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Abstract. The presence of missing data in time series is big impedi-
ment to the successful performance of forecasting models, as it leads to a
significant reduction of useful data. In this work we propose a multiple-
imputation-type framework for estimating the missing values of a time
series. This framework is based on iterative and successive forward and
backward forecasting of the missing values, and constructing ensembles of
these forecasts. The iterative nature of the algorithm allows progressive
improvement of the forecast accuracy. In addition, the different forward
and backward dynamics of the time series provide beneficial diversity for
the ensemble. The developed framework is general, and can make use of
any underlying machine learning or conventional forecasting model. We
have tested the proposed approach on large data sets using linear, as well
as nonlinear underlying forecasting models, and show its success.
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1 Introduction

Time series forecasting has become an important decision making tool [1]. Its
application to many domains such as weather prediction [2], stock market fore-
casting [3], electric load estimation [4], river flow forecasting [5], economic
forecasting [6], and sales prediction [7] has had a big impact on the profitability,
utilization, risk mitigation, and efficiency of these processes. Time series forecast-
ing can essentially be considered as a modeling problem. Some of the dominant
approaches in the literature include linear models, such as autoregressive (AR),
ARMA, [8] and exponential smoothing [9]. Recognizing that in many real-world
situations the data generation process (DGP) may not follow a simple linear
model, nonlinear models such as neural networks [10], support vector machines
[10]), vector quantization [11], and nonlinear basis selection [44] have become
another prominent group of models.

In ideal circumstances the time series is sampled with constant frequency and
all samples are present. However, in real situations some samples are missing
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due to human error or lapse in data collection. The missing data problem affects
the performance of forecasting models in ways far beyond the amount of missing
data.

In this paper we present a framework for missing value estimation for time
series, based on the concept of ensembles. The framework that we propose is
summarized as follows. We train the underlying forecasting model to forecast
forward in time using the available or existing data as training data. In the second
step we train the underlying forecasting model to forecast backward in time
”backcast” using the available data as training set. Naturally, the training data in
these two steps may not be sufficient to produce good forecasts in case there are
many portions in the data missing. In the third step we apply the trained forward
forecasting model and backward forecasting model to predict all missing values
in the time series. Subsequently, we average both forecasts, to obtain the first
ensemble forecast. We continue in this manner for a number of iterations, until
no further improvements are expected. The advantage of the proposed model
is that it utilizes the power of ensembles, and makes use of an iterative self-
improving process, whereby each iteration is expected to improve its estimates
over the previous iteration. It works akin to a consecutive sequence of ”reflecting
waves” of forward forecasting and backward forecasting. The proposed approach
applies to the ”missing completely at random (MCAR)” situation. This means
that the fact that a record is missing does not depend on the underlying value
of any of the data, it is purely by chance.

The paper is organized as follows. Next section presents a literature review.
Section 3 presents the proposed procedure to estimate missing data; Section
4 presents the details of the simulation set-up. In section 5, the results and
discussion are presented and section 6 includes conclusion and future work.

2 Related Work

The problem of missing data has been studied in the conventional statistics
literature [12]. The most straightforward method, but at the same time least
effective one, is the case-wise deletion method (CWD). It is based on simply
removing the training patterns that have some missing values. Of course this
leads to an unjustified loss of precious data. A more effective group of methods
is the single imputation strategy. In this approach, instead of completely deleting
the pattern, we impute (compute) a value for it, and use the resulting completed
data set for training the prediction model.

A more involved group of methods is the so-called multiple imputation strat-
egy [14] [15]. A more modern group of approaches uses some probabilistic con-
cepts. The main approaches in this group are the maximum likelihood approach,
and the expectation maximization (EM) approach [16].

Denk and Weber [17] describe the specific nature of missing value estima-
tion for time series, and the differences from missing value for regular regres-
sion. They also investigate missing data patterns and categories, according to
the type of the time series, whether cross-sectional, uni-variate, or multi-variate.
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In addition, they provide an informative review concerning the dependency struc-
ture of the missingness of the variables (i.e. about the well-known concepts of
missing completely at random MCAR, missing at random MAR, and missing
not at random MNAR). The mean substitution method for conventional data
sets (i.e. replacing a missing value by the mean of that variable) becomes in-
feasible for the time series case. In its place the ”Carry Last Value Forward”
method is practical and feasible. In this strategy a missing value is replaced by
the most recent available value. On the other hand, imputation methods based
on K-nearest neighbor matching are applicable for the time series case. In that
approach, a missing portion of the time series is filled according to the K patterns
that are closest to the considered pattern, based on the non-missing variable por-
tion comparison [18]. Other pattern matching approaches have been proposed
by Chiewchanwattana et al. [19]. Deterministic imputation approaches have also
been considered in the literature. For example, spline smoothing or other curve
fitting approaches could be used to fill in a missing portion of the time series [20]
[21]. Velicer and Colby [22] provide a review of a number of methods, including
CWD, mean substitution, mean of adjacent time series values, and maximum
likelihood estimation. They provide a comparison between these methods using
synthetic time series.

Some of the approaches intertwine the time series modeling with the missing
value imputation. Bermudez [23] present a new approach for the prediction of
time series with missing data based on an alternative formulation for Holt’s
exponential smoothing model. Also Huo et al [24] develop the so-called two-
directional exponential smoothing. Ferreiro [25] apply a similar approach for the
case of autoregressive processes, where optimal values of the missing data points
are derived in the context of the AR process. Durbin and Koopman [26] consider
another such approach for state space time series models. There has also been
work based on machine learning models. Uysal [27] proposes the use of radial
basis functions for the missing value imputation. Eltoft and Kristiansen [28] use
independent component analysis (ICA) and the dynamical functional artificial
neural network (D-FANN) for filling the gaps in multivariate time series. Gupta
and Lam [29] compare neural network prediction of missing values in the context
of regression, and show that it consistently beat traditional approaches such as
moving averages and regression. Kihoro et al. [30] apply neural networks for
missing values in time series, and compare it with seasonal ARIMA forecasting.
Pearl [31] uses Bayesian belief networks, as a probabilistic mechanism to estimate
missing value distribution.

Some researchers considered neural network ensembles for the missing value
problem, but in the context of regression, not time series prediction [33] [34].
The only studies that we have found in the literature on using ensembles for
time series missing values are the following. Chiewchanwattana et al. [35] use
an ensemble of FIR neural networks, where each one is trained to predict the
missing values using a different target (obtained by other missing value meth-
ods). Sorjamaa and Lendasse [36] use an ensemble of self-organizing maps to
predict missing values. They obtain the combination weights of the ensemble
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predictions using the nonnegative least squares algorithm. Sorjamaa and
Lendasse [37] also consider the combination of self-organizing maps and a linear
model for missing value imputation. Alternatively, Ahmed et al. [45] use the
concept of semi-supervised co-training for the time series missing value problem.
A similar approach was previously developed for classification but is adapted
here for prediction whereby different networks in an ensemble boost each other’s
training performance. This work also examines the use of different base learners
in the ensemble, and different confidence measures to accurately combine the
predictions.

Viewing the approach proposed in this work in the context of the existing ap-
proaches, one can observe that it is of a multiple imputation type. It generalizes
the multiple imputation and the iterative concepts of imputation to the case of
time series, and at the same time combines these approaches with the concept
of ensembles.

3 The Proposed Framework

For the problem of missing data in time series prediction, we propose two fore-
casting models that act on different dynamics of the time series, therefore pos-
sessing the beneficial diversity, and to combine them in an ensemble. There is
a certain dynamic governing the forward flow of information, and allowing time
series values to relate to previous time series values. There is also the backward
dynamic that allows time series values to be expressed in terms of the future
values. Both dynamics are different, and will therefore add diversity of the en-
semble. Assume that the time series has a missing portion from t = M + 1 to
t = M+J . We consider the forward forecasting model that forecasts the missing
values in terms of the lagged previous values, i.e to estimate missing value at
time t=M+1 we use xM−L−1, ˙..., xM as input to our model. We also design the
backward forecasting model ”backcaster”, that forecasts the missing values in
terms of the subsequent time series values, i.e to estimate missing value at time
t=M+J we use xM+J+1, ˙..., xM+J+L as inpit to our models. Then, an ensemble
is constructed, consisting of the forecaster and the backcaster. But this is only
the first step. Once we have filled the missing values we create an augmented
training set (consisting of the original training patterns, and new patterns that
are available after estimating the missing values of time series). So we use this
more complete training set to retrain the forward forecasting system, and the
backcasting system, to obtain better models. We continue in this iterative man-
ner, until the extra improvement tapers off. Typically three or four steps of this
iteration should be sufficient. Note that a deseasonalization step may be needed
if the time series is deemed to possess seasonality. See Figure 1 for a detailed
structure of the proposed framework.

We have a number of observations concerning the proposed method:

– There is some aspect of co-training in this approach. Co-training is a method-
ology, developed in the pattern classification field, whereby two or more
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models’ predictions are incorporated in each other’s training data [38]. Sub-
sequent retraining should lead to improved performance.

– The proposed approach is a general framework, and could apply to any
underlying forecasting model, whether conventional, linear, neural networks,
or other.

– It is well-known that the success of ensemble approaches hinges on the di-
versity of the constituent models [13] [39]. We can make the point that the
forward forecasting process and the backward forecasting process possess
fairly different and complementary dynamics. This is because how the past
affects the future is generally different from how one can infer the past from
the future or present. Both forecasters also use different and generally widely
spaced input variables.

1. Given time series with missing data
T = x1, x2, x3, ?, ?, x6, · · · · · · , x30, x31, ?, ?, ?, x35 · · · · · · xn

– Apply a seasonality test. If seasonality exists, apply a deseasonalization step.
– For iteration i=1 to N

(a) Use T to tune the model parameters by K-fold validation
(b) Train the model with the tuned parameters using T
(c) Use the trained model to estimate the missing values ”Forward Missing

Estimation” (FMEi)

FMEi = x1, x2, x3, x
′
4, x

′
5, x6 · · · · · · , x30, x31, x

′
32, x

′
33, x

′
34, x35 · · · · · · , xn

(d) Reverse the order of time series values T
RT = xn, x35, ?, ?, ?, x31, x30, x6, ?, ?, x3, x2, x1

(e) Use RT to tune the model parameters by K-fold validation
(f) Train model with tuned parameters using RT
(g) Use the trained model to estimate the missing values ”Backward Missing

Estimation” (BMEi)

BMEi = xn, ......x35, x
′
34, x

′
33, x

′
32, x31, x30....x6, x

′
5, x

′
4, x3, x2, x1

(h) Calculate the Average of the FMEi and BMEi to get AMEi

(i) Replace each missing value the calculated average one to get NT
NT = time series with estimated missing values

(j) T=NT

– End
2. Restore the seasonality if the time series was deseasonalized.
3. End

Fig. 1. Ensemble of Forward and Backward missing estimation

4 Experimental Setup

To test the proposed approach, we have applied it to the M3 and the NN3
competition data sets. The M3 competition is the latest in a sequel of M fore-
casting competitions [40]. It consists of 3003 business-type time series, covering
the types of economy, industry, finance, demographic, and others. It consists of
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yearly series (645 series), quarterly series (756 series) , monthly series (1428se-
ries) and others (174series). In this study we consider the ones that have at least
80 points. We ended up with 1020 time series. The NN3 competition [41] is a sim-
ilar competition, geared towards computational intelligence forecasting models.
The type of data is also mostly economics and business related. It consists of 111
monthly time series. We excluded the short ones, and therefore ended up with
65 time series. Both the M3 and the NN3 have become important benchmarks
for testing and comparing forecasting models. Having that many diverse time
series gives confidence into comparison results. All time series in these data sets
are complete, with no missing values. So we removed some values to artificially
create time series with missing values. We have considered missing ratios of 10%,
20%, 30%, 40%, and 50%. We have tested the proposed framework using three
different underlying forecasting models. This is needed in order to verify the gen-
erality of the proposed approach. We considered the following three forecasting
models, Feed Forward Neural Network as an example of a nonlinear model,
Holt’s Exponential Smoothing as an example of a linear model andMoving
Average as a simple model. We use the symmetric mean absolute percentage
error ”SMAPE”. It is a normalized error measure, and this feature is beneficial
in our study, since each data set has different time series from various sectors,
and they have therefore different value ranges. The SMAPE is defined as:

SMAPE =
1

M

∑
∣∣∣y

′
m − ym

∣∣∣
|y′

m|+|ym|
2

(1)

Time series often possess seasonal and trend components. An effective strat-
egy has been to deseasonalize the time series before applying the forecasting
model (e.g. a neural network). The study in [42] reports that deseasonalization
is beneficial, because it relieves the forecasting model from an undue burden
of predicting the seasonal cycle, in addition to its main job of forecasting the
time series. Another work [10] also shows that deseasonalization is useful. How-
ever, unlike [42], they mention that detrending was detrimental. Based on these
previous works’ consistently favoring deseasonalization, and the conflicting and
questionable benefit of detrending, we decided to apply deseasonalization, but
not detrending.

4.1 Parameter Setting

A critical step in any machine learning or forecasting model is the parameter
estimation process. In every model there are typically one or two key parameters
that affect the performance greatly, and must therefore be set with care. In this
work we use the K-fold validation approach for parameter selection. For single
hidden layer neural network, there are two critical parameters that have to be
tuned using K-fold validation: the number of input variables (the number of
lagged values) and the number of hidden neurons. For the number of lagged val-
ues, we consider the range [1,2,3,4,5] whereas for the number of hidden neurons,
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Fig. 2. MLP-NN3-SMAPE

Fig. 3. MLP-M3-SMAPE

we specify the range to be [0,1,3,5,7]. Note that 0 hidden neurons means that the
network is in effect a simple linear network. For Holt’s exponential smoothing
model the main parameters are α and γ. We search the following range for these
parameters: α , γ = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1]. For each α and
γ pair, we generate smoothed ”estimated” values of all the training time series
values, and calculate the mean square error (MSE) between the smoothed time
series values and true ones. We select the α and γ pair with minimum MSE. The
model parameter of the moving average model is the window size. We simply
test different window sizes to estimate missing values and select the window size
that results in the minimum MSE. Once we fix the window size for the moving
average model, more iterations will not change the accuracy of the missing value
estimation. So we just apply a single iteration when using the moving average
as a forecasting model.

5 Results and Discussion

Figures 2 and 3 show the SMAPE for the M3 data set and the NN3 data
set for the neural network forecasting model. Figures 4 and 5 show the corre-
sponding results for the Holt’s exponential smoothing model, while Figures 6
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Fig. 4. Expo-NN3-SMAPE

Fig. 5. Expo-M3-SMAPE

Fig. 6. MA-NN3-SMAPE
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Fig. 7. MA-M3-SMAPE

and 7 show the corresponding results of the moving average model. The fig-
ures compare between the performance in predicting the missing values for the
forward forecasting, the backward forecasting, and the ensemble of forward and
backward forecasting for each of the different iterations. The goal here is to
check if the ensembles of backward and forward forecasts, and if the successive
iterations show some gain. One can observe that the neural network exhibits
fairly consistent improvement up to the third iteration. For the Holt’s expo-
nential smoothing model there is an improvement up to the second iteration.
For the moving average model the ensemble provides considerable improvement.
Also, one can observe that in most cases the improvement is more significant for
larger percentages of missing values. This is understandable because for these
cases the impact will be larger, because more training patterns will be more
accurate. Overall, one can conclude that the use of successive iterations of for-
ward and backward forecasting, and their ensembles are a beneficial strategy.
Of course the largest gain comes from the first iteration. The reason is that
it leads to a large increase in the training set size, as missing value estimates
are now included. In subsequent iterations the gain stems mainly from having
more accurate estimates of the missing values in the training set, which leads to
a better training, and hence more accurate models. With successive iterations,
this added value diminishes, and there is not much more improvement to offer.
A prudent strategy is to use two or three iterations.

6 Conclusion and Future Work

In this work we have introduced a new approach to handle and estimate missing
data for time series forecasting. We used successive ensembles of forward and
backward forecasting models. The forward and the backward forecasting provide
useful and complementary diversity, and therefore their inclusion in an ensemble
is beneficial and adds value. In addition, successive application of this ensemble
provides some refinement for the estimates. Experiments have been conducted
on two large data sets each of which contains many time series with different
characteristics. The results show the beneficial effect of the proposed ensembles,
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and their successive iterations, for a number of underlying forecasting models.
We therefore believe that the proposed framework should be one of the useful
contenders for handling missing values.
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