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Introduction

The topic of this paper is mathematical modelling or—as it is often, more broadly,
called—applications and modelling. This has been an important topic in mathe-
matics education during the last few decades, beginning in particular with Henry
Pollak’s survey lecture (Pollak 1979) at ICME-3, Karlsruhe 1976 (my first ICME).
By using the term “applications and modelling”, both the products and the pro-
cesses in the interplay between the real world and mathematics are addressed. In
this paper, I will try to summarize some important aspects, in particular, concerning
the teaching of applications and modelling. For obvious reasons, I have to restrict
myself and hence omit some important aspects, such as gender issues or the
question of how to embed applications and modelling in curricula and lessons. My
paper is mainly a survey, only occasionally I can go into depth. I will concentrate on
the secondary school level. I hope it will become clear that we have made con-
siderable progress in the field during the last few decades, both theoretically and
empirically, although still a lot remains to be done. For those who would like to find
more on this topic I would refer to ICMI Study 14 on Modelling and Applications
in Mathematics Education (Blum et al. 2007) where one can also find a short history
of the field. Further, I would refer to the Proceedings of the ICTMA conference
series (the International Conferences on the Teaching of Mathematical Modelling
and Applications), held biennially since 1983. One can see how dynamically the
filed develops by only looking at the number of papers in these books (see the last
two Volumes: Kaiser et al. 2011, and Stillman et al. 2013).

In this paper, I will switch between theoretical aspects (Parts 2 and 4) and
empirical aspects (Parts 3, 5–7). Part 8 is on teacher education, and I will start and
close with concrete examples (Parts 1 and 9).
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Two Introductory Real World Examples

I work and live in Kassel, the city where, every five years, the “documentas” take
place, the world’s most important exhibitions for contemporary art (in 2012 with
850.000 visitors). Each documenta leaves some of its exhibits in the city. One of
those is Claes Oldenburg’s oversized pick-axe from documenta-7, 1982 (see
Fig. 1).

The story that Oldenburg invented and Kassel people like to continue to tell is
that Hercules, the landmark of Kassel (see Fig. 2), has thrown this pick-axe from his
place, in the mountain park Wilhelmshöhe above Kassel, to the Fulda river. I will
come back to this story in the final part of my paper.

Fig. 1 Oldenburg’s pick-axe
in Kassel

Fig. 2 The Kassel Hercules
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The first question is: How tall would a giant have to be for this pick-axe to fit to
him? Would it fit to the Kassel Hercules himself?

Following Pollak’s famous characterization of modelling “Here is a situation—
think about it” (Pollak 1969), we begin with comparing the pick-axe and a normal
person. Using proportionality, we find that this pick-axe is about 13 m long. A
normal pick-axe measures about 1 m. So, using again a proportional model, we find
that a suitable giant would be about 25 m tall or, better perhaps, something between
20 and 30 m. The Kassel Hercules measures only 9 m, so he seems a bit too small
for this pick-axe, unfortunately.

x : 1:80 � 13 : 1

x � 23:40

A second example from documenta in Kassel: During documenta everything is
more expensive in downtown Kassel. A Hercules T-shirt, for instance, as a Kassel
souvenir, costs 15.99 € downtown, whereas in the shopping mall dez which is not
far away, the same T-shirt costs only 12.99 €. The second question is: Is it
worthwhile to drive to dez in order to buy this T-shirt there?

We will solve this problem in several steps (the same steps that we have applied
also in the pick-axe example without noticing it).

Step 1: We construct a mental model of the situation (Fig. 3).
Step 2: We simplify and structure this mental model by assuming that we go by
car, that our car consumes 10 l/100 km in the city, that the gas costs 1.599 €/l
and that the distance we have to drive from downtown to the mall is 5 km.

Fig. 3 Mental map of the
situation
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Step 3: We construct a suitable mathematical model by mathematizing these
concepts and relations:

C-downtown ¼ 15:99C=

C-dez ¼ 12:99C= þ 2 � d � a � b; d: distance; a: consumption; b: gas price

C-dez\C-downtown?

Step 4: Weworkmathematically by calculatingC-dez≈ 12.99 €+1.60 €=14.59 €
and by comparing: Yes, C-dez < C-downtown!
Step 5: We interpret this mathematical result in the real world: It is indeed by
1.40 € cheaper to drive to the shopping mall!
Step 6: We validate our result: Does it really make sense to drive 10 km in order
to save 1.40 €? What about using this time instead to see more of Kassel’s
beauties? What about the risk of an accident or the air pollution caused by our
trip? So perhaps we will refine our model and start again, or we will simply
decide against that simple mathematical solution.
Step 7: In the end, we write down the whole solution.

This seven-step-process is one of the many schemas for the modelling process
(Fig. 4, see Blum and Leiß 2007a).

Here are a few more such schemas (Fig. 5).
All these schemas have their specific strength and weaknesses, depending on the

respective purposes. For cognitive analyses, this seven-step-model seems particu-
larly helpful. It is a blend of models from applied mathematics (Pollak 1979;
Burghes 1986), linguistics (Kintsch and Greeno 1985) and cognitive psychology
(Staub and Reusser 1995).
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Fig. 4 Seven step modelling schema
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Mathematical Modelling Competency

Here comes some theory. The topic of this paper is the teaching and learning of
mathematics in the context of relations between mathematic and the extra-mathe-
matical world. The latter is often called reality or the real world, or better, in the
words of Pollak (1979), the “rest of the world”, including nature, culture, society, or
everyday life. The process of solving real world problems by means of mathematics
can, from a cognitive point of view, be described by the schema from Fig. 4. If need
be, one has to go round the loop several times. A key concept here is the concept of
a model. A mathematical model is a deliberately simplified and formalized image of
some part of the real world, formally speaking: a triple (D, M, f) consisting of a
domain D of the real world, a subset M of the mathematical world and a mapping
from D to M (Niss et al. 2007). Among the purposes of models are not only
describing and explaining (“descriptive models”) but also predicting and even
creating parts of the real world (“normative models”).

In the language of competencies according to Niss and colleagues (see Niss
2003), the ability to carry out those steps corresponds to certain competencies or
sub-competencies such as understanding a given real world situation or interpreting
mathematical results in relation to a situation (Blomhøj and Jensen 2007; Maaß
2006; Kaiser 2007; Turner et al. 2013). Cognitively speaking, an individual’s
competency is his/her ability to carry out certain actions in a well-aimed way.
Modelling competency in a comprehensive sense means the ability to construct and
to use or apply mathematical models by carrying out appropriate steps as well as to

Fig. 5 Modelling schemas
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analyse or to compare given models (Blum et al. 2007). It is this comprehensive
idea of modelling that will be used in the following.

The Niss competencies are also the conceptual basis for the PISA study and for
the heart of PISA, mathematical literacy (see, e.g., OECD 2013, p. 23 ff). In large
parts, PISA items require some modelling in a broad sense. An important source for
the PISA philosophy was Hans Freudenthal’s view of “mathematical concepts,
structures and ideas as tools to organise the phenomena of the physical, social and
mental world” (Freudenthal 1983). It is an open question whether this spirit of PISA
will be preserved also in future PISA cycles.

Students’ Modelling Activities

Mathematical modelling is a cognitively demanding activity since several compe-
tencies involved, also non-mathematical ones, extra-mathematical knowledge is
required, mathematical knowledge and, in particular for translations, conceptual
ideas (in German: “Grundvorstellungen”) are necessary (e.g., in the examples in
part 1, ideas about proportional functions), and appropriate beliefs and attitude are
required, especially for more complex modelling activities.

These cognitive demands are responsible for empirical difficulty. Modelling is
indeed rather difficult for students (see, for instance, Houston and Neill 2003, or
Frejd and Ärlebäck 2011). Figure 6 shows the PISA task “Rock Concert”.

The correct solution is C. In the OECD, only 26 % of all 15-year-olds have
solved this task correctly, in Finland, one of the top performing countries, only
37 %, and in Korea, another top performing country, even only 21 %. The PISA
Mathematics Expert Group has shown that the empirical difficulty of PISA

Fig. 6 PISA task “Rock
Concert”
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mathematics tasks can indeed be substantially explained by the competencies
needed to solve these tasks (see Turner et al. 2013).

Several studies have shown that each step in the modelling process (see Fig. 4) is
a potential cognitive barrier for students, a potential “blockage” or “red flag situ-
ation” (Goos 2002; Galbraith and Stillman 2006; Stillman 2011). “The weakest link
in their modelling chain will set the limits on what they can do” (Treilibs et al.
1980).

Here are some remarks to step 1 “Understanding the situation and constructing a
situation model”. Many students get stuck already here. This is not only or even not
primarily a cognitive deficiency. For, many students around the world have learned,
as part of the hidden curriculum, that they can survive without the effort of careful
reading and understanding given contextual tasks. Instead, they successfully follow
a substitute strategy for word problems: “Ignore the context, just extract all data
from the text and calculate something according to a familiar schema” (see, e.g.,
Nesher 1980; Baruk 1985; Schoenfeld 1991; Lave 1992; Reusser and Stebler 1997;
Verschaffel et al. 2000; Xin et al. 2007; de Bock, Verschaffel et al. 2010).
Schoenfeld and Verschaffel speak of the “suspension of sense-making” when
playing the “word problem game”. This strategy even becomes more popular with
age, and in the school context it may indeed make a lot of sense to follow this
strategy in order to pass tests and to survive. This is empirically well documented,
in very many countries. Here is a well-known example (Verschaffel et al. 2000):

450 soldiers must be bussed to their training site. Each army bus can hold 36
soldiers. How many busses are needed?

Popular answers are “12 busses remainder 18” or “12.5 busses”. Another
example of a calculation without imagining the situation clearly is:

An orchestra needs 40 min for Beethoven’s 6th symphony. How long will it take
for Beethoven’s 9th symphony?

The popular answer is 60 min. In the PISA task “Rock Concert” (see Fig. 6), the
by far most attractive distractor (49 %) was no. 2, the one that follows exactly the
substitute strategy: 50 · 100 = 5,000.

Step 2 “Simplifying and structuring” is a source of difficulties as well. In particular,
learners are afraid of making assumptions by themselves.

Step 6 “Validating” is mostly not present at all in students’ solutions. Here
(Fig. 7) is a solution of the pick-axe task.

The answer 254.84 m for the giant’s height is, first, ridiculously accurate
(rounding off is a rare event in mathematics classrooms) and, second, obviously
much too big. However, students normally do not validate their solutions, it seems
to be part of the “contract didactique”: Checking the correctness and suitability of a
solution is exclusively the teacher’ responsibility!

I would like to mention a few other important empirical results concerning
students’ dealing with modelling tasks. Several studies have shown (Matos and
Carreira 1997; Leiß 2007; Borromeo Ferri 2011; Schukajlow 2011; Sol et al. 2011):
If students are dealing with modelling tasks independently, the process is normally
non-linear according to one of those ideal-typical loops but rather characterized by
jumps forth and back, by omissions or mini-loops. Borromeo Ferri (2007) speaks of
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“individual modelling routes” which are determined by individual knowledge and
preferences such as individual thinking styles.

Another well-documented observation is that students normally do not have
strategies available for solving real world problems. More generally, students
usually do not reflect upon their activities and, closely related to that, are not able to
transfer their knowledge and skills from one context or task to a different context or
task, even if there are structural similarities. For instance, in one of our projects,
grade 9 students dealt in a lesson with the “Filling up” task (see Blum and Leiß
2006) which is quite analogous to the T-Shirt task from part 1. The question is
whether it is worthwhile for a certain Mrs. Stone to drive from her hometown Trier
across the nearby border of Luxemburg, where the gas is cheaper, in order to fill up
her car there. In the following test, the students had to solve very similar tasks,
among others whether it is worthwhile to drive to a nearby strawberry field in order
to pick the berries for a cake instead of buying them in a supermarket, or whether it
is worthwhile to use cloth-diapers instead of disposable ones. For many students,
these were totally new challenges, now about strawberries and diapers instead of
cars. The PISA study also demonstrates every three years how difficult it is for 15-
year-olds to transfer their school knowledge to real world problem situations.

The phenomena just described are, as is well-known, special instances of situ-
ated cognition, or in the words of Jürgen Baumert: Every learning topic carries with
it the “indices” referring to its learning context. This is particularly relevant for
learning in the field of relations between the real world and mathematics (DeCorte
et al. 1996; Niss 1999). Actually, when we report on empirical results about
“modelling competency” we have to write this construct with several indices,
especially referring to the mathematical topics and the extra-mathematical contexts
involved. The question is even: Is there a “general modelling competency” at all?
Much more research is necessary into how and how far the desired transfer can be
achieved. I will come back to this aspect in parts 5 and 7.

Fig. 7 A student solution of
the pick-axe task
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Aims and Perspectives of Modelling

We come back to theoretical aspects of modelling. Modelling is a cognitively
demanding activity, so why should learners have to deal with such activities? Why
is it not sufficient to learn pure mathematics in order to achieve the aims of
mathematics as a school subject? Mathematics is, as we know, a compulsory
subject at school for the following reasons (see, e.g., Niss 1996): Mathematics as

• a powerful tool for better understanding and mastering present or future real
world situations,

• a tool to develop general mathematical competencies,
• an important part of culture and society, and a world of its own.

The basis for that are general educational goals such as the ability to take part in
social life as an independent and responsible citizen.

On this background, we can distinguish between four groups of justifications for
the inclusion of applications and modelling in curricula and everyday teaching (see,
e.g., Blum and Niss 1991; Blum 2011):

1. “pragmatic” justification: In order to understand and master real world situa-
tions, suitable applications and modelling examples have to be explicitly treated;
we cannot expect any transfer from intra-mathematical activities.

2. “formative” justification: Competencies can be advanced also by engaging in
modelling activities; in particular, modelling competency can only be advanced
in this way, and argumentation competency can be advanced by “reality-related
proofs” (Blum 1998).

3. “cultural” justification: Relations to the extra-mathematical world are indis-
pensable for an adequate picture of mathematics as a science in a comprehensive
sense.

4. “psychological” justification: Real world examples may contribute to raise
students’ interest in mathematics, to motivate or structure mathematical content,
to better understand it and to retain it longer.

We can see a certain duality here (Niss et al. 2007): Whereas the first aspect
deals with mathematics as an aid for the real world, the other three aspects deal with
the opposite direction, the real world as an aid for mathematics, in a broad sense.
Instead of “justifications for the inclusion of applications and modelling” we could
also say “aims of the teaching of applications and modelling”.

In order to advance those aims, suitable examples are needed. There is a broad
spectrum of real world examples, from small dressed-up word problems to
authentic modelling problems or projects that require days or weeks. The justifi-
cations or aims just mentioned require certain specific types of examples:

• “pragmatic”: concrete authentic examples (from shopping, newspapers, taxes,
traffic flow, wind park planning, air fare calculation, …);

• “formative”: cognitively rich examples, accompanied by meta-cognitive
activities;
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• “cultural”: either authentic examples that show students how strongly mathe-
matics shapes the world (sometimes hidden and invisible, embedded in tech-
nology—the famous relevance paradox, see e.g. Niss 1999) or epistemologically
rich examples that shed some light on mathematics as a science (including
ethno-mathematical examples); in both cases, the role of mathematics and its
relations to the real world must be made more conscious;

• “psychological”: either interesting examples for motivation or illustration pur-
poses, to make mathematics better marketable for students (these examples
might quite well be dressed-up or whimsy problems, it is only a matter of
honesty), or mathematically rich examples that serve the purpose to make cer-
tain mathematical topics better comprehensible.

So, examples are not good or bad per se, it depends on their purpose.
It was Gabriele Kaiser’s idea, together with colleagues (see Kaiser et al. 2006),

to distinguish between various perspectives of modelling. On the basis of what I
have just presented, I have conceptualized the notion of “perspective” a bit more
formally, as a pair (aim│suitable examples), with a slightly different terminology.
So we can distinguish between six perspectives.

• (pragmatic│authentic) → “applied modelling” (Burghes, Haines, Kaiser, and
others; particularly rooted in the Anglo-Saxon tradition)

• (formative│cognitively rich) → “educational modelling” (Burkhardt/Swan,
Blomhøj, and others)

• (cultural with an emancipatory intention│authentic) → “socio-critical model-
ling” (Keitel/Jablonka, Skovsmose, Julie, Barbosa, and others)

• (cultural concerning mathematics│epistemologically rich) → “epistemological
modelling” (d’Ambrosio, Garcia, Bosch, and others; more rooted in the
Romanic tradition)

• (psychological with marketing intention│motivating) → “pedagogical mod-
elling” (by far the most important aspect in school)

• (psychological│mathematically rich) → “conceptual modelling” (Freudenthal,
de Lange, Gravemeijer, and others)

For each perspective, there is a certain model of the modelling process that is
best suitable for that purpose. For instance, for applied modelling, a four step model
“Mathematising → Math. Working → Interpreting → Validating” seems most
appropriate. There is no space here to elaborate more on this. In effect, it is more
appropriate to conceptualise a “perspective” as a tripel (aim│examples│cycle).

All these perspectives also contribute to the question of sense-making. Here, I
mean by the “sense” of an activity the subjective meaning of this activity to the
individual whereby the individual can understand the purpose of this activity. Each
perspective offers to learners a specific aspect of sense:

• “applied”: sense through understanding and mastering real world situations
• “educational”: sense through realizing own competency growth
• “socio-critical”: sense through understanding the role of mathematics
• “epistemological”: sense through comprehending mathematics as a science
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• “pedagogical”: sense through enjoying doing mathematics
• “conceptual”: sense through understanding mathematical concepts

It is important to offer various aspects of sense since learners will react differ-
ently, also according to their beliefs about and attitudes towards mathematics. The
hope is that, by offering various aspects of sense, students’ beliefs will become
broader, and their attitudes will become more positive.

Teaching Modelling

Back from theory to practice. In the first few parts of this paper, the focus was on
learning. It is clear that all aims and purposes can only be reached by high-quality
teaching. Applications and modelling are important, and learning applications and
modelling is demanding. This implies that there have to be particularly big efforts to
make applications and modelling accessible for learners. In fact, there are such
efforts in many countries around the world. However, in everyday mathematics
teaching practice in most countries, there is still relatively few modelling. Appli-
cations in the classroom still occur mostly in the context of dressed-up word
problems. We have been deploring this gap between the educational debate and
classroom practice for decades. Why do we still have this gap? The main reason is
that teaching applications and modelling is demanding, too (Freudenthal 1973;
Pollak 1979; DeLange 1987; Burkhardt 2004; Ikeda 2007). Also the teachers have
to have various competencies available, mathematical and extra-mathematical
knowledge, ideas for tasks and for teaching as well as appropriate beliefs.
Instruction becomes more open and assessment becomes more complex. This is the
main barrier for applications and modelling.

What can we do to improve the situation? What do we know empirically about
effective teaching of applications and modelling according to those various aims
and purposes? Generally speaking, the well-known findings on quality mathematics
teaching of mathematics hold, of course, also for teaching mathematics in the
context of relations to the real world. This seems self-evident but is ignored in
classrooms around the world every day a million times.

In the following, I will present ten—in my view—important aspects for a
teaching methodology for applications and modelling, based on empirical findings.

1. A necessary condition is an effective and learner-oriented classroom man-
agement (see, e.g., Baumert et al. 2004; Hattie 2009; Timperley 2011; Kunter
and Voss 2013): using time effectively, separating learning and assessment
recognisably, using students’ mistakes constructively as learning opportunities
(motto: every wrong answer is the right answer to a different question), or
varying methods and media flexibly. For modelling, group work is particularly
suitable (Ikeda and Stephens 2001). The group is not only a social but also a
cognitive environment (co-constructive group work; see Reusser 2001).
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2. Just as necessary is to activate learners cognitively, to stimulate students’ own
activities. “Modelling is not a spectator sport” (Schoenfeld, personal commu-
nication), one can expect learning effects at most if students engage actively in
modelling. This is not a matter of surface structures such as whole-class
teaching versus group work versus individualized teaching, which may be
dependent on cultural backgrounds. What only counts is that learners are
cognitively active (Schoenfeld 1992). We have to distinguish carefully here
between students working independently with teacher support, on the one hand,
and, on the other hand, students working on their own, alone. Crucial for
teaching is a permanent balance between students ‘independence and teacher‘s
guidance, according to Aebli’s famous “Principle of minimal support” (Aebli
1985). I will come back to this aspect in part 6 of this paper.

3. Learners have to be activated not only cognitively but also meta-cognitively.
All activities ought to be accompanied by reflections and ought to be reflected
in retrospective, with the aim to advance appropriate learning strategies. Again
this is not a matter of lesson surface structures. I will elaborate more on this
aspect in part 7 of this paper.

4. There has to be a broad variety of suitable examples as the substance of
mathematics lessons since we cannot expect any mystical transfer from one
example or context to another. In particular, there has to be a well-aimed
variation of real world contexts as well as of mathematical contexts and topics.
As I have said in part 4, different kinds of examples may serve different
purposes and authenticity is not always required. However, if contexts are made
more authentic, the “suspension of sense-making” (see part 3) can be reduced
substantially (Palm 2007; Verschaffel et al. 2010). For instance, if the “Army
bus” task (see part 3) is embedded in a credible context where students have to
write an order form for a bus company, the number of reasonable solutions
increases substantially.
There are a lot of rich teaching/learning environments available for all aims of
application and modelling, among many others the following:

• A wealth of materials from the Shell Centre in Nottingham, the UCSMP
project, Roskilde University, the Freudenthal institute (RME) and much
more (see Blum et al. 2007, part 6).

• Dick Lesh’s Model Eliciting Activities (Lesh and Doerr 2003); they are
primarily meant as a research tool, but they can be used equally well for
teaching purposes, together with his Model Exploration Activities and
Model Adaptation Activities.

• “Real objects, contexts and actions” and “local applications” (Alsina 2007);
other outdoor activities in the same spirit are “Maths trails” (see, e.g., Shoaf
et al. 2004).

• Materials from the modelling weeks in various cities, in Germany, Singa-
pore or Queensland.
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5. Teachers ought to encourage individual solutions of modelling tasks. In
everyday teaching practice, however, teachers tend to favour strongly their own
solution, without even noticing it (Leikin and Levav-Waynberg 2007; Borromeo
Ferri and Blum 2009), also because of a limited knowledge of the “task space”.
There are several reasons for encouraging multiple solutions (Schoenfeld 1988;
Hiebert and Carpenter 1992; Krainer 1993; Neubrand 2006; Rittle-Johnson and
Star 2009; Tsamir et al. 2010): These comply with students’ individual prefer-
ences, support internal differentiation in the classroom, reflect the genuine spirit
of mathematics, and enable comparisons between and reflections on different
solutions on a meta-level. In the current project MultiMa (Schukajlow and Krug
2013), two independency-oriented teaching units with modelling tasks are
compared where in one unit students are explicitly required to produce multiple
solutions. It turned out that those students who developed several solutions had
higher learning gains.

6. Competencies such as modelling evolve in long-term learning processes,
beginning already in primary school with “implicit models” (Greer and Vers-
chaffel 2007; Borromeo Ferri and Lesh 2013) and continuing forever. Neces-
sary and not at all out-of-date are permanent integrated repeating and intelligent
practising. It is also important to have a permanent balance between focussing
on sub-competencies of modelling and focussing on modelling competency as a
whole. It is an open research question what such a balance would look like.
What would be needed is a competency development model for modelling,
theoretically sound and empirically well-founded, or several such models. This
is a big deficit in research.
An interesting approach to describe competency development comes from the
Danish KOM project (Blomhøj and Jensen 2007; Niss and Højgaard Jensen
2011). The authors distinguish between three dimensions in an individual’s
possession of a given mathematical competency: the “degree of coverage” of
aspects of this competency, the “radius of action” that indicates the spectrum of
contexts and situations, and the “technical level” that indicates the conceptual
and technical level of the involved mathematical entities.

7. Not only teaching but also assessment has to reflect the aims of applications and
modelling appropriately. Quality criteria such as variation of methods are rel-
evant here, too (Haines and Crouch 2001; Izard et al. 2003; Houston 2007;
Antonius et al. 2007; Vos 2007). One method is, of course, to work with tests.
As we know, tests have several functions, among others to set norms and to
illustrate the aspired aims (“What You Test Is What You Get”), but also and
particularly to diagnose students’ strengths and weaknesses in order to know
better how to help.
An interesting research question is whether and how it is possible to assess
modelling sub-competencies and general modelling competency separately. Zöttl
et al. (2011) have found that the followingmodel describes their data best (Fig. 8):
Some items measure certain sub-competencies and all items measure a general
competency.
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8. It is important to care for a parallel development of competencies and appro-
priate beliefs and attitudes. Taking into account the remarkable stability of
beliefs and attitudes, this also requires long-term learning processes.

9. There are a lot of case studies that show that digital technologies can be used as
powerful tools for modelling activities, not only in the intra-mathematical
phases (see, e.g., Borba and Villarreal 2005; Henn 2007; Geiger 2011;
Greefrath et al. 2011). Computers can be used for experiments, investigations,
simulations, visualisations or calculations. Greefrath suggests to extend the
modelling cycle by adding a third world: the technological world (Fig. 9).
What we need here are much more controlled studies into the effects of digital
technologies on modelling competency development.

10. The best message comes last. Several case studies have shown that mathe-
matical modelling can in fact be learned by secondary school students supposed
there is quality teaching (a.o. Kaiser-Meßmer 1987; Galbraith and Clatworthy
1990; Abrantes 1993; Maaß 2007; Biccard and Wessels 2011; Blum and Leiß
2007b; Schukajlow et al. 2012). Some studies have shown that also students’
beliefs about mathematics can be broadened by appropriate quality teaching.

Fig. 8 Model for modelling
sub-competencies

Fig. 9 The extended modelling cycle
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However, much more research is needed, especially small-scale studies using a
mixture of qualitative and quantitative methods.

In closing part 5, I would like to emphasise that all these efforts will not be
sufficient to assign applications and modelling its proper place in curricula and
classrooms and to ensure effective and sustainable learning. The implementation of
applications and modelling has to take place systemically, with all system com-
ponents collaborating closely: curricula, standards, instruction, assessment and
evaluation, and teacher education. I cannot elaborate more on this aspect.

Teacher Support for Modelling Activities

I would like to go more deeply into the second aspect mentioned in part 5: How can
the balance between students’ independent work and teacher’s guidance be put into
practice, what does “minimal support” look like? The key concept is adaptive
teacher invention (see Leiß 2010, for an overview). Such an intervention allows
students to continue their work without losing their independence—in the Vygotski
terminology: an intervention in the Zone of Proximal Development. Whether an
intervention was adaptive or not can, on principle, be only judged afterwards: Is the
cognitive barrier really overcome, has the “red flag” vanished? Adaptive inter-
ventions can be regarded as a special case of scaffolding (Smit et al. 2013). A
necessary basis for such a temporary support is a good diagnosis.

In everyday classrooms, teachers tend to strong, content-related interventions,
sometimes in order to prevent mistakes or blockages before they occur. According to
several studies (see, e.g., Leiß 2007), there are only very few strategic interventions,
and most interventions seem to be not adaptive. However, especially strategic
interventions have the potential of being adaptive (for an impressive example of a
successful strategic intervention see Blum and Borromeo Ferri 2009). Here are some
examples of strategic interventions:

Read the text carefully! Imagine the situation clearly! Make a sketch! What do
you aim at? What is missing? Which data do you need? How far have you got?
Does this result make sense for the real situation?

In the DISUM project (see Blum and Leiß 2007b), a ten lesson teaching unit on
modelling in 18 grade 9 classes proved to produce significantly higher learning
gains in modelling competency in a teaching design oriented towards students’
independence with adaptive teacher interventions compared to a design with
directive teaching; see Schukajlow et al. (2012) for more details.
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Strategies for Learning Modelling

All teacher interventions and support as just discussed will have no long-term
effects if they are only applied situationally, transfer cannot be expected. Only
accompanying meta-cognitive activities may promise sustainable effects. Students
have to be enabled to see the general feature in the concrete step, in the concrete
cognitive barrier: How can I help myself in such a difficulty? How can I solve such
kind of tasks by myself? For, in assessment situations or in real life contexts, there
is no teacher support available.

A promising approach is to teach learning strategies, cognitive strategies as well
as meta-cognitive strategies such as planning, controlling or regulating. There are a
lot of empirical results concerning the effects of using strategies, mostly encour-
aging, some also disappointing (Tanner and Jones 1993; Schoenfeld 1992, 1994;
Matos and Carreira 1997; Stillman and Galbraith 1998; Kramarski et al. 2002;
Burkhardt and Pollak 2006; Desoete and Veenman 2006; Stillman 2011; for an
overview see Greer and Verschaffel 2007). One of the problems in these empirical
studies is: how to measure strategy knowledge, on the one hand, and strategy use,
on the other hand, and another problem is how to reliably link students’ activities to
their strategies.

In particular for novices in modelling there are two strategic instruments that I
would like to mention since they turned out to be successful: First, the heuristic
worked examples in the KOMMA project, with a three step schema (see Zöttl et al.
2011). Second, the DISUM four step schema (“Understanding task/ Searching
mathematics/ Using mathematics/ Explaining result”; see Blum 2011, for more
details). This is not meant as a schema that students must follow but as a guiding
line, a meta-cognitive aid, particularly in case of difficulties. The problem for
students with such strategic devices is: What do these hints mean concretely (for
instance in step 2 “Make assumptions”: which, how, how many?)? Much more
research is needed into the design and use of strategic instruments for modelling.

Teacher Competencies for Modelling

Several empirical studies tell us (recently the comparative study TEDS-M, see
Schmidt et al. 2007; Blömeke et al. 2010): The teacher matters most! For quality
teaching of applications and modelling, the teacher needs a lot of different com-
petencies. As a theoretical foundation, I would like to use the competence model
from the COACTIV project (see Baumert and Kunter 2013). Here, as part of the
professional knowledge, five categories are distinguished, especially content
knowledge (CK), pedagogical content knowledge (PCK), and pedagogical/psy-
chological knowledge (PK), along the distinction made by Shulman and others.
Based on the fundamental assumption about the impact of teaching on learning
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teacher competencies ! quality teaching ! student learning;

the COACTIV project has shown, for a representative sample of German secondary
mathematics teachers, that subject-related teacher competencies have a strong
influence on students’ performance (see Baumert et al. 2010). Among the mediators
that significantly influence students’ performance are classroom management and
the cognitive level of tasks set for written class tests. And the TEDS-M study has
shown that competencies of beginning teachers vary a lot across different countries,
dependent on their learning opportunities. Therefore, teacher education is crucial.

What PCK is needed especially for teaching applications and modelling (see
Ball et al. 2005, in general and, in particular for modelling, Doerr 2007; Lingefjärd
2013; Kaiser et al. 2010). Borromeo Ferri and Blum (2010) distinguish, in their
model, between four dimensions of teachers’ PCK for modelling: (1) a theoretical
dimension (incl. modelling cycles or aims and perspectives of modelling as back-
ground knowledge), (2) a task dimension (incl. multiple solutions or cognitive
analyses of modelling tasks), (3) an instructional dimension (incl. interventions,
support and feedback), and (4) a diagnostic dimension (incl. recognising students’
difficulties and mistakes). Also for teachers’ learning, no transfer can be expected.
Hence, all these elements have to be included as compulsory components in teacher
education and professional development. Obviously, in most places where maths
teachers are trained, this is not (yet) the case, that means the naïve faith in some
mystic transfer is strong here, too. Another myth is that teachers will gain their
necessary professional knowledge just by teaching practice. However, in the CO-
ACTIV project, there was no correlation between experience and professional
knowledge (see Kunter et al. 2013).

One way of providing future teachers with the necessary professional knowledge
is to offer specific modelling seminars already at the university, with compulsory
own teaching experiences (Borromeo Ferri and Blum 2010). Also the Model
Eliciting Activities mentioned in part 5 (see Doerr and Lesh 2011) are very efficient
learning environments both for future and for practicing teachers. Nevertheless, a
lot has still to be done in research as well, in particular: How will the various
teacher competencies play out in teaching practice and how will they influence
student learning about applications and modelling?

A Final Real World Example

I would like to come back to the example in part 1, Oldenburg’s oversized pick-axe
in Kassel. The story that the Kassel Hercules has thrown this pick-axe to the Fulda
river is very nice, but we may ask: Is it conceivable?
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The first question is: Is the axis correct from the pick-axe to the Hercules?
Hercules cannot be seen from the Fulda bank, but we can just measure the angle
between the pick-axe and the Fulda River in reality and at the same time the angle
between the line Hercules-axe and the river on the map (Fig. 10).

In both cases we find approximately 85°. Since angles are preserved under
similarity transformations, this shows that the axis is correct indeed.

The second question is: Can Hercules really throw that far? This depends on a
more basic question: Is Hercules able to hold this pick-axe at all? See part 1:
Oldenburg’s pick-axe is 13 times as long as a normal axe. So, using a cubic model,
it weighs more than 2,000 times a normal axe, thus approximately 5 tons. Kassel’s
Hercules measures 9 m, 5 times a normal man’s height, and Hercules is, as one
knows from history, much stronger than normal people. The world record in
weight-lifting is ¼ ton. Now we can apply two different models. If we assume that
the power for weight-lifting only grows proportionally with height, Hercules will be
able to hold at most 1.5 tons but not 5 tons, unfortunately. However, if we assume

Fig. 10 The angle between axe and river
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quadratic growth with height, Hercules will be able to hold even 6 tons. I would like
to leave this question open: Which model is more appropriate? Personally, I prefer
the quadratic model in order not to run down such a nice story about a hero and his
pick-axe.

Open Access This chapter is distributed under the terms of the Creative Commons Attribution
Noncommercial License, which permits any noncommercial use, distribution, and reproduction in
any medium, provided the original author(s) and source are credited.
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