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Abstract. This study aims to help learners read mathematical proofs. Mathe-
matical proofs consist of propositions and are logically structured. The structure 
is based on inferences, i.e., a proposition as consequence is derived from propo-
sitions as premises. However, the structure is not always represented explicitly 
in proofs written in natural language, which prevents learners from understand-
ing the proofs. Therefore, we develop a system that allows mathematics teach-
ers or content providers to create diagrams illustrating logical structures of 
proofs based on natural deduction to provide learners a visual aid that improves 
their understanding. The diagrams created by our system display natural deduc-
tion and arrange additional information (e.g., symbol definitions or explanation 
to assist understanding) as comments. Further, the system has a function to add 
buttons to show/hide parts of the proof based on individual learners’ require-
ments. Further, we introduce the basic components of a diagram and the method 
to create it. 
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1 Introduction 

Mathematical proofs play a significant role in mathematics education, because proofs 
allow learners to confirm that theorems or propositions are logically true. However, 
proofs are usually written in natural language, occasionally causing learners difficulty 
when attempting to understand the logical structure of proofs. Proofs consist of prop-
ositions; further, propositions as consequences are derived from other propositions as 
premises by inference. If inference in proofs is represented intuitively, the learners’ 
understanding of proofs is likely to be enhanced. Therefore, we propose a framework 
of diagrams for visualizing the process of applying inferences in proofs and a method 
that mathematics teachers and learning material developers can use to create such 
diagrams. Our system visualizes inference between propositions, each of which is 
represented in natural language. 

Our diagram is based on proof diagrams used in natural deduction [1]. In proof di-
agrams, each proposition is separated explicitly, and the inference is represented as 
tandem propositions (i.e., lower propositions are derived from upper propositions). 
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Because novice learners might find representation in proof diagrams difficult, we 
propose to change two components of proof diagrams. Although proof diagrams 
represent only the structure of inference, proofs written in natural language include 
additional information (e.g., definitions of symbols or explanations). Such additional 
content is important for learners to understand the proofs. Hence, we provide a func-
tion to arrange the content in diagrams as comments. Further, our system also pro-
vides support to include inferences that are used frequently in proofs, such as mathe-
matical induction, the law of contraposition, or proof by exhaustion. 

Software called a proof assistant was developed to help users produce proofs [2]. A 
proof assistant is used to interactively build a formal proof. The software can enhance 
learners’ skills to write proofs. However, learning to write proofs is different from 
learning to read proofs, and reading is an important and necessary learning activity 
[3]. Moreover, learners who cannot grasp the structure of proofs should learn to read 
the proof, not write it. Our system aims to help learners read proofs. Previously, we 
proposed a framework for visualizing proofs [4]. In this paper, new functions are 
added to show comments and to adjust the content displayed; in addition, a method to 
create diagrams is discussed. 

The remainder of this paper is organized as follows. In Section 2, we describe the 
basic components of our diagram and the relationship between components and natu-
ral deduction. Section 3 discusses the method to create diagrams, which includes  
constructing the inference structures, inserting comments in proofs, and applying 
templates (which correspond to inferences that appear frequently in proofs). In  
Section 4, our diagram of a proof is presented with an example. Section 5 presents 
concluding remarks and future works. 

2 Diagram Components 

Our diagram is based on the proof diagrams used in natural deduction. Proofs are 
represented as a tandem sequence that consists of premises and consequences. If all 
the premises situated above are true, the derived consequence situated below must be 
true. In our diagram, each proposition (i.e., a premise or a consequence) is enclosed 
by a rectangle, and premises and their consequence are connected with a line. Fig. 1 
shows a diagram for the derivation B from A1 and A2 (or A , A B). 
 

 

Fig. 1. Diagram of the derivation B from A1 and A2 

The appropriate content of proofs depends on the learners’ proficiency. If certain 
content is obvious to a learner, he/she will find them uninteresting (e.g., showing a 
proposition B in A B C to a learner who knows A C). Therefore, a function to 
show/hide parts of proofs aids in determining the best content to display. 

A1 A2

B
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We adopt two different representations of proof diagrams in natural deduction for 
the intuitive understanding of learners. First, the derivation of multiple consequences 
from one premise is described. In natural deduction, because proof diagrams are 
structured as a tree, one premise must correspond to one consequence. For example, 
when we derive A from A and B and B from A and B, the premise A and B appears 
twice in the diagram. This notation might cause difficulties in understanding for the 
learners. In our diagram, when multiple consequences are derived from a single pre-
mise, the inference is represented as a single upper rectangle and multiple lower rec-
tangles connected with lines. Fig. 2 shows a diagram of the inference. 

 

 

Fig. 2. Derivation of multiple consequences from a single premise 

The second representation is a nested structure of proofs. In natural deduction, a 
consequence if A then B is derived from derivation of A from B. We consider that this 
inference constructs a nested structure, because the inference itself (which is the inner 
proof of the nest) serves as a premise. In natural deduction, a representation called 
discharging A is used to clarify that A is not a premise of if A then B, but such a repre-
sentation might be challenging for novice learners. In our diagram, the inner proof of 
a nested structure (i.e., A A A ) is enclosed by a rectangle, and the deriv-
ing proposition (i.e., if A1 then An) is placed under said rectangle. Fig. 3 shows an 
example of a nested structure. The symbol “ ” shown in Fig. 3 represents a sequence 
of rectangles that contain Ais. 

 

 

Fig. 3. Diagram of nested proof 

Comments can be added to each proposition and one-step inference. Proofs written 
in natural language usually include additional information. Such information should 
be described in our diagram because the information helps learners interpret the proof. 
When comments are present, icons are displayed in the diagrams. The content of such 
comments appear when users hover the mouse cursor over the icons.  

A B

A and B

A1

A2

An

if A1then An
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3 Creating Diagrams 

In this section, we discuss our proposed methodology for creating diagrams, which 
includes constructing inference structures, inserting comments in proofs, and applying 
templates. Here, in the initial phase, an empty rectangle is set. 

3.1 Constructing Structures of Proofs and Describing Comments 

To create a new rectangle, users select an existing rectangle and choose to insert a 
rectangle as a premise or as a consequence. If the new rectangle is inserted as a pre-
mise, it is situated above the selected rectangle. However, if the new rectangle is in-
serted as a consequence, it is situated below the selected rectangle. Users can input an 
arbitrary sentence in natural language for each rectangle. Further, mathematical ex-
pressions are input using TeX notation. Proof structures are constructed by repeatedly 
inserting rectangles as described in this paragraph. 

Comments are assigned to a single proposition or a one-step inference. When users 
select a single rectangle or a single vertical line and choose to insert a comment, an 
empty comment bubble is added. An arbitrary sentence with mathematical expres-
sions can be written in the comments. 

3.2 Templates 

Templates that represent inferences used frequently in proofs are provided in order to 
create diagrams efficiently. To use these templates, users can select an empty rectan-
gle and input the information required by each template. Fig. 4 shows an example of a 
template that represents proof by exhaustion. 
 

 

Fig. 4. Template of proof by exhaustion 

The left “ ” symbol in Fig. 4 means Ai or Ai+1 (i is 1 to n-1) and the right “ ” 
symbol represents a sequence of rectangles, including if Ai then B. This template re-
quires a value for n and the content of A, B, and Ai. The templates are completed with 
information input by users. A nested structure can also be created using a template. 
The information required for a nested structure is the premise and the consequence. 

Parts of sentences in rectangles that are related to a template are usually identical. 
For example, in Fig. 3, n + 1 rectangles have parts identical to B. Templates reduce 
the teachers’ burden of writing identical sentences, and help prevent writing incorrect 
sentences. 

if A, then A1 or … or An if An then B

if A then B

if A1 then B
…
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4 Example of a Diagram 

Fig. 5 illustrates an example of a proof diagram created by our proposed methodolo-
gy. The diagram proves if , then at least one of , , and  is even. 
 

 

Fig. 5. Diagram of if , then at least one of , , and  is even. 

The comment bubbles that appear in the diagram indicate that comments have been 
assigned to certain propositions or inferences. In Fig. 5, the content of the uppermost 
comment is , , and  are natural numbers, the middle comment is because the 
sum of two odds is even, and the bottom comment is by the law of contraposition. 
Each proposition can be folded by clicking the icon on the upper-right corner of each 
rectangle. The icon ⊞ that appears on vertical lines indicates that there is a folded 
proposition at that location. The folded proposition in Fig. 5 is  is not even. By 
clicking the icon ⊞, the proposition can be unfolded. 

5 Concluding Remarks 

In this paper, we discuss proof diagrams based on natural deduction and a method for 
creating these diagrams such that learners can understand proof structures intuitively. 
The diagrams comprise rectangles that represent propositions, and the propositions are 
connected with lines. The rectangles situated at the top of the diagram are premises, and 
they are connected to those situated at the bottom of the diagram, which are conse-
quences. Comments can be annotated on the diagrams to show additional information to 
help the learners’ understanding. The diagrams are created by repeatedly inserting a 
rectangle as a premise or as a consequence. Moreover, we provide templates that have 
typical proof structures in order to reduce the teachers’ burden of creating diagrams. 

,   , and are odd.

is odd. is odd. is odd.

is odd. is odd. is odd.

is even.

Not .

If ,    , and are odd, then not . 

If , then at least one of  ,    , and is even.
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In the future, the ability to read our diagrams would be linked to the skill of inter-
preting proofs written in natural language as the diagram. Because proofs are usually 
described in natural language, learners must grasp the structure of inferences from 
such proofs unassisted. We plan to develop a tool that displays a proof both as sen-
tences in natural language and as a diagram such that, when rectangles in the diagram 
are clicked, the corresponding sentence in the natural language is highlighted. 

Second, the propositions in the diagrams are described currently in natural lan-
guage. If we allow the diagram creators to add logic information to propositions, to 
utilize the data format to encode semantics of mathematical expressions [5], and to 
use the technology of automated proof checking [6], the validation of diagrams might 
be possible. 
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