
Chapter 15

A Review and Some New Issues on the Theory
of the H/V Technique for Ambient Vibrations

Enrico Lunedei and Peter Malischewsky

Abstract In spite of the Horizontal-to-Vertical Spectral Ratio (HVSR or H/V)

technique obtained by the ambient vibrations is a very popular tool, a full theoret-

ical explanation of it has been not reached yet. A short excursus is here presented on
the theoretical models explaining the H/V spectral ratio that have been development

in last decades. It leads to the present two main research lines: one aims at

describing the H/V curve by taking in account the whole ambient-vibration

wavefield, and another just studies the Rayleigh ellipticity. For the first theoretical

branch, a comparison between the most recent two models of the ambient-vibration

wavefield is presented, which are the Distributed Surface Sources (DSS) one and

the Diffuse Field Approach (DFA). A mention is done of the current developments

of these models and of the use of the DSS for comparing the H/V spectral ratio

definitions present in literature. For the second research branch, some insights about

the connection between the so-called osculation points of the Rayleigh dispersion

curves and the behaviour of the H/V curve are discussed.

15.1 Introduction

The Horizontal-to-Vertical Spectral Ratio (HVSR or H/V) technique is a way to

retrieve information about the shallow-subsoil seismic properties (which are of

engineering interest) by single-station measurements carried out on the Earth’s
surface. This method is widely used in seismic exploration as a tool for a quick

detection and evaluation of seismic-amplification effects in terms of S-wave reso-

nance frequency as well as for constraining the elastic properties of the shallow

geological structure (usually under the assumption of horizontally layered
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medium). Nevertheless, some controversial aspects about the exact physical inter-

pretation of the outcome provided by this technique (the H/V curve) remain. Most

of them are related with the nature of the ambient-vibration wavefield and of its

sources. These differences in the H/V curve modelling might have consequences in

the results of inversion procedures used to infer the subsoil stratigraphical profile

from experimental measurements.

From the experimental point of view, this technique requires a three-component

ground-motion acquisition and consists in performing the ratio between its hori-

zontal and vertical Fourier spectrum, properly averaged on an adequate sample.

This ratio, which is a function of the frequency, is called the H/V (or HVSR) curve

(or function). The ratio is usually computed by using ground-motion velocity

spectra, but displacement or acceleration spectra can be used as well. The two

horizontal motion components can be combined in different ways (vide infra).
In order to fully exploit the H/V curve to constrain subsoil seismic-properties,

some theoretical model is necessary to link the H/V pattern to the mechanical

properties of geological bodies under the measuring site. As the H/V refers to

ambient vibrations, any model of H/V is also a model, explicit or tacit, of the

ambient-vibration wavefield, and thus it should be consistent with the other findings

about the ambient-vibration wavefield, and not just gives a plausible way to

reproduce the H/V curve only.

In next section, a short excursus on the history of the H/V theoretical explana-

tions is presented. The most part of the proposed models, which are the sole ones

considered in this review, describes the Earth as 1D medium, i.e., a stack of

homogeneous and isotropic horizontal layers overlying an half-space with the

same characteristics. They are the models widely used, while 2D and 3D ones,

which are very cumbersome under many aspects, have been playing, so far, a minor

role, being their use limited to specific problems (see, e.g., Bonnefoy-Claudet
et al. 2004).

15.2 A Short Review on the H/V Theory

Kanai and Tanaka (1961) use the ambient-vibration horizontal-motion spectra to

infer seismic subsoil properties, even if they already recognize that the ambient-

vibration features depend on both site mechanical-properties and ambient-vibration

sources’ characteristics. Other authors, however, note that ambient-vibration spec-

tra often reflect more the sources’ characteristics rather than the subsoil ones

(cf. Tokimatsu 1997).
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15.2.1 The H/V Origins: Body-Wave Based Theories

Nakamura and Ueno (1986), after the Nogoshi and Igarashi’s (1971) work, wide-
spread the H/V technique, in which the effects of the source are supposed to be

minimized normalizing the horizontal ground-motion spectral component by the

vertical one. In the first theoretical explanation proposed by Nakamura (1989),

ambient vibrations are supposed to be composed by S and Rayleigh waves, but the

effect of these last ones is “eliminated” by considering the H/V spectral ratio

HV ωð Þ�AFW
H, surface ωð Þ

AFW
V, surface ωð Þ ; ð15:1Þ

where AFW
H;surface and AFW

V;surface are the total (hereafter, FW means full-wavefield)

spectral amplitudes of the horizontal and, respectively, vertical ground-motion at

the Earth’s surface, and ω is the angular frequency. By assuming that the analogous

H/V spectral ratio computed at the bedrock is approximately unitary and that the

vertical motion does not undergo any stratigraphical amplification, the Author

shows that the ratio in Eq. 15.1 equals the horizontal soil transfer-function normal-

ized by the vertical one. In this view, the H/V ratio directly would represent the

amplification phenomena affecting the horizontal ground-motion. After some crit-

icisms, Nakamura modified his interpretation of H/V spectral ratio. As expressed in

Nakamura (2000), by considering the ambient-vibration wavefield composed by

just vertically incident P and S waves along with Rayleigh waves, he separates these

components by writing the horizontal and vertical spectral ground-motion ampli-

tudes at the Earth’s surface as

AFW
δ, surface ωð Þ ¼ ABW

δ, surface ωð Þ þ ASW
δ, surface ωð Þ

¼ Tδ ωð Þ � ABW
δ,bedrock ωð Þ þ ASW

δ, surface ωð Þ; ð15:2Þ

where δ¼H,V means horizontal and vertical component, BW stands for body-

waves, SW for surface-waves and Tδ are the horizontal and vertical transfer func-

tions. Equation (15.1) then gives

HV ωð Þ ¼ TH ωð Þ � ABW
H,bedrock ωð Þ þ ASW

H, surface ωð Þ
TV ωð Þ � ABW

V,bedrock ωð Þ þ ASW
V, surface ωð Þ

¼ ABW
H,bedrock ωð Þ

ABW
V,bedrock ωð Þ �

TH ωð Þ þ ASW
H, surface ωð Þ

ABW
H,bedrock ωð Þ

TV ωð Þ þ ASW
V, surface ωð Þ

ABW
V,bedrock ωð Þ

; ð15:3Þ

which the Author calls “quasi transfer spectrum” (QTS). Based on the hypothesis

that the H/V spectral ratio at the bedrock is approximately unitary, i.e.,
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ABW
H,bedrock ωð Þ=ABW

V,bedrock ωð Þ ’ 1; ð15:4Þ

Eq. (15.3) shows that, when the surface-wave contribution is negligible, the func-

tion HV is close to TH/TV. As vertically incident body-waves are taken in account

only, the P-wave and S-wave oscillation constitute respectively the vertical and

horizontal ground-motion. In this theory, amplification in P-waves is not expected

near the S-wave lower proper frequency, since P-wave velocity is supposed to be

many times greater that the S-wave one, so the function HV should approximate the

S-wave transfer function, around its peak frequency. If instead Rayleigh waves

dominate, the function HV approximates the ratio ASW
H;surface/A

SW
V;surface, whose peak

frequency should, according to Nakamura, approximate the S-wave site resonance-

frequency. Relying on other strong controversial assumptions (cf. Bard 1998), the

Author concludes that the maximum of the function HV, hereafter called the H/V

peak, represents the site S-wave lower resonance-frequency and the relative ampli-

fication factor, regardless of the Rayleigh-wave influence degree. The idea that the

H/V peak only depend on S-wave resonance is reasserted in Nakamura (2008).

The one described above is, de facto, the first theoretical explanation of the H/V
curve, whose the most important implication is probably that the peak frequency

and amplitude of the function HV correspond to the S-wave resonance frequency

and amplification factor of the site, respectively. Although this description is

probably inadequate, it marked a turning point and made the fortune of the H/V

technique. Indeed, while the statement about the amplitude has been proved to be

almost always false, the correspondence between S-wave resonance and H/V-peak

frequency has been always confirmed since then, in innumerable field experiments

as well as by numerical simulations. This is by far the most useful and the most used

feature of the H/V curve, but, surprisingly, it has not find a suitable complete

theoretical explanation yet. Just in the particular case that surface waves are

considered only (vide infra), the analytical formulae of Malischewsky and

Scherbaum (2004) for the Rayleigh ellipticity demonstrate that the implication

concerning the peak frequency is correct, in so far the impedance contrast is high

enough. It is worth noting that Nakamura’s theory explains the H/V curve just

around its main peak frequency, and any extension to the whole H/V curve requests

further assumptions (cf. Bard 1998).

Herak (2008) proposed a way to compute the H/V curve, which only involves

vertically incident P and S waves. Like in first version of Nakamura’s theory, no
role is played by other seismic phases, included surface waves, but, differently from

it, no a priori hypothesis is made about the P-wave site amplification. As Eq. 15.4 is

supposed to hold at the bedrock, the H/V curve is given by

HV ωð Þ�ABW
H, surface ωð Þ

ABW
V, surface ωð Þ ¼

AMPS ωð Þ
AMPP ωð Þ ; ð15:5Þ

where ABW
H;surface is given by the S-wave spectral amplitude and ABW

V;surface is given by
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the P-wave spectral amplitude, both computed at the Earth’s free surface. AMPP and

AMPS are the P-wave and S-wave amplification functions between the bedrock and

the free surface, which are computed by the Herak’s method, following Tsai (1970).

Equation (15.5) shows that a direct estimation of the S-wave transfer function by the

H/V is not always possible, because it is clear that HV ωð Þ ’ AMPS ωð Þ only if AM
PP ωð Þ ’ 1 for all frequencies of interest. This approximation is valid only for

relatively high Poisson’s ratios, i.e., when P-waves propagate through the topmost

layers much faster than S-waves do, so that their resonance frequency is very higher

than S-wave one (the Nakamura’s hypothesis).

15.2.2 The Role of the Surface Waves

The fact that the H/V can be described in term of body waves travelling along

particular patterns only is not at all obvious. In fact, the composition of ambient

vibrations in term of the different seismic phases is not clearly understood till today,

but all authors share the opinion that them are composed by all seismic phases

travelling in the subsoil, although in not univocally defined proportions: the key and

controversial aspect is the relative contribution of these seismic phases (see, e.g.,
SESAME 2004). In fact, contrasting results exist both in field experiments and in

numerical simulations, and it seems likely that the content in different seismic

phases can drastically change in dependence on the subsoil stratigraphy and on

sources’ characteristics as well as in different frequency ranges.

So, as a sort of “counterparty” of the theories relied on body waves, theories

based on surface-wave dominance have been developed. Already Nogoshi and

Igarashi (1971) compare H/V curves from ambient vibrations with the ellipticity

pattern of Rayleigh fundamental-mode, reckoning from the possibility of this

comparison that this seismic phase plays the main role in the ambient vibrations.

Subsequently, several other authors (e.g., Lanchet and Bard 1994, 1995; Tokimatsu

1997; Konno and Ohmachi 1998; Wathelet et al. 2004) have been agreeing on the

close relation existing between the H/V spectral ratio and the ellipticity of Rayleigh

waves, which is reckoned as a consequence of their energetic predominance. In

particular, Arai et al. (1996) and Tokimatsu (1997), like Nogoshi and Igarashi

(1971), explain the ambient-vibration H/V curve by the ellipticity of the first

mode of Rayleigh waves, and consider the feasibility of this explanation a sugges-

tion of the surface-wave dominance. Surface-wave based is also the interpretation

given by Konno and Ohmachi (1998), who point out that the H/V peak by ambient

vibrations could be explained by the ellipticity of the fundamental Raylegh mode as

well as by the Airy phase of the fundamental Love mode, and also examine the role

of the first higher Rayleigh mode. Moreover, in numerical simulations performed

by these Authors, the H/V-peak amplitude roughly approximates the S-wave

amplification factor, providing that a specific proportion between Rayleigh and

Love waves exists; this mimics the Nakamura’s statement, but in terms of surface

waves instead that of body waves.
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15.2.3 The Sources’ Role and the Full-Wavefield

The above-mentioned theories give an explanation of the possible origin of the H/V

curve, especially around its lower-frequency peak, but do not insert this explanation

in a theory of the ambient-vibration wavefield. In other words, they say nothing

about the origin of the H/V-curve overall shape, since they are not models for the

ambient-vibration wavefield. In order to construct such a model, besides the

composition of the ambient-vibration wavefield in terms of different seismic

phases, another key element is its dependence on the subsoil properties. Without

this piece of information, no possibility exists of using any experimental datum to

estimate subsoil characteristics. For the models based on the hypothesis that just

vertically incident P and S waves are important to describe the H/V curves, this

aspect is simply exhausted by computing the propagation of these phases in a

stratified model, as is the case of the above-mentioned Herak’s approach. When

the characteristics of free Rayleigh waves are needed, classical algorithms to

compute them in a stratified medium can be applied. Besides these simple cases,

some models have been developed in last couple of decades that manage this aspect

by means of more detailed analysis of the ambient-vibration wavefield.

Lanchet and Bard (1994, 1995) consider that the ambient-vibration wavefield

cannot be described in a deterministic way, because the greatest number of its

sources are randomly located on the Earth’s surface. So, they carry out a numerical

simulation of the ambient-vibration wavefield by arranging a number of sources of

different kinds acting in aleatory ways inside a given horizontal circle surrounding

the receiver. For computational reasons, sources are located at depth of 2 m, while

the receiver is on the Earth’s surface. In this simulation, ambient-vibration dis-

placement is the sum, in the time domain, of the ones produced by these sources in a

fixed lapse of time and the H/V curve is the ratio between their horizontal and

vertical Fourier amplitude-spectra. This is a purely numerical way to simulate the

H/V curve, which has been used many times since then. By means of this model,

Lanchet and Bard show the correspondence between the H/V peak-frequency and

the S-wave resonance-frequency. Moreover, they also show that the H/V peak-

frequency corresponds to the ellipticity peak-frequency of the Rayleigh fundamen-

tal mode as well as to the first-peak position of the ratio between horizontal and

vertical ground-motion produced by S waves incident from a range of angles.

Finally, they suggest that the overall shape of the H/V is determined by all seismic

phases, and check that the peak amplitude, depending on many variables, does not

correspond to the site amplification factor.

About in the same period, Field and Jacob (1993) propose a theoretical way to

connect ambient-vibration displacement power-spectrum to the Green’s function of
the ground. They assume that the ambient vibrations are generated by an infinitude

of uncorrelated point-like sources, uniformly located on the Earth’s surface. The
H/V curve in a point of the Earth’s surface is obtained as the square root of the ratio
between the horizontal and the vertical total power, computed, for any subsoil

profile, as a finite sum of the contribution, in the frequency domain, given by the

sources in a succession of annuli centred on the receiver and with increasing radii.
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Differently from the Lanchet and Bard’s model, which is purely numerical, this is

an analytical model, although the sums have to be computed numerically. A decade

later, Arai and Tokimatsu (2000, 2004) specialize this model to surface waves

generated by sources with independent phases, which are approximated as contin-

uously distributed on the Earth’s surface. In this way, the total average spectral

power is given by an integration on the horizontal plain, which can be carried out

analytically. A source-free area around the receiver also exists in this model, with a

radius equal to one wavelength of each propagation mode, in order to guarantee the

surface-wave dominance and the possibility of describing these waves as plane

waves. In order to make the power-integrals converging, these Authors insert a

exponential damping factor originated by the “scattering” of the considered waves

in the subsoil. A slightly modified version of this model was proposed by Lunedei

and Albarello (2009), in which the damping originates by the material viscosity and

the source-free area dimension does not more depend on each single propagation

mode and can be done independent from the frequency too.

Fäh et al. (2001) use two ways to generate H/V synthetic curves. The first one is a

numerical simulation made by a finite difference technique: these Authors agree

that ambient-vibration sources are superficial, but they also introduce buried

sources to describe scattering and wave conversion due to lateral heterogeneities.

A large number of sources, with positions, depths and time-dependences chosen

randomly, are distributed around a receiver. The second technique is a mode

summation (Landisman et al. 1970). They particularly focus on the Rayleigh

wave ellipticity of fundamental and higher modes, to explain the H/V-peak fre-

quency, which they regard as the only trustworthy element, in that its amplitude

and other features of the H/V curve also depend on other variables besides the S-wave

velocity profile. Moreover, they identify stable parts of the H/V ratio, which are

independent of the sources’ distance and are dominated by the ellipticity of the

fundamental Rayleigh mode, in the frequency band between the H/V-peak frequency,

which they check to be close to the site S-wave fundamental resonance-frequency,

and the first minimum of the H/V curve.

In their very important series of papers, Bonnefoy-Claudet et al. (2004, 2006,

2008) carry out a systematic study of the H/V curve by numerical simulations, in

which the ambient vibrations are generated by a multitude of point-like forces,

randomly oriented in the space and located relatively near to the observation point.

They take advantage by a code developed by Hisada (1994, 1995) to compute the

full displacement wavefield produced by these sources at some receivers, which are

located on the Earth’s surface. The total displacement at each receiver is computed

by summing up, in the time domain, the one due to each sources. The H/V curve at

each receiver is then computed as ratio between the average horizontal and the

vertical Fourier-transform of this total displacement. In Bonnefoy-Claudet

et al. (2006) the quasi-independence of the H/V curve from the specific sources’
time-dependence has been confirmed. A dependency on the spatial horizontal

distribution of near-surface sources as well as on the depth of buried sources has

instead been observed, which however only slightly concerns the main-peak fre-

quency. It instead shows relevant effects on H/V-peak amplitude and on the
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appearance of secondary peaks. By using surface sources and several simple

stratigraphical profiles, Bonnefoy-Claudet et al. (2008) check the good correspon-

dence between the H/V-peak frequency and the S-wave resonance one. They also

conclude that the H/V peak-frequency could be explained, depending on the

stratigraphical situation, by Rayleigh ellipticity, Love Airy phase, S-wave reso-

nance or a mix of them. In particular, the possibility of explaining the H/V main

peak in term of Rayleigh ellipticity seems limited to profile with high impedance

contrast (more than 4). An interesting result of this work is the coming out of the

significant role of Love waves in the H/V curve and, more in general, in composing

the ambient-vibration horizontal ground-motion. Moreover, the importance of

taking into account all seismic phases propagating in the subsoil in constructing a

suitable H/V model as well as the key role of the impedance contrast in controlling

the origin of the H/V peak have been pointed out.

These pieces of work confirm that all seismic phases should be take into account

to provide a reliable interpretation of the H/V curves. Then, the best way to reach an

exhaustive description of the H/V curve by ambient vibrations seems the one firstly

drawn by Field and Jacob (1993). In this line, Lunedei and Albarello (2010) extend

their model, later denominated DSS (Distributed Surface Sources), to include all

seismic phases. So, this model describes the full wavefield that composes the

ambient vibrations, which are described as generated by a surface distribution of

random sources. In this frame, the total average spectral-power is obtained by

integrating the power given by the full Green’s function relative to each sources

and carried out by the above-mentioned Hisada’s (1994, 1995) computer-program.

Consequently, this model requires a double numerical integration: in the

wavenumber and in the source/receiver distance. This model closely follows the

Field and Jacob’s (1993) one, the only relevant differences being in the relative

weights between the horizontal and the vertical power, in taking into account the

viscosity, and in the numerical code used to compute the Green’s function. Both in

full-wavefield and in surface-wave version of the DSS model, the H/V spectral ratio

is obtained as square root of the ratio between the average spectral powers on the

horizontal plane and along the vertical direction. By using these two versions of the

DSS model, Albarello and Lunedei (2011) obtain some insights about the ambient-

vibration wavefield structure. For a stratigraphical profile-set equal to the group

M2* in Table 15.1 (except for the damping values), characterized by a singular

impedance contrast (vide infra), three frequency ranges are identified:

• Low-frequencies (below the S-wave resonance frequency, fS), where ambient-

vibration spectral-powers are relatively low; in this range, the shallow layer acts

as a high-pass filter, with an effect as more pronounced as sharper the impedance

contrast is; both near sources and body waves dominate the wavefield; power

spectra and H/V curves are significantly affected by source-free area dimension,

VP/VS ratio and impedance-contrast strength at the bottom of the shallow layer;

• High-frequencies (above max{fP, 2fS}, where fP is the P-wave resonance fre-

quency), where surface waves (both Love and Rayleigh, in their fundamental

and higher modes) dominate the wavefield; in this range, spectral powers
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smoothly decrease with frequency as an effect of material damping, which also

results in the fact that relatively near sources mostly contribute to ambient

vibrations, as more as the frequency increases; H/V curves are almost unaffected

by subsoil configuration and source/receiver distances;

• Intermediate frequencies, where the most of the ambient-vibration energy con-

centrates; in this range, sharp peaks in the horizontal and vertical spectral powers

are revealed around its left and right bounds; irrespective of the subsoil structure

and source-free area considered, horizontal ground motion is dominated by

surface waves, with a varying combination of Love (in the fundamental mode)

and Rayleigh waves that depends on the shallow-layer Poisson’s ratio (Love-

wave contribution increases with it) and, to a minor extent, on the strength of the

impedance contrast; in the vertical component, Rayleigh and other phases play

different roles, both depending on the source-free area dimension and of VP and

VS profiles.

In synthetic H/V curves produced by Albarello and Lunedei (2011), the peak

frequency is generally very near to fS, irrespective of the Poisson’s ratio and of

the dimension of the source-free area. A weak sensitivity is revealed with respect to

the impedance contrast only, and these findings enforce the common idea that the

H/V peak-frequency is a good estimate of fS. Amplitude and shape of the H/V curve

around the peak appear instead more sensitive to subsoil and source configurations,

and, in particular, no linear relationship results to exist between the H/V peak-

amplitude and the impedance contrast, although, in general, this amplitude

increases with the impedance contrast. Moreover, a significant dependence of the

H/V-peak amplitude on the dimension of the source-free area (the amplitude

tendentially increases with its dimension), on the shallow-layer Poisson’s ratio

(the amplitude increases with it) and thickness (the amplitude decreases when the

thickness increases) was obtained.

Table 15.1 Stratigraphical

profiles used in the numerical

experiments

M2

h (m) VS (m/s) ν ρ (g/cm3) DP DS

25 200 0.333 1.9 0.001 0.001

5,000 1,000 0.333 2.5 0.001 0.001

1 2,000 0.257 2.5 0.001 0.001

M2*

h (m) VS (m/s) ν ρ (g/cm3) DP DS

25 200 0.01–0.49 1.9 0.001 0.001

5,000 228–1,520 0.333 2.5 0.001 0.001

1 2,000 0.257 2.5 0.001 0.001

M3

h (m) VS (m/s) VP (m/s) ρ/ρ4 DP DS

5 30 500 1 0.001 0.001

25 100 500 1 0.001 0.001

50 150 500 1 0.001 0.001

1 500 1,500 1 0.001 0.001
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15.2.4 A Different Point of View: The Diffuse Wavefield

The model proposed more recently, named DFA (Diffuse Field Approach), signif-

icantly differs from the other ones, because it assumes that ambient vibrations

constitute a diffuse wavefield. This means that seismic waves propagate in every

(three-dimensional) spatial direction in a uniform and isotropic way and that a

specific energetic proportion between P and S waves exists, which is the same

whenever and wherever. This theory, initially developed in a full-space (Sánchez-

Sesma and Campillo 2006), has been afterwards applied to an half-space and to a

layered half-space (Sánchez-Sesma et al. 2011; Kawase et al. 2011). The link

between the H/V curve and the subsoil configuration is simply given by the Green’s
function, computed for source and receiver located in the same position: its

imaginary part, in the spectral domain, is proportional to the average spectral-

power of the ambient-vibration ground-motion. A key element in the DFA theory,

which is implied in the diffuse character of the wavefield, is the loss of any trace of

the sources’ characteristics, so no link between displacement and its sources is

involved in this theory, ergo, no description of ambient-vibration sources is

necessary. The model can describe the ambient-vibration full-wavefield as well as

its surface-wave component only, depending on whether the full-wavefield Green’s
function or its surface-wave component is used.

15.2.5 Current Research Branches

In this relatively long history of the H/V spectral-ratio theory two alternative ways

of thinking (cf., e.g., Nakamura 2008) can be recognized: one that tries to explain

the H/V features (and in particular its peak) as an effect of body-wave resonance

and another that explains them by surface waves only. Although cumbersome under

many points of view, theories that take in account the entire ambient-vibration

wavefield can constitute the “pacifying” solution. Anyway, at present, surface-

wave based theories keeps their interest, since relative computing is remarkably

faster and surface-wave properties are more open to the analytical study, with

respect the full-wavefield. As a consequence, apart from vertically incident models

(which do not present news), the ambient-vibration H/V theoretical study has

resulted nowadays in two research branches:

• The branch that studies the ambient-vibration wavefield as a whole; in this case,

the theory aims to explain the H/V curve as it is measured in field, with all its

components in terms of different seismic phases; this theory has to face the

problems about the role of body and surface waves as well as about the role of

the sources;
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• The branch that should be better named “ellipticity theory” or “Rayleigh-wave

H/V”; the subject is, in this case, just the Rayleigh ellipticity, both in theory and

in experiments; as it chooses, a priori, to take into account the Rayleigh

ellipticity only, the relative theory does not need to deal neither with body

waves nor with the wavefield sources, while experiments are devoted to extract

Rayleigh waves from the recorded signal (e.g., Fäh et al. 2001).

In order to avoid misinterpretations, it is important to distinguish the complete H/V

curve from the Rayleigh ellipticity curve.

Currently, the first theory is essentially represented by models that consider

surface sources, in all possible variants (the purely numerical one or the semi-

analytical DSS) and the DFA: in next section a comparison between the DSS and

the DFA is summarized, while in the subsequent a mention to new developments in

these models is done. Afterwards, a section is devoted to the ellipticity theory.

15.3 Comparison Between the DSS and the DFA Models

In last years, some conference notes (Garcı́a-Jerez et al. 2011, 2012a, b, c) were

presented to compare the most recent two models of the H/V spectral ratio: the

Distributed Surface Sources (DSS) and the Diffuse Field Approach (DFA). Each of

them is a complete theory of the ambient vibrations and has solid theoretical

foundations. Through this section, which summarizes the salient elements of

these comparisons, Gij(xA, xB,ω) is the frequency-domain displacement Green’s
function for the considered Earth’s model at the point xA on the free surface along

the i-th Cartesian axis due to a point-like force located at the point xB and directed

along the j-th Cartesian axis. The three Cartesian spatial directions are marked by

subscripts 1, 2 (for the horizontal plane) and 3 (for the vertical direction), while

r and θ are the polar coordinates on the horizontal plane.

15.3.1 The DSS Model

The DSS model assumes that the ambient vibrations are generated by a continuum
of aleatory point-like sources distributed on the Earth’s free-surface. The ground

motion that they produce propagates to the receiver without significant scattering,

except the one due to the stratigraphical interfaces present in the layered subsoil

(impedance contrasts). This model has been formulated under the assumption of

weakly dissipative medium, for both ambient-vibration full-wavefield (Lunedei and

Albarello 2010) and surface-wave component only (Lunedei and Albarello 2009).

For the full-wavefield, ambient-vibration powers along the three spatial Cartesian

directions are:
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P1 ωð Þ þ P2 ωð Þ ¼ πσ2
Z 1

rmin

σ21 þ σ22
� �

G11 0; 0; 0; r; 0; 0;ωð Þj j2
�h

þ

þ G22 0; 0; 0; r; 0; 0;ωð Þj j2
�
þ2σ23 G13 0; 0; 0; r; 0; 0;ωð Þj j2

i
rdr;

ð15:6Þ

P3 ωð Þ ¼ πσ2
Z 1

rmin

σ21 þ σ22
� �

G31 0; 0; 0; r; 0; 0;ωð Þj j2
h

þ 2σ23 G33 0; 0; 0; r; 0; 0;ωð Þj j2
i
rdr;

ð15:7Þ

where the arguments of the Green’s function are expressed in Cylindrical coordi-

nates (r, θ, x3), σ2 stands for the total surface variance-density of the random sources

and σ2j for its relative component along the j-th Cartesian axis. Formulae in

Eqs. (15.6) and (15.7) correct the weight given by Field and Jacob (1993) to the

vertical-load Green’s functions. rmin� 0 is the radius of the circular free-source

area surrounding the receiver. Finally, the H/V spectral ratio is calculated as

HV ωð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P1 ωð Þ þ P2 ωð Þ

P3 ωð Þ

s
: ð15:8Þ

In the case of predominance of surface waves, expressions in Eqs. (15.6) and

(15.7) assume a simpler form. Compact formulae were first given by Arai and

Tokimatsu (2004) for an elastic stratified medium, under some additional simpli-

fying hypotheses (asymptotic long-distance forms of the Green’s functions, suitable
source-free areas, incoherent summation of modal contributions):

P1 ωð Þ þ P2 ωð Þ ¼ κ

2
σ2

X
m2RAYLEIGH 2σ23 þ χ2m σ21 þ σ22

� �� � ARm

kRm

	 
2

χ2m

(

þ
X

m2LOVE σ21 þ σ22
� � ALm

kLm

	 
2
)
;

ð15:9Þ

P3 ωð Þ ¼ κ

2
σ2
X

m2RAYLEIGH 2σ23 þ χ2m σ21 þ σ22
� �� � ARm

kRm

	 
2

; ð15:10Þ

where ARm and ALm represent the medium response of Rayleigh and Love waves for

the m-th mode (Harkrider 1964) and χm is the corresponding Rayleigh wave

ellipticity (as a real quantity), while κ is a frequency independent damping param-

eter, representative of the “scattering” effect. Under the same simplifying hypoth-

eses, Lunedei and Albarello (2009) proposed a different implementation, which

includes the effects of material damping (viscosity):
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P1 ωð Þ þ P2 ωð Þ ¼ σ2

4

X
m2RAYLEYGH 2σ23 þ χ2m σ21 þ σ22

� �� �
χ2m

ARmð Þ2
kRmαRm

exp �2αRmrminð Þ þ σ2

4

X
m2LOVE

ALmð Þ2
kLmαLm

exp �2αLmrminð Þ
ð15:11Þ

P3 ωð Þ ¼ σ2

4

X
m2RAYLEYGH 2σ23 þ χ2m σ21 þ σ22

� �� � ARmð Þ2
kRmαRm

exp �2αRmrminð Þ;
ð15:12Þ

where αLm and αRm are the attenuation factors for the m-th Love and Rayleigh mode

respectively, which depend on the viscous properties of the medium. These formu-

lae explicitly depend on the source-free area radius rmin� 0, which can be set either

constant or frequency dependent.

15.3.2 The DFA Model

The DFA model assumes that the relative power of each seismic phase is prescribed

by the energy equipartition principle. Under this hypothesis, proportionality exists

between the Fourier-transformed autocorrelation (power spectrum), at any point of

the medium, and the imaginary part of the Green’s function computed when source

location corresponds to the one of the receiver (Sánchez-Sesma et al. 2011). The

assumption of a major role of multiple scattering involving all possible wavelengths

is behind this formulation.

In this model, under the assumption of a pure 1D configuration (horizontal

layering), where the horizontal directions are indistinguishable, the H/V spectral

ratio is given as

HV ωð Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P1 ωð Þ þ P2 ωð Þ

P3 ωð Þ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Im G11 x; x;ωð Þ½ �
Im G33 x; x;ωð Þ½ �

s
; ð15:13Þ

where P j ωð Þ / Im G j j x; x;ωð Þ� �
for j¼ 1, 2, 3, x is an arbitrary point on the free

surface and “Im” means imaginary part. Equation (15.13) links the function HV
with the subsoil mechanical properties, and accounts for the contributions of

surface and body waves.

Whenever surface waves can be considered to represent the dominant contri-

bution to the wavefield, the model can be simplified by rewriting the Green’s
functions in terms of their well-known modal characteristic, so the powers can be

expressed as
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P1 ωð Þ ¼ P2 ωð Þ / �Im G11 x; x;ωð Þ½ � ! 1

4

X
m

ARmχ
2
m þ ALm

� �
; ð15:14Þ

P3 ωð Þ / �Im G33 x; x;ωð Þ½ � ! 1

2

X
m
ARm: ð15:15Þ

15.3.3 Comparison

The differences between DSS and DFA model are shown in a more explicit form if

their versions for surface waves are compared (Eqs. 15.9, 15.10 or 15.11, 15.12 vs

15.14, 15.15). The formulae have a similar structure, but the contributions of each

wave-type and mode to the total power differ. Indeed, they depend on A•m in the

DFA formulation and on A�m
k�m

� �2

or
A�mð Þ2
k�mα�m

� exp �2α�mxminð Þ in the DSS one, where

“•” indicates or Love or Rayleigh waves. The square operator in the last model is a

consequence of the power computation; in the DFA model, the correct physical

dimension is guaranteed by an appropriate factor that multiplies the imaginary part

of the Green’s function. So, while in the DSS the energy repartition among

contributing waves depends on the energy of each wave (expressed by its square

amplitude), in the DFA this repartition is established by the Green’s function for

coincident source and receiver. This is a very important physical difference

between the two models. The common inverse wavenumber 1/k•m in the DSS

formulae represents an effect of the long-range wave propagation from the generic

source to the receiver, while the other 1/k•m factor or the correspondent 1/α•m is the

effect of the integration on the horizontal distance to compute the total source

distribution effect. Both these elements are obviously absent in the DFA. In both the

considered models, the function HV restricted to surface-waves tends to the ellip-

ticity of (non-dispersive) Rayleigh waves over a half-space and depend on the

characteristics of the deeper medium, as ω ! 0.

In order to study the differences and similarities of these two models, a set of

synthetic tests was performed (see notes quoted at the beginning of the section):

results relative to stratigraphic profiles listed in Table 15.1 are here shown. The

group of profiles M2* is generated by varying the profile M2, and all these profiles

basically consist of a layer overlying an half-space (although a intermediate thick

buffer layer exists, which prevents from sharply unrealistic truncation of surface-

wave higher modes in the range of frequency of interest). The profile M3, instead,

presents two major and a weak impedance contrasts. For the DSS model,

σ12¼ σ22¼ σ32¼ 1/3 was set.

Albarello and Lunedei (2011) find, for the profile M2, significant contributions

of body waves for frequencies around and below the S-wave resonance frequency fS
(2 Hz in this case), and a clear surface-wave dominance for frequencies larger than

the P-wave one fP (4 Hz in this case). This fact reflects on the deviation between

blue (full wavefield, FW) and green (surface waves, SW) curves in Fig. 15.1a

around the peak frequency. When a circular source-free area with a radius of 10 m

exists (Fig. 15.1b), the FW produces an H/V peak equal to the one of the SW,
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probably as a consequence of the more efficient propagation of these last at long

distances. The elastic DFA results show no difference between FW and SW H/V-

curve, which peak amplitude is less that the DSS one.

Moreover, as said in the previous section, a parametric study of this stratigraphy

is realized by considering the profiles’ family M2*, which full-wawefiled results are

shown in Fig. 15.2.

By using the profile M3, which presents two important impedance contrasts at

5 and 80 m and a minor one at 30 m depth, it has been pointed out that, differently

from the single-layer case, remarkable differences in the H/V shape deduced from

DFA and DSS can occur for more complicated subsoil structures. Rough calcula-

tions from the S-wave travel-time lead to expected resonance frequencies of 1.5 and

0.33 Hz respectively for the principal contrasts and 0.6 for the secondary one. Two
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Fig. 15.1 H/V curves for the stratigraphy M2 obtained by the DSS for the full-wavefield (blue)
and the surface-wave component (green), as well as by the DFA for the full-wavefield (black) and
the surface-wave component (red); (a) no source-free area is considered; (b) a source-free area

with radius 10 m is set in the DSS

Fig. 15.2 Upper panels: H/V curves computed by the full-wavefield DSS for models in set M2*,

with rmin¼ 0. Lower panels: respective counterparts obtained by using the full-wavefield DFA
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peaks appear in the elastic DFA computation near to 0.4 and 1.5 Hz (which can be

associated with the two subsoil principal interfaces), both for the FW (black lines in

Fig. 15.3) and the SW (red lines in Fig. 15.3). The DSS response is more complex.

When no source-free area exists, the DSS-FW H/V (blue line in Fig. 15.3a) only

shows the peak correspondent to the shallowest impedance contrast, while the other

is retrieved by the DSS-SW counterpart (green line in Fig. 15.3a). The main peak is

recovered in the DSS-FW H/V curve if close sources are removed from the

calculations, as Fig. 15.3b (blue line) shows for rmin¼ 5 m, and in that case the

overall shape of the DFA-FW and DSS-FW curves approximately approach. These

results suggest that DFA and DSS might lead to closer results whenever a suitable

source-free area is used in the DSS-FW computations, letting surface waves play a

predominant role. The SW results seem very similar in every case.

The results obtained indicate that both the DSS and the DFA provide reasonable

full-wavefield and surface-wave synthetics of H/V spectral ratios. In spite of the

rather different underlying hypotheses, DFA and DSS lead to similar H/V curves

for stratigraphic profiles with a dominant impedance contrast (M2*). Relative H/V

main peaks match the first S-wave resonance frequency ( fS) in a very good way.

Nevertheless, peak amplitudes may differ and show non-trivial dependence on

impedance contrast and Poisson’s ratio. Results relative to DSS also depend on

the source distribution around the receiver. For both models, surface waves repre-

sent the dominant contribution at high enough frequencies, whereas body waves

play an important role around and below fS. For a stratigraphy with more impedance

contrasts, some variability occurs in the overall shape of the H/V curve in the full-

wavefield DSS when sources are present or absent near the receiver. Whenever near

sources are eliminated from the DSS computation (so surface waves are playing the

major role), both DFA and DSS provide very similar results, and this seems suggest

that, although physical bases are different, surface-wave behaviour described by

DFA and DSS is very similar. In any case, the differences in the overall H/V curve

features make clear that further investigations on the relationships between DFA

and DSS are still necessary.

Fig. 15.3 H/V curves from DFA and DSS method for the profile M3; (a) sources are allowed on

the whole Earth’s surface; (b) near sources are removed from around the receiver up to the distance

of 5 m
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15.4 A Mention to the Most Recent Results in H/V
Modelling

To overcome some limits of the full-wavefield DSS model, a new version of it has

been very recently proposed by Lunedei and Albarello (2014, 2015). This new

theory bases on describing the ambient-vibration ground-motion displacement and

its generating force fields as three-variate, three-dimensional stochastic processes

stationary both in time and space. In this frame, the displacement power can be

linked with the source filed power via the Green’s function, which, in turn, depends
on the subsoil configuration.

About the DFAmodel, very recently Garcı́a-Jerez et al. (2013) have shown some

consequence, at low and high frequencies, of its application to a simple crustal

model. The most recent development of this model is its application to a case where

a lateral variation exists, by Matsushima et al. (2014).

Finally, the DSS model gives a suitable base to compare the different definitions

of the H/V curve appeared in literature. Called HN and HE the spectra of the

ambient-vibration ground-motion horizontal components along two orthogonal

directions, Albarello and Lunedei (2013) compare the following definitions for

the merging of these horizontal components:

1. No combination, that is, two H/V curves are computed by considering separately

the two directions,

2. Arithmetic mean, H� HN þ HEð Þ=2;
3. Geometric mean, H� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HN � HE

p
;

4. Vector summation, H�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

N þ H2
E

q
;

5. Quadratic mean, H�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

N þ H2
E

� �
=2

q
;

6. Maximum horizontal value, H�max HN;HEf g;
and, given L elements of the statistical sample (typically, time-windows), the two

ways to experimentally define the H/V ratio:

(a) The square root of the ratio between the arithmetic mean of the spectral

powers on the L time-windows,

(b) The arithmetic mean of the H/V ratios computed in each of the L time-

windows.

It results that the H/V estimates are biassed of 46 % to more than 100 % and that,

while the definition (a) quickly reduces its bias-size (for all cases 1–6) as

L increases, this does not happen for the definition (b). Figure 15.4 shows the bias

pattern when the number of degree of freedom (m¼2 L) increases. A role of the

smoothing procedures in reducing the bias also emerges in the quoted paper.
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15.5 Rayleigh Ellipticity Theory

In this research branch, the H/V curve is identified a priori and by definition with the
ellipticity of Rayleigh waves, which is the subject of the study. A short summary on

this topic can be found, e.g., in SESAME (2004). Moreover, a part of the popular

Geopsy software (http://www.geopsy.org/) is focused on the ellipticity. Fäh

et al. (2001) propose a way to extract Rayleigh ellipticity experimentally and to

compare it with a theoretical model. Malischewsky and Scherbaum (2004) investigate

some important properties of H/V on the basis of Rayleigh waves by re-analysing an

old formula of Love, and obtaining essential results to apply the H/V method. Later,

the theory for the ellipticity of Rayleigh waves was carefully studied by Tran (2009)

and Tran et al. (2011) with particular regard to applications for the H/V method.

15.5.1 Osculation Points

An interesting special and less-known feature of the ellipticity is the role of

so-called osculation points, which are those points (see, e.g., Forbriger 2003)

where two dispersion curves of surface waves (especially Rayleigh waves) come
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Fig. 15.4 Relative bias of the different H/V definitions with respect the mathematical expecta-

tions of H/V (named R)
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very near to each other and eventually even cross under certain circumstances (see

Kausel et al. 2015). For sake of simplicity, just a stratigraphic profile constituted by

a single horizontal layer over an half-space (LOH) is used to describe the special

behaviour of the ellipticity at these points. Named h and VS1 the shallow-layer

thickness and S-wave velocity respectively, VS2 the S-wave velocity of the half-

space, rd the ratio between their densities and rS�VS1/VS2, the only impedance

contrast of the profile is rS∙ rd. Dimensionless surface-wave phase-velocity C¼ c/

VS1 and frequency f� h
VS1

� f are also defined. The limit case of this model is the

model LFB (layer with fixed bottom), defined by the limit rS ! 0. Some analytical

formulae exist for the LFB model, but for the LOH model there are approximate

formulae only. Usually it is assumed, for the LOH model, that the Rayleigh-wave

H/V (ellipticity) curve has, as a function of the frequency, one peak depending on

the subsoil properties, whereas a model with two layers over a half-space may have

two peaks (e.g., Wathelet et al. 2004). However, a more careful theoretical analysis

shows that also a LOH model exhibits two peaks within a certain parameter range.

Tran (2009) establishes that two peaks emerge for the LFB model when the

Poisson’s ratio ν1 of the shallow layer is in the interval ν 1ð Þ
1 < ν1 < ν 2ð Þ

1 , with ν 2ð Þ
1

¼ 0:25 and ν 1ð Þ
1 � 0:2026, which last is a solution of the equation

1� 2
ffiffiffi
γ

p
sin

π

2

ffiffiffi
γ

p� �
¼ 0; ð15:16Þ

with γ� 1�2ν1
2 1�ν1ð Þ ¼

V2
S1

V2
P1

: The first peak of the Rayleigh-wave H/V curve (i.e., in this

frame, the Rayleigh ellipticity curve) is for f 1 ¼ 0:25;while the second peak occurs for

f 2 ¼
C

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2γ � 1

p � arccos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ 1� C2
� �þ C2=4

γ 1� C2
� �þ 1

s
; ð15:17Þ

and C is the solution of the transcendental equation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 � 1

p
� arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ 1� C2
� �þ C2=4

γ 1� C2
� �þ 1

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2γ � 1

q
� arccos 2

2� C2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ 1� C2
� �þ C2=4

γ 1� C2
� �þ 1

s" #
: ð15:18Þ

At the osculation point, which for the LFB occurs at νð2Þ1 and is a degeneration

point, the H/V curve changes its properties from having two peaks to having one

peak and one zero-point. A similar behaviour is exhibited for the LOH model:

• if ν1 1ð Þ < ν1 < ν1 2ð Þ the H/V curve has two peaks,

• if ν1 2ð Þ < ν1 < 0:5 the H/V curve has one peak and one zero-point,
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where ν1 1ð Þ and ν1 2ð Þ are complicated functions of the model parameters; in

particular, ν1 2ð Þ is the value at which the osculation point occurs, whose an example

is shown in Fig. 15.5. The first peak occurs nearby f ¼ 0:25when rS is small enough

(Malischewsky and Scherbaum 2004).

The behaviour of the H/V given by the Rayleigh ellipticity χ in dependence on f
for the LOH model with parameters of Fig. 15.5 and different ν1 values is presented

in Fig. 15.6. The critical values ν 1ð Þ
1 and ν1 2ð Þ are, in this case, ν1 1ð Þ ¼ 0:24319 and

ν1 2ð Þ ¼ 0:26044.
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Fig. 15.5 Dimensionless dispersion curves C f
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for the fundamental (0) and first higher (1)

Rayleigh mode for a LOH model with parameters rS¼ 1/6, rd¼ 2/2.7, ν1¼ 0.26044, ν2¼ 0.2506,

where ν1 and ν2 are the Poisson’s ratios of the shallow layer and the half-space, respectively (After

Tran 2009)
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It turns out that the osculation point is, for LOH again, the point where the H/V

curve changes its behaviour dramatically. The practical consequences of this

behaviour are discussed for models in Israel and Mexico in Malischewsky

et al. (2010).

15.6 Conclusions

This short excursus on the way to construct a theory able to explain the H/V curve

features shows that, in spite of the strongly different hypothesis underlying the

various proposed theories, the key element of the H/V curve, i.e., the main peak

frequency, is reproduced in a more than acceptable way by all of them. Even

thought, in order to be able to profoundly understand the relative role of the

model and of the stratigraphy in affecting the synthetic H/V curves, a big systematic

comparative work would be necessary, the capability of different theories of giving

realistic features of this quantity reinforces the idea that the H/V curve, and in

particular its main peak frequency, express intrinsic properties of the subsoil, i.e.,
that it is eminently determined by the stratigraphical profile, ergo it gives a true

piece of information about the subsoil seismic properties. By a phrase, the H/V

seems to resist theories!
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