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Abstract Clinical tractography is a challenging problem in diffusion tensor imaging
(DTI) due to persistent validation issues. Geodesic tractography, based on a shortest
path principle, is conceptually appealing, but has not produced convincing results so
far. A major weakness is its rigidity with respect to candidate tracts it is capable of
producing given a pair of endpoints, showing a tendency to produce false positives
(such as shortcuts) and false negatives (e.g. if a shortcut supplants the correct solu-
tion).We propose a new geodesic paradigm that appears to overcome these problems,
making a step towards semi-automatic clinical use. To this end we couple the DTI
tensor field to a family of Riemannian metrics, governed by control parameters. In
practice these parameters may allow for edits by an expert through manual selec-
tion among multiple tract suggestions, or for bringing in a priori knowledge. In this
paper, however, we consider an automatic, evidence-driven procedure to determine
optimal controls and corresponding tentative tracts, and illustrate the role of edits to
remediate erroneous defaults.
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1 Introduction

Tractography aims at reconstructing bundles of nerve fibers in the brain (aka tracts)
from diffusion weighted magnetic resonance imaging (DWI), the only neuroimaging
technique enabling non-invasive in vivo imaging of the brain’s fibrous structure.
Unfortunately, persistent issues curb clinical progress [14, 53]. Decades after its
inception [5, 7, 23, 30, 38, 47], lack of consensus and even skepsis as to its clinical
feasibility prevail. This has sparked new incentives to specifically address current
limitations in quantitative evaluation studies and international competitions [9, 12,
13, 37, 39, 51].

The geometric rationale for Diffusion Tensor Imaging (DTI), in its original form
proposed by O’Donnell et al. [43] and, from a somewhat different perspective, by
Lenglet et al. [31], and subsequently adapted by Fuster et al. [21], Hao et al. [24, 25],
and several others, stipulates that one can ‘geometrize away’ local diffusivity patterns
inside the brain. The idea is to incorporate anisotropic diffusivity of water in brain
whitematter, viewed as a porousmediumwith an orientational preference along axon
bundles [57], into the intrinsic geometry of a suitably defined, curved manifold (akin
to the geometrization of gravitational forces in general relativity theory). A similar
approach is taken by Aumentado-Armstrong et al. [4], where a curved manifold is
used to model conductivity of electrical signals in the heart muscles. In the case
of DTI a Riemannian manifold presents itself, since its defining metric represents
a positive definite quadratic form (or inner product) that can be formally mapped
one-to-one onto the DTI tensor. Due to its modest performance, however, geodesic
tractography has been largely abandoned in return for other approaches. A notable
exception is the probabilistic approach by Hauberg et al. [26] and Schober et al. [55].

Our goal is to provide a versatile deterministic Riemann-DTI geometric paradigm
for DTI geodesic tractography, revisiting original ideas (loc. cit.), which overcomes
some of the main weaknesses, such as producing false positives (e.g. shortcuts) and
false negatives (e.g. a shortcut is obscured by the correct solution). Since themapping
of DTI data to biologically meaningful tracts is generally ill-posed, we aim for a
flexible metric equipped with control parameters. This admits adaptation to fiducial
‘ground truth’ tracts, inwhich data-extrinsic knowledgemay be incorporated (e.g. via
manual edits by an expert or via machine learning). The parameters control a locally
smooth, spatially varying so-called ‘3-bein’, or triad, detailed in Sect. 2 (cf. Savadjiev
et al. [54] and Piuze et al. [48] for a similar idea in the context of myofiber geometry
from DTI, based on Cartan’s method of moving frames). In Sect. 3 we perform
experiments to illustrate the theory, provide proof of principle, and present results in
the context of a simple DTI-tractography phantom for the sake of illustration. There
are no obstacles for application on more sophisticated simulated or real data.
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2 Theory

Differential geometric approaches in DWI are not new [1, 3, 15, 20–22, 24, 25, 31–
33, 43, 46, 48]. The premise underlying the Riemann-DTI paradigm is that tissue
microstructure imparts non-random barriers to water diffusion [8, 57]. The fibrous
nature of brain white matter, comprising bundles of elongated axons connecting
nerve cells in surrounding greymatter regions, facilitatesmobility ofwatermolecules
along fiber directions. Since DTI captures the main diffusion anisotropy, it is natural
to stipulate a Riemannian metric proportional to the inverse of the diffusion tensor.
In this way, a relatively large mean free path is tantamount to a relatively short
Riemannian distance, so that the problem of tractography can be related to a geodesic
(‘shortest path’) problem. Candidate tracts can then be obtained by direct integration
of the geodesic equations, by functional minimization of the Riemannian length (or
related cost) functional for curves with fixed endpoints, or (with some care) by
inference from the Hamilton-Jacobi equation [28, 45, 50, 52].

Despite the appealing heuristics supporting the geometric paradigm, there are
serious caveats we need to take into consideration:

1. In a geodesically complete space any pair of points is connected by at least
one geodesic, raising the issue of ‘false positives’ (curves not corresponding to
meaningful tracts).

2. A well-posed relation between geodesics as ‘paths of least resistance’ and mean-
ingful neural tracts is not self-evident. Tissuemicrostructure, which remains unre-
solved at scanner resolution, induces mesoscopic diffusivity patterns involving
more complex factors than plain presence or absence of nerve axons [41, 42,
44]. As a consequence, there may be many a priori equally viable microstructural
explanations for any given DTI image,1 so that a one-to-one mapping between
DTI and Riemannian metric is unlikely to work for tractography.

We will address both concerns and outline our strategy towards an improved frame-
work.

Ad caveat 1: Geodesic completeness , tantamount to (huge) redundancy, may be
used to our advantage, provided two conditions are met:

(i) Meaningful tracts correspond, to acceptable approximation and at least piece-
wise, to geodesics.

(ii) One can identify true (or reject false) positives, based on some deterministic or
probabilistic criterion.

The first condition is our main hypothesis, the second one is a constitutional part
of the geodesic tractography problem. The problem then boils down to finding ‘the
right’ metric together with effective connectivity criteria for pruning its geodesics
[2, 50, 56]. Streamline tractography, in its simplest form a singular limit of geodesic

1This fact also implies that ‘ground truth’ simulations must be interpreted with great care in order
not to penalise experimental results that deviate from the stipulated ground truth used to create a
phantom if such results are equally compatible with data evidence.
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tractography based on a degenerate metric, lacks completeness, a direct consequence
of its first order nature, which prohibits generic endpoint constraints. As a result,
odds are that two fiducial endpoints (picked by an authoritative expert, say) fail to
be connected, leaving us in a quandary how to repair for ‘false negatives’. Clearly,
geodesic completeness requires (at least) second order schemes.

Ad caveat 2: To allow for prior knowledge or retrospective corrections we do not
determine a unique metric in terms of DTI data evidence a priori. Instead we aim
for optimal control parameters for a family of metrics and induced geodesics in a
joint (semi-)automated procedure. The premise is that, due to unknown microstruc-
tural factors, apparent diffusivities reflect fiber orientations at best qualitatively. By
investigating the parameter unfolding of the family of metrics along with geodesic
pruning we may investigate whether a stable result compatible with ground truth can
be achieved (bearing in mind footnote 1). To this end we have conducted a feasibility
study on the Fibercup [13, 49] simulator to clarify all conjectured features of our
approach in a simplified context. There are no fundamental obstructions for appli-
cation to more sophisticated phantoms or to real data, but this elaboration is left for
future work.

For computational reasons one could employ any coordinate basis on the tan-
gent bundle T M induced by an arbitrary coordinate map. Such a basis is com-
monly denoted by {∂i .=∂/∂xi }i=1,2,3. (A natural choice would be to employ the
same coordinates as those given by a Cartesian coordinate frame of the associated
Euclidean space.) However, given a suitable metric gi j , we may instead opt for a
special, g-orthogonal (non-coordinate, or anholonomic) basis {ea}a=1,2,3. This is the
triad alluded to in Sect. 1. If we write the new basis vectors in terms of linear com-
binations of the coordinate vectors,2

ea = eia∂i , (1)

then the coefficients eia define the transformation matrix relating the general coordi-
nate basis to the triad. We may define a new metric holor with entries hab relative to
the triad by the standard change-of-basis formula:

gi j e
i
ae

j
b = hab . (2)

The triad can be chosen so as to put hab into a convenient form. In order to illustrate
this ‘gauge fixing’, let us assume that the dual metric ginv is identified with the DTI
matrix D, as originally proposed. Take h=diag(1/λ1, 1/λ2, 1/λ3), in which the λa

are the eigenvalues of D. In the parlance of classical matrix theory [27], ea is then
the eigenvector of D associated with λa , which, in turn, defines a rank-one matrix
Za =ea ⊗ ea (‘Frobenius covariant’). Equation (2) is the geometrical counterpart
of the classical Lagrange-Sylvester matrix decomposition, D=∑3

a=1 λa Za , and the
eigenvalues are our controls. We may vary the λa and observe the effect on the

2The Einstein summation convention for identical upper/lower index pairs applies throughout in
tensorial equations.
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metric, induced geodesics, and ultimately fiber tracts. This parameter freedomunifies
originally proposed models for the connection between DTI and Riemannian metric
[21, 24, 25, 31, 43], since all instances can be obtained by slick (local or global)
choice of λa . This includes streamline tractography via singular perturbation theory.

To find a geodesic we fix seed and target points, A and B say, and minimize the
length functional for curves connecting these points. This can be extended to any pair
of regions provided one employs an efficient algorithm. Solving the Hamilton-Jacobi
equation (with the help of fast marching methods) seems attractive in this respect,
but, by design, provides only global minimizers, and is therefore not likely to solve
the shortcut problem. Instead we opt for direct, coarse-to-fine minimization of the
parametrization invariant functional

Lg(γ) =
∫ tB

tA

√
gi j (x(t))ẋ i (t)ẋ j (t) dt , (3)

in which
γ : [tA, tB] → R

3 : t �→ x(t) (4)

is an arbitrarily parametrized curve connecting A= x(tA) and B= x(tB) in R3 and ẋ
denotes its derivative. We embed the metric in a multiresolution family, with scale
parameter σ ∈R

+, according to the multiplicative scheme proposed by Florack et al.
for positive symmetric matrices [16, 18], viz. if g is the Gram matrix with entries
gi j , then

g(x, σ ) = exp ((φσ ∗ ln g)(x)) , (5)

in which exp and ln are matrix-exp and matrix-log, φσ is the L1-normalised isotropic
Gaussian kernel of scale σ [17, 19, 29, 34], and ∗ denotes entry-wise convolution.
(This definition ensures that the dual of a blurred metric equals the blurred dual
metric.) Since themetric can be shown to becomeEuclidean in theσ →∞ limit under
suitable, weak conditions, the asymptotic minimizer is the straight line connecting
A and B. As one gradually decreases σ , this minimizer (geodesic at resolution 1/σ )
is expected to deform likewise gradually, while adapting to the refined metric (at
this level of rigor we ignore the problem of scale space bifurcations, cf. Damon [10,
11]). A higher resolution geodesic can then be found by adding a few control points
roughly equidistantly along the curve in proportion to resolution, andminimizing the
multivariate function of the control points representing our discretization of Eq. (3).
Now suppose we have a (local) minimizer at some scale σ , then along with a scale
refinement σ →σ −dσ (we take dσ ∝σ ) we increment the number of control points
along the curve, and seek a new minimizer in the vicinity of the previous one. In
this way one can arbitrarily refine the geodesic curve (until grid scale, if needed), cf.
Fig. 1.

The multiresolution scheme for geodesics sketched above applies to each fixed
member of the (λ1, λ2, λ3)-family of metrics, and should not be confused with opti-
mization with respect to the unfolding of this family as a function of (λ1, λ2, λ3).
The details of this are given in the next section, notably Eq. (6).
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Fig. 1 Coarse-to-fineminimization of the length functional in Eq. (3) is implemented as an iterative
multivariate function minimization in which the number of variables gradually increases in propor-
tion to resolution. The control points represent a Bezier curve (blue) which by default we initialize
by the unique Euclidean geodesic (dotted line), although this initialising curve may be manually
overruled. In this example there are two control points, P2 and P3 (recall that the endpoints, P1 and
P4 in this case, remain fixed). Note that the control points in general do not lie on the curve itself.
These points are part of the ‘behind-the-scenes’ machinery in the minimization procedure and in
themselves do not have any anatomical meaning. However, given k points in space, we may con-
struct a Bezier curve through these points (although not uniquely). This may be useful for manual
initialisation or correction by an expert, based on anatomical landmarks.

3 Experiments

In the following experiments we use an operational procedure to automatically select
‘the right’ (anisotropic) scaling of the control parameters λa for the triad, relative to
the original eigenvalues of the diffusion tensor. To begin with, we have opted for a
single, global parameter ε∈(0, 1], introduced so as to rescale the diagonal metric hinv

(the dual of h in Eq. (2)) by3 diag(1, ε, ε). The global character of ε allows us to leave
λ1 unscaled, since any scaling of λ1 can be absorbed into ε. Effectively this yields
an ε-parametrized family of Riemannian metrics gε, replacing the unscaled metric
g=gε=1 in Eqs. (2), (3) and (5). However, we only use this scaling whenever the
fractional anisotropy (FA) [6] of the diffusion tensor is large enough (here we choose
FA=0.15 as the ad hoc threshold) to ensure a well-defined main eigendirection.4

Below this threshold the diffusion tensor is kept unscaled. As a result we obtain an
ε-parametrized family of geodesics γε, cf. Eq. (4). These geodesics are computed one

3In principle, the control parameter triple (λ1, λ2, λ3) permits local adaptation leading to a 3-
parameter family in every voxel. The singular limit ε=0 corresponds to streamline tractography and
is excluded for its geodesic incompleteness. Values ε>1 may affect the ordering of the eigenvalues
of h inv.
4This ad hoc anisotropy threshold calls for a more rigorously motivated alternative, but it serves
our purpose in this feasibility study, viz. to ensure well-posedness.
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by one by the coarse-to-fine scheme outlined at the end of Sect. 2 for each fiducial
pair of endpoints and each setting of ε.

Subsequently each geodesic thus obtained is quantitatively evaluated in terms of
the tract length unbiased, nonlinear connectivity functional [2, 50, 56]

C(γε) = Lη(γε)

Lg(γε)
, (6)

in which η denotes the standard Euclideanmetric (so that Lη(γ ) is the usual length of
γ ), recall Eq. (3). Note that in the denominator we use the unscaled diffusion metric
g=gε=1, for which the curve γε is, in general, not a geodesic (unless ε=1). Using the
scaled length gε in the denominator would entail a bias towards ε = 1. Each geodesic
γε will almost surely not correspond to a streamline (unless both endpoints are on the
streamline), which implies that there exists a t ∈ (0, 1) such that the tangent vector
γ̇ε(t) has a component in the direction of a non-principal eigenvector of the diffusion
tensor. Since this component scales with ε−1, the connectivity would vanish for
ε → 0 even if the geodesic remains (approximately) the same curve. Instead, the ε

control parametermerely serves to single out an optimal, metric-compatible geodesic
through a suitable anisotropic scaling of the metric tensor. The connectivity criterion
for the latter is based on data evidence, viz. average apparent diffusivity, which should
not involve ε. Connectivity C(γε) is thus some average measure of diffusivity along
γε. Parameter values

ε∗ ∈ argmax
ε∈[δ,1]C(γε) , (7)

for some fixed 0<δ	1, at which locally 5 optimal connectivity is attained, are tract-
specific sharpening parameters, affected in a still unknown manner, by underlying
microstructure. The corresponding tracts γε∗ are called optimal tracts.

As illustrated in Fig. 2 for the Fiberfox-reconstructed Fibercup phantom with
addedRiccian noise [40] (cf. Fillard et al. for a detailed description [13] of the original
Fibercup) only optimal tracts are retained. Since it is known that the inverse metric
has certain shortcomings (e.g. see [24]), we also employed our automated procedure
in combination with one of the other metric proposals in the literature, namely the
adjugate metric [21, 22].We chose this one, because it is derived from first principles
of the underlying diffusion process and in addition it’s very easy to implement. In
Fig. 2, the optimal tracts found for the inverse (bottom-left) and adjugate DTI metric
(bottom-right) emerge for different optimal parameter values, but are, remarkably,
virtually indistinguishable. As the adjugate DTImetric is essentially a local isotropic
scaling of the inverse DTI metric, it is a noteworthy feature that we are able to obtain
essentially the same tracts in both cases with a family of metrics characterised by a
single, global parameter. After all, the governing geodesic equations for the inverse
and adjugate are not the same. In practice, a broad range of parameter values (the
high plateaux in the graphs) can be used to single out essentially the same tracts,
making this procedure robust with respect to the precise choice of ε. The experiment
shows that, in all cases and by virtue of proper placement of endpoints, correct tracts

5 We define argmaxx f (x)
.= {x | f (y) ≤ f (x) for all y in a neighbourhood of x}.
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Fig. 2 (Top-left) Ground truth tracts (for various seed points); illustration adapted from Fillard
et al. [13]. (top-right) Tracts obtained by using the unscaled inverse (red), respectively adjugate
(blue) DTI tensor as the default metric for geodesic tractography. Both metrics produce shortcuts
(false positives) instead of following the U-shape fibers, leaving false negatives. (middle-left) Per-
tract connectivity for the ε-parameter unfolding of the inverse DTI metric, g=Dinv. (middle-right)
Idem for the adjugate DTI metric, g=det DDinv. Colors correspond to those used for the tracts in
the bottom two figures. The red dots indicate the tract-specific parameter values ε∗ ∈(0, 1] for the
metrics used for each optimal tract. This optimal parameter is not affected by a suitable (global)
normalization of g, meaning that the absolute value of the connectivity is inherently meaningless. It
is, however, the relative value that determines the optimal parameter. Note the logarithmic scale for
ε. (bottom-left) Optimal results obtained by automatic optimization for inverse DTI metric ansatz.
(bottom-right) Optimal results obtained by automatic optimization for adjugate DTI metric ansatz.
The latter two results are virtually indistinguishable, but optimality is obtained at different control
parameter settings.
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Fig. 2 (continued)

are found automatically, and, in particular, that shortcuts do not occur. To assess the
robustness to placement of endpoints, in Fig. 3 the optimal tracts are computed for
pairs of perturbed endpoints, demonstrated for the adjugate DTI metric.

Low connectivity typically corresponds to shortcuts. Figure 4 shows optimal tracts
for each pair of corresponding (ground truth) seed and target points (top), as well as
connectivities for optimal tracts between a selection of seed point and all remaining
target points (bottom). For each pair of possible seed/target points, the optimal tract
was determined by Eq. (7). Figure 4 shows two representative cases: one in which
the stipulated ground truth yields the highest connectivity and a second one in which
it is among the top but is still dominated by another tract.

Multiple local maxima of C(γε) generally exist, occurring at ε∈{ε∗
1, . . . , ε

∗
k } say,

corresponding to k plausible tracts (recall Eq. (7) and footnote 5) that invariably
include the stipulated ‘ground truth’, although the latter does not necessarily corre-
spond to the globalmaximum, recall Fig. 4b. Figure 5 illustrates this case by another
simulation (based on Fiberfox [40]), emblematic of an ambiguous configuration of
kissing or crossingfiber tracts . Both interpretations are indeed confirmed, in the sense
of corresponding to local optima of C(γε). Our current coarse-to-fine implementa-
tion, however, cannot handle scale space bifurcations of geodesics automatically,
and, due to our default initialization by the Euclidean geodesic, automatically zooms
in on the kissing tract. The crossing tract requires a (simple) manual edit to overrule
the default initialization and encourage convergence to another solution. This edit
and its effect is shown in Fig. 5, and further illustrated in Fig. 6. Here the default ini-
tialization by the Euclidean geodesic has been replaced by a quadratic Bezier curve
forced to pass through a manually selected inclusive ROI called an AND gate (green
circle), while connectivity maximization for this control point has been constrained
to this neighbourhood. Note that, for the inverse as well as the adjugate diffusion
tensor ansatz, Fig. 6, boundary extrema γε are found near ε=1, illustrating the same
inclination to produce shortcuts as γ1 for the unscaled metric. Closer to the optimal
ε∗ ∈argmaxε∈[δ,1] C(γε) we observe correct convergence, though.
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Fig. 3 For each endpoint of the optimal green curve (cf. Fig. 2) the red points are generated
from a multivariate normal distribution centered around the endpoints with covariance matrix Σ =
diag(0.5, 0.5). The blue tracts are the optimal tracts for pairs of such perturbed endpoints by using
the adjugate DTI metric ansatz. The green curve has a connectivity value of 2.749 and the mean
connectivity of all perturbed tracts is 2.708 with a standard deviation of 0.037. Visually, the green
curve is a good representative of this bundle of tracts as awhole and its connectivity is approximately
one standard deviation away from the mean.

In Fig. 7, the left Cortical Spinal Tract of the ISMRM2015Tractography challenge
data [35] is used to illustrate the operational procedure on a 3D dataset. Quantitative
measures used in the challenge are the overlap (OL), overreach (OR) and F1 scores,
see Côté et al. [9]. OL is defined as the number of voxels through which both the
reconstruction and the ground truth pass, normalized by the number of ground truth
voxels. OR is the number of voxels through which the reconstruction passes but the
ground truth does not, normalized by the number of reconstructed voxels. These two
quantities can be interpreted as the true positive rate and the false discovery rate.
The F1 score is the harmonic mean of OL and 1 − OR. Our tractography results in
OR = 0.324, OL = 0.375, leading to F1 = 0.427, ranking it in the top 40% of the
submitted challenge results based solely on F1 scores. It is particularly notewor-
thy that this DTI-based procedure has a performance comparable to HARDI type
methods, outperforming other DTI-based methods applied to the CST [36].
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Fig. 4 (Top) Seed and target point labeling: si = start of tract, ei = end of tract; the attached number
i ∈{1, . . . , 7}, refers to the tract label. (bottom) Box-and-whisker plot of connectivity in the adjugate
DTI metric versus seed point. For the seed points s1 and s2 the boxplot above it shows the optimal
connectivity of that seed point to every other target point s j and e j . Endpoints that yield the highest
connectivity are indicated on top on the boxplot. The red dots indicate the connectivity value for
the stipulated ground truth, i.e. the tract running from si to ei , for each tract label.
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Fig. 5 Simulation with kissing/crossing fibers. Seed and target points are invariably taken to lie
in upper and lower left corner. Note that there are two plausible solutions. The left two figures
pertain to the (connectivity pruned) ε-family induced by the inverse diffusion metric, the right two
figures to that of the adjugate diffusion metric. In either case, our automatic procedure only finds
one solution (blue curves). (top) The equally viable crossing scenario is due to the coarse-to-fine
schemewith default initialization (red dotted Euclidean geodesic in the upper two figures). (bottom)
By employing a restricted neighbourhood search region (AND gate, green circle) with suitable
initialization (red dotted quadratic Bezier curve), the algorithm converges to the blue crossing
geodesics in the bottom two figures, resolving the false negative result.
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Fig. 6 Geodesics found by unfolding of the Riemannian metric family gε , Eq. (7) in combination
with connectivity optimization, Eq. (6) for inverse (left) and adjugate (right) diffusion tensor ansatz
g=g1, the AND gate of Fig. 5 (green circle). Initialization is given by the quadratic Bezier curve
in Fig. 5. Red-to-blue rainbow color coding shows the connectivity evolution as a function of ε,
with red indicating low connectivity tracts and blue indicating the (unique) connectivity optimized
result for ε∗ =argmaxε∈[δ,1] C(γε).

4 Conclusion and Discussion

We have proposed a modified Riemann-DTI geodesic tractography framework. The
modification entails the embedding of a DTI induced metric into a family of metrics
designed for the purpose of tractography, furnished with an operational scheme for
tract-specific optimization of metric and geodesic(s) for any given pair of endpoints
based on a nonlinear connectivity functional.

In a simple experiment based on the Fibercup simulator we conclude that all local
connectivity maxima correspond to plausible tracts that consistently follow high
diffusivity pathways and avoid, as much as logically possible, inconsistent regions.
For instance, despite a rather simplistic connectivity measure, all ground truth tracts
are reconstructed provided seed and target points are (roughly) correctly placed, i.e.
in such a way that a plausible fiber does indeed exist, recall Fig. 2. The robustness
of our procedure with respect to the placement of endpoints is demonstrated in
Fig. 3, where tracts reconstructed using slightly perturbed seed and target locations,
remained in close proximity to the original one.

It is essential, in this respect, to appreciate the ill-posed nature of tractography.
Although the generation of diffusivity patterns from a given tract configuration is
robust (albeit model-dependent), this process is not invertible. The equivalence class
of tract configurations consistent with a given diffusivity pattern may contain many
‘metamers’, so to speak. The actual power of the proposed method is precisely its
ability to generate multiple representatives from this equivalence class, so that no
a priori bias is introduced. In clinical practice this could help an expert to reject
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Fig. 7 Comparison of the Left Cortical Spinal Tract (CST) between the ground truth (red) and
connectivity-optimal geodesics according to Eqs. (6) and (7) in which the basemetric is the adjugate
DTI-metric. The geodesics are color-coded according to their connectivity value, which increases
fromgreen to blue.Thedepicted views are labeledwithS(uperior),A(nterior) andL(eft) to determine
the plane and orientation of the cross-section. On visual inspection of the multiple views of the CST,
the optimal geodesics lie close to the ground truth. Using more refined connectivity measures or a
criterion to remove single tracts, the results can be improved. This can relieve us from those spurious
tracts that are seemingly leaving the bundle and clearly have a lower connectivity than the rest of
the tracts. A selection of 3000 ground truth tracts were extracted from the CST to determine seed
and target points for the geodesics.



Riemann-DTI Geodesic Tractography Revisited 239

false positives (if not eliminated automatically), based on data-extrinsic anatomi-
cal insight, in favour of selecting one of the remaining plausible candidate tracts,
i.e. without being confronted with false negatives. Ideally such candidates present
themselves, viz. as one of the local optima actually found by our automatic scheme.

False negatives may nevertheless occur if local maxima are missed due to inade-
quate numerical optimization.We have indicated how this problemmay be mitigated
through a simple manual edit by an expert. The delineation of an AND gate through
which one believes tentative tracts of interest should pass, or the sketch of a coarse
initialization curve between the endpoints, overruling the default straight line seg-
ment, both make it more likely to drive numerical optimization to the correct local
maximum.

To prevent scaling of the diffusion tensors in a non-sensical manner, their eigen-
values are only affected whenever an FA threshold was exceeded in order to ensure
a well-defined main eigendirection of the diffusion tensor. This treshold was based
on experiments with the Fiberfox-reconstructed Fibercup phantom, but needs to be
adjusted for tractography on real data. This ad hoc approach should be considered
a first stepping stone towards a more refined technique combining the scaling of
eigenvalues with the anisotropy of the tensor and the noise level of the data. Highly
anisotropic tensors have a relatively large first eigenvalue and may tolerate a more
severe scaling, since they provide more evidence for an articulated orientation. Since
many low FA regions contain complex fiber structures, not scaling the DTI tensors
there may influence the shape of the geodesics. In these areas we do not expect to
get accurate results, since DTI is not able to resolve complex fiber structures ade-
quately. However, scaling of the tensors enhances any noise present in the data and
may increase the number of false positives, especially when the signal-to-noise-ratio
is very low.

We stress that ‘most likely’ fiber candidates are obtained for any pair of endpoints
in terms of local optimality of connectivity. Recalling Fig. 4, note that even though
tract s2-e2 has a high connectivity value, maximal connectivity is attained by the
tract s2-s5. This effect can be ascribed to the construction of the family of metrics
gε as well as the conservative nature of the connectivity measure in Eq. (6). At the
intersection of two bundles the diffusion tensors are (nearly) isotropic, leading to
similar diffusivities in all directions. This isotropy (FA ≤ 0.15) prevents anisotropic
rescaling of the metric, as explained. Moreover, as the connectivity measure only
accounts for average diffusion along a tract and does not penalize curvature, a bend
in the tract does not decrease its connectivity, as the latter is based on diffusivity, not
geometry. These effects combined result in a connectivity-optimal tract which differs
from the ground truth one. This needs to be remedied by using more sophisticated
connectivity measures, which will be application dependent and may require prior
knowledge about the bundles of interest. Our generic connectivity measure has been
motivated mainly by our desire to preserve true positives, not as a criterion to remove
false positives, allowing a modular approach. Additional criteria for pruning false
positives connecting a fiducial seed point to a volumetric target region (possibly the
whole brain) will be studied in future work, including appropriate extensions of the
proposed coarse-to-fine tractography algorithm.
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In the ISMRM Tractography challenge reconstructed tracts are interpreted as
centerlines of a fiber with a thickness/resolution of 1 mm isotropic voxel. The OL,
OR and F1 scores were calculated based on such 1 mm voxels [36]. The trac-
tography, however, was performed on the diffusion weighted images consisting of
2 mm isotropic voxels. This way we can only resolve detail up to the grid scale of
2 mm and quantification measures should take this resolution difference into account
when using the affine transformation to convert between the two different spaces.
By downscaling this minimal resolution of 1 mm to 2 mm we increase the F1 score
to 0.526, ranking in the top 20% (as the only DTI based algorithm).

In this experiment details could be resolved up to grid scale, but if one would
consider the effects of noise (e.g. in the acquisition process), this may lead to a
different effective minimal resolution, determined by grid scale and noise level. The
influence of different kinds of noise (e.g. acquisition noise, seeding errors) needs to
be addressed in future studies in which the control-triad framework is combined with
uncertainty quantification.

These experiments confirm our main conjecture that the potential of DTI has not
yet been fully exploited in tractography.
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