
Chapter 5
When Is a Proof a Proof?

In his famous talk at ICME 2 (Exeter 1972) the French mathematician R. Thom
pointed out that any conception of mathematics teaching necessarily rests on a cer-
tain view of mathematics (Thom 1973, 204). As a consequence mathematics edu-
cation cannot develop without close links to mathematics. However, “mathematics”
must not be identified with the “official” picture of mathematics represented by lec-
tures, mathematical journals and textbooks. What is needed is a fundamental and
comprehensive view of mathematics as a cultural phenomenon including historic,
sociological, philosophic and psychological aspects. Only this broader perspective
permits us to recognize the “real” picture ofmathematics and to use it formathematics
education.

In teacher training this extended perspective is necessary not only to provide
prospective teachers in didactical courses with a sound meta-knowledge about math-
ematics but also with a productive relationship to school mathematics. During the
past decade the investigations on the professional life of teachers have convincingly
shown that school mathematics is not just a derivative of university mathematics
but a relatively independent field, as it contains a variety of aspects which cannot
be reduced to bare mathematical forms (Otte and Keitel 1979; Steinbring 1985,
1988; Dörfler and McLone 1986). As far as teacher training is concerned this new
appreciation of school mathematics has influenced didactical and practical studies
in pre-service and inservice training (Seeger and Steinbring 1986).

We believe, however, that in addition themathematical training of student teachers
has to be modified by including studies in elementary mathematics which emphasize
meaning, process and informal means of representation, thus enabling student teach-
ers to experience educational values of mathematics. Our position has developed
through the past ten years while we have been strongly involved in reforming our
teacher training programs. An example of what we have in mind is provided by a
recent textbook on elementary geometry (Wittmann 1987).

The present paper aims at elaborating a central point of this kind of elementary
mathematics, namely the notion of a sound informal proof. InGermanweuse the term
“inhaltlich-anschaulicher Beweis” in order to indicate that this method of demon-
stration calls upon the meaning of the terms employed, as distinct from abstract

© The Author(s) 2021
E. C. Wittmann, Connecting Mathematics and Mathematics Education,
https://doi.org/10.1007/978-3-030-61570-3_5

61

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-61570-3_5&domain=pdf
https://doi.org/10.1007/978-3-030-61570-3_5
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methods, which dispense with the interpretation of the terms and employ only the
abstract relations between them.

During the seventies and eighties “proof” has been the subject of extended research
in mathematics education (cf. the carefully collected list of references in Stein 1981,
as well asWinter 1983a and Stein 1985). A completely new line of research has been
opened up byGilaHanna’s book “Rigorous Proof inMathematics Education” (Hanna
1983). This book was the first comprehensive attempt to transfer to mathematics
education new tendencies in the philosophy of mathematics which originated in
1963 in Imre Lakatos’ famous thesis “Proofs and Refutations” (Lakatos 1979).

The present paper is intended as a further contribution to the demystification of
formalism inmathematics education. The first section shows bymeans of case studies
that formalistic views on proof are still widely spread among mathematics teachers
and student teachers. The second section gives some examples which show that in
mathematical research informal and social aspects are highly important not only for
finding but also for checking proofs. For overcoming these formalistic viewswe offer
two strategies. One of them consists of referring to papers of leading mathematicians
who give an authentic account of what their work is about. The other strategy is to
elaborate informal mathematics as an independent level of mathematical thought.
The third section of this paper explains in more detail what is intended by this
“elementary mathematics research program of mathematics education”.

1 Proofs and “Proofs”

The formalistic conception of mathematics, established during the first half of this
century, definesmathematics as the science of “rigorous proof”, i.e. the purely logical
derivation of concepts from basic concepts and of theorems from axioms. As an
illustration we refer to Pickert (1957, 49):

Fortunately research into the foundations of mathematics – typical for this century – has
developed a notion of mathematical proof which is independent of any imagination. I will
start from this notion, explain it bymeans of a few examples and Iwill try to showbymeans of
further examples what instruments are available in order to handle proofs in a more effective
way, i.e. instruments which facilitate communication, retrieval and the discovery of proofs.
It is the totality of these instruments which I would like to call “imagination” (Anschauung).
In this way imagination is restricted to a certain domain: we use it as a guide, but wemust not
trust it. The validity of proofs depends only on what is left when imagination is completely
removed. In my view this position is justified for the following reasons: first I do not see
how generally accepted decisions on the validity of a proof could be made otherwise - i.e.
by using imagination. Second I believe that this position reflects the view of contemporary
mathematicians.

The following quotation from MacLane (1981, 465) is even more pointed:

This use of deductive and axiomatic methods focuses attention on an extraordinary accom-
plishment of fundamental interest: the formulation of an exact notion of absolute rigor. Such
a notion rests on an explicit formulation of the rules of logic and their consequential and



1 Proofs and “Proofs” 63

meticulous use in deriving from the axioms at issue all subsequent properties, as strictly
formulated in theorems. Moreover, each derivation can be tested and understood in its own
terms, independent of any reference to examples of the activity or the reality for which the
axioms were designed ... This formal character of mathematics may serve to distinguish it
from all other types of science. Once the axioms and the rules are fully formulated, every-
thing else is built up from them, without recourse to the outside world, or to Intuition, or to
experiment. An absolutely rigorous proof is rarely given explicitly. Most verbal or written
mathematical proofs are simply sketches which give enough detail to indicate how a full
rigorous proof might be constructed. Such sketches thus serve to convey conviction – either
the conviction that the result is correct or the conviction that a rigorous proof could be con-
structed. Because of the conviction that comes from sketchy proofs, many mathematicians
think that mathematics does not need the notion of absolute rigor and that real understanding
is not achieved by rigor.
Nevertheless, I claim that the notion of absolute rigor is present.

While MacLane like Pickert refer to intuition at least as a means for handling and
evaluating proofs, the logician Rosser (1953, 7) takes an extreme position:

Thus, a person with simple arithmetical skills can check the proofs of the most difficult
mathematical demonstrations, provided that the proofs are first expressed in symbolic logic.
This is due to the fact that, in symbolic logic, demonstrations depend only on the forms of
statements, and not at all on their meanings.
This does not mean that it is now any easier to discover a proof for a difficult theorem. This
still requires the same high order of mathematical talent as before. However, once the proof
is discovered, and stated in symbolic logic, it can be checked by a moron.

What role formalism has played in relationship with or in opposition to other
philosophic positions and how it has developed into the “official” philosophy of
mathematics is explained by Davis and Hersh (1983, Chap. 7). In addition these
authors describe how during the past ten years quite different views have gained
ground in which the possibility of absolutely rigorous and eternal proofs has been
denied and in which proof is considered as a social process among mathematicians:

A proof only becomes a proof after the social act of “accepting it as a proof”. This is as
true for mathematics as it is for physics, linguistics, or biology. The evolution of commonly
accepted criteria for an argument’s being a proof is an almost untouched theme in the history
of science. (Manin 1977, 48).

Going one step further leads to the possibility of different criteria for checking
and evaluating proofswithin different social contexts. An important example, applied
mathematics, is analyzed by Blechman, Myschkis and Panovko (1984).

Wewill now show bymeans of four case studies, ranging from primarymathemat-
ics teaching to teacher training, howmathematical understanding can be inhibited by
formalistic views on proof. Our experiences with student teachers are concentrated
on the primary and the lower secondary level. However, our contacts with student
teachers for the upper secondary level in didactical courses have convinced us that
formalism is represented even more strongly in this group than in the two other
groups—as one would expect.

Example 1 (Chinese Remainder Theorem) This theorem was part of a course in
number theory for student primary teachers. Some students felt overwhelmed and
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protested at the inclusion of this—in their view useless—topic into primary teacher
programs. In defence the students were told that the Chinese Remainder Theorem
could suggest some interestingworkwith 9-year old children. In order to substantiate
this claim it was agreed to pose the following problem to third graders:

Find numbers which leave the remainder 1 when divided by 2, and the remainder 2 when
divided by 3.

Of course this problem was not introduced in this compact form, but was explained
by checking small numbers step by step. In particular 5 was stated as the smallest
number with the required properties:

5 = 2 · 2 + 1, 5 = 1 · 3 + 2.

Afterwards the children started their own search. Children who had found a series
of solutions were stimulated to find all solutions.

The spectrum of achievements was considerable. Some students still had prob-
lems with the calculations, others paid attention only to the remainder 2. The best
performance was by Henning, according to the teacher the “mathematician” of the
class. It is represented here in facsimile (Fig. 1).

Obviously Henning had checked number by number and had found the solutions
11, 17, 23. Then he recognized a pattern which he summarised by the statement:

Fig. 1 Student solution
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“Because 2 · 3 = 6 and 3 · 2 = 6.” When asked to explain this subtle argument Hen-
ning said something like this:

If I consider the remainder 1, I have to proceed in steps of 2 and I meet the odd numbers. If
I consider the remainder 2, I have to proceed in steps of 3. The steps coincide only after 3
two-steps and 2 three-steps.

In our view this argument is a sound informal demonstration of the solution. The
student teachers, however, were not willing to accept it as a proof. In their view a
“real” proof had to be based an formal transformations of a system of congruences—
something going obviously beyond the capabilities of primary children. Therefore
they continued to reject the Chinese Remainder Theorem as a topic appropriate for
primary teacher training.

Example 2 (Irrationality of
√
2) Pickert (1987, 212) presents the following proof

of the irrationality of
√
2 by a 13-year-old student:

Let a, b ∈ N∗ be relatively prime such that (a/b)2 = 2. Then a2 = 2b2 and therefore b2 is
a common divisor for a2 and b2. As a and b are relatively prime, so are a2 and b2. As a
consequence b2 = 1 and so a2 = 2, which is impossible for a ∈ N∗.

According to Pickert this argument is a “proof”, because the student uses tacitly the
inference

a, b relatively prime =⇒ a2, b2 relatively prime,

which does not hold in rings in general. In our view this position is too formalistic.
The inference used by the student is a direct consequence of the unique factorisation
of natural numbers into prime numbers. The latter is well known to students in grade
7 because it has been treated in grade 5 and is used all the time for cancelling frac-
tions. The student is right to use “socially shared” knowledge implicitly. The above
mentioned inference becomes crucial only within ring theory—a context completely
irrelevant at school.

Example 3 (Euler’s polyhedron theorem) In a lecture “Geometry in 3-space” for
primary students, Euler’s theorem was proved for convex polyhedra in the following
informal way:

First the concept of a Schlegel diagram was explained and as an illustration,
the Schlegel diagrams for some polyhedra were produced by means of rubber
sheets. Then the relationship v + f − e = 2 was proved by showing that an arbi-
trary Schlegel diagram can be reconstructed by startingwith one point (v = 1, f = 1,
e = 0) and adding edge by edge such that v + f − e does not change (cf. Wittmann
1987, 270ff.) Right after the demonstration a student asked “Was that really a proof?”
The teacher, somewhat irritated by this unexpected question, askedback: “Whynot?”,
and received a very instructive answer: “Because I understood it!”

A conversation later on showed clearly that the student had difficulties with the
formalistic teaching received at school and had consistently arrived at the conclusion
that mathematical proofs were not accessible to her.

In our view this student is not a single case but represents a great number of
students.
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Example 4 (Trapezoid numbers) Experiences like that in example 3 have stimulated
us to investigate the mathematical “world view” of our students more systematically.
The method we have found most useful is to confront the students with informal and
formal proofs and to ask them to evaluate the validity of each type.

In this way primary student teachers were introduced to the old Greek “arithmetic
of dot patterns” (cf. Becker 1954, 34 ff.). For example starting with square num-
bers (Fig. 2) and the triangular numbers (Fig. 3) trapezoid numbers were defined as
composition of square and triangular numbers (Fig. 4).

Fig. 2 Square numbers

Fig. 3 Triangular numbers

Fig. 4 Trapezoid numbers

By “playing”with patterns the students guessed that for all n the trapezoid number
Tn and n leave the same remainder when divided by 3:

Tn ≡ n (mod 3).

The teacher offered the following “iconic” proof (Fig. 5):
Starting from the right the pattern Tn is decomposed into columns. Obviously

each 3-column is a multiple of 3. If n itself is a multiple of 3 (case 1) then Tn splits
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completely into 3-columns and is also a multiple of 3. If n leaves the remainder 1
(case 2) then Tn splits into 3-columns and a single column with n points at the left
side and it is again obvious that Tn leaves the remainder 1, too.

Fig. 5 Decomposition of trapezoid numbers modulo 3

Finally, if n leaves the remainder 2 (case 3), Tn breaks up into 3-columns and two
columns with n and (n + 1) points at the left side, and it is easy to see that Tn like n
leaves the remainder 2.

Right after this demonstration some students expressed their doubt on the valid-
ity of it. The teacher didn’t intervene and the group agreed very quickly that the
demonstration could achieve only the status of an illustration, and not the status of a
proof.

The teacher then offered the following “symbolic” proof:

Case 1: Let n = 3k. Then Tn = (3n2 − n)/2 = n(3n − 1)/2 = 3k(9k − 1)/2, and
as k or 9k − 1 are even, Tn (like n) is divisible by 3.

Case 2: Let n = 3k + 1. Then Tn = (3(9k2 + 6k + 1) − (3k + 1))/2 = (27k2 +
15k + 2)/2 = (27k2 + 15k)/2 + 1 = 3k(9k + 5)/2 + 1,
i.e. Tn (like n) leaves the remainder 1.

Case 3: Let n = 3k + 2. Then Tn = 3(9k2 + 12k + 4) − (3k + 2))/2 = (27k2 +
33k + 10)/2 = 3(9k2 + 11k + 2)/2 + 2,
i.e. Tn (like n) leaves the remainder 2.

The confrontation of the iconic and the symbolic argument aroused a lively dis-
cussion on the validity of each, in which the teacher defended the iconic argument as
a sound proof. The students were then asked to give written comparisons of the two
forms of proof. The papers showed very clearly how strongly the teaching received
at school had predisposed the students towards formal proofs and how difficult it was
for them to accept an “iconic” proof. As an illustration we quote from some papers:
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The iconic proof is much more intuitive for me and it explains to me much better what the
problem is. For me dot patterns are convincing and sufficient as a proof. Unfortunately we
have not been made familiar with this type of proof at school . . . Only symbolic proofs have
been taught.

For me the iconic proof is easier and better to understand than the symbolic proof. The
reason is that it is much more intuitive than the symbolic one. I have tried to follow the
symbolic proof by verification. However, the calculation is somewhat abstract, and I cannot
link anything concrete to it.

The symbolic proof is to be preferred, because it is more mathematical.

The iconic proof is highly intuitive. It shows very clearly that Tn is divisible by 3 if n is
divisible by 3, and vice versa. It is true that the iconic proof does not allow to substitute
arbitrarily large numbers for n and to prove the statement for them because so many dots
cannot be drawn; but for smaller numbers the representation by means of 3-columns is very
useful for the understanding.

The iconic proof is very intuitive. One understands the connection from which the statement
flows. I can’t imagine how a counterexample could be found, because it does not matter how
many 3-columns are constructed. In my opinion this is nevertheless no proof, but only a
demonstration which, however, holds for all n. At school I have learnt that only a symbolic
proof is a proof. Therefore I trust such proofs more. As symbolic proofs are more or less just
“calculating to and fro” one easily loses sight of what is to be proved. The confrontation of
the two types of proof seems very instructive to me.

The iconic proof is much easier to understand and more intuitive than the symbolic one.
At school there were mainly symbolic proofs. Iconic proofs were only means for finding
symbolic proofs. I still have this feeling.

I prefer the symbolic proof, as school has confronted me only with this type of proof.
These proofs guarantee generality. The iconic proof is more intuitive, which is surely an
advantage for primary teaching. I for myself see the iconic proof more as an illustration and
concretisation of the symbolic proof.

The symbolic proof is more mathematical. This proof is more demanding, as some formulae
are involved which you have to know and to retrieve. The iconic proof can be followed
step by step, and each is immediately clear. However, I wonder if an iconic proof would be
accepted in examinations.

Personally I like the iconic proof as it is more intuitive. You can see at once what’s going on
whereas the symbolic proof forces you to think in an abstract way. You know the formula
and you develop through abstract thinking (?) the proof, but you don’t have a direct reference
to numbers. I prefer the symbolic proof as I have been confronted with such proofs at school
and as it is more mathematical.

I am familiar with the symbolic proof. Therefore it is easier for me to handle.

I prefer the iconic proof because of its intuitive character. To me the symbolic proof is too
abstract. Possibly I could have discovered the iconic proof for myself. Nevertheless I always
try to find a symbolic proof, presumably because of my former mathematics teaching.

Influenced by the mathematics teaching at school and at the university I would prefer the
symbolic proof. However, the iconic proof is much more convincing, as it is less abstract
and easier to verify. Up to now iconic proofs were unknown to me.

Normally I trust symbolic proofs more, as they use general “numbers” (variables), i.e. they
cover any number in any case. However, in this example I trust the iconic proof, too. It is
more intuitive and the idea of the proof is clear and obvious.

To me the iconic proof is mathematical enough – I do not mistrust it!! One important point
for me is that children at the primary level can understand things better through intuition.
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Judging by the objectives ofmy study as a prospective primary teacher I cannot see verymuch
reason for symbolic proofs – in particular when they become even “more mathematical”. I
miss the practical impact.

What these statements show is reinforced by our experiences in teacher training:
the vastmajority of student teachers holds a definite formalistic viewonmathematical
proof (cf. also Aner et al. 1979). Obviously this fact is only a reflex of the “official”
picture of mathematics prevailing at school and in teacher training for a very long
time. Branford (1913, 328) has recognized this problem very clearly at the beginning
of this century:

I think it a fact that the vast majority of teachers is firmly convinced that mathematics does
not differ so much from other sciences by the measure of rigour but by the absolute rigour
of mathematical proofs in contrast to the approximate rigour of other proofs.

And Branford continues:

The disaster caused by this belief at all levels of mathematics teaching is, I think, terrible.

The negative consequences of a formalistic understanding of proof by teachers
can be quite different:

Teachers who see themselves as pedagogues, pragmatists and teachers with a
negative attitude towards mathematics refrain from introducing their students to
proof because they think “mathematical” proofs are too difficult for their children.
Instead they offer pictures, plausible arguments, verifications, examples and rules
related to certain types of tasks. Lenné (1969, 51) called this didactical position the
“didactics of tasks” (Aufgabendidaktik). On the other side teachers who care for
“mathematical rigour” try to bring their teaching to the level of formal definitions
and proofs, even if in practice they do not get very far. Systematic attempts in this
direction were made by the “New Maths” movement in the sixties and seventies.
Here elements of formal university mathematics were more or less directly “mapped
down” to the level of teaching. This approach has therefore rightly been called the
“didactics of mapping down” (Andelfinger and Voigt 1986, 3).

Contrary to the “didactics of tasks” and the “didactics of mapping down” there
is a third branch of didactics, centered around the genetic principle, in which the
concept of informal proof has been developed. Branford, one of the most important
representatives of genetic didactics distinguishes three types of proof (Branford 1913,
100 ff., 239 ff.):

• experimental “proofs” (typical of the “didactics of tasks”)
• intuitive proofs
• scientific proofs (typical of university mathematics and the “didactics of mapping
down”)

Branford thinks that the middle type of proof, intuitive proof, is indispensable for
the development of mathematical understanding and characterises it in the following
way:
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This level of proof establishes general and rigorously valid truths. However it refers, if
necessary, to postulates of sensual perception. It puts truth on a basis of its own by immediate
recall to first principles. It does not represent truth as a mere link in a systematic chain of
arguments where the effective strength of the connection is weakened by the number of
previously stated truths forming the links of the chain (103) . . .

Opposite to experimental “proof” we find the two other types of proof, the scientific and
the intuitive proof, the latter being a more preliminary and less rigorous kind of the ideal
scientific proof; in reality there is no sharp border between these two types, they differ only
in the degree of logical rigour. The truths derived by each of the two types are generally valid
as far as we can judge. Otherwise sensual perception would show us exceptions (108 f.)

With perfect clarity Branford points out here that the border between “proof” and
proof does not lie between “experimental” and “intuitive” proof on the one side and
purely logical proofs on the other side but is to be drawn between experimental proofs
on the one side and the two other types on the other side. Later on this position was
elaborated in more detail, in particular by H. Freudenthal’s contributions (Freuden-
thal 1963, 1973, Chap. 8, 1979). The decisive distinction between experimental
“proofs” and intuitive, informal proofs has been clarified by didactical research on
operative proofs and on “pre-mathematics” (Semadeni 1974; Kirsch 1979; Winter
1983b; Walther 1984): Experimental “proofs” consist of the verification of a finite
number of examples guaranteeing of course no generality. Informal operative proofs
are based on constructions and operations which by intuition are seen as applicable
to a whole class of examples and as leading to certain consequences. For example the
decomposition of a trapezoid point pattern into 3-columns is a universal operation
which generates insight into the remainder. The dot pattern is not a picture here but
a symbol (cf. Jahnke 1984).

In spite of its advanced development the genetic position has not received much
attention as yet in mathematics teaching at any level. The main reason might be that
informal explanations of concepts and informal proofs seem inhomogeneous, unsys-
tematic, shaky and invalid when considered from the point of view of formalism.
Many teachers, textbook authors and teacher trainers refrain from representations
which might be interpreted as a sign of mathematical incompetency. A change in
this unfavourable situation can be expected only to the extent that formalism is over-
come as the “official” philosophy of mathematics and that comprehensive informal
conceptions of elementary theories of mathematics are developed. These two points
are considered in the following sections.

2 Formalism as a Fiction: The Indispensability of Intuition
and Social Agreement in Checking Proofs

As already mentioned in the introduction of this paper at present the philosophy of
mathematics is undergoing a dramatic change arising from a growing awareness of
working mathematicians that formalism is in contradiction to their experiences and
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that the ideal of an “absolutely rigorous” proof can no longer be maintained (Davis
and Hersh 1983, Chap. 7; Hanna 1983).

We would like to illustrate the new views an proof by quoting from papers of
leading mathematicians.

Hardy (1929, 18 f.):

I have myself always thought of a mathematician as in the first instance an observer, a man
who gazes at a distant range of mountains and notes down his observations. His object is
simply to distinguish clearly and notify to others as many different peaks as he can. There are
some peaks which he can distinguish easily, while others are less clear. He sees A sharply,
while of B he can obtain only transitory glimpses. At last he makes out a ridge which leads
from A, and following it to its end he discovers that it culminates in B. B is now fixed in
his vision, and from this point he can proceed to further discoveries. In other cases perhaps
he can distinguish a ridge which vanishes in the distance, and conjectures that it leads to a
peak in the clouds or below the horizon. But when he sees a peak he believes that it is there
simply because he sees it. If he wishes someone else to see it, he points to it, either directly
or through the chain of summits which led him to recognise it himself. When his pupil also
sees it, the research, the argument, the proof is finished.

The analogy is a rough one, but I am sure it is not altogether misleading. If we were to
push it to its extreme we should be led to a rather paradoxial conclusion; that there is,
strictly, no such thing as mathematical proof; that we can, in the last analysis, do nothing
but point; that proofs are what Littlewood and I call gas, rhetorical flourishes designed to
affect psychology, pictures on the board in the lecture, devices to stimulate the imagination
of pupils. This is plainly not the whole truth, but there is a good deal in it. The image gives
us a genuine approximation to the processes of mathematical pedagogy on the one hand
and of mathematical discovery on the other; it is only the very unsophisticated outsider who
imagines that mathematicians make discoveries by turning the handle of some miraculous
machine . . .

On the other hand it is not disputed that mathematics is full of proofs, of undeniable interest
and importance, whose purpose is not in the least to secure conviction. Our interest in these
proofs depends on their formal and aesthetic properties . . . Here we are interested in the
pattern of proof only. In our practice as mathematicians, of course, we cannot distinguish
so sharply, and our proofs are neither the one thing nor the other, but a more or less rational
compromise between the two. Our object is both to exhibit the pattern and to obtain assent.
We cannot exhibit the pattern completely, since it is far too elaborate; and we cannot be
content with mere assent from a hearer blind to its beauty.

Wilder (1944, 319):

In conclusion, then, I wish to repeat my belief that what we call “proof” in mathematics
is nothing but a testing of the products of our intuition. Obviously we don’t possess, and
probably will never possess, any standard of proof that is independent of time, the thing to be
proved, or the person or school of thought using it. And under these conditions, the sensible
thing to do seems to be to admit that there is no such thing, generally, as absolute truth in
mathematics, whatever the public may think.

Thom (1973, 202 ff.):

The real problemwhich confronts mathematics teaching is not that of rigour, but the problem
of the development of “meaning”, of the “existence” of mathematical objects.

This leads me to deal with the old war-horse of the modernists (of the Continental European
variety): rigour and axiomatics. One knows that any hope of giving mathematics a rigorously
formal basis was irreparably shattered by Gödel’s theorem. However, it does not seem as
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if mathematicians suffer greatly in their professional activities from this. Why? Because in
practice, a mathematician’s thought is never a formalised one. The mathematician gives a
meaning to every proposition, one which allows him to forget the formal statement of this
proposition within any existing formalised theory (the meaning confers on the proposition
an ontological status independent of all formalisation). One can, I believe, affirm in all
sincerity, that the only formal processes in mathematics are those of numerical and algebraic
computation. Now can one reduce mathematics to calculation? Certainly not, for even in a
situation which is entirely concerned with calculation, the step of the calculation must be
chosen from a very large number of possibilities. And one’s choice is guided only by the
intuitive interpretation of the quantities involved. Thus the emphasis placed by modernists
on axiomatics is not only a pedagogical aberration (which is obvious enough) but also a truly
mathematical one.

One has not, I believe, extracted from Hilbert’s axiomatics the true lesson to be found there;
it is this: one accedes to absolute rigour only by eliminating meaning; . . . But if one must
choose between rigour and meaning, I shall unhesitatingly choose the latter. It is this choice
one has always made in mathematics, where one works almost always in a semi-formalised
situation, with a metalanguage which is ordinary speech, not formalised. And the whole
profession is happy with this bastard situation and does not ask for anything better. . . .

A proof of a theorem (T) is like a path which, setting out from propositions derived from
the common stern (and thus intelligible to all), leads by successive steps to a psychological
state of affairs in which (T) appears obvious. The rigour of the proof – in the usual, not
the formalised, sense – depends on the fact that each of the steps is perfectly clear to every
reader, taking into account the extensions of meaning already effected in the previous stages.
In mathematics, if one rejects a proof, it is more often because it is incomprehensible than
because it is false. Generally this happens because the author, blinded in some way by the
vision of his discovery, has made unduly optimistic assumptions about shared backgrounds.
A little later his colleagues will make explicit that which the author had expressed implicitly,
and by filling in the gaps will make the proof complete.

Atiyah (1984, 16 ff.):

If I’m interested in some topic then I just try to understand it; I just go on thinking about it
and trying to dig down deeper and deeper. If I understand it, then I know what is right and
what is not right.

Of course it is also possible that your understanding has been faulty, and you thought you
understood it but it turns out eventually that you were wrong. Broadly speaking, once you
really feel that you understand something and you have enough experience with that type
of question through lots of examples and through connections with other things, you get a
feeling for what is going on and what ought to be right. And then the question is: How do
you actually prove it? That may take a long time . . .

I don’t pay very much attention to the importance of proofs. I think it is more important to
understand something . . .

I think ideally as you are trying to communicate mathematics, you ought to be trying to com-
municate understanding. It is relatively easy to do this in conversation. When I collaborate
with people, we exchange ideas at this level of understanding – we understand topics and
we ding to our intuition.

If I give talks, I try always to convey the essential ingredients of a topic. When it comes to
writing papers or books, however, then it is much more difficult. I don’t tend to write books.
In papers I try to do as much as I can in writing an account and an introduction which gives
the ideas. But you are committed to writing a proof in a paper, so you have to do that.

Most books nowadays tend to be too formal most of the time, they give too much in the way
of formal proofs, and not nearly enough in the way of motivation and ideas. . . .
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I think it is very unfortunate that most books tend to be written in this overly abstract way
and don’t try to communicate understanding.

Long (1986, 616):

As far as the loss of certainty is concerned in itself (i.e., not as a historical-cultural phe-
nomenon) it does not seem extraordinarily surprising or significant to me. I am far more
puzzled by what “absolute certainty” might mean than by the fact that mathematics doesn’t
offer it. It seems to me that there is a similarity between this historical event (of 450 years
duration) and the debating tactic which builds and then destroys a straw man.

Mathematics is a human creation. That does not mean that it is arbitrary, but it does mean
that it would be immodest to expect it to be “certainly true” in the common sense of the
phrase. It is incoherent to try and imagine mathematics as a source or body of absolutely
certain knowledge. . . .

Proof is a form of mathematical discourse. It functions to unite mathematicians as practi-
tioners of one mathematics. . . . a proof functions in mathematics only when it is accepted as
a proof. This acceptance is a behavior of practicing mathematicians. . . .

Fermat wrote that “the essence of proof is that it compels belief.” To the extent that the com-
pulsion operates via insight, (relatively) informal proofs will continue to play an important
role in mathematics. Proofs that yield insight into the relevant concepts are more interesting
and valuable to us as researchers and teachers than proofs that merely demonstrate the cor-
rectness of a result. We like a proof that brings out what seems to be essential. If the only
available proof of a result is one that seems artifical or contrived it acts as an irritant. We
keep looking and thinking. Instead of being able to move on, we are arrested. I mention these
familiar facts only to emphasize that proof is not merely a system of links among various
theorems, axioms, and definitions but also a system of discourse among people concerned
with mathematics. As such it functions in a variety of ways.

From these first-hand informations we derive the following picture about the role
of intuition and social agreement in elaborating and checking proofs in mathematics:

(1) The validity of a proof does not depend, at least not only, on its formal presen-
tation within a formal axiomatic-deductive setting, but on the intuitive coher-
ence of conceptual relationships and their agreement with the experiences of the
researchers.

(2) The highly complex abstract theories of higher mathematics need a certain level
of formal presentation for the sake of conceptual unambiguity and brevity. How-
ever, working with this formalism in a meaningful way presupposes an under-
standing of the communicative structures of the researchers working in the field
and an intuitive understanding of the investigated objects. Any mathematical
theory refers to a class of objects which can be represented in various ways
and which via these representations become accessible for an operative study of
their properties and relationships. Therefore mathematics is “quasi-empirical”
(Lakatos 1963, 29 ff.; Jahnke 1978).

(3) Proofs serve primarily for understanding why the theorem in question is true.
During the process of creating and sharing understanding among researchers
proofs (and theorems!) are elaborated, re-formulated, generalized, improved,
formalized etc. Along this process criter a of rigour may change. “Absolutely
rigorous” proofs do not exist.
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3 The Elementary-Mathematics-Research-Program of
Mathematics Education

The changing views an proof in mathematics must be reflected in mathematics edu-
cation in, as we believe, the following way:

(1) The teaching and learning of mathematics in the social context of school has to
be based on a context of understanding and a frame of communication different
from those in university mathematics. To appropriately transfer proof activities
into the boundary conditions of school, we must abandon formal axiomatic-
deductive presentations of relevant mathematical theories in favour of sound
informal presentations. These are characterized by embeddings into meaningful
contexts, by emphasis on motivation, by the use of heuristic strategies and pre-
formal means of representation and by informal proofs. “Save the phenomena!”
must be the maxim of mathematics education.

(2) Above all informal proofs can further understanding and therefore they have to
be included into the process of learning and communication among students.
Lakatos’ “Proofs and Refutations” (Lakatos 1969) may serve as a model.

(3) The mathematical training of student teachers must contain informal courses
in elementary mathematics in order to create a useful background for teaching.
Comprehensive informal presentations of elementary mathematical theories are
muchmore effective professional tools than backgroundknowledge derived from
formal presentations.

Withinmathematics, formal presentations of elementarymathematics have a great
tradition (cf. e.g. Lenz 1967; Griffith and Hilton 1976–1978) which we explicitly
appreciate. But even if those presentations provide a lot of insight into mathematics
teaching, from the point of view of this paper they are not sufficient. The literature
of elementary mathematics, school mathematics, didactics of mathematics and the
history of mathematics is full of informal approaches to certain problems, fields or
even theories (cf. Sawyer 1964; Engel 1973/1976). To unify and to systematize these
approaches, particularly by developing a “grammar” of iconic representations and
concrete models, is in our view an extraordinarily important research problem of
mathematics education which we would like to call the “elementary-mathematics-
research-program” in mathematics education. The availability of comprehensive
informal presentations of arithmetic, elementary algebra, elementary geometry, ele-
mentary stochastics and elementary analysis would lead to integrating mathematical,
pedagogic, psychological and practical components of mathematics education and
open a new level of didactical research and development and teacher training.

In order to indicate that this program points far beyond mathematics education
we would like to close by quoting the mathematician Nowoshilow, member of the
Soviet Academy of Science:
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The closed and sterile formal mathematics is not only a “luxury” which civilization can
afford [as stated by Dieudonné] but also an inevitable consequence of civilization. From this
point of view the fight against the spread of mathematical formalism among human beings
around the world is an ecological task.

(Epilogue in Blechman, Myschkis and Panovko 1984, 326).
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