
SFFS-SW: A Feature Selection Algorithm

Exploring the Small-World Properties of GNs
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Abstract. In recent years, several methods for gene networks (GNs) in-
ference from expression data have been developed. Also, models of data
integration (as protein-protein and protein-DNA) are nowadays broadly
used to face the problem of few amount of expression data. Moreover, it
is well known that biological networks conserve some topological proper-
ties. The small-world topology is a common arrangement in nature found
both in biological and non-biological phenomena. However, in general
this information is not used by GNs inference methods. In this work we
proposed a new GNs inference algorithm that combines topological fea-
tures and expression data. The algorithm outperforms the approach that
uses only expression data both in accuracy and measures of recovered
network.

Keywords: small-world, gene networks, feature selection, graph theory,
pattern recognition, bioinformatics.

1 Introduction

Complex networks systems is a very common phenomenon. In fact, we live in
a universe of things that can be seen as complex networks [1–3]. These real
systems are both biological and non-biological such as Internet, social interac-
tions, physical systems, infection dynamics, regulatory networks, to cite but a
few [3–7]. The occurrence of certain specific topologies has been observed and
characterized in several research fields. These works points that diverse networks
of natural phenomenon are not random but follow some particular arrangements
[2–4, 8–10]. Thus, it is necessary to describe these distinct specific topologies in
some manner to better understand the differences between them. In this way two
aspects are important: characterization and representation [11]. A network can
be characterized through a feature vector composed by network measurements,
such as average vertex degree, average path length, degree distribution, etc., in
which the network is said mapped to the feature vector. Thus, the feature vector
can be used to group the several networks topologies into classes. On other hand,
the inverse way is commonly impossible and the original network cannot be re-
covered from the feature vector. However, when the network can be recovered
the mapping is said to provide a representation. Examples of representation are
the adjacency list and the adjacency matrix[11, 12].
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The study of complex networks can occur into two scenarios: In the first, the
topology is determined by construction through a theoretical model thus, both
the complete network and its properties can be clearly known a priori. The second
group is composed by those networks for which the underlying construction rules
(if one exists) are unknown and even the graph can be partially observed. In
this case the topology is described in terms of its features. Frequently, both the
rules of construction and the complete network are unknown as for instance,
real neuronal network, gene networks (GNs) and social networks. The exception
can occurs on planed networks as artificial neuronal networks, subway, power
distribution, computer networks, etc.

When matter is life, the class of topology is commonly unknown. However,
biological networks conserve properties between organisms and it is not very dis-
tinct of non-biological phenomenon [13]. Therefore, the research on this area try
to determine some features that can characterize biological networks sometimes
adopting some construction model as reference. Distinct descriptions has been
proposed to biological networks as scale-free [2] for example in yeast [13] and
metabolic networks [13]. Also a hierarchic structure was observed in E.coli [14].
In special, the small-world (SW) topology [15, 16] has been observed in several
areas and seems to be a common phenomenon both in physical events, social
and biological networks. Some examples are: seismic events [7], subway station
distribution [5], social networks [15, 17], value dynamics in financial market [18],
epidemics [19], neuronal networks [4] and brain networks [6].

In particular, it was adopted in this work the SW construction model proposed
by Watts and Strogatz [20, 16]. This model has two main properties: small
average path length and high average clustering coefficient. These SW features
has been observed on biological networks. For instance human protein-protein
interaction network (PPI) presented SW properties [21] and a study of networks
of 43 organisms presented a higher clustering coefficient [22].

The research of gene networks is broadly used to better understand living
organisms. Moreover, since many gene interactions remains unknown, the in-
ference of gene networks from expression data has been used to discover new
interactions [23–27]. Moreover, the topology of living organisms should conserve
some structure, following some particular features. Considering that the infer-
ence of gene networks is an inverse problem where more than one network could
produce equivalent data [28, 26], the use of topology could help the search al-
gorithms by avoiding improbable biological structures. An algorithm guided by
scale-free (Barabási-Albert [2]) topology achieved better accuracy on inference
[29]. Thus, the topology can be an important component for GNs inference.
This work presents a new algorithm for GNs inference whose criterion function
is based both in expression data and topological features of SW networks.

Methodology

The real structure of gene networks (GNs) is commonly unknown and the ob-
servation of physical relationships between components (protein-DNA, protein-
protein, etc.) is expensive and some times hard to obtain. Therefore, the network
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is frequently inferred from expression. The reasoning behind this approaches is
that the set of relationships between cellular components (i.e. the network) pro-
duces the output observed expression. The challenge is to recover the network
from the observed data [23, 26]. It was adopted in this work the Probabilistic
Boolean Networks (PBN) model [23] to represent the gene network. PBN is a
probabilistic approach derived from Boolean Networks (BN) model, first intro-
duced by Kauffman [30]. The genes of a BN are represented by variables and
can just assume discrete values, typically 1 (the gene is up regulated) and 0 (the
gene is down regulated). In other words, the value correspond to the expression
of that gene in a given observation t. The value of one given variable in the
sample t is named state of the variable and the set of values of all variables
in the sample t is called state of the system. The relationship between genes is
represented by boolean functions. If the samples is given through a time series,
the set of boolean functions applied to the system state at observation t deter-
mines the state of the system in the next observation t+1. Thus, the transitions
between states can be deterministic (BN) if there is no changes in the set of
boolean functions or probabilistic (PBN) where each variable is associated to
set of boolean functions with a probability of choice at each observation.

In this work we address the problem of selecting a set of predictor genes (i.e.
features) in the sample t that can better be used to classify the state value of a
given target gene on a sample t+1 based on the state of the set of predictors in the
time sample t. In this context, a naive algorithm could perform an evaluation over
all possible combinations of n−1 genes taken k at time, with k = 1, 2, . . . , n−1,
leading to an exponential increasing of the search space with the increment of
n. Ir order to avoid this computational complexity we have adopted a feature
selection method.

Feature Selection Algorithm

Regarding the classification task, a feature selection approach try to select a sub-
set of features that produce the better classification of the observed classes. In
this way, a feature selection algorithm requires two components: a criterion func-
tion that assign a value to a subset of features and a search algorithm whose ob-
jective is performed in order to find a subset of features that minimize/maximize
the criterion function. The SFFS algorithm [31] and other alternative versions
to the canonical SFFS has been applied on GNs inference [32, 33]. Thus, we
adopted the SFFS search strategy on this work.

Criterion Function

We defined a criterion function that includes both the gene expression data and
a topological features. The expression values are used to compute the Mean
Conditional Entropy (MCE) which is presented below.
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Mean Conditional Entropy. In some problems it is necessary to assign a
measure of uncertainty to a given random variable Y after the observation of
another random variable X . For instance, the uncertainty about the value of a
target gene Y after the observation of the value of another gene X . The condi-
tional entropy of Y given x is defined as:

H(Y |x) = −
∑

y∈Y

P (y|x)log[P (y|x)] (1)

The Mean Conditional Entropy [32] is the weighted average of H(Y |x) for
each x ∈ X .

H(Y |X) =
∑

x∈X

H(Y |x)P (x) (2)

In the common context of GNs inference, the algorithm must search for those
variables (i.e. features) that minimizes the MCE even if using few observations.
Furthermore, even one had large observation set, it could be expected that some
system states does not occur because they can be rare [26, 34, 23]. Thus, the
number of observed instances (N) is commonly much lower then the number
of possible instances (M). Thereby, to face this problem the MCE is computed
with penalization of the non-observed instances as defined in [32]:

H(Y |X) =
α(M −N)H(Y ) +

∑N
i=1(fi + α)H(Y |X = xi)

αM + T
(3)

where T is the number of samples, fi the absolute frequency of xi and α is a
parameter to determine the weight of the penalization.

Small-World Networks. The small-world network proposed by Watts and
Strogatz [20] allows to model the increasing of randomness in a regular network.
The SW construction proposed by Watts and Strogatz is defined as follows:
First set N as the number of vertices and k as the average degree. Start with a
one-dimensional ring lattice with each vertex connected to 2k neighbors. Then,
for each vertex rewire each edge with probability p. Thus, p defines the global
randomness of the network which ranges from p = 0 (regular original lattice) to
p = 1 (totally random).

The two main features of this networks are the clustering coefficient (C) and
path length (L). The clustering coefficient (Eq. 4) of a vertex Cv is defined
as follows: given a vertex v, select its m neighbors. Then, count the number
of edges ηv between the m neighbors of v (i.e. except the edges with v). Let
ηm = m(m− 1)/2 denote the maximum number of edges in the sub-graph with
m vertices. Then, compute Cv = ηv/ηm. Thus, the network clustering coefficient
is given by averaging over all vertices:

C =
1

N

∑

v∈V

Cv (4)
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The path length Lij is defined as the number edges in the shortest path be-
tween two vertices vi and vj . The network path length L is the average over all
pair of vertices. Let λ denote the number of paths in the network.

L =
1

λ

∑

vi,vj∈V

Lij (5)

MCE-SW Criterion Function. We defined a criterion function based on the
MCE and the topological properties of SW networks (MCE-SW). The MCE-
SW is a linear combination of MCE and SW features. The topological part is
composed by the two SW features described by Watts and Strogatz [16].

The clustering coefficient is in the interval [0, 1] as defined on Equation 4.
The path length L is a value greater than 1 without upper limit since N is a
network parameter. The theoretical maximum path length for a given pair vi, vj
is N − 1 in a network of size N . However, the path length in a SW network
is frequently very lower than that maximum. Thus, L is normalized through
max-min normalization (Eq. 6). Where min = 1 and max was estimated by
sampling 1000 SW networks with the same k,N and p and taking the maximum
path length. Also, if eventually L is greater than max than we set L = 1.

Normalized(L) =
L−min

max−min
(6)

Form this point we will refer to the Normalized(L) simply as L. The MCE-
SW criterion function has one parameter w ∈ [0, 1] which is the weight of topo-
logical features. We set half of w to each topological measure w1 = w/2 and
set weight of MCE w2 = 1 − w. Thus, the MCE-SW criterion function of two
variables x and y is defined as:

MCE-SWy,x = w2 ×MCEx,y + w1 × L− w1 × C

= w2 ×MCEx,y + w1 × (L− C)
(7)

Where C ∈ [0, 1] and L ∈ [0, 1]. Since, L − C ∈ [−1, 1] we rescale (L − C) in
[0, 1] to maintain a positive score.

SW =
(L− C) + 1

2
(8)

Thus, MCE-SW became:

MCE-SWy,x = w2 ×MCEx,y + w1 × SW (9)

SFFS-SW Feature Selection Algorithm

The proposed search algorithm is composed by two distinct steps. At the fist
step the network is inferred from expression data by using MCE as criterion
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function, which guarantees an initial topology. On the second step each vertex
is revisited at the same order they were visited in the first phase and the MCE-
SW criterion function is applied. As can be seen in Equation 9 the part MCE
gives the local contribution of the edges between a gene y and its predictors.
In other words, MCE does not take into account how the the global topology if
affected by those edges. Differently, the topological part measures how the local
changes influences the global properties of the network. Thus, the second phase
of the algorithm readdress the inferred edges in terms of both local and global
topological effects.

The Algorithm 1 receive N genes G, the expression data set D, the maxi-
mum number of features mf the SFFS will search for each target Y and the
weight of topological measurements w. Once the set or predictors of a target
gene Y is defined by SFFS-SW algorithm, the edges from predictors to target
are added and thus, the network is updated. At each iteration of the second step

input : G,D,mf,w
output: network
var list: predictor-set[N]
First step
foreach target Y ∈ G do

predictor-set[Y ]← SFFS-MCE(Y,G,D,mf)
network ← update-network(predictor-set[Y ])

end
Second step
foreach target Y ∈ G do

predictor-set[Y ]← SFFS-SW(Y,G,D,mf,w)
network ← update-network(predictor-set[Y ])

end

Algorithm 1. Main function of the inference algorithm

of Algorithm 1, the SFFS method is performed to search for the best subset of
size q ≤ mf . The edges from a feature set X to the target gene Y are temporarily
added to the graph in order to compute the topological features and the criterion
function. After the criterion function is computed the edges are removed. At the
end, when the best subset is finally chosen the edges are permanently added in
the network. The Algorithm 2 shows the computation of the criterion function
value for a given feature set X . The algorithm starts by removing all previously
inferred predictor of that target variable in the first step of Algorithm 1. The
inclusion of each feature on this execution take into account how much the added
characteristic affects both the MCE and the network topology by considering all
other previously inferred edges. In other words, the predictor set of each target
is re-inferred from an empty set, based on the possible changes in topology.
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input : Y ,X ∈ G,D,w
output: criterion function value
MCE ← H(Y |X)
network ← add-edges(X,Y )
Compute L,C and SW
MCE-SWX,Y = w2 ×MCEx,y + w1 × SW
network ← remove-edges(X, Y )
return MCE-SWX,Y

Algorithm 2. MCE-SW criterion function computation

Computational Complexity. Assuming a network with N vertex and maxi-
mum degree k, the complexity of SFFS algorithm is performed N times (one for
each target), each with costO(2k). The complexity of computation of the average
clustering coefficient part depends on the number of neighbors kv of each vertex
v. The algorithm must to sum the number of edges between the kv neighbors of
v. Thus, the maximum number of operation for a given vertex is k2, The short-
est path between two vertices is computed in O(N2) and the average shortest
path is computed to N vertex in O(N3). Thus, for each subset of predictors (or
for each target) the algorithm calculates the average clustering coefficient and
average path length procedures performing k2+N3 operations. Thus, the SFFS
performs 2k × (k2 +N3) operations. Since in the context of GNs inference k is
limited to a small value the total cost of one run of SFFS algorithm is O(N3).
The SFFS algorithm is executed N times (one for each target) on each step of
algorithm. Thus the total complexity of algorithm is O(N4). The computational
cost is justified by the increasing in the performance on recovering a network
with better topological features.

Validation. In order to evaluate the method we used the Artificial Gene Net-
works (AGN) simulation and validation model [35, 36] to generate both the
networks and the expression data. The AGN was used to create Watts and
Strogatz SW networks and to simulate the corresponding output signal by con-
sidering a probabilistic boolean network model. To evaluate the performance of
the proposed algorithm we computed the following confusion matrix:

Table 1. Confusion matrix. TP = true positive, FN = false negative, FP = false
positive, TN = true negative.

Edge Inferred Not Inferred

Present TP FN
Absent FP TN

Commonly, in GNs inference it is preferable to predict a low number of edges
with high precision than a high number of edges with low precision. This has
a practical aspect: the inferred relationships will probably be validated through
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some expensive biochemical experiment. Thus, the set of predicted edges can be
as a set of hypothesis to be tested. However, an ideal algorithm model should
recover edges with high precision without missing existing edges. To evaluate
these properties we compute the PPV (Positive Predictive Value, also know as
precision) and Sensitivity (also know as recall or True Positive Rate – TPR). We
adopted also the similarity measure which is a geometrical average of precision
and recall.

PPV =
TP

(TP + FP )

Sensitivity = TPR =
TP

(TP + FN)

Similarity(A,B) =
√
PPV · Sensitivity

(10)

Since we are mostly interested on the inference of networks that follow small-
world properties, we also adopted the computation of trajectories for both clus-
tering coefficient and path length at each step of the inference algorithm.

Results and Discussion

This section presents the experimental results of the proposed methodology when
applied to SW networks. We evaluate our methods in networks with 100 vertices
and average edges k varying from 1 up to 4. We set the rewiring probability to
p = 0.01 and the threshold of the criterion function to 0.3. We performed 10
executions to each configuration. On each execution produced a network in the
first phase (recovered-1 ). Then, the second step of the proposed algorithm was
executed with weights 0.2, 0.4, 0.6, 0.8, 1.0. For each weight the search always
starts from the same recovered-1 network of that configuration.

It is important that the topological features do not suppress the expression
information but on the contrary, be well combined in order to increase the accu-
racy and the networks properties. We find a small variation in accuracy as the
topological information weight vary from 0.2− 0.6 (Figure 1).

The algorithm frequently achieves the highest precision values when w = 0.8
(see Table 2). There is a gain in precision given by the inclusion of topological
information for any value of k. It is interesting to note that when the weight
is 1.0 the PPV decreases fast showing that both expression and topological
information are essential to inference. There is also an improvement in sensitivity
when SW features is used. The exception occurs in the highest connected network
(k=4) were the value is not altered. Thus, this also suggests an interdependence
between topology and the expression. Moreover, the topological features does
not suppress the expression information, but in contrary, the search is biased
through the combination of these two elements. the inference is not dominated
by topological features it is just biased by the new criterion function.

We also analyzed the trajectory of clustering coefficient (C) and path length
(L) – Figure 2. It could be observed distinct behaviors between C and L and
also an improvement on the small-world features of the recovered network.
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Fig. 1. Positive Predictive Value (PPV). The algorithm reaches the highest value with
w=0.8 for any K. The precision decreases fast when the algorithm does not consider
the MCE (w=1.0) showing that both expression and topology is necessary to increase
precision.

Table 2. Precision (PPV), Sensitivity (Recall) and Similarity for k = 1, 2, 3, 4 and
weight=0, 0.2, 0.4, 0.6, 0.8, 1.0

weight
0 0.2 0.4 0.6 0.8 1.0

k=1
PPV 0.56 0.54 0.55 0.56 0.60 0.10
Sensitivity 0.78 0.80 0.80 0.80 0.80 0.09
Similarity 0.76 0.75 0.76 0.76 0.78 0.20

k=2
PPV 0.60 0.57 0.58 0.59 0.65 0.11
Sensitivity 0.58 0.59 0.58 0.58 0.58 0.05
Similarity 0.70 0.69 0.69 0.70 0.72 0.18

k=3
PPV 0.62 0.60 0.61 0.62 0.67 0.13
Sensitivity 0.44 0.45 0.45 0.44 0.44 0.10
Similarity 0.65 0.64 0.64 0.65 0.66 0.10

k=4
PPV 0.67 0.66 0.66 0.67 0.69 0.28
Sensitivity 0.39 0.39 0.39 0.39 0.35 0.01
Similarity 0.64 0.64 0.63 0.64 0.62 0.12
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Fig. 2. Left: trajectory of the average clustering coefficient. The first step of the
algorithm (SFFS-MCE) is printed in black. The achieved value of the SFFS-SW step
is higher than the final value of the SFFS-MCE step (exceptions: weight = 1.0 with
k = 3 and k = 4). Right: trajectory of the average path length (normalized in the
range [0,1]). The SFFS-SW achieves a lower value than the SFFS-MCE. The exception
is weight = 0.8.

With respect to clustering coefficient C the value starts from zero, gradually
increases until it achieves a point. In the second step the value increases when
SFFS-SW is applied, showing the relevance of this topological feature.

With respect to path length, the algorithm presented a distinct behavior. Like
C, on the first phase L starts from zero. However, it can be observed that L
increases fast at the first steps then, it decreases and converges to an smallest
path length. This shows that the SFFS-MCE algorithm drives the search to a
small path length. Following this reasoning, the bias given by the new crite-
rion function drives the path length to a lower value. However, the trajectory
maintains almost stable in respect to path length.

The MCE-SW criterion function improve the features of the inferred network
by increasing the clustering coefficient and maintaining the achieved path length.
The algorithm reach different values as average degree increases.

Conclusion

In this work we presented a new feature selection method, called SFFS-SW
for the inference of GNs. The algorithm uses both expression data and two
topological features of SW networks: high average clustering coefficient and low
average path length. The SFFS-SW combines the Mean Conditional Entropy
(MCE), network clustering coefficient and the network path length through a
criterion function. The search is performed through an SFFS algorithm in two
steps: The first step uses only expression to recover a network. On the second step
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the network is inferred by considering both MCE and SW features. The proposed
algorithm inferred networks with higher precision and recall than the strategy
that uses only expression data. Moreover, the inferred networks are biased to
topology with higher clustering coefficient and lower average path length than
networks inferred without topological information. Thus, even when precision
and recall are very similar between topological and non-topological approaches,
the network features are biased to SW topology in SFFS-SW. The reasoning is
that it is important not only to find a set of correct edges and discard incorrect
ones, but to find those correct edges that are also consistent to the network
topology. Finally, the results indicate that topological information is important
both on the inference process and evaluation of results.
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