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Abstract. In virtual colonoscopy, colon conformal flattening plays an
important role, which unfolds the colon wall surface to a rectangle planar
image and preserves local shapes by conformal mapping, so that the can-
cerous polyps and other abnormalities can be easily and thoroughly rec-
ognized and visualized without missing hidden areas. In such maps, the
anatomical landmarks (taeniae coli, flexures, and haustral folds) are nat-
urally mapped to convoluted curves on 2D domain, which poses difficulty
for comparing shapes from geometric feature details. Understanding the
nature of landmark curves to the whole surface structure is meaningful
but it remains challenging and open. In this work, we present a novel
and effective colon flattening method based on quasiconformal mapping,
which straightens the main anatomical landmark curves with least con-
formality (angle) distortion. It provides a canonical and straightforward
view of the long, convoluted and folded tubular colon surface. The com-
putation is based on the holomorphic 1-form method with landmark
straightening constraints and quasiconformal optimization, and has lin-
ear time complexity due to the linearity of 1-forms in each iteration. Ex-
periments on various colon data demonstrate the efficiency and efficacy
of our algorithm and its practicability for polyp detection and findings vi-
sualization; furthermore, the result reveals the geometric characteristics
of anatomical landmarks on colon surfaces.

1 Introduction

Colorectal cancer is the third most commonly diagnosed cancer in the world.
Conventional optical colonoscopy (OC) [1] was invented for screening precan-
cerous polyps, but it requires invasive operation and causes harms and pains to
patients. Virtual colonoscopy (VC), also called computerized tomography (CT)
colonography [2,3] provides a more comfortable and non-invasive alternative di-
agnosis; it requires to extract 3D colon inner wall surface from CT scans of the
abdomen first, and then the radiologist can “fly” through the virtual 3D colon
tunnel to locate the precancerous polyps and cancer. The colon is a long and con-
voluted tube structure, so the VC method is time-consuming and has difficulty
to have a complete check if the colon is occluded.

Colon flattening was introduced to generate a global and complete visual-
ization of the entire colon wall, where the convoluted and folded surface are
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Fig. 1. Colon flattening by landmark-driven quasiconformal mapping. (a) shows a colon
segment with 5 haustral folds (red) and 3 taeniae coli (blue) landmarks (5h, 3v).
Frames in (b-c) respectively denote planar map, cylinder map, and flattened image
color-encoded by mean curvatures of the 3D colon surface. The yellow dashed ellipse
illustrates the area with broken taeniae coli on rectangle conformal view.

flattened onto a planar domain; by this mapping, geometric and intensity in-
formation of the original 3D surface can be fully exposed on the 2D domain.
Therefore, polyps and abnormalities can be efficiently obtained with computer
aided detection (CAD) techniques on the 2D flattened view and easily located
on 3D endoluminal view by the mapping [4]. A plausible method is conformal
mapping (C-map), which preserves angles (local shapes) and therefore is highly
desired for morphometry based medical diagnosis. Colon conformal flattening
has been well studied in recent works; the methods include Laplace-Beltrami
operator [5], holomorphic 1-form [6] and curvature flow [7]. In addition, a curved
2D flattening view based on harmonic map [8] was presented.

In medical imaging, biomarkers or anatomical landmarks are commonly used
to assist shape analysis and abnormality diagnosis. Significant anatomical land-
marks of colon surfaces are taeniae coli (three bands of longitudinal muscles
which run from the caecum to the rectum, located between latitudinal haus-
tral folds) and flexures (sharp bends of the colon, connecting two components)
haustral folds are also helpful. These landmarks appear as irregular or broken
curves on 2D rectangle conformal views (Fig. 1(b)), which decreases the ef-
ficiency of polyp or tumor screening. In this work, we present a novel colon
flattening method using the insight from quasiconformal geometry [9]. The flat-
tening is formulated as a quasiconformal mapping (QC-map), where the tae-
niae coli and flexures (or haustral folds) are mapped to vertical and horizontal
straight lines on the rectangle (Fig. 1(c)) and the conformality distortion intro-
duced is minimized (Fig. 2). These landmarks characterize primary anatomical
geometry of colon surface. With them, straightened QC map provides a well-
structured view, representing both local and global geometric structures, which
is more accessible for reading or automatic screening than conformal views with
broken features.
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The desired quasiconformal mapping is obtained by adapting the holomor-
phic 1-form with landmark straightening constraints to be a unique and optimal
quasi-holormophic 1-form. Holomorphic 1-forms have been well studied and ap-
plied to computer graphics, vision and medical imaging fields [10], [4], [11] The
desired quasi-holomorphic 1-form is formulated as a pair of conjugate differen-
tial 1-forms (each is a harmonic 1-form plus an exact 1-form) based on Hodge
decomposition theorem [12], and can be computed through harmonic energy
minimization with the given landmark straightening constraints. The integra-
tion of this 1-form gives a quasiconformal mapping associated with a Beltrami
coefficient μ. Followed by an iterative harmonic quasiconformal optimization pro-
cess, the value of max |μ| is minimized. The final optimal map gives the intrinsic
and unique structure of the surface paired with its landmarks. This technique
is called quasiconformal straightening (QCS), which is useful for feature-aware
visualization, matching, registration, and shape analysis.

Based on this algorithm, one can have a straightforward canonical view for the
long, convoluted and folded tubular colon surface. We use the pullback metric
to describe the variation of conformal structures of decorated surface (S,L) (L
is a set of landmark curves) from pure surface S, using the conformal module
of the 2D rectangle domain, Mod = h/w, the ratio of height h and width w,
which is a conformal invariant. In Fig. 1, Mod(S) = 2.32,Mod(S,L) = 2.18. The
new canonical shape representation reveals the characteristics of the anatomical
landmark curves with respect to the whole surface geometry. Experiment results
on a set of colon surfaces under different modalities demonstrate the efficiency
and efficacy of our algorithm for colon flattening and further finding verification.

To our best knowledge, this is the first work to flatten colon surfaces associated
with straightening anatomical landmarks (taenie coli, flexures, or haustral folds)
with the least conformality (angle) distortion. The proposed QCS technique
based on 1-form method has linear time complexity and is robust to topology
and geometry noises. It can handle multiple and complicated landmark curves,
and is general for surfaces with more complicated topologies.

2 Theoretic Background

This section briefly introduces the background knowledge of conformal geometry
and quasiconformal geometry. For more details, we refer readers to [13,12,9].

2.1 Holomorphic 1-Forms

A holomorphic 1-form on a Riemann surface S is an assignment of a holomorphic
function φi(zi) on each chart zi such that if zj is another local coordinate, then

φi(zi) = φj(zj)(
dzj
dzi

). It has the representation ω = τ+i∗τ, where τ is a harmonic
1-form, τ = df , Δf = 0. The Laplacian-Beltrami operator Δ = dδ+ δd, where d
is the exterior derivative, δ is the codifferential. In each cohomology class, there
exists a unique harmonic 1-form. Hodge decomposition theorem [12] says that
any 1-form ω can be decomposed to three forms, an exact form dα, a closed form
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δβ and a harmonic form γ, where α is a 0-form. Adapting the unique harmonic
1-form by an exact 1-form results in a new differential 1-form.

2.2 Conformal Mapping and Quasiconformal Mapping

Suppose f : (S1,g1) → (S2,g2) is a differential mapping between two Rie-
mann surfaces, S1, S2 with Riemannian metric g1,g2 respectively. It is called
a conformal mapping if its local representation w(z) satisfies ∂z̄w = 0 every-
where. The complex differential operators are defined as ∂z = 1

2 (∂x − i∂y) and
∂z̄ = 1

2 (∂x + i∂y). In general, the mapping f satisfies the Beltrami equation,

∂z̄f = μf (z)∂zf, (1)

where μ is called the Beltrami coefficient, ‖μ‖∞ < 1. If μ = 0, then f is a
holomorphic function, which preserves angles and is conformal. If ‖μf‖∞ < k,
then f is a quasiconformal mapping with bounded angle distortion, which is
uniquely determined by its μ, and vice versa.

3 Algorithm

The main goal of our algorithm is to compute the unique and optimal quasicon-
formal mapping with landmark straightening constraints for the tubular colon
surface. The computational pipeline is as follows:
Step 1: Slice Surface Open. We puncture a small hole at each end such that
the colon becomes a topological cylinder with two boundaries. The surface is
represented by a triangular mesh, denoted as M = (V,E, F ), where V,E, F are
vertex, edge and face sets respectively; the boundary is ∂M = γ0 − γ1, where
γ0, γ1 denote the exterior and interior boundaries respectively; a set of landmark
curves on M is denoted as L = LH ∪ LV , where landmarks in LH are mapped
to horizontal segments, landmarks in LV to vertical segments.

We the slice the colon surface open by the shortest path τ connecting two
boundaries. The the colon surface becomes a topological quadrilateralM ′, where
τ is split into two opposite boundary segments τ+, τ−, as shown in Fig. 1(a).
Step 2: Compute Quasi-holomorphic 1-forms. Assume the mapping is
f : (M,L)→ (D, �), D has local coordinates (u, v). The algorithm is as follows:

1. Compute two constrained harmonic function f1, f2,
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Δf1 = 0
f1|τ+ = 0
f1|τ− = 1
∂f1
∂n |γ0

⋃
γ1

= 0
f1|lj = tj , lj ∈ LV

and

⎧
⎪⎪⎨

⎪⎪⎩

Δf2 = 0
f2|γ0 = 0
f2|γ1 = 1
f2|li = si, li ∈ LH

,

where n is the normal vector to the boundary, si, tj are unknown variables,
computed automatically. Landmark curve, lk = [v1, v2, . . . , vnk

], has two
types of straightening constraints, as follows:
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Fig. 2. Histograms of conformality distortion in quasiconformal optimization

– Horizontal : v coordinates are same, v(v1) = v(v2) = . . . = v(vni) = si.
– Vertical : u coordinates are same, u(v1) = u(v2) = . . . = u(vnj ) = tj .

The Laplace-Beltrami operatorΔ is approximated by cotangent edge weight,
Δf(vi) =

∑
e[vi,vj ]∈E wij(f(vi)− f(vj)), where wij =

1
2 (cot θ

k
ij+cot θlji), e /∈

∂M ; wij =
1
2 cot θ

k
ij , e ∈ ∂M ; θkij , θ

l
ji are the angles against edge [vi, vj ].

2. Compute harmonic 1-forms by gradient computation, τ1 = ∇f1, τ2 = ∇f2.
3. Compute conjugate 1-form of τ1 by Hodge star operator, �τ1 = λτ2 (λ is a

scalar), byminimizing the energyE(λ) =
∑

[vi,vj ,vk]∈F |∇f2−λn×∇f1|2Aijk ,

where Aijk is the area of face [vi, vj , vk], n is the normal vector to the face.
4. Compute ω = τ1 +

√−1 �τ1.

Step 3: Compute Quasiconformal Mapping. We generate the quasiconfor-
mal mapping by integrating the obtained quasi-holomorphic 1-form ω over the
open domain M ′, f(p) =

∫

γ(q,p)∈M ′ ω, ∀p ∈ V, where γ(q, p) is an arbitrary

path from the base vertex q to the current vertex p. On the planar domain,
f(q) = (0, 0), f(γi), f(lk) are all straight lines. We can get the rectangle map by
tracing a straight line perpendicular to boundaries f(γi). We set f0 = f .
Step 4: Optimize Quasiconformal Mapping. The process is as follows:

1. Compute the initial Beltrami coefficient μ0 = μ(f0) using Eqn. (1).
2. Repeat 1) Optimization: Diffuse μn+1 ← μn + δΔμn. 2) Projection: a)

Compute the intermediate quasiconformal map associated with μn, f
μn :

(D, z) → (Dμn , ζ); b) Compute the quasiconformal map hμn : (Dμn , L) →
(D, �) by Steps 2-3; c) Update μn+1 ← μ(hμn ◦fμn), Until ‖μn+1−μn‖∞ < ε.

3. The desired mapping f = hμn ◦ fμn ◦ f0.
The solution of the quasiconformal optimization process converges to the ex-

tremal QC map; the resulted map is unique and optimal (with least conformality
distortion |μ|), which is proved by the method in [14]. The initial distribution
of |μ| obtained in Step 3 is scattered (Fig. 2(a)), where large distortions are
near landmark curves. The harmonic energy sequence of the maps {E(hμn)}
and max |μ| in Step 4 monotonically decreases and converges; thus the final |μ|
is the least and becomes uniform [14] (Fig. 2(b) with ε = 1e− 5). The resulted
map avoids local significantly distorted areas which may contain polyps. The
1-form algorithm solves sparse linear systems and has linear time complexity in
each iteration. More computational details can be found in [10], [6], [15].
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Table 1. Statistics on colon flattening experiments

Model #vertex #face #landmark time C-Mod QC-Mod max |μ0| optimal |μn|
I 9,608 19,105 5h, 3v 10s 2.32 2.18 0.49 0.17
II 19,085 38,114 25h, 3v 40s 9.69 11.04 0.42 0.17
III 16,459 32,827 36h, 3v 35s 8.37 9.17 0.44 0.16

4 Experiments

Colon Data Preprocessing. The proposed algorithms are validated on real
VC colon data from the public databases of NIBIB and NIH. In the data pre-
processing, we perform digital cleansing, segmentation, denoising [4], and colon
inner wall surface extraction [16] on raw CT scans, and then do smoothing,
remeshing and simplification on triangular meshes (Fig. 1).

Anatomical Landmark Extraction. We extract the taenia coli and haustral
folds on the mean curvature color-encoded conformal mapping images (see Fig.
1(b)). We first extract the skeleton of the blue bands (corresponding to haustral
folds), and project them onto 3D surface. By connecting the three disjointing
haustral folds at the same latitudinal level we obtain a loop by the shortest path
between them. We then perturb each loop to be the locally shortest. In collapsed
or bending areas due to occlusions, some haustral folds are missing or cannot
be connected. Our algorithm is stable to accept both closed and open landmark
curves. We extract taeniae coli by connecting the middle points between two
latitudinally consecutive endpoints of haustral folds.

Landmark-Driven Colon Flattening. We tested our algorithms on 45 colon
surfaces, including 30 colon segments with 3 taeniae coli (TC) and 15 whole
colons where only 1∼2 TC can be automatically extracted (mainly restricted by
flat geometry of sigmoid and rectum). The algorithms are tested on a desktop
with 3.7GHz CPU and 16GB RAM. The whole pipeline is automatic and is
effective, stable and robust for all the tests, due to the linearity of 1-form.

Figures 1 and 3 visually illustrate the C and QC mapping results of 3 exam-
ples. We use the yellow ellipses to highlight the areas with broken taenia coli on
rectangle conformal flattening images. These areas are straightened on quasicon-
formal flattening images and the taeniae coli are connected; at the same time,
there is no significant shape distortion from conformal flattening. This gives the
VC user a global and straightforward view for screening polyps or abnormalities
(see Fig. 1, the polyp is labeled in the yellow circle on both C and QC views).

Table 1 gives the corresponding computational statistics, including running
time, the initial max |μ0| in Step 3 and the optimal |μn| in Step 4. The average
max |μ0| and optimal |μn| over 45 tests are 0.46 and 0.17, respectively. The max
|μ| is minimized and the distribution of |μn| becomes almost uniform (Fig. 2).



250 W. Zeng and Y.-J. Yang

front view

back view

QC-texture map C-map QC-map

front view

back view

QC-texture map C-map QC-map
(a) colon - II (b) colon - III

Fig. 3. More examples of landmark-driven quasiconformal colon flattening

Performance Discussion. 1) Efficiency, Robustness, and Generality: The 1-
form method solves positive definite sparse linear systems, therefore has linear
time complexity and is robust to topological and geometric noises. The algorithm
is easy to implement, efficient to compute, and robust and stable to handle multi-
ple and complicated decorative landmark curves. The proposed landmark-driven
quasiconformal straightening technique can be incorporated into the holomor-
phic 1-form computation for general topological surfaces [10]. 2) Novelty, Com-
parison, and Practicability: To our best knowledge, this is the first work to
flatten colon surfaces while straightening taeniae coli and flexures with least
angle distortion guarantee through a canonical quasiconformal mapping. In con-
trast to existing conformal colon flattening works such as [5], [6], [8], our method
uniformizes both surface and decorative landmark geometries. For straightening
purpose, registration methods may work but require a manually prescribed tar-
get domain; our method automatically generates a unique and intrinsic parame-
ter domain. The proposed straightened map has great potential for feature-aware
shape analysis and precise curve-constrained surface registration, such as supine-
prone colon registration, 3D colon straightening, and other medical tasks where
landmark curves are naturally associated.
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5 Conclusion

We present a novel and rigorous colon flattening method, which straightens
anatomical landmark curves (taeniae coli, flexures and haustral folds) with least
angle distortion. The algorithm generates the unique optimal quasiconformal
map for surface decorated with landmark curves based on holomorphic 1-form
with landmark constraints and quasiconformal optimization process. The tech-
nique discoveries the characteristics of landmark curves and the influence to
conformal structure and reveals the canonical structures of convoluted colons.
The experimental results on various colon data demonstrate the efficiency and
efficacy of our algorithm. The performance shows great potential for colon polyp
and abnormality screening. The proposed method is stable and general, and will
have broad impacts on shape analysis of any tubular anatomical structures.
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