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Abstract. In Discrete Tomography, objects are reconstructed by means
of their projections along certain directions. It is known that, for any
given lattice grid, special sets of four valid projections exist that ensure
uniqueness of reconstruction in the whole grid. However, in real appli-
cations, some physical or mechanical constraints could prevent the use
of such theoretical uniqueness results, and one must employ projections
fitting some further constraints. It turns out that global uniqueness can-
not be guaranteed, even if, in some special areas included in the grid,
uniqueness might be still preserved.

In this paper we address such a question of local uniqueness. In partic-
ular, we wish to focus on the problem of characterizing, in a sufficiently
large lattice rectangular grid, the sub-region which is uniquely deter-
mined under a set S of generic projections. It turns out that the regions
of local uniqueness consist of some curious twisting of rectangular areas.
This deserves a special interest even from the pure combinatorial point
of view, and can be explained by means of numerical relations among
the entries of the employed directions.

Keywords: Discrete Tomography, lattice grid, projection, uniqueness
region.

1 Introduction

Image reconstruction is one of the main topics in Discrete Tomography, i.e., the
discipline that studies how to infer geometric properties of a discrete unknown
object, regarded as a finite set of points in the 2D or 3D lattice, from quan-
titative data about the number of its primary constituents along a set of fixed
discrete lines, say projections. The considered image is subject to a discretiza-
tion operation and therefore is seen as a matrix, whose entries, say pixels, are
integer numbers and correspond to the different colors, or grey levels, of the
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original image. The dimensions of the image are those of the minimal bounding
rectangle, i.e., the sizes of the obtained matrix.

So, the vector of projections along a discrete direction u sums the values of
the pixels that lie on each line parallel to u.

Motivated by practical applications, one of the most challenging problems
in Discrete Tomography is the faithful reconstruction of unknown images from
projections along a set S of fixed lattice directions, say Reconstruction Problem
(for an overview of the topic see [9]). In general, this problem is not quickly
solvable (here quickly means in polynomial time with respect to the dimensions of
the grid) even for three directions [7]. However, this result, as many similar ones
in the field, relies on the possibility of choosing unknown images of arbitrarily
large dimensions. On the other hand, for suitably selected sets of directions, each
pixel can be uniquely determined if we confine the problem in special bounded
lattice grids (see for instance [4]).

Another challenging aspect of the reconstruction process is that the images
consistent with a given set of projections are, usually, a huge class (see for in-
stance [1, 12]), whose members can share few (possibly no) points, so the faithful
reconstruction of an unknown image is, in general, a hopeless task. This state-
ment becomes clear if one considers the n × n images having homogeneous 1
projections, i.e., projections with constant entries 1, along the two coordinate
directions; an easy check shows that their number is n!, i.e., as many as the
number of permutations of n, and some of them have no common elements. To
gain uniqueness, different strategies have been considered, usually relying on
additional geometrical or combinatorial information about the unknown image.

Using a different perspective, in [4] it has been shown how far an accurate
choice of four directions of projections can push the dimensions of the unknown
image preserving the uniqueness of the reconstruction process.

In this paper, starting from the results in [4], we move towards the solution
of the question of how much one can enlarge the size of the unknown image
preserving both uniqueness and polynomial time reconstruction from a given
set of projections. In particular, here we consider the related problem of char-
acterizing, in a sufficiently large image, the shape and dimensions of the area
uniquely determined by the projections along two given directions: we will show
that such a shape varies according to the slopes of the two directions. This result
also allows to infer a polynomial strategy to detect the elements inside the area.
It is worth noting that this paper belongs to a more general and theoretical per-
spective, since the uniqueness region is determined regardless of the features of
the image; in particular, it is not forced to be binary or with few grey levels. Our
approach can be considered as a counterpart of the mathematical morphology
tools described, for instance, in [5, 11, 13]; however, our aim is to investigate the
problem without using the Mojette transform. A full comparison between the
two methods seems to be an interesting issue, and could be treated in a separate
paper.

The paper is organized as follows. In Section 2, we provide the basic no-
tions and definitions of discrete tomography, together with the theoretical results
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about uniqueness on a grid. Section 3 concerns the uniqueness problem restricted
to two directions of projections: the shape of the sub-picture uniquely determined
by the projections is characterized according to the mutual relation of the slopes
of the directions. Section 4 gives some perspectives for future work and concludes
the paper.

2 Definition and Known Results

A digital image E naturally represents a finite set of points in the 2D lattice. To
each point an integer number, which corresponds to a color or a grey level of the
original image, is attached. Each set will be considered up to translation. The
size of the image E is that of its minimal bounding rectangle (or lattice grid)
A = [m]× [n], where, for p ∈ N, [p] = {0, 1, ..., p− 1}. We can define a function
f : A −→ Z, which maps each pixel of A onto its corresponding value.

Let u = (a, b) be a discrete direction, i.e., a couple of integers such that
gcd{a, b} = 1, with the further assumption that if a = 0, then b = 1 and
viceversa. We say that a set S = {(ak, bk)}dk=1 of d lattice directions is valid for
a finite grid A = [m]× [n], if

d∑

k=1

|ak| < m,
d∑

k=1

|bk| < n.

We recall the standard notion of projection of a finite set of points E along
the direction u as the vector Pu = (p1, . . . , pk), with k ≥ 1, such that

pt =
∑

(i,j)∈A,aj=bi+t

f(i, j),

being aj = bi+ t the t-th lattice line intersecting the grid. Since we assume that
E is finite, then k is. An example is shown in Figure 1, where the black pixels
of the binary image correspond to the value 1, and white pixels to the value 0.
The projection of the set of black pixels is considered in the direction u = (1, 1);
there Pu = (0, 0, 0, 0, 0, 0, 4, 5, 4, 4, 5, 7, 5, 3, 2, 3, 3, 2, 1, 0, 0, 0).

As a matter of fact, two sets E and F may have the same projections along a
set S of fixed directions, say they are (tomographically) equivalent. On the other
hand, if E does not share its projections with any other different set, then it is
said to be S-unique.

In general the class of images having the same projections along a set S of
directions is really huge. Consider for instance, as already observed, the [n]× [n]
images having projections with all entries equal to 1 along the two axes directions
(1, 0) and (0, 1): there are n! possible outputs.

So, the problem of the faithful reconstruction of an unknown (finite) set of
points, that is of primary relevance in the field of Discrete Tomography, is not
well posed, and it can not be considered without some prior knowledge about
the object itself.
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(a) (b)

Fig. 1. (a) A binary image. (b) Projection of the set of black pixels in the direction
u = (1, 1).

Studying the characterization of the projections (directions and entries) that
guarantee the uniqueness of the reconstruction process, a theory about the con-
figurations of points that prevent such a property was developed.

In a first seminal study, H. J. Ryser [12] focused on the axes directions, and
called these configurations interchanges. Later, himself and other authors refined
the notion till reaching that of switching component or bad configuration. It
represents a simple switching along a generic set of discrete directions S, i.e.,
a rearrangement of some elements of a set that preserves the projections along
S (see [9] for a survey). An algebraic treatment of switching components was
also developed in [8]. In [6] it was shown that a set E is S-unique if and only if
it contains no bad configuration along the directions of S. On the other hand,
since [10], we know that there are sets of points that are non-unique with respect
to any given set S of directions. Because of this result, we wish to focus on the
related problem of characterizing, in a sufficiently large lattice rectangular grid,
the sub-region formed by pixels which are uniquely determined under a set S of
generic projections. As a first step, the case |S| = 2 is considered.

3 Characterization of the Uniqueness Regions by Two
Directions

From the previous considerations it follows that S-uniqueness in a lattice grid
A = [m]× [n] is guaranteed whenever no switching component exists in A with
respect to the set S of projections. The following result, which slightly restates
[3, Theorem 6], proves that this can be achieved by means of suitable choices of
four lattice directions.

Theorem 1. Let S = {u1, u2, u3, u4 = u1 + u2 ± u3} be a valid set of four
directions for the grid A = [m] × [n], where u1, u2, u3 are chosen arbitrarily,
while u4 is obtained as a combination of the other three. Let moreover

4∑

r=1

|ar| = h and

4∑

r=1

|br| = k,
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being (ar, br) = ur where r = 1, ..., 4. Let D = ±S ∪ Ŝ, where ±S = {±u :

u ∈ S}, and Ŝ =
{ ± (ui − u4) : ui ∈ {u1, u2, u4 − u1 − u2}

}
. Moreover, let

A = {(a, b) ∈ D : |a| > |b|}, and B = {(a, b) ∈ D : |b| > |a|}. Then, A contains
no switching component with respect to S if and only if

min
|a|

A ≥ min{m− h, n− k}, min
|b|

B ≥ min{m− h, n− k}, (1)

and

m− h < n− k ⇒ ∀(a, b) ∈ B (|a| ≥ m− h or |b| ≥ n− k) ,

n− k < m− h ⇒ ∀(a, b) ∈ A (|a| ≥ m− h or |b| ≥ n− k) ,

where, if one of the sets A,B is empty, the corresponding condition in (1) drops.

For examples, see [3, Example 8] and [4, Example 1].
However, in real applications, some physical or mechanical constraints could

prevent the use of these suitable sets of four lattice directions. For instance, due
to the employed tomographic procedure, only projections confined in a limited
angle could be considered, or these should be selected trying to minimize the
local uncertainty. There is a wide literature concerning this problem, see for
instance [2, 14–16]. It turns out that global uniqueness in the whole assigned
grid, in general, cannot be guaranteed. Nevertheless, in some special regions
included in the grid, uniqueness might be still preserved.

Definition 1. Let S be a set of valid directions for a grid A. The region of
uniqueness (ROU) of A is the set of pixels of A which are uniquely determined
by the projections along the elements of S.

Therefore, it is worth trying to characterize the shape of the ROU, determined,
inside a given rectangular grid A = [m] × [n], by any set of projections. As a
first step towards this challenging problem we wish to investigate the shape of
the ROU determined by a pair of valid directions.

Let us denote by (a, b) and (c, d) the employed lattice directions, where we set
a, c < 0 and b, d > 0. Basing on these choices, we are led to construct the ROU
by filling the grid A = [m]× [n] from its bottom-left corner, and by symmetry,
from its upper-right corner. Due to symmetry, it suffices to argue only on one of
these two regions, say the bottom-left one. Also, we can always assume −a > b.

Remark 1. Note that our approach is w.l.o.g., since, for different choices of the
signs of a, b, c, d, the arguments are quite similar, just the ROU fills different
corners of A.

We denote by P = (p1, p2, ..., ps−1, ps) a SE to NW zig-zag path, with alter-
nating horizontal and vertical steps of lengths p1, p2, ..., ps−1, ps, being the first
one (of length p1) a vertical step, and the last one (of length ps) a horizontal
step (see Figure 2).

Also, we denote by R(x, y) a rectangle having horizontal and vertical sides of
lengths x and y respectively.
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Fig. 2. The lattice region delimited by the zig-zag path P = (1, 1, 1, 2, 1, 2, 2, 3, 1, 2, 1, 2)

The following result shows that, in the case when the directions (a, b), (c, d)
satisfy |a| > |c| and b < d, then the ROU is simply an L-shaped area.

Theorem 2. Let (a, b), (c, d) be two lattice directions such that a, c < 0, b, d > 0,
−c < −a < −2c and 2b < d. Then, the associated ROU is delimited by the zig-zag
path P = (b, a, d, c).

Proof. Consider a rectangle R(−c, d) whose bottom-left corner is placed in the
bottom-left corner of the grid. Then, all lattice points contained in R(−c, d)
are uniquely determined along the direction (c, d). Consider now a rectangle
R(−a+ c, b) whose bottom-left corner is adjacent to the bottom-right corner of
R(−c, d). Any point belonging to R(−a + c, b) is switched along (a, b) outside
R(−c, d) from its left vertical side, so that it is uniquely determined in the grid.
Let R(−c, b) be such that its bottom-left corner is adjacent to the bottom-right
corn er of R(−a+c, b). Its switching by (a, b) is completely included in R(−c, d),
and any further switching moves it outside the grid. Now, the rectangle R(−c, b)
placed above R(−c, d), can be uniquely determined by means of direction (c, d),
since it is mapped inside the previously determined uniqueness region. �	
Corollary 1. Let (a, b), (c, d) be two lattice directions such that a, c < 0, b, d >
0, |a| > |c| and b < d. Then, the associated ROU is delimited by the zig-zag path
P = (b, a, d, c).

Proof. We can argue as in Theorem 2 by means of iterated switching. The only
difference relies on the fact that in the remaining cases −a ≥ −2c and 2b < d, or
−c < −a < −2c and 2b ≥ d, or −a ≥ −2c and 2b ≥ d, more iterations are needed
to get the L-shaped region delimited by the zig-zag path P = (b, a, d, c). �	
Example 1. If we assume (a, b) = (−13, 3), (c, d) = (−7, 11), the corresponding
ROU is depicted in Figure 3.

The case when |a| > |c| and b ≥ d seems to be much more intriguing. In
fact, several different shapes appear, depending on the different interplay of the
numerical relations among the entries a, b, c, d. The following theorem points out
the case when the ROU consists of a big rectangle having two small rectangles
adjacent to its right and upper side, respectively.
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Fig. 3. The ROU associated to the pair (−13, 3), (−7, 11), delimited by the zig-zag
path P = (3, 13, 11, 7)

Theorem 3. Let (a, b), (c, d) be two lattice directions such that |a| > |c| and b >
d. Let λ, μ be the quotients of the divisions between −a,−c and b, d, respectively.
If λ 
= μ, then the associated ROU is the region delimited by the zig-zag path
P = (d, c, b − d,−a+ c, d, c).

Proof. Assume for instance λ < μ. The rectangle R0 = R(−a, b) is the bottom-
left zone of the ROU by means of the direction (a, b). Consider its bottom-right
adjacent rectangle R1 = R(−c, d). Since λ < μ, we can translate R1 along (c, d)
for λ times, still remaining inside R0; a further switching along (c, d) moves
(a part of) the translated rectangle outside the grid, on the left of R0, before
reaching its upper side. This implies that the whole R1 is added to the ROU.
Now, by using the direction (a, b), R1 is mapped to a same sized rectangle
adjacent to the upper-left corner of R0, which is added to the ROU. This ends
the construction of the ROU, which consequently is delimited by the zig-zag
path P = (d, c, b− d, a− c, d, c).

For the case λ > μ, repeat the argument by starting from the R(−c, d) rect-
angle above R0 and moving SE along (c, d). �	
Example 2. If we assume (a, b) = (−20, 17), (c, d) = (−11, 5), we have 20 =
11× 1+ 9 and 17 = 5× 3+ 2, so that λ = 1 
= 3 = μ. Therefore the assumptions
of Theorem 3 are fulfilled, and the corresponding ROU is depicted in Figure 4.

When |a| > |c|, b > d and λ = μ, differently from Theorem 3, also the
remainders of the divisions have to be taken into account. Here the situation
becomes much more intricate. As a first contribution to clarify the matter, we
present a result where the shape of the ROU consists of a rectangular erosion
of the previously obtained configurations.

Theorem 4. Let (a, b), (c, d) be two lattice directions such that |a| > |c| and
b > d. Assume −a = λ(−c)+r and b = μd+S, where 0 < r < −c and 0 < s < d.
If λ = μ, r > −c/2 and s < d/2, then the associated ROU is the region delimited
by the zig-zag path P = (d− s,−c− r, s, r, b− d,−a+ c, d− s,−c− r, s, r).
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Fig. 4. The ROU associated to the pair (−20, 17), (−11, 5), delimited by the zig-zag
path P = (5, 11, 12, 9, 5, 11)

Proof. The rectangle R0 = R(−a, b) is the bottom-left zone of the ROU by
means of the direction (a, b). Since λ = μ, we cannot repeat the same argument
as in Theorem 3. Consider then the right adjacent rectangle of R0 given by
R1 = R(−c−r, s). Since λ = μ, by switching R1 for μ times along (c, d), we reach
the upper side of R0 still remaining inside R0, and a further switching moves
the rectangle outside the grid. Therefore R1 is added to the ROU. A similar
argument applies to the rectangle R2 = R(r, d−s) placed adjacent to the upper-
left corner of R0, so the ROU increases of R2. Then we apply alternatively the
switching (a, b) and (c, d) on the resulting new parts of the ROU. Since r > −c/2
and s < d/2, we add pixels to the ROU as follows.

– Starting from R2, this rectangle is mapped along (a, b) to the region R3

containing R1 in its bottom-left corner, and R3 \R1 is added to ROU. Note
that R3 \ R1 can be decomposed as the sum of three rectangles, namely
R3 \R1 = R(2r + c, s) ∪R(−c− r, d− 2s) ∪R(2r + c, d− 2s).

– The sub-rectangle R(2r + c, s) of R3 \ R1 is mapped along (c, d), outside
R(−a, b), to a congruent rectangle placed upper-left aboveR2, which is added
to the ROU. Analogously, the sub-rectangle R(−c − r, d − 2s) of R3 \ R1

is mapped along (c, d), outside R(−a, b), to a congruent rectangle placed
bottom-right adjacent to R2, which is added to the ROU. Note that the
sub-rectangle R(2r + c, d − 2s) does not contribute to the ROU since it is
mapped twice in the complement of the ROU contained in the grid.

– We repeat the previous construction on the new parts of the ROU so ob-
taining further new parts of the same size R(2r+ c, s) and R(−c− r, d− 2s).

– This can be applied until the ROU becomes the region delimited by the
zig-zag path P = (d− s,−c− r, s, r, b− d,−a+ c, d− s,−c− r, s, r).

�	
Example 3. Let us consider the pair of directions (a, b) = (−13, 7) and (c, d) =
(−8, 5). Since 13 = 8× 1 + 5, and 7 = 5× 1 + 2, we have λ = μ = 1, r = 5 and
s = 2, so that all the assumptions of Theorem 4 are fulfilled. The construction
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sketched in the proof can be followed in Figure 5. Note that the ROU is obtained
by means of alternating switchings along the directions (a, b) and (c, d). For a
better reading, we preserved the colors of a region when it is translated along
(a, b), while the color has been changed under the translations along (c, d).

Fig. 5. The ROU associated to the pair (−13, 7), (−8, 5), delimited by the zig-zag path
P = (3, 3, 2, 5, 2, 5, 3, 3, 2, 5)

Note that the zig-zag path provided by Theorem 4 can also be written as
follows:

P = (max{s, d− s},min{−c− r, r},min{s, d− s},max{r,−c− r}, b− d, (2)

−a+ c,max{s, d− s},min{−c− r, r},min{s, d− s},max{r,−c− r}).
This implies that reversing both the inequalities involving r, s leads to a similar
result.

Theorem 5. Let (a, b), (c, d) be two lattice directions such that |a| > |c| and
b > d. Assume −a = λ(−c)+r and b = μd+s, where 0 < r < −c and 0 < s < d.
If λ = μ, r < −c/2 and s > d/2, then the associated ROU is the region delimited
by the zig-zag path P = (s, r, d− s,−c− r, b− d,−a+ c, s, r, d− s,−c− r).

Proof. Replace s with d− s, and r with −c− r in the proof of Theorem 4. �	
Example 4. Let us consider the pair of directions (a, b) = (−13, 7) and (c, d) =
(−11, 4). Since 13 = 11 × 1 + 2, and 7 = 4 × 1 + 3, we have λ = μ = 1, r = 2
and s = 3, so that r < −c/2, s > d/2 and all the assumptions of Theorem 5 are
fulfilled. In Figure 6 the corresponding ROU is represented.

The assumptions r > −c/2 and s < d/2 in Theorem 4, or r < −c/2 and
s > d/2 in Theorem 5, are essential in order that the ROU is delimited by the
zig-zag path as in (2). Differently, the shape of the ROU changes. Below we
provide examples in a few cases.
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Fig. 6. The ROU associated to the pair (−13, 7), (−11, 4), delimited by the zig-zag
path P = (3, 2, 1, 9, 3, 2, 3, 2, 1, 9)

Example 5. Let us consider the pair of directions (a, b) = (−13, 7) and (c, d) =
(−9, 5). Being 13 = 9×1+4, and 7 = 5×1+2, we have r = 4, s = 2, so that the
assumption r > −c/2 of Theorem 4 is not fulfilled. In Figure 7 the corresponding
ROU is represented. Note that it is delimited by a zig-zag path different from
P = (d− s,−c− r, s, r, b− d,−a+ c, d− s,−c− r, s, r) = (3, 5, 2, 4, 2, 4, 3, 5, 2, 4).

Fig. 7. The ROU associated to the pair (−13, 7), (−9, 5), delimited by the zig-zag path
P = (1, 1, 1, 1, 1, 3, 1, 1, 1, 3, 2, 4, 1, 1, 1, 1, 1, 3, 1, 1, 1, 3)

Example 6. Let us consider the pair of directions (a, b) = (−13, 7) and (c, d) =
(−7, 4). Being 13 = 7×1+6, and 7 = 4×1+3, we have r = 6, s = 3, so that the
assumption s < d/2 of Theorem 4 is not fulfilled. In Figure 8 the corresponding
ROU is represented.

Fig. 8. The ROU associated to the pair (−13, 7), (−7, 4), delimited by the zig-zag path
P = (1, 1, 1, 1, 1, 1, 1, 4, 3, 6, 1, 1, 1, 1, 1, 1, 1, 4)
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The shape of the ROU varies when changing the considered directions; how-
ever, there is a common feature. We define a region of a grid to be horizontally
convex (respectively, vertically convex) if the intersection of each row (respec-
tively, column) of the grid with the region is a connected set. The proof of the
following result can be easily obtained by induction, after noticing that the base
step concerns the ROU determined by a single direction, i.e., a rectangle.

Theorem 6. The ROU is horizontally and vertically convex.

4 Conclusions and New Directions of Research

We addressed the problem of reconstructing the shape of the region of unique-
ness (ROU) determined in a preassigned lattice rectangular grid A = [m]× [n]
by a generic choice of two valid directions. We characterized the ROU in vari-
ous cases, showing that it consists of some curious displacement of rectangular
areas, delimited by a SE-NW zig-zag path, whose edges have lengths depend-
ing on numerical relations among the entries of the employed directions. Several
improvements could be considered. First of all, the case when (a, b) and (c, d)
are selected so that |a| > |c| and b > d must be investigated when r and s do
not satisfy the inequalities as in Theorem 4 and Theorem 5. This will provide
a complete characterization of the ROU in the case of two directions. Also, a
unifying picture of all the treated cases would be desirable. We feel that such
a general approach should exist, probably based on some intertwining between
switching operations and integer division.

A further step is the extension of such a characterization when data come
from more than two directions. Experiments carried out with three projections
show that the path delimiting the ROU presents a much more fragmented profile.
Just as an example, Figure 9 shows what happens with the choice of projections
(−13, 7), (−9, 5) and (−8, 3).

Fig. 9. The ROU associated to the triple (−13, 7), (−9, 5), (−8, 3)

Finally, in view of real applications, an explicit reconstruction algorithm of the
ROU can be investigated, and exploited to get the reconstruction of a lattice set
inside a grid of uniqueness along four directions. We have successfully developed
some preliminary programs, running for special sets of four random directions,
and we are confident to be able to unify them in a general strategy.
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