(3)
Lie group. The rigid transformation between two planes can be parameterized
as a geodesic curve, which is also a 1-parameter 4 × 4 transformation that can
be exactly computed using ordinary matrix algebra. The tangent spaces of the
SE(3) group are linear vector spaces that can be found by taking the matrix
logarithm and extracting the 6 infinitesimal transformation parameters; in a
tangent space, linear algebra such as PCA can be used to compute statistics such
as deformations. These linear differences in the tangent space can be mapped
back to the manifold to find the rigid transformations that they describe.

We applied this method to a highly variable human liver dataset. The method
outperformed the standard PCA in parsimony of representation. The Lie group
formulation required only 2 components to cover 95% of the data, whereas the
standard method required 11 components to cover the same percentage. The
method was able to reconstruct the data, using only these two components, with
a relative mean enclosed volume error of 7.28% that had a standard deviation
of 4.5%, mean average point distance error 4.13 mm with a standard deviation
of 1.61 mm, and mean Dice’s coefficient of overlapping volumes of 92% with a
standard deviation of 7.13%.

In conclusion, encoding anatomical shapes using the special linear group SE(3)
is a promising method for construction of statistical shape models. The method
represents both local rotations and translations between samples. It outper-
formed the standard PCA that is in common use. Moreover, the Lie group
method is easy to implement. Future work might extend to use of other eas-
ily computed matrix Lie groups to large sets of data that are not simple vectors.
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nates. In: Hlaváč, V., Šára, R. (eds.) CAIP 1995. LNCS, vol. 970, pp. 130–137.
Springer, Heidelberg (1995)

9. Hefny, M.S.: Analysis of Discrete Shapes Using Lie Groups. Ph.D. thesis, Queen’s
University (2014)

10. Hefny, M.S., Pichora, D.R., Rudan, J.F., Ellis, R.E.: Manifold statistical shape
analysis of the distal radius. Int. J. Comp. Assist. Radiol. Surg. 9(supp. 1),
S35–S42 (2014)

11. Hefny, M.S., Rudan, J.F., Ellis, R.E.: A matrix lie group approach to statistical
shape analysis of bones. Stud. Health Technol. Inform. 196, 163–169 (2014)

12. Hotelling, H.: Analysis of a complex of statistical variables into principal compo-
nents. J. Educ. Psychol. 24, 417–441 (1933)

13. Lamecker, H., Lange, T., Seebass, M.: A statistical shape model for the liver. In:
Dohi, T., Kikinis, R. (eds.) MICCAI 2002, Part II. LNCS, vol. 2489, pp. 421–427.
Springer, Heidelberg (2002)

14. Okada, T., Linguraru, M.G., Yoshida, Y., Hori, M., Summers, R.M., Chen, Y.-W.,
Tomiyama, N., Sato, Y.: Abdominal multi-organ segmentation of CT images based
on hierarchical spatial modeling of organ interrelations. In: Yoshida, H., Sakas,
G., Linguraru, M.G. (eds.) Abdominal Imaging. LNCS, vol. 7029, pp. 173–180.
Springer, Heidelberg (2012)

15. Pennec, X.: Intrinsic statistics on Riemannian nanifolds: basic tools for geometric
measurements. J. Math. Imag. Vis. 25, 127–154 (2006)

16. Sommer, S., Lauze, F., Hauberg, S., Nielsen, M.: Manifold valued statistics, ex-
act principal geodesic analysis and the effect of linear approximations. In: Dani-
ilidis, K., Maragos, P., Paragios, N. (eds.) ECCV 2010, Part VI. LNCS, vol. 6316,
pp. 43–56. Springer, Heidelberg (2010)


	A Liver Atlas Using the Special Euclidean Group
	1 Introduction
	2 The Special Euclidean Group SE(3)
	3 Shape Encoding and Model Construction
	4 Experiments and Results
	5 Discussion and Conclusions




