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Abstract. Surface reconstruction towards 3D data is a popular case study in the 
field of computer graphics. Although many methods are able to solve surface 
reconstruction problems, but limitations are still appeared. The limitations of 
Kohonen Self Organizing Map (KSOM) model in closed surface was handled 
by introducing Cube KSOM (CKSOM) model. However, the CKSOM model 
output is not in industrial standard format because NURBS are mostly used as 
surface representation in computer aided geometric design. Furthermore, 
NURBS surface approximation result will be affected by the parameterization 
methods. Therefore, the aims are to test and apply NURBS surface approxima-
tion on the CKSOM model output and to obtain less surface errors using differ-
ent parameterization methods. Based on the result, NURBS was proven to be 
able to apply on the CKSOM model output and uniform parameterization me-
thod was proven to be the best method compared to others based on the surfaces 
error obtained. 

Keywords: CKSOM model, Closed surfaces data, NURBS, Parameterization, 
Surface approximation. 

1 Introduction 

Surface reconstruction towards three dimension (3D) data in representing an object 
surface is very popular in the field of computer graphics. This is due to lot of industries 
required it in performing some related and important tasks [1]. Although many meth-
ods are able to represent the surface and handle the problems of surface reconstruction, 
but they are still suffer from limitations because the surface represented is not in the 
industrial standard format for computer graphics. For example, the reconstruction me-
thods are chosen based on the type of data because it can be either in structured or 
unstructured type [2]. The method selected must also be able to represent the surface 
after the unstructured data was organized. As shown in the work of [1], the problems  
of Kohonen Self Organizing Map (KSOM) model and unstructured data as mentioned 
in [3] were successfully handled by introducing Cube KSOM (CKSOM) model. 
KSOM model actually was able to represent the surface and solve the unstructured data 
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problems for open surfaces, but suffer from limitations in representing and handling 
the unstructured data problems for closed surfaces. Therefore, CKSOM model is intro-
duced by [1] in handling the limitations. The idea of CKSOM model is merging six 
two dimension (2D) Kohonen maps to produce a nice closed wireframe surfaces for the 
talus bones. 

Although the connectivity information for each data in forming the object shape 
has been obtained for CKSOM model, but it still cannot be used as a standard data for 
the area of computer graphics. This is due to mathematical modeling, such as B-
Spline and Non Uniform Rational B-Spline (NURBS) are mostly used as surface 
representation in computer aided geometric design (CAGD) due to their advantages 
[4]. In addition, there is still no research works which apply NURBS mathematical 
formulation in forming a closed surfaces shape. For CKSOM model, it forms the 
closed surface by merging six 2D Kohonen maps. The boundary of each surfaces 
actually is joined to avoid the holes appeared. Hence, it is a challenging task in 
representing the closed surface using NURBS mathematical formulation. Further-
more, NURBS surface approximation result will be affected by the parameterization 
methods as different result will be produced when different parameterization methods 
were applied. Therefore, the motivations of this paper are intent to test and apply 
NURBS surface approximation on the CKSOM model closed surface data and to 
obtain less surface errors using different parameterization methods. NURBS mathe-
matical formula is expected to be able to represent the surface of CKSOM model. 

This paper is organized as follows. In Section 2, theories and previous works on 
NURBS, parameterization and surface approximation are reviewed. Section 3 de-
scribes the flows of experiment for NURBS surfaces approximation on CKSOM 
model closed surfaces data. Analysis and discussion on the experimental results are 
presented in Section 4. Conclusion and future work are demonstrated in last section. 

2 Literature Review  

2.1 NURBS Curve and Surfaces 

NURBS is a generalization of Bézier and B-Splines surfaces [2]. NURBS was devel-
oped because previous methods suffer from weaknesses. It is widely used in the  
reverse engineering field and currently is the industrial standards for surface represen-
tation [5-7]. NURBS can also be used as approximation method for scattered data and 
incorporated with most of the current geometric modeling systems [6,8]. The recon-
structed surface for NURBS is smoother and it able to deal with non-uniform dataset 
[9]. Since NURBS is generalized from Bézier and B-Splines, hence related parame-
ters are needed to specify a NURBS curve and surface. Knot vector is used to define 
the information on how much should be shared by neighbor curves (segments) [10]. 
Although the data can be in the non-uniform while using NURBS, but it is difficult to 
handle noisy data. NURBS surface at parameter (u,v) is defined as S(u,v): 

 , ∑ ∑ , , , ,, , ,                        (1) 
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where Pi,j is the three dimensional control net points, u and v are the parameter, Ni,k (u) 
and Mj,l (v) are the nonrational B-Spline basis functions, hi,j is weight while n and m is 
the number of control points. The authors of [11] solved the optimization of NURBS 
surfaces using linear least squares fitting to approximate the shape. NURBS modeling 
was used in [12] to solve the shape reconstruction of 3D conducting curved plates. 
While for [13] work, NURBS is used to detect the curvature, generate the rectangle 
meshes and also build UV parameter lines. Previous works shows that NURBS is 
suitable to be applied in the approximation problems. 

2.2 Parameterization and Surface Approximation 

Parameterization and surface approximation are the processes involved in surface 
reconstruction. Visualization and accuracy of the surface reconstruction result will be 
affected by the process involved. After the data were reorganized and connectivity of 
each data was obtained, the parameter for each data on the curve and surface can be 
obtained through parameterization process. The parameter will be used as the input 
for B-Spline or NURBS curve and surface to represent the shape of an object through 
mathematical modeling and simplify complicated 3D problems into 2D tasks [14]. 
Surface approximation is the process of approximating the generated surface towards 
original surface using mathematical modeling.  

Several parameterization methods along with the characteristic were discussed in 
the previous works [6,15,16]. Uniform method is the simplest method compared to 
others [16]. While chord length method will be performed using arc length approx-
imation. Centripetal method is the modification based on chord length method [17]. 
After parameterization was performed, knot vector will be generated using knot 
vector generation method. Based on [16], equally spaced method is the simplest 
method to generate knot vector because parameters are not required to perform this 
method. Parameters from parameterization will be used in averaging knot vector 
method to generate the knot vector. Based on the parameters and knot vectors  
generated, hence basis functions and control points for B-Spline or NURBS surfac-
es can be calculated. Performance of different parameterization methods by using  
different curve data on B-Spline can be referred from [18] work. The result  
indicates that the shape and accuracy of curve and surface can be affected by the 
parameterization methods selected. 

3 Flow of Experiment 

This section discusses the flow of experiment in this paper. The experiment is imple-
mented and images are created using Dev C++ and GNU Plot. Fig. 1 shows the steps 
followed for NURBS surfaces approximation on CKSOM model closed surfaces data. 
There are 4 main processes with different number of steps in performing the experi-
ment. Each process with the steps is presented in the following subsections. 
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Fig. 1. Flowchart for NURBS surfaces approximation approach 

3.1 Acquiring Data 

The data used for this paper will be the output of CKSOM model, which is the initial 
sketch of the talus bone (medical image) with the grid size of 20 structured closed 
surfaces data. They are in 3D coordinates (x, y, z) form. Six 2D Kohonen maps were 
used to form the CKSOM model in solving the closed surface data problems, hence 
there will be six surfaces data produced [1]. Each surface data will be inserted and 
used to perform parameterization and knot vector generation separately in order to 
obtain control points to generate the NURBS surfaces for talus bone. 

3.2 Parameterization and Knot Vector Generation 

NURBS surfaces approximation approach will be used in this experiment to generate 
the surfaces data. Perform parameterization and generate knot vectors are the steps 
involved in this process. 
 
Perform Parameterization. The parameters (u and v) for each surface will be ob-
tained through parameterization process. In order to clearly specify the parameter 
values of each surface, hence the parameters will be stated in the vector form, Usi and 
Vsj, where U is the vector consists of parameter u in horizontal direction and V is the 
vector consists of parameter v in vertical direction of each surface. While s is the sur-
face number, i is the row and j is the column. As stated in the previous section, 
CKSOM model used six 2D Kohonen Maps to form the closed surface and they are 
arranged based on this order (bottom, left, back, right, front, top). Hence, the surface 
number will be arranged according to this order (bottom = 1, left = 2, back = 3, right 
= 4, front = 5, top = 6). Uniform, centripetal and chord length methods are used to test 
the approach efficiency. The result will be used to compare the surface errors at the 
final step. After parameters (Usi and Vsj) for each surface were obtained, in order to 



606 S.P. Lim and H. Haron 

 

(4) 

construct the surface, average parameters of each row and column for each surface 
will be used to generate the knot vectors.  Equations 2 and 3 are referred from [19] 
will be used to calculate the average parameters for each surface. The equations have 
been modified by adding the surface number: 

 , , , ,1  

 , , , ,1  

 
where ssi are average parameters in the u direction, rsj are average parameters in the v 
direction, s is the surface number, i is the row and j is the column.  

 
Generate Knot Vectors. Averaging knot vector method is used to generate the knot 
values for each surface. This method has been suggested and referred from [16] and 
[20]. Assume that n+1 parameter with u0, u1,..., un and the degree d.  Therefore, m+1 
knot will be generated where m = n+d+1. Average knot vector is generated as below:  
 0 

 1 , 1,2, … ,  

 1 
 

where t is the knot vector. The equations shown above are applicable for both U and V 
parameters in order to generate the knot vectors for each surface. 

3.3 Calculation of Basis functions, Control Points and Surfaces Data 

Based on [15], because rational form leads to nonlinear problem, therefore some re-
searchers assigned the weight, hi = 1 to avoid from the problem. By doing so, the 
NURBS surface will be reduced to B-Spline surface [16]. According to [21], a curve 
or surface must used at least with cubic degree (order 4) to represent the generic 3D 
entities. Therefore, the parameters will be assigned based on the suggestions given. 
There will be three steps involved in this process. 

 

Perform Basis Function Calculation. Basis function (Nu and Nv) for each surface 
will be calculated based on the generated knot vectors so that control points can be 
obtained in the next step. Each surface basis function will be separately performed. 

 

Perform Control Points Calculation. Equation 8 will be simplified and used to per-
form the calculations to determine the control points of NURBS for each surface. 

 

(3) 

(6) 

(5) 

(2) 
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where Nu and Nv is the basis function for each surface, P is the control point, D is the 
CKSOM model closed surface data, Nu

T and Nv
T is the transpose basis function, Nu’ 

and Nv’ is the product of Nu
T and Nu, Nv

T and Nv, Nu’
-1 and Nv’

-1 is the inverse of Nu’ 
and Nv’. This kind of concept is used due to different matrix row and column involved 
in the calculation as the row and column for both basis functions are different.  

 
Perform Surfaces Data Calculation. In order to generate the NURBS surfaces data, 
equation below will be used: 

 
 

 
where Nu and Nv is the basis function for each surface, P is the control point and DG is 
the NURBS surface data. After the NURBS surface data for each surface were ob-
tained, comparison on the approximation of NURBS surface data towards CKSOM 
model closed surface data can be performed in the next process. 

3.4 Calculation of Surfaces Error 

Based on the CKSOM model structure, surfaces error equation is formed based on 
Euclidean’s distance formula:  

 

 

 
where E is total surfaces error between CKSOM model data and NURBS surfaces 
data, Dsij is the CKSOM model data in 3D coordinates, Dsij

G is the NURBS surfaces 
data in 3D coordinates, s is the surface number, n is the grid size, i is the row and j is 
the column in each CKSOM model and NURBS surfaces. Each NURBS surfaces data 
coordinates (xG

sij, y
G

sij, z
G

sij) will be compared with CKSOM model data coordinates 
(xsij, ysij, zsij) in order to show the approximation result using surfaces error. In addi-
tion, the surfaces error will be compared by using different control points and parame-
terization methods in order to prove its efficiency. The smaller surfaces error con-
cludes that the more approximate NURBS surfaces data towards CKSOM model data. 

(8) 

(9) 

(10) 
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4 Experimental Results 

This section demonstrates the analysis on the experimental results. Number of control 
points, CP and three parameterization methods were used to test the efficiency of the 
approaches. Table 1 shows the image results of different control points and paramete-
rization methods. When number of control points increased, better surface was ob-
tained due to more control points being used to adjust the shape of the bone.  

Table 1. Image result of different control points and parameterization methods 

CP Uniform Centripetal Chord Length 

6 

   

8 

  

10 

  

12 

  

14 

  

16 

  

18 

  

 
CKSOM model output do not contains holes on the surface because enhancement 

was performed on KSOM model and handled this problem. However, when CKSOM 
model output was applied with NURBS, the surface produced contains holes. The 
holes actually are the linkages between 2 surfaces, which share the same connectivity 
of data on the edges. Due to different parameters were obtained after parameterization 
was performed on each surface, therefore different coordinates were obtained on the 
same location and incorrect surface were produced. The holes size reduced as the 
number of control points increased. The results also proved that when number of con-
trol points is equal to at least half of the grid size, better surface were obtained and the 
holes are smaller for all parameterization methods. Therefore, the surface of the object 
is depending on the grid size of CKSOM model and control points of NURBS. The 
holes appear can be handled by doing some enhancements. 
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Based on the result shown in Table 2, surfaces error for various parameterization 
methods with different control points were decreased as number of control points 
increased. The results proved that as number of control points increased, the NURBS 
surfaces produced is more approximate to the CKSOM model output because less 
surfaces error is obtained. When control points are equal to at least half of the grid 
size, the surfaces error drop drastically for all parameterization methods. When less 
control points were used to adjust the shape and the size is less than half of grid size, 
hence poor result were produced. Due to different parameters values were obtained 
during parameterization and different coordinates have been generated for the same 
location of data, hence the surface errors were increased. Therefore, the surface of the 
object is depending on the grid size of CKSOM model and control points of NURBS.  

Table 2. Surfaces error of different control points and parameterization methods 

CP Uniform Centripetal 
Chord 
Length 

 
CP Uniform Centripetal 

Chord 
Length 

6 19.477377 19.214752 18.927792  14 0.680090 0.684803 0.697408 
8 12.410188 12.289616 12.172818  16 0.461380 0.460595 0.464579 

10 1.250553 1.274489 1.312704  18 0.269810 0.271472 0.275149 
12 0.928254 0.940571 0.963374      

 
The parameterization methods do not affect on the surface of the bone because the 

surface produced for all methods are roughly similar, as shown in the images in Table 
1. This concludes that all methods can be used to produce the surface for talus bones. 
However, the accuracy of the surface errors will be affected by the parameterization 
methods. Notice that uniform methods performed better in this experiment for approx-
imation problem. It able to obtain less surfaces error compared to centripetal and 
chord length when number of control points is equal to 10 to 14 and 18. Chord length 
method is able to achieve less surfaces error when number of control points is equal to 
6 and 8. Centripetal method is able to obtain less surfaces error when number of con-
trol points is equal to 16. The result in Table 2 proved that surfaces errors can be af-
fected by parameterization method. 

5 Conclusion and Future Work 

NURBS surface approximation was proven to be able to apply on the output of 
CKSOM model. However, based on the image results, the surface of the bone con-
tains holes when NURBS was applied. This is due to different surface parameters 
were produced based on the approach, hence incorrect range of knot vectors as boun-
dary will be shared by the same location of data. This is because same location data 
have different coordinates. As a result, surface errors were increased and incorrect 
shape which contains holes was obtained. For the data from the same location, they 
should have the same parameters. Uniform parameterization method was proven to be 
the best method compared to others based on the surface errors obtained. 

Future work should consider in enhancing and improving theory. The holes on the 
surface should be solved by doing enhancement. Although the data represent different 
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surface, since it is the same location, hence the data must only contain one parameter 
value. Therefore, parameters and control points for each surface should be standar-
dized in the beginning before the surface data were generated. In addition, optimiza-
tion can be performed by reducing the surfaces error. Mathematical or soft computing 
methods, such as Genetic Algorithm, Differential Evolution or Particle Swarm Opti-
mization can be applied to solve the issues. As stated by [22] and [23], performance 
of soft computing field is a good research field to be further explored. Hence the op-
timization on surfaces error is suitable to be applied using soft computing methods. 
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