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Abstract. Distance and path-cost functions have been used for image segmen-
tation at various forms, e.g., region growing or live-wire boundary tracing using
interactive user input. Different approaches are associated with different funda-
mental advantages as well as difficulties. In this paper, we investigate the stability
of segmentation with respect to perturbations in seed point position for a recently
introduced pseudo-distance method referred to as the minimum barrier distance.
Conditions are sought for which segmentation results are invariant with respect
to the position of seed points and a proof of their correctness is presented. A
notion of δ-interface is introduced defining the object-background interface at
various gradations and its relation to stability of segmentation is examined. Fi-
nally, experimental results are presented examining different aspects of stability
of segmentation results to seed point position.

1 Introduction

Distance transforms and functions are widely used in image processing [1–8]. Intensity-
weighted distance transforms take the pixel intensity values into consideration
[6, 9–11]. This way, the homogeneity of intensity values in regions are quantified. This
property makes intensity-weighted distances well-suited for image segmentation, where
the goal is to group pixels in homogenous regions.

Here, image segmentation by intensity-weighted distances is achieved by assigning
to each pixel the distance to, and the label of, the closest labeled seed point. The seed
point can be given by a user or utilizing some domain knowledge. Stability to seed point
position is a very important aspect of these segmentation methods; small perturbations
in the seed point position should ideally not lead to significantly changed segmenta-
tion result. Different aspects on stability to seed point position for intensity-weighted
distances have been examined [1, 12, 13].

Many distance- or cost functions in image segmentation by region growing have a lo-
cality property, which makes it possible to efficiently compute distance (or cost) defined
as optimal paths by propagating values from adjacent points. The locality property is in
one sense a deficiency, since global properties can not easily be included in the prop-
agation. On the other hand, the locality property is essential for efficient computation,
typically by wave-front propagation starting from points with zero cost or distance.
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A well-known and often used method, watershed, can intuitively be described as a
flooding process of a topographic representation of gray scale images, where low inten-
sities correspond to low altitude in the topographic representation. A recently developed
method, the minimum barrier distance, is given by the minimum barrier that has to be
passed to go from one point to another in the topographic representation of image data.
The minimum barrier distance is a pseudo-metric, meaning that the properties identity,
symmetry and triangle inequality, but not positivity, are obeyed [1]. We have showed
that the minimum barrier distance has many properties that make it beneficial for image
segmentation, e.g., stability to seed point position (using simple Dice’s coefficient on
segmentation results), noise, smoothing etc. [1, 13].

However the minimum barrier path cost function is not local in the above sense, and
therefore standard wave-front propagation algorithms are not sufficient for computing
the exact minimum barrier distance map [1, 13]. We have developed efficient algorithms
for computing the minimum barrier distance [13] and approximations thereof [1]. A
vectorial minimum barrier distance that takes multi-band image data, e.g., color or other
multispectral images, as input has also been developed [14].

In this paper, we examine the stability to seed point position for the minimum barrier
distance by introducing conditions under which the distance between points p and q
equals the distance between p and another point q′. Also, we introduce the δ-interface
which essentially is a region of uncertainty of border position in a segmentation result.

2 The Minimum Barrier Distance

We will consider D = {p = (x1, x2, . . . , xn) ∈ Z
n : Li ≤ xi ≤ Ui} as the image do-

main. The intensity at a point p is denoted by f(p). A path, π = 〈p0, p1, . . . , pn〉,
is a sequence of points p0, p1, . . . , pn, where each pair of consecutive points are ad-
jacent given some adjacency. The maximum and minimum values along a path π =
〈p0, p1, . . . , pn〉 are

max(π) = max
0≤i≤n

f (pi) and min(π) = min
0≤i≤n

f (pi) ,

respectively. The minimum barrier along a path π is defined as

Φ(π) = max(π) −min(π).

The minimum barrier distance between two points p and q is defined as

Φ(p, q) = min
π∈Π

Φ(π),

where Π is the set of all paths between p and q. A path in Π that attains the minimum
barrier distance is called an MBD-optimal path. The minimax and maximin distances
between points are defined as

Φmax(p, q) = min
π∈Π

max(π) and Φmin(p, q) = max
π∈Π

min(π),

respectively. The concatenation of two paths π and τ is denoted π · τ .
In [1], we gave an approximation of the minimum barrier distance, namelyΦ(p, q) ≈

Φmax(p, q)−Φmin(p, q). We showed that Φmax−Φmin equals Φ in the continuous case
and converges to Φ as the sampling density increases in the discrete case [1].
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Distance Transform Algorithms and Segmentation
As previously mentioned, the key to seeded segmentation by intensity weighted dis-
tance transforms is the distance transform, where each pixel is assigned the distance to
(and label of) the closest seed point. We have developed different algorithms that com-
pute approximations of the minimum barrier distance-transform in O(n logn) time,
where n is the number of pixels [1, 13]. In this manuscript, we will use our recently de-
veloped efficient algorithm for computing the exact minimum barrier distance [13]. The
worst case time complexity is O(mn logn) (or O(m(n +m)), depending on the data
structure), where m is the range of the weight function (here the number of intensitites
that can be attained).

3 Stability of the Minimum Barrier Distance with Respect to Seed
Point Position

In this section, we introduce this paper’s theoretical results on conditions for which the
minimum barrier distance between p and q equals the distance between p and q′ and the
δ-interface. The latter will also be used in the experiments in Section 4.

3.1 Invariance under Seed Point Position

In interactive segmentation, there is an uncertainty in the exact positions of seed points
due to, for example, inter- and intra-user variability. Given a point p (for example in
the object) and a user added seed point q (for example in the background). The used
distance function has a high invariance under seed point position if there is a large
set of points that can be used instead of q without altering the distance to the point p.
Following this idea, conditions for which the minimum barrier distance value between
a point p and seed point q equals the minimum barrier distance value between p and
another seed point q′ are given in the following theorem.

Theorem 1. Let q and q′ be points, and let I = [Imin, Imax] be an interval such that any
MBD-optimal paths π between q and q′ are such that max(π) ≤ Imax and min(π) ≥
Imin. Let p be a point such that

• Φmax(q, p) > Imax. (†)
• Φmin(q, p) < Imin. (‡)

Then Φ(q′, p) = Φ(q, p).

Proof. Let π be an MBD-optimal path between p and q′, and let π′ be an MBD-optimal
path between q and q′. Then Φ(π · π′) = max(max(π),max(π′)) − min(min(π),
min(π′)) = max(π′)−min(π′) = Φ(π′), and so Φ(q′, p) ≤ Φ(q, p).

Next, assume (*) that there exists a path π′′ between q′ and p such that Φ(π′′) <
Φ(q, p). Then the following properties hold:

• max(π′′) ≥ Φmax(q, p). (Otherwise max(π ·π′′) < Φmax(q, p), contradicting (†).)
• min(π′′) ≤ Φmin(q, p). (Otherwise min(π · π′′) < Φmin(q, p), contradicting (‡).)
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From these properties, it follows that Φ(π ·π′′) = Φ(π′′). But π ·π′′ is a path between
q and p and therefore Φ(π′′) �< Φ(q, p), contradicting (*). 	


Note that the strong conditions in Theorem 1 are not often satisfied for real images.
The theorem and conditions are presented here mainly to give a deeper understanding
of the minimum barrier distance.

3.2 The δ-Interface

In region growing segmentation among multiple objects [15], different objects are de-
fined with respect to their seed points where a given point is assigned to an object whose
seeds are closest to that point under a cost- or distance-function. Here, we formulate
a notion of δ-interface that defines the region of uncertainty at the interface between
two or more objects. Ideally, small perturbation in seed point positions will only ef-
fect the segmentation region within the uncertain region and, therefore, segmented core
objects regions will be unaltered under such small perturbation in seed positions. The
δ-interface will be used as a tool to quantify this stability.

The δ-interface is a region with ’thickness’ δ where two regions meet. A δ-interface
with δ = 0 is the set of points located at the exact same distance to two seed points.
Given a value of δ ≥ 0, the δ-interface between points p and q is the set I(p, q, δ) =
{r : |Φ(p, r) − Φ(q, r)| ≤ δ}.

Fig. 1. Illustration of δ-interfaces. Left: example image and points p and q. Middle: I(p, q, δ)
(shown in white), with small δ. Right:I(p, q, δ), with large δ.

The following Theorem gives a correspondence between the delta-interface between
p, q and p, q′.

Theorem 2. I(p, q, δ) ⊂ I(p, q′, δ + Φ(q, q′))

Proof. Let r ∈ I(p, q, δ). We want to show that r ∈ I(p, q′, δ + Φ(q, q′)), i.e. that

|Φ(q′, r) − Φ(p, r)| ≤ δ + Φ(q, q′). (1)

(i) First of all, by the triangular inequality, Φ(q′, r) − Φ(p, r) ≤ Φ(q, r) + Φ(q, q′) −
Φ(p, r) ≤ δ + Φ(q, q′).



The Minimum Barrier Distance – Stability to Seed Point Position 115

(ii) Secondly, by the triangle inequality, |Φ(r, p) − Φ(q, p)| ≤ Φ(q, r) for any given
points p, q, r. Therefore, Φ(q′, r) − Φ(p, r) ≥ Φ(q, r) − Φ(q, q′) − Φ(p, r) ≥ −δ −
Φ(q, q′). By combining (i) and (ii), we get exactly (1). 	

The following Corollary gives a set containing borders between objects defined by seed
points p, q and p, q′, respectively. The smaller the set, the more robust the minimum
barrier distance is to seed point positioning.

Corollary 1. I(p, q, δ), I(p, q′, δ) ⊂ (I(p, q′, δ + Φ(q, q′)) ∩ I(p, q, δ + Φ(q, q′)))

The sets I(p, q′, Φ(q, q′)) and I(p, q, Φ(q, q′)), i.e. when δ = 0, are illustrated in
Figure 2.

Fig. 2. Illustration of Corollary 1 and the experiment in Section 4.1. Left: A gray-level image
with three seed-points, p, q, and q′. Middle: The set I(p, q′, Φ(q, q′)) is shown in gray. The
sets I(p, q, 0) and I(p, q′, 0) are shown in white. Right: The set I(p, q, Φ(q, q′)) is shown in
gray. The sets I(p, q, 0) and I(p, q′, 0) are shown in white. E(p, q, q′, 0) is the intersection of
I(p, q′, Φ(q, q′)) and I(p, q, Φ(q, q′)).

4 Experiments and Results

Seventeen images from the grabcut dataset [16] are used for the experiments, see Fig-
ure 3. The images come with a reference segmentation, which we eroded/dilated to get
object and background regions as shown for an example image in Figure 4. The images,
converted to gray scale by using the mean of the three color band values, are used. The
intensity range of the images is [0, 255].

4.1 Stability to Seed Point Position

Seed points added by a user with low accuracy or precision will differ in spatial distance.
Ideally, a small perturbation in the seed point position gives a small difference in the
segmentation result. In this section, we will evaluate the effect of a small change in
position of the seed point q. This will be done by comparing the δ-interface of p and q
with that of p and q′ (such that q and q′ are at a fixed spatial distance). We will see how
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Fig. 3. Images from the grabcut database used for the experiments. Bottom: image numbering.

Fig. 4. Image 8 from the grabcut database used for the experiments. Left: original image. Right:
Object region (white) and background region (gray).
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the spatial distance between seed points q and q′ affect the δ-interface. The set metric
we will use in the evaluation is

E(p, q, q′, δ) = |I(p, q′, δ + Φ(q, q′)) ∩ I(p, q, δ + Φ(q, q′))|
with δ = 0. The set I(p, q, 0) corresponds exactly to the set of pixels with equal dis-
tance between p and q. In other words, intuitively, this is the border between the regions
that correspond to p and q, respectively in a segmentation. By comparing this set and
the set obtained by I(p, q′, 0), where q′ is a point close to q, the difference between a
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Fig. 5. Cardinality of the set E(p, q, q′, 0), for random points p (in the object), q (in the back-
ground), and q′ (in the background such that ‖q− q′‖ = K) as a function of K. The mean values
(top) and the interquartile range (iqr, the difference of the 75:th and 25:th percentiles, bottom) of
1000 executions for each image and value of K are plotted. The values are normalized with the
size (number of pixels) of the images.
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segmentation result obtained by seed points p and q compared to p and q′ can be quanti-
fied. The quantification we will use is E(p, q, q′, 0), for random points p (in the object),
q (in the background), and q′ (in the background and such that ‖q − q′‖ approximately
equals a constant K). See the illustration in Figure 2.

Note that the quantification E used in the experiment only measures the difference
between the interface I(p, q, 0) and the interface I(p, q′, 0). Clear distinction by the
distance function between object and background gives a small interface and the lower
E is, the smaller the interface is. See Figure 1 and Figure 2 for illustrations.
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Fig. 6. Cardinality of the set I(p, q,K) as a function of K. For each of the 17 images in Figure 3
I(p, q,K), where q is a random object seed point and p is a random background seed point, is
generated for K = 1 . . . 30. The mean values (top) and the interquartile range (iqr, bottom) of
1000 executions for each image and value of K are plotted. The values are normalized with the
size (number of pixels) of the images.
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Since the cardinality of the set {q′ ∈ Z
2 : ‖q− q′‖ = K} usually is very small in the

digital space, we can not use points q and q′ at exactly a Euclidean distance K . Instead,
points q′ are derived as follows: a random angle θ ∈ [0, 2π[ is extracted and the point
q′ = q + (�K cos θ�, �K sin θ�) is used. Here, �·� is the rounding off function which
gives the nearest integer.

A plot showing the mean overlap region from 1000 iterations per value of K for the
17 images in Figure 3 is shown in Figure 5.

4.2 Uncertainty of Border Position

The idea behind this experiment is to see how the cardinality of the δ-interface increases
with increasing values of δ. By iteratively and randomly selecting an object seed point
p and a background seed point q and computing the cardinality of the set I(p, q,K)
for increasing values of K , quantitative measures on the region where the uncertainty
of the border position is high can be obtained. A plot on the mean cardinality of the
uncertainty region from 1000 iterations per value of K for the 17 images in Figure 3 is
shown in Figure 6.

5 Conclusions and Future Work

In Theorem 1, we gave conditions that guarantee that the minimum barrier distance
between p and q equals the distance between p and a third point r. The conditions are
correct by the proof. However, the practical implications of Theorem 1 are limited since
the conditions are not often satisfied in real world images. Therefore, no evaluation of
Theorem 1 is presented here.

In the first experiment, we evaluated how small perturbations in the seed point po-
sition changed the segmentation result by a measure on the difference between object
region border when p and q are used as seed points, compared to when p and q′, such
that ‖q − q′‖ ≈ K , are used. From the plots in Figure 5, we can see that there is a big
difference between the images with lowest error (image 10, 17, 6, 8, 15, 5 in Figure 3)
and the images with highest error (image 3, 11, 14, 4, 7, 9). The low-error images all
have a distinct border between object and background, whereas this border is not as dis-
tinct in the images with high error. Also, images with an apparent texture all give high
error. This is expected since only barriers based on intensity are taken into account in
the minimum barrier distance given here. The vectorial minimum barrier distance, pre-
sented in [14], with appropriate point-wise texture features is expected to handle these
situations better.

Statistical dispersions were computed by the interquartile range (the difference of
the 75:th and 25:th percentiles) for the experiments, see Figure 5 and Figure 6. For
experiment 1, the general trend was that the higher mean value, the higher interquartile
distance. The interquartile distance values were roughly in the same range as the mean
values. For experiment 2, the dispersion measures were lower, suggesting that these
results are more reliable.

In the second experiment, the region with pixels such that the distances to the two
seed points p and q are similar (K) is quantified. In most cases, a linear relationship
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between K and the cardinality of the δ-interface was observed. This relationship seems
to not hold for image 15, probably due to the weak gradient in the border between object
and background. Judging from the images with the lowest error (image 10, 17, 8, 4, 6,
2) and the images with highest error at K = 30 (image 15, 11, 14, 7, 3, 5), we conclude
that this error measure seems to be less sensitive to texture.

In our future work, we plan to combine the minimum barrier distance with a spatial
distance term to avoid problems with object ’leakage’ due to the fact that after passing
a large ’barrier’, distance values are constant. Experiment 1 in this paper evaluates how
small perturbations in the seed point positions change the segmentation result. As a re-
sult of the insightful reviews of this paper, we plan to define an uncertainty model from
a probability displacement distribution and then to compute statistics while sampling
q′ in this distribution. This approach will more realistically model the distribution of
seed points added by a large number of users. We also plan to do extensive evaluation
of stability of several intensity-weighted distance functions, and methods that can be
expressed as intensity-weighted distance- or cost-functions such as [17], with respect
to seed point position, blur, inhomogeneity, noise, etc.
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