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Abstract. In many geometry processing applications, the estimation of
differential geometric quantities such as curvature or normal vector field
is an essential step. In this paper, we investigate new estimators for the
first and second order derivatives of a real continuous function f based
on convolution of the values of noisy digitalizations of f . More precisely,
we provide both proofs of multigrid convergence of the estimators (with

a maximal error O
(
h1− k

2n

)
in the unnoisy case, where k = 1 for first

order and k = 2 for second order derivatives and n is a parameter to be
choosed ad libitum). Then, we use this derivative estimators to provide
estimators for normal vectors and curvatures of a planar curve, and give
some experimental evidence of the practical usefullness of all these esti-
mators. Notice that these estimators have a better complexity than the
ones of the same type previously introduced (cf. [4] and [8]).

Keywords: derivative estimation, curvature estimation, discrete deriva-
tion, convolution.

1 Introduction

In the framework of shape analysis, a common problem is to estimate derivatives
of functions, or normals and curvatures of curves and surfaces, when only some
(possibly noisy) sampling of the function or curve is available. This problem has
been investigated through finite difference methods, scale-space methods, and
discrete geometry, etc. ... For detailed informations about the state of the art,
the reader is refered to [1], [5] and [7].

This paper focuses on estimating the derivatives on the boundary of digital
planar shapes. Suppose that the digital data is distributed around the true sam-
ple of the Euclidean shape according to some noise. The curvature estimation is
provided to be as close as possible to the curvature of the underlying Euclidean
shape before digitization. More precisely, provided some formal models of the
noise, the quality of the estimation should be improved as the digitization step
gets finer and finer. This property is called the multigrid convergence(see [3], [2],
[6] and [10]).

Our objective is to design estimators of successive derivatives for digital data
which are provably multigrid convergent, accurate in practice, computable in an
exact manner, robust to perturbations.

The first section provides definitions for first and second order discrete deriva-
tives of digital curves. These discrete derivatives are proved to provide multigrid
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convergent estimators for the corresponding continuous derivatives, even in a
noisy case.

The second section explains how to use these discrete differential notions to
estimate continuous normal field and curvature.

The third section gives some experimental evidence to the multigrid conver-
gence of all these estimators.

2 Discrete Derivatives for Discrete Functions

Throughout this paper, we call discrete function a function from ZZ to ZZ or
ZZ2. . Let f : IR �→ IR be a continous function. We say that the discrete function
Γ : ZZ �→ ZZ is a discretization of f on the interval [a; b] for the discretization
step h > 0 with error εh if, for any integer i such that a ≤ ih ≤ b, we have
hΓ (i) = f(ih) + εh(i). We consider here the uniform noise case: 0 ≤ ‖εh‖∞ ≤
Khα with 0 < α ≤ 1 and K a positive constant. Note that the rounded case and
the floor case are particular cases of uniform noise with α = 1.

2.1 First 0rder Derivatives

Definition 1. Let m be a positive integer. The Taylor-optimal mask of size m
for discrete first order derivation (TOm mask for short) is the finite sequence of
rational numbers am defined by am,0 = 0 and for −m ≤ i < 0 or 0 < i ≤ m by

am,i =
(−1)i

i

(
m
i

)

(
m+i
i

) =
(−1)i

i

(
2n
n+i

)

(
2m
m

) . (1)

Definition 2. Let Γ : ZZ �→ ZZ be a discrete function. Let p ∈ N
∗ and i0 ∈ ZZ.

The m-Taylor-optimal first order discrete derivative of Γ at point i0 with step p
is

(Δm,pΓ ) (i0) =
1

p

i=m∑

i=−m

am,iΓ (i0 − ip) . (2)

In order to show that the discrete derivative of a discretized function provides
an estimate for the continuous derivative of the real function, we would like to
evaluate the difference between (Δm,pΓ ) (i0) and f ′(i0h).

Lemma 1.

i=m∑

i=−m

iam,i = −1 and for k = 0 or 2 ≤ k ≤ 2m,
∑i=m

i=−m ikam,i = 0.

Proof. Let us first notice that the lemma is trivial for the even values of k because
of the equality am,−i = −am,i.

Let us now consider the odd case. Let f be a polynomial and define the
classical finite difference operator δ+ by δ+ (f) (x) = f (x+ 1)− f (x). Iterating
this operator leads to the well known equality:

δ2m+ (f) (x) =

2m∑

i=0

(
2m

i

)
(−1)

2m−i
f (x+ i) . (3)
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Notice that applying the operator δ+ to a polynomial of degree d leads to a
polynomial of degree d − 1. Applying equality 3 to the polynomials defined by
(x− n)

k−1
for 1 ≤ k ≤ 2m, we get

0 =

2m∑

i=0

(
2m

i

)
(−1)

2m−i
(i+ x−m)

k−1
. (4)

Let now x = 0 in equality 4, then for all 1 ≤ k ≤ 2m we have

0 =

2m∑

i=0

(
2m

i

)
(−1)2m−i (i−m)k−1 = (−1)m

m∑

i=−m

(
2m

m+ i

)
(−1)i ik−1.

Hence, for all odd k such that 1 ≤ k ≤ 2m, we have

i=m∑

i=−m

ikam,i =
1
(
2m
m

)

⎛

⎝
i=m∑

i=−m,i�=0

ik−1(−1)i
(

2m

m+ i

)⎞

⎠ =

{
0 if k > 1
−1 if k = 1

.

Theorem 1. Let k ∈ N with k ≥ 2 and let f be Ck on IR and let k0 =
Min{k, 2m+ 1}. Let p = �h−1+ α

k0 	. Then

|(Δm,pΓ ) (i0)− f ′(i0h)| = O
(
h
α− α

k0

)
. (5)

Proof. The difference between the discrete derivative of Γ and the continuous
derivative of f may be obviously seen as the sum of EM(f, Γ,m, p, i0) called
method’s error and ED(f, Γ,m, p, i0) called discretization’s error respectively
defined as

EM(f, Γ,m, p, i0) =

(
1

ph

i=m∑

i=−m

am,if ((i0 − ip)h)

)

− f ′(i0h)

and

ED(f, Γ,m, p, i0) =
1

ph

i=m∑

i=−m

am,iε(i0 − ip).

We intend to bound both errors. The choice of p will appear to equalize the
speeds of growth of both bounds. From Taylor formula and lemma 1, we first

majorize the method’s error. Let us denote

i=m∑

i=−m

am,if ((i0 − ip)h)) by S. We

have S =
∑i=m

i=−m am,i

(∑j=k0−1
j=0

f(j)(i0h)
j! (−iph)j +

f(k0)(xi,j)
k0!

(−iph)k0

)
for some

xi,j between i0h and (i0 − ip)h. Hence

S =

j=k0−1∑

j=0

f (j)(i0h)

j!
(−ph)j

(
i=m∑

i=−m

am,ii
j

)

+
(−ph)k0

k0!

(
i=m∑

i=−m

am,ii
k0f (k0)(xi,j)

)
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and from lemma 1, we have S = f ′(i0h) +
(−ph)k

k!

(∑i=m
i=−m am,ii

k0f (k0)(xi,j)
)
,

which leads to the following majoration:

|EM(f, Γ, a, p, i0)| ≤ ‖f (k0)‖∞
k0!

(
i=m∑

i=−m

|ik0am,i|
)

hk0−1pk0−1

|EM(f, Γ, a, p, i0)| ≤ ‖f (k0)‖∞
k0!

(
i=m∑

i=−m

|ik0am,i|
)

hα− α
k0

Now we staightforwardly majorize the discretization’s error: |ED(f, Γ,m, p, i0)|
≤ ‖ε‖∞

ph

∑i=m
i=−m |ai| ≤ K

(∑i=m
i=−m |ai|

)
hα− α

k0
1

1−h
1− α

k0

and the proof is complete.

In practice, 4 ≤ m ≤ 10. It is easy to check that, for such mask sizes,

we have 2 <

i=m∑

i=−m

|am,i| < 2.93 and for all 0 ≤ k ≤ 2m + 1, we have 5
2 <

1
k!

∑i=m
i=−m ik|am,i| ≤ 5. Hence, for such mask sizes, we have for h great enough

|(Δm,pΓ ) (i0)− f ′(i0h)| ≤ (5‖f (k0)‖∞ + 3K)h
α− α

k0

2.2 Second Order Derivatives

Definition 3. Let m be a positive integer. The Taylor-optimal mask of size m
for discrete second order derivation (TO2

m mask for short) is the finite sequence
of rational numbers bm defined for i 
= 0 by

bm,i =
(−1)i+1

i2

(
m
i

)

(
m+i
m

) =
(−1)i+1

i2

(
2m
m+i

)

(
2m
m

) (6)

bm,0 is such that

i=m∑

i=−m

bm,i = 0

Definition 4. Let Γ : ZZ �→ ZZ be a discrete function. Let p ∈ IN∗ and i0 ∈ ZZ.
The m-Taylor-optimal second order discrete derivative of Γ at point i0 with step
p is

(
Δ2

m,pΓ
)
(i0) =

2

p2h

i=m∑

i=−m

bm,iΓ (i0 − ip) (7)

Lemma 2.

i=m∑

i=−m

i2bm,i = 1 and for 0 ≤ k ≤ 1 or 3 ≤ k ≤ 2m, we have

i=m∑

i=−m

ikbm,i = 0.

Proof. This lemma comes easily from lemma 1.
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Theorem 2. Let k ∈ N with k ≥ 3 and let f be Ck on IR and let k0 =
Min{k, 2m+ 1}. Let p = �h−1+ α

k0 	. Then
∣
∣(Δ2

m,pΓ
)
(i0)− f”(i0h)

∣
∣ = O

(
hα− 2α

k0

)
(8)

Proof. The proof is analoguous to the one for theorem 1.

3 Normal Vectors and Curvature Estimation

In order to provide estimators for the normal vectors and the curvatures of a
parametrized curve g = (g1, g2) : (a, b) �→ IR × IR, we shall use the classical
definitions and properties: for each real t0 such that a < t0 < b, the normal
vector is Ng(t0) = (g′2(t0),−g′1(t0)) and the curvature may be computed using

Ng(t0) =
g′
1(t0)g

′′
2 (t0)−g′

2(t0)g
′′
1 (t0)

(g′2
1 (t0)+g′2

2 (t0))3/2
.

3.1 Normal Vectors Estimation

Definition 5. Let Γ = (γ1, γ2) : ZZ �→ ZZ2 be a discrete function. Let p ∈ N
∗

and i0 ∈ ZZ. The m-Taylor-optimal discrete normal vector of Γ at point i0 with
step p is

(Nm,pΓ ) (i0) = ((Δm,pγ2) (i0),− (Δm,pγ1) (i0)) (9)

We assume now that a planar simple closed C1parameterized curve C (i.e.,
the parameterization is periodic and injective on a period) is given together with
a family of parameterized discrete curves (Σh)h∈H with Σh contained in a tube
with radius H(h) around C. We estimate the continous normal vector at a point
of C by a discrete normal vector at a not too far point of Σh. The following
theorem gives a bound to the error of this estimation, and in particular shows
that this error uniformly converges to 0 with h.

Theorem 3. Let g = (g1, g2) be a Ck parameterization of a simple closed curve
C with k ≥ 2. Let Ng = (g′2,−g′1) be a normal vector field of g. Suppose that

for all i we have ‖g(ih) − hΣh(i)‖∞ ≤ Khα. Let p = �h−1+ α
k0 	 and k0 =

Min{k, 2m+ 1}. Then
‖(Nm,pΓ ) (i0)−Ng‖ = O

(
hα− α

k0

)
(10)

Proof. The proof is straightforward from theorem 1.

3.2 Curvature Estimation

Definition 6. Let Γ = (γ1, γ2) : ZZ �→ ZZ2 be a discrete function. Let p ∈ N
∗

and i0 ∈ ZZ. The m-Taylor-optimal discrete curvature of Γ at point i0 with step
p is

(Cm,pΓ ) (i0) =
(Δm,pγ2) (i0)

(
Δ

(2)
m,pγ1

)
(i0)− (Δm,pγ1) (i0)

(
Δ

(2)
m,pγ1

)
(i0)

(
((Δm,pγ1) (i0))

2
+ ((Δm,pγ2) (i0))

2
) 3

2

(11)



Taylor Optimal Kernel for Derivative Etimation 389

Under the same assumption than in the previous subsection, we estimate the
continous curvature at a point of C by a discrete curvature at a not too far point
of Σh.

4 Experimental Evaluation

In this section, we present an experimental evaluation of our various differen-
tial estimators. We need to compare the estimated differential quantities values
with expected Euclidean ones on graphs of functions or on parametric curves on
which such information is known. The considered shapes are simple continous
shapes such as the sine function graph, discs or ellipses. These continuous ob-
jects have been digitized, with an eventually additional uniform noise. In the 2D
shapes cases, we have got a 8-connexe parametrization of the eventually noisy
boundary (without ouliers). Then we compare the values of the discrete differen-
tial quantity with the corresponding continuous one computed for close points.
Considering the empirical multigrid convergence, we always compute the worst
case error for a familly of points on the curves for various resolution steps. In
the noisy cases, we consider five random curves and compute the average of the
worst case errors for these five curves.

4.1 First Order Derivation

First Order Derivative of the Sine function. Figure 1 shows the estimated
values of the first order discrete derivatives of noisy digitizations of the sine
function graph on the interval [2; 2.25]. The discretization step is h = 1

1000 . We
use the estimator Δ7,200. The noise is uniform on a set of values {−n, ...,+n},
with n = 0, 1, 2, 5.

-0.4

-0.5

-0.6 2 2.25

no noise
noise +/- 1 pixel
noise +/- 2 pixels
noise +/- 5 pixels

Fig. 1. Estimations of the first order derivatives of the sine function using Δ7,200 for
digitizations with h = 1

1000
as a discretization step and with various levels of noise
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Empirical Multigrid Convergence. Here we compute estimations for the
first order derivative of the sine function for various resolution step, using Δ7,hn

for various values of n. For each resolution step, the computation is achieve for
one hundred points with abcissae (xh,k = 2 + k

h)0≤k<100. Then we evaluate the
maximal errors for these points:

Max {|(Δ7,hnΓ ) (xh,k)− cos(xh,k)| ; 0 ≤ k < 100}
The graph of the function defined by 2h0.9 which is less than the best theo-

retical bounding function ( 8h0.9, see theorem 1) is drawn on the figure 2.

p=hn

n=-0.75
n=-0.80
n=-0.85
n=-0.90

h=1/3500 h=1/500
0

0.002

0.01

Fig. 2. Maximal error for approximations of the first order derivatives of the sine
function using Δ7,hn at one hundred points for various n

4.2 Second Order Derivation

Second Order Derivative of the Sine Function. Figure 3 shows the com-
puted values of the second order discrete derivatives of rounded digitalizations of
the sine function using Δ2

7,h−0.9 for the same values of h than the one considered

in [9].

Empirical Multigrid Convergence. Figure 4 shows the estimations of the
second order derivative of the sine function for various resolutions, using Δ7,hn

for various n. For each resolution step, the computation is achieve for two hun-
dred points with abcissae (xh,k = 2+ k

h )0≤k<200. Then we evaluate the maximal
absolute errors for these points:

Max
{∣∣(Δ2

7,hnΓ
)
(xh,k) + sin(xh,k)

∣
∣ ; 0 ≤ k < 200

}

4.3 Curvatures

Here we compare the proposed 2D curvature estimators with the continuous one.
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sine second order derivative

+1

-1

0

p=h-0.9 h=1/20
 h=1/10

 h=1/100

Fig. 3. Estimations of the second order derivative of the sine function using Δ7,h−0.9

at different resolutions

p=hn
n=-0.75
n=-0.8
n=-0.85
n=-0.9

2.h-0.8

h-0.6

0

0.02

0.04

h=1/3500 h=1/500

Fig. 4. Maximal error for approximations of the second order derivatives of the sine
function using Δ2

7,hn for various n at two hundred points

Curvature of a Noisy Circle. Figure 5 shows the computed values of the
discrete curvature of noisy digitizations of a circle of radius 1

2 . These values have
been computed for forty points around the discrete curve. The considered digiti-
zation step is h = 1

1000 . We have introduced various uniform noises. Each graph
presents results for different values of the computation steps p. The parametrized
discrete curves have been obtained by drawing a noisy disc and an ellipse, then
extracting the boundary (hence eliminating the outliers).

Empirical Multigrid Convergence Here we compute the curvature of digi-
tizations of a circle of radius 1 and of an ellipse of equation 4x2+ y2 = 1 for var-
ious digitization steps, using the C7,p mask for various computations steps. The
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1.5

2

2.5 h=1/1000

p=800
p=700
p=500
p=300

(a) curvature of an unoisy circle of radius 1
2

1.5

2

2.5 h=1/1000

p=800
p=700

p=300
p=500

(b) curvature of a noisy circle of radius 1
2
, with noise ±1 pixel

1.5

2

2.5 h=1/1000 p=800
p=700

p=500
p=300

(c) curvature of a noisy circle of radius 1
2
, with noise ±2 pixel

1. 525hhh

=. / hh
=. 0hh
=. phh
=. 8hh

57p

3

37p

(d) curvature of a noisy circle of radius 1
2
, with noise ±4 pixel

Fig. 5. Estimations of the curvature of a circle of radius 1
2
for digitization step h = 1

1000

and various steps p and noises
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(a) curvature of an unoisy circle

(b) curvature of an unoisy ellipse

(c) curvature of a noisy circle

Fig. 6. Maximal relative error for curvature approximation of (a) the unnoisy circle of
radius 1, (b) the unnoisy ellipse of equation 4x2 + y2 = 1 (c) a noisy circle of radius 1,
using the C7,p estimators for various computation steps p
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computation is achieved for twenty points (ph,k)0≤k<20 around the discrete
curves in the same quadrant. Then we evaluate the maximal error for these
points:

Max

{∣∣
∣
∣
(C7,pΓ ) (ph,k)− c(p̄h,k)

c(p̄h,k)

∣
∣
∣
∣ ; 0 ≤ k < 20

}

(see Figure 6). Here c(p̄h,k) is the curvature of the continuous shape at a point
p̄h,k close to the point ph,k (namely the point of the continuous shape having
the same abcissa).

5 Conclusion

We have presented a new way for estimating differential quantities using convo-
lution. The main idea is to use sparse nodes. Using this technic allows a better
complexity than the other known convolution-based methods. The use of ratio-
nal numbers as coefficients of the convolution mask is not very heavy, because
they all have a common constant denominator. Moreover, this method provides
a theoretical multigrid convergence and simulations show a good estimation in
practice. However, we have to compare carefully our method with the alternative
ones in a further work. A bottleneck of the Taylor optimal kernels is that the
step of discretization needs to be known to determine the value of the parameter
p. This is generally not the case. We thank the anonymous referees for valuable
remarks.
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