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Abstract. In this paper, we propose a new set of Charlier-Tchebichef invariant 
moments. This set is derived algebraically from the geometric invariant mo-
ments. The presented approach is tested in several well known computer vision 
datasets including moment’s invariability and classification of objects. The per-
formance of these invariant moments used as pattern features for a pattern clas-
sification is compared with Tchebichef-Krawtchouk, Tchebichef-Hahn and 
Krawtchouk-Hahn invariant moments. 
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1 Introduction 

The theory of moments has been widely used for image analysis and pattern recogni-
tion [1-5]. Hu [1] has derived a complete system of geometrical moment invariants 
under the transformations of translation, scaling, and rotation of the image. This set of 
moments is not orthogonal which causes the redundancy of information. To overcome 
this problem, the continuous orthogonal moments as Legendre [2], Zernike [2], Ge-
genbauer [3] and Fourier-Mellin [4] are introduced in the fields of image. The ortho-
gonal property  of continuous orthogonal moments assures the robustness against 
noise and eliminates the redundancy of information [2-4], but their computation re-
quires the discretization of continuous space and the approximation of the integrals 
which increases the computational complexity and causes the discretization error     
[5-9]. To eliminate this error, the discrete orthogonal moments such as Tchebichef 
[8], Krawtchouk [9], Charlier [10] and Hahn [11-13] have been introduced in image 
analysis and pattern recognition. The use of this set of moments satisfies exactly the 
orthogonal property and eliminates the need for numerical approximation [14-15].  

Recently, a novel set of discrete and continuous orthogonal moments based on the 
bivariate orthogonal polynomials have been introduced into the field of image analy-
sis and pattern recognition [16-18]. In this paper, we present a new set of discrete 
orthogonal moments based on the product of Charlier and Tchebichef discrete ortho-
gonal polynomials which are denoted Charlier-Tchebichef moments (CTM). The 
paper also proposes a new set of discrete invariant moments of Charlier-Tchebichef 
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(CTMI) under translation, scaling and rotation of the image. The CTMI is derived 
algebraically from the geometric invariant moments. The accuracy of object classifi-
cation by our descriptors CTMI is compared with Tchebichef-Krawtchouk invariant 
moments (TKMI) [16], Tchebichef-Hahn invariant moments (THMI) [16] and Krawt-
chouk-Hahn (KHM)[16] invariant moments.  

The rest of the paper is organized as follows: In Section 2, we present the known 
results of the Charlier and Tchebichef discrete orthogonal polynomials with one vari-
able. Section 3 presents the definition of CTM moments.  Section 4 focuses on the 
deriving of CTMI from the geometric moments. Section 5 provides some experimen-
tal results concerning the invariability and objects classification by CTMI. Section 6 
concludes the work. 

2 Classical Discrete Orthogonal Polynomials 

In this section, we will present a brief introduction to the theoretical background  
of classical discrete orthogonal polynomials with one variable of Tchebichef and 
Charlier [19-20]. 

2.1 Tchebichef’s Polynomials 

The nth Tchebichef polynomial is defined by using hypergeometric function as: 
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The normalized discrete orthogonal polynomials of Tchebichef are defined by: 
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2.2 Charlier’s polynomials 

The nth discrete orthogonal polynomial of Charlier 1 ( )a
nC x  is defined by using hyper-

geometric function as [20]:     
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The normalized discrete orthogonal polynomials of Charlier are defined by: 
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3 Charlier-Tchebichef Moments 

The two-dimensional (2-D) Charlier-Tchebichef’s discrete orthogonal moments 

(CTM) of order (n+m)th of an image intensity function ( , )f x y  with size M N×  is 
defined as: 
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with 1 ( )a
nC x and ( , 1)nt y N −  are the nth order of orthonormal polynomials of Char-

lier and Tchebichef respectively. 

4 Charlier-Tchebichef’s Invariant Moments 

4.1 Geometric Invariant Moments 

Given a digital image ( , )f x y with size M×N, the geometric moments nmGM  are de-

fined using discrete sum approximation as: 
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The set of geometric invariant moments (GMI) by rotation, scaling and translation 
can be written as [1]: 
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The (n+m)th central geometric moments is defined in [1] by: 
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4.2 Computation of Charlier-Tchebichef’s Invariant Moments  

To use the Charlier-Tchebichef’s moments for the objects classification, it is indis-
pensable that be invariant under rotation, scaling, and translation of the image. There-
fore to obtain the translation, scale and rotation invariants moments of Charlier-
Tchebichef (CTMI), we adopt the same strategy used by Author et al. for Hahn’s 
moments in [12]. That is, we derive the CTMI through the geometric moments.  

The Charlier-Tchebichef moments of ( , )f x y  can be written in terms of geometric 
moments as: 
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The Charlier-Tchebichef’s invariant moments (CTMI) can be expanded in terms of 
GMI as follows: 
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where ,m jδ and 1( )
,
a

n iα  are the coefficients relative to Eq.(1)  and Eq. (4) and ,i jV are 

the parameters defined as:  
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5 Results and Simulations 

In this section, we give experimental results to validate the theoretical results developed 
in the previous sections. This section is divided into two sub-sections. In the first sub-
section, we showed the invariability of CTM under the three transformations translation, 
scaling and rotation. In the second sub-section, the recognition accuracy of CTMI is 
tested and compared to other descriptions given in [16] for objects classification. 

5.1 Invariance 

In this section we test the invariance of Charlier-Tchebichef invariant moments under 
translation, scale and rotation of the image. For this we will use a gray-scale image 
“Cat” (Fig.1) whose size is 128x128 pixels chosen from the well-known Columbia 
database [21]. This image is scaled by a factor varying from 0.5 to 1.5 with interval 
0.05, rotated from 00 to 3600 with interval 10 and translated by a vectors varying from 
(-5,-5) to (5,5). Each translation vector consists of two elements which represent a 
vertical and a horizontal image shift respectively. All invariant moments of CTMI is 
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Fig. 3.   Comparative study of relative error between the scaled image and the original image 
by CTMI, TKMI, THMI and KHMI 

 
Fig. 4. Comparative study of relative error between the translated image and the original image 
by CTMI, TKMI, THMI and KHMI 

Figure 4 shows the relative error between the CTMI, TKMI, THMI and KHMI rel-
ative to translation. The figure shows again that, in most cases, the relative error of 
CTMI is more stable and better performance than the TKMI, THMI and KHMI, 
whatever the translation vectors. Note that, the results are plotted in Figures (2, 3 and 
4) for the case 1 80a = for the Charlier’s polynomials, 0.5p = for Krawtchouk’s poly-

nomials and 10a b= = for Hahn’s polynomials. 
The results show that the CTMI is more s table under translation, scale and rotation 

of the image than the TKMI, THMI and KHMI. 
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5.2 Classification 

In this section, we will provide experiments to validate the precision of recognition 
and the classification of objects using the CTMI. For this, we will put in place the 
characteristic vectors defined by: 

  ;  , 0,1,2ijV CTM i j = =   (15) 

To perform the classification of the objects to their appropriate classes we will use 
simple classifiers based on Euclidean distances [23]. 
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The above formula measure the distance between two vectors where sx  is the n-

dimensional feature vector of unknown sample, and ( )k
tx the training vector of class k . 

If the two vectors x  and y  are equals, then ( , )d x y  tend to 0. Therefore to classify 
the images, one takes the minimum values of the distance.  

We define the recognition accuracy as: 

 

Number of  correctly classified images
100%

The total of  images used in  the test
η = ×

 (17) 

In order, to validate the precision of recognition and the classification of objects 
using the CTMI, we well use two image databases. These bases are standard bases 
used by the scientific community during the testing and validation of their approach 
and are freely available on the Internet. Each image database has defined the classes 
where each image belongs to one class. The first database is MPEG-7 CE-shape-1 
Part [22]. This database contains 20 different binary images for 72 objects. Each im-
age is resized in 128x128. This base has the characteristic of being widely used in 
image classification. The second image database is the Columbia Object Image Li-
brary (COIL-20) database [21]. The total number of images is 1440 distributed as 72 
images for each object. All images of this database have the size 128x128. We tested 
the ability of classification of our descriptor CTMI compared to other descriptors of 
TKMI, THMI and KHMI [16] for the two databases. The test is followed by adding 
different densities of salt-and-pepper noise.  

The results of Table 1 and Table 2 show the efficiency of the CTMI in terms of 
recognition accuracy of noisy images, compared to those of THMI, TKMI and KHMI. 
The comparison results shows the superiority of the proposed moments based on po-
lynomials the Charlier and Tchebichef relative to moments based on the other poly-
nomials. Note that the recognition of non-noisy binary image by our method is 100%, 
and the accuracy of the recognition decreases with increasing noise. 

Finally, the proposed CTMI are robust to image transformations under noisy condi-
tions and the recognition accuracy. 
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Table 1.   Classification results of MPEG-7 CE-shape-1 database using Euclidean distance 

  Salt &pepper noise 
 Noise free 1% 2% 3% 4% 
TKMI 100% 97.18% 95.67% 91.29% 91.01% 
THMI 100% 76.89% 94.36% 91.85% 89.57% 
KHMI 100% 97.19% 95.81% 92.03% 90.14% 

CTMI 100% 97.58 % 96.15% 93.64% 91.47% 

Table 2.   Classification results of COILL-20 objects database using Euclidean distance 

Salt &pepper noise 

 Noise free 1% 2% 3% 4% 
TKMI 96.57% 95.49% 87.65% 79.14% 74.38% 
THMI 97.06% 95.25% 88.24% 78.16% 75.01% 

KHMI 97.35% 95.47% 87.14% 80.56% 74.64% 

CTMI 98.15% 96.24% 89.58% 81.25% 76.98% 

6 Conclusion 

In this paper, we have proposed a new set of Charlier-Tchebichef discrete orthogonal 
invariant moments. This set of invariant moments is derived algebraically from geo-
metric invariant moments. The invariability and the accuracy of recognition of the 
proposed CTMI in the classification of the object are carried out and are better than 
that of TKMI, THMI and KHMI. These moments have desirable image representation 
capability and can be useful in the field of image analysis.               
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