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Abstract. In this paper, the architecture selection of a three–layer non-
linear feedforward network with linear output neurons and sigmoidal
hidden neurons is carried out. In the proposed method, the conventional
back propagation (BP) learning algorithm is used to train the network by
minimizing the representation error. A new pruning algorithm employ-
ing statistical analysis can quantify the importance of each hidden unit.
This is accomplished by providing lateral connections among the neurons
of the hidden layer and minimizing the variance of the hidden neurons.
Variance minimization has resulted in decorrelated neurons and thus the
learning rule for the lateral connections in the hidden layer becomes a
variation of the anti-Hebbian learning. The decorrelation process mini-
mizes any redundant information transferred among the hidden neurons
and therefore enables the network to capture the statistical properties of
the required input-output mapping using the minimum number of hidden
nodes. Hidden nodes with least contribution to the error minimization
at the output layer will be pruned. Experimental results show that the
proposed pruning algorithm correctly prunes irrelevant hidden units.

Keywords: Neural Networks, Backpropagation Learning, Optimal Net-
work Architecture, Pruning Algorithms, Statistical Learning.

1 Introduction

Finding an optimal architecture of feedforward neural networks is a very impor-
tant issue for both classification and approximation problems. A small architec-
ture will be unable to capture the internal representation required to perform
the required input-output mapping. On the other hand, a large architecture will
tend to over-fit the training data which leads to poor generalization capabilities
of the designed network. It is therefore necessary to design the network with the
smallest architecture and still can perform satisfactorily with unseen data. The
generalization of a neural network architecture can be assessed by changing the
the network size, i.e., the number of nodes and/or weights. There are many ap-
proaches to tackle the network design problem. Network construction algorithms
starts with a small number of hidden nodes and then grows additional hidden
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nodes and/or weights until a satisfactory design is found [1, 2, 3, 4]. Pruning
algorithms start with a seemingly large network that is trained until an accept-
able performance is achieved. Based on certain criteria, some hidden units or
weights can be removed if they are considered useless [5, 6, 7, 8, 9, 10]. A recent
survey on pruning methods can be found in [11] and older ones in [12, 13]. The
third approach employs regularization techniques, which involves the addition of
a penalty term to the objective function to be minimized [14, 15, 16, 17]. Algo-
rithms that combine both constructive and pruning methods have been proposed
in [18, 19].

The algorithm proposed in this work belongs to the pruning algorithms family.
Normally, individual weights, hidden units and/or input units are the parame-
ters that can be considered for removal. Two methods are normally employed
to remove any of these candidate parameters: sensitivity analysis and role in-
terpretation of the node. Sensitivity analysis techniques quantify the relevance
of a network parameter as how important a slight deviation in a network pa-
rameter on the network performance [20, 21, 22]. The sensitivity measures could
fail to identify possible correlations among nodes and possess high computa-
tional complexity. Node pruning techniques are post-training algorithms where
the correlations among nodes in the hidden and output layers are exploited to
decide which node to remove [23, 24, 9].

In this paper, a pruning method for a three-layer feedforward network is pro-
posed. The method relies on reducing the variance of hidden layer nodes. Lateral
connections among the hidden nodes are provided to accommodate such vari-
ance minimization. By doing so, the resulting updating rule will provide a kind
of anti-Hebbian learning mechanism that will eventually lead to removal of nodes
with least variance or contribution to the network mapping performance.

The paper is organized as follows. Section 2 introduces the proposed network
architecture. The proposed decorrelational cost function and the learning rules
required to train the network are presented in Section 3. Some necessary condi-
tions on the nature of the node activation functions are discussed in Section 4.
The training and pruning algorithm is detailed in Section 5. In Section 6, some
simulation results of applying the proposed network and the conventional BP
net to some benchmark problems are analyzed.

2 Network Structure

The neural network structure we are concerned with here is the three-layer net-
work: an input layer, I, a hidden layer, H , and an output layer, O (Fig. 1). The
neurons in the hidden layer have the sigmoid function while the output layer can
have either sigmoidal or linear neurons. Neurons of the input layer can feed into
neurons in the following layer through linking weights. Lateral connections are
introduced in the hidden layer to decorrelate the output of its neurons. The net
input to each node is the sum of the weighted outputs of the nodes feeding into
this node.
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Fig. 1. The proposed network structure

The net input to the ith node in the output layer is calculated as

net
(O)
i =

H∑

j

ω
(O)
ij a

(H)
i + ω

(O)
i0 (1)

where ω
(O)
ij is the weight connecting the jth hidden node and the ith output

node, ω
(O)
i0 is the threshold (bias) of the node and a

(H)
j is the output of the jth

node in the hidden layer. Similarly, the net input to the jth node in the hidden
layer is

net
(H)
j =

I∑

i

ω
(H)
ji a

(I)
i + ω

(H)
j0 +

H∑

k<j

Ω
(H)
jk a

(H)
k (2)

where Ω
(H)
jk is a lateral connection from the kth hidden node to the jth hidden

node. It should be noted that lateral connections in the hidden layer are only
allowed from lower order to higher order nodes as indicated in the second sum-
mation. This is to ensure that the network is strictly feedforward. The output
of sigmoidal node, j is

a
(H)
j = f (netj) =

1

2

(
1− e−netj

1 + e−netj

)
(3)

whereas the activation of the linear output nodes is simply

a
(O)
j = netj.
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3 Cost Functions and Training Method

Assume that there are P distinct training patterns, each consisting of a pair of
input and target patterns

{
a(I,p), t(O,p)

}
. The network connections, {ω(H), ω(O),

Ω(H)}, are to be adjusted in order to satisfy two objectives:

1. all the input/output pairs are mapped within a certain acceptable represen-
tation error

2. the variance of hidden nodes are minimized so that neurons with smallest
influence on the representation error can be removed

Hence, the overall cost function, J , that needs to be minimized can be expressed
as follows:

J = Jo + Jh (4)

The mapping cost function, Jo is defined as

Jo(ω
(H), ω(O), Ω(H)) =

1

P

P∑

p

O∑

k

(
tO,p
k − aO,p

k

)2

(5)

where tO,p
k is the kth target component and aO,p

k is the output of the kth node of
the output layer when the p pattern pair is presented. The hidden layer variance
cost function, Jh is defined as

Jh(ω
(H), Ω(H)) =

1

P

P∑

p

H∑

i

(
aH,p
i − aH,p

i

)2

(6)

where aH,p
i is the average value of hidden node i. The gradient descent learning

rule is used to update the all weights of this network, i.e., the weight γkj is
updated along the gradient direction using the equation

Δγij = −ηγ
∂J
∂γij

where γij ∈ {ω(H), ω(O), Ω(H)} and ηγ is a suitable learning rate that might
differ with the type of γkj . It is evident that the backpropagation (BP) learning
rules [25] can be applied to the three sets of weights when the Jo is minimized.
Therefore, and dropping the variable p, the BP algorithm is applied as follows:

Δγij = −ηγ
∂Jo

∂γij
= −ηγ

∂Jo

∂neti
· ∂neti
∂γij

= ηγ δi aj (7)

where ηγ is the learning rate and δi = − ∂Jo

∂neti
which is defined as

δi =

⎧
⎨

⎩

(
t
(O)
i − a

(O)
i

)
f

′
(
net

(O)
i

)
if i is an output node

f
′
(
net

(H)
i

) ∑
l δ

(O)
l ω

(O)
li if i is a hidden node.

(8)
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In addition, the two sets of weights, {ω(H), Ω(H)}, will be also updated to min-
imize the hidden layer cost function, Jh. Assuming that φ ∈ {ω(H), Ω(H)}, the
update rule for φ is defined as

Δφij = −ηφ
∂Jh

∂φij
= −ηφ

∂Jh

∂a
(H)
i

· ∂a
(H)
i

∂net
(H)
i

· ∂net
(H)
i

∂φij
= −ηφ a

(H)
i f

′ (
net

(H)
i

)
a
(H/I)
j (9)

Here, a
(H/I)
j is either the output of an input node, j ∈ I or a hidden node with

j ∈ H, and j < i.
Although the BP rules (7,8) will reduce the system error to one of its local

minima, it does not guarantee that the smallest number of hidden nodes will
be employed in the representation task. Actually the error reduction task at the
hidden layer is distributed over the all nodes and different nodes can contribute
to the same task. Nothing in the BP rules imply that the correlation between the
nodes is minimized. By inspecting the update rule, (9), one can observe that the
weight update is proportional to the negative product of pre- and post-synaptic
activations of the two nodes. This is a form of the anti-Hebbian learning rule [26]
that is normally employed to decorrelate the output of two neurons. This rule
has been employed in networks that extract the principal components of the pre-
sented data [27]. An anti-Hebbian learning rule can accomplish this decorrelation
process. Hebb [28] had suggested that an excitatory connection between two neu-
rons be strengthened if their activities are correlated and weakened otherwise.
Similarly, an inhibitory connection will be strengthened if the activities were
uncorrelated and weakened otherwise. This leads to the anti-Hebbian learning
rule

ΔΩ
(H)
ij ∝ −β a

(H)
i a

(H)
j . (10)

Ideally, at convergence, when the average change in Ω
(H)
ij is zero, i.e., E{ΔΩ

(H)
ij }

→ 0, the correlation, E{a(H)
i a

(H)
j }, must vanish. This ensures that the hidden

layer activations are orthogonal. The rule (10) differs from the conventional Hebb
rule only in the sign before its learning rate, β.

4 Conditions on the Neuron Activations and Network
Stability

The application of this decorrelation rule (9) dictates that the neurons are of a
certain sigmoidal shape. Also, since the network employs lateral connections in
the hidden layer, the stability of the performance should be investigated.

If the hidden layer were composed of sigmoidal neurons whose activation val-
ues take any real positive value in the range [0, 1], then the condition (9) will
be satisfied only when all hidden neurons activations are at zero level, i.e., the
trivial solution of this function minimization. Hence, there will be no internal
representation at the hidden layer and thus the system error, J , will be at a
very poor local minimum. This makes it necessary that the hidden nodes should
produce both positive and negative values. Therefore, a bioploar sigmoid should
be utilized.
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The major problem with Hebbian learning is that the weights can grow indef-
initely. This has led some researchers to modify the Hebb rule either by doing
weight normalization [28] or by adding a forgetting factor [29]. Fortunately, the
anti-Hebbian rule, (10), is stable without providing any modification and the
weights, {Ω}, will be bounded. This can be shown as follows. Assume that
the weight Ωij increases, then using (2) and (3), the activation of node i, will
increase. By virtue of the updating rule, (10), Ωij will decrease.

It should be also noted that decorrelation process performed at the hidden
layer is similar to the Gram-Schmidt (GS) orthogonalization [30] applied to net-
work pruning [31, 32]. However, there are many differences both in architecture
and learning procedure. The GS nets generate a decorrelated version of the
hidden layer output by introducing another layer after the hidden layer. The
proposed architecture directly generates a decorrelated hidden layer output by
simply adding and training lateral connections. Also, the GS orthogonalization
is carried out using linear mapping. In this work, the anti-Hebbian decorrelation
is embedded into the nonlinear operation of the sigmoid. Moreover, the plain
BP rules cannot be applied directly with the GS nets due to the existence of the
decorrelation layers.

5 The Training and Pruning Algorithm

The Algorithm (1) describes the procedure of training the network using the BP
algorithm and how to select hidden neurons to remove from the hidden layer.
First, the weights and biases of an (n−m−r) three–layer network are initialized
to small random values. Here, n,m and r stand for the number of neurons in the
three layers, respectively. Then, the BP learning algorithm is applied to perform
the training task. After every sweep of the whole set of data patterns, the error,
Jo (7), is calculated and compared to the error threshold, ε. If, Jo > ε, the
training phase should be resumed till the error becomes less than ε.

At this point, the network is able to find the set of weights that can represent
the required input-output mapping within a certain threshold. There are two
possibilities regarding the hidden layer. The first is that all hidden neurons are
fully utilized in mapping process. The other possibility is that the number of ac-
tive hidden neurons could be reduced without (probably) violating the specified
error threshold. A selection criterion needs to be applied to choose which neuron
to remove or to become inactive. A reasonable criterion is to excise the hidden
node which has the least contribution in the error reduction process. Alterna-
tively, it is the node which, if removed, will result in the smallest error increase.
A suitable way to perform this is to calculate the average correlation coefficient,
ρi, between the ith hidden neuron and the error at the output layer provided
that the ith hidden neuron is not contributing to the output. The correlation
coefficient, ρ(i, j), between the output of ith hidden node, hi, and the error el-
ement at jth output neuron, ei = ti − oi, assuming that neuron i is inactive, is
defined as:

ρ(i, j) =
cov (i, j)√

[var(i) var(j)]
(11)
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Algorithm 1. Backpropagation Training and Pruning Algorithm

Initialize the network weights with small random value
while Minimum hidden nodes is not reached do

repeat
for Pattern = 1 : P do

1. Present input pattern at the input layer
2. Starting from the input layer, use Eqns. (1,2,3) to compute
the activities of the neurons at each layer.
3.Calculate the error, Jo, at the output layer
4. Compute the variable, δi (8), for all nodes in

the ouput and hidden layer, respectively.
5. Compute the change of weights of the three set of weights using

Δω
(O)
ij = ηγδ

(O)
i a

(H)
j

Δω
(H)
ij = ηγδ

(H)
i a

(I)
j − ηφ a

(H)
i a

′ (H)

i a
(I)
j

ΔΩ
(H)
ij = ηγδ

(H)
i a

(H)
j − ηφa

(H)
i a

′ (H)

i a
(I)
j

6. Updates the weights
end for
Calculate Representation error, Jo, after the update

until Representation error is within threshold, Jo < ε
Calculate the contribution of each hidden node in reducing Jo

Remove the hidden node with the least contribution, ρi (12)
end while

where cov (i, j) = E {([tj − oj ] + ωjihi) (hi)} , with var (i) = E
{
h2
i

}
and var

(j) = E
{
([tj − oj ] + ωjihi)

2
}
. The average correlation coefficient, ρi, then be-

comes

ρi =
1

n

r∑

j=1

ρ(i, j). (12)

The criterion guarantees that the neurons with maximal error reduction will be
left intact, while improving the convergence by removing the less contributing
neurons. It should be noted that the removal of hidden nodes requires a read-
justment of the bias vector of the remaining nodes. Thus, an increase in Jo will
be noticed for the first few sweeps after the excision. However, further training
will fix this problem.

6 Simulation Results

In this section, we present some simulations of the conventional BP algorithm
and the proposed model when they were applied to two benchmark problems:
the XOR and the three-bit parity problems. For both models, a momentum term
was added to the weight change formula, (7), i.e.,

Δωkj(l) = η δk(n) aj(l) + α Δωkj(l − 1)
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where α is the momentum factor and l is the current iteration number. To
compare the performance of the two networks, they had to be initialized to the
same values. The parameters of each network were updated after every training
epoch, a sweep of the presentation of the entire training set. The learning is
considered complete when the performance index, Jo, went below 0.0001.

6.1 The XOR Problem

Using a conventional BP algorithm,it was found that only two hidden nodes were
needed to solve the XOR classification. Hence, the weights of a larger network
with a 2–4–1 structure was initialized with small random values. The network is
trained using the proposed BP Pruning algorithm. Learning rates were set to:

ηγ = 0.7, α = 0.2, and ηφ = 0.3. The initial values of Ω
(H)
ij were set to zero in

order to ensure the proposed network will have the same initial start as the BP
network. The network was allowed to train till the error threshold was reached
after 354 epochs. The calculated values of ρi, i = 1, · · · , 4 for the 4 hidden nodes
were reported to be +0.2260,+0.0032,+0.5714, and +0.7889, respectively. The
correlation matrix, CH = E{(h− h̄)(h− h̄)}, with h being the activation values
of hidden layer nodes, is found to be

⎛

⎜⎜⎝

0.0139 0 0 0
+0.0001 0.0000 0 0
−0.0046 −0.0004 0.0068 0
−0.0015 +0.0005 −0.0036 0.0054

⎞

⎟⎟⎠

When the last step in Algorithm (1) is reached and decision about which node to
remove, it is quite obvious that node 2 with variance equal to zero and minimum
ρ2 is to be removed. The matrix clearly shows that the hidden nodes were highly
decorrelated. When the algorithm is resumed after removing the second hidden
node, the target error was reached after further 26 epochs of training. The ρi
values are (0.2307, 0,+0.6184,+0.7513) and

CH =

⎛

⎜⎜⎝

0.0139 0 0 0
0 0 0 0

−0.0038 0 0.0069 0
−0.0010 0 −0.0043 0.0043

⎞

⎟⎟⎠

Here, node 1 will have the least effect on reducing the representation error and is
chosen to be excised. After training for extra for extra 400 epochs, the reported
values were ρi = (0, 0,+0.4317,+0.9020) and

CH =

⎛

⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0.0131 0
0 0 +0.0035 0.0289

⎞

⎟⎟⎠

Evidently, the variance of the two remaining nodes have increased to account
for the lost representation by the removed node while the anti-Hebbian sort of
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learning kept the remaining two nodes largely uncorrelated. A very important
observation has been reported when a conventional BP network is trained. While
the BP network tends to almost equally distribute the internal representation
task between the hidden nodes (nearly equal autocorrelation values), the pro-
posed network, on the other hand, forced the hidden nodes to discover only the
necessary features. This is represented by the unequal autocorrelation values in
CH . It is worth mentioning that in implementing the algorithm, no matrix cal-
culation is required. The computation of the correlation coefficients, ρ(i, j), is
carried out using local information and can be easily performed in a recursive
fashion. The matrices, CH , shown above are for sole purpose of demonstrating
the decorrelation capabilities of the proposed method.

6.2 The 3-Bit Parity Problem:

A 3-bit parity problem needs only a two hidden nodes to accomplish a 100% cor-
rect mapping. A 3-7-1 network was initialized and trained using the proposed BP
pruning algorithm with the same learning parameters used with the XOR prob-
lem. After 1600 epochs, the correlation variable ρi had the following values for
the 7 nodes: +0.1428,+0.9469,+0.2721,+0.0019,+0.0866,+0.0381,+0.0046.
Clearly, nodes 7 and 10 have the least contribution and both have zero variance.
Node 10 was chosen to be removed. At this point, both nodes could have been
removed simultaneously, but selecting one node at a time will help to better
understand the learning behaviour. As expected, further training for 100 epochs
resulted in removing node 7. Correlation between the removed node and its pre-
decessors are all null which suggests total independence between the nodes in
solving the problem. Continuing with the training and pruning process, nodes 9,
8, and 5 were excised at epoch 1786, 2030, and 2155, respectively. The remaining
two nodes had a very small correlation value of 0.0004.

The algorithm still needs to be tested with a larger classification data set
such as the UCI Machine Learning database and be compared with other prun-
ing algorithms mentioned in Section 1. Also, the generalization capabilities of
the resulting network has to be assessed and compared with the a network of
the same size that is trained with the conventional BP algorithm. Finally, the
proposed method needs to be compared to a simple cross-validation approach
in terms of complexity and performance, i.e., how the resulting optimal NN
structure, trained on a subset of the data, will perform over the majority of the
subsets.

7 Conclusions

In this work, a pruning algorithm for the hidden neurons of a three–layer network
was investigated. The network has linear output neurons and bipolar sigmoidal
hidden neurons. The algorithm works by providing lateral connection among the
hidden nodes in such a way that the nodes are only connected to earlier ones
in the same hidden layer. Minimizing the variance of hidden nodes resulted in
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a learning rule that is of anti-Hebbian nature. This anti-Hebbian learning rule
has been used to train these lateral connections to orthogonalize the outputs
of all hidden nodes. The BP rules have been employed to train all forward
connections. Test results indicate that the proposed method managed to find
the optimal number of hidden nodes for both the XOR and 3-parity problems
which fully decorrelates the hidden layer outputs.
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