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Abstract. Barrier certificates generation is widely used in verifying
safety properties of hybrid systems because of the relatively low com-
putational complexity it costs. Under sum of squares (SOS) relaxation,
the problem of barrier certificate generation is equivalent to that of solv-
ing a bilinear matrix inequality (BMI) with a particular type. The paper
reveals the special feature of the problem, and adopts it to build a novel
computational method. The proposed method introduces a sequential
iterative scheme that is able to find analytical solutions, rather than
the nonlinear solving procedure to produce numerical solutions used by
general BMI solvers and thus is more efficient than them. In addition,
different from popular LMI solving based methods, it does not make the
verification conditions more conservative, and thus reduces the risk of
missing feasible solutions. Benefitting from these two appealing features,
it can produce barrier certificates not amenable to existing methods,
which is supported by a complexity analysis as well as the experiment
on some benchmarks.
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1 Introduction

Cyber-physical systems (CPS) consists of tightly coupled physical components
such as electrical, mechanical, hydraulic, and biological components and software
systems. They are deeply involved in many safety-critical systems, for example,
high confidence medical devices, traffic control and safety systems, advanced
automotive systems and critical infrastructure control systems. Safety verifica-
tion helps to ensure them not to behave dangerously.

Hybrid systems are popular models used in the verification of Cyber-physical
systems, for its ability to describe interacting discrete transitions and continuous
dynamics [18]. Safety verification contributes to checking safety properties by
determining whether a system can evolve to some states violating desired safety
properties when it starts at some initial conditions. A successful verification of
a hybrid system can raise our confidence in its corresponding Cyber-physical
system.

For Cyber-physical systems with real time constraints, fast verification is
a vital requirement. For example, a online verification module in a monitoring
system should return the result before the deadline is reached. The paper aims at
fast verification of hybrid systems to satisfy the requirement of fast verification
of Cyber-physical systems.

Intuitively, safety verification of hybrid systems can be performed by com-
puting the reachable set. Reachable set computation based approaches explic-
itly computes either exact or approximate reachable sets corresponding to the
dynamics in the model, and then compares them with unsafe regions. It has been
successfully adopted in verifying behaviors of a system within a finite horizon.
However, due to their intrinsic computational difficulty, approaches of this kind
can hardly scale up to complex non-linear systems.

Many research efforts have been devoted to barrier certificate generation. A
barrier certificate is a function, of which the zero level set separates the unsafe
region from all reachable states of a system. It requires all system trajectories
starting from some initial conditions fall into one side of the barrier certificate
while the unsafe region resides on the other. As the existence of a barrier cer-
tificate implies that the unsafe region is not reachable, the safety verification
problem can be transformed into the problem of barrier certificate generation.
Compared with reachable set computation [31], barrier certificate generation
requires much less computation, since the unsafe region leads to seeking a bar-
rier certificate. Especially, it behaves very well when a safety property concerns
infinite time horizon [21,34].

Barrier certificate generation is a computation intensive task. A set of ver-
ification conditions corresponding to a specific type of barrier certificates is
given at first. Then they are encoded into some constraints on state variables
and unknown coefficients of barrier certificates of a specific type. Finally, those
unknown coefficients are determined by solving the constraints [27]. Thus, how
to encode verification conditions and solve them in an effective way is a critical
and challenging problem in barrier certificate based verification.
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Acting as the barrier between reachable states and the unsafe region, a bar-
rier certificate should always evaluate to be nonnegative or negative accordingly
in spite of what type it is. To achieve this, the most popular computational
method utilizes the theory of Putinar’s Positivstellensatz to derive a sum of
squares (SOS) program of the barrier certificate, which results in a bilinear
matrix inequality (BMI) solving problem belonging to the class of NP-hard
problems [20,21]. An effective and efficient BMI solver is a prerequisite for suc-
cess in exploiting SOS relaxation based methods.

The general BMI problem can be solved by the commercial BMI solver
PENBMI [14] at the cost of a very high computational complexity, where the
(exterior) penalty and (interior) barrier method incorporates with the augmented
Lagrangian method. To make it more tractable, the convex SOS relaxation based
methods become popular. They transform the BMI problem (non-convex) to a
linear matrix inequality (LMI) problem (convex) by fixing some multipliers and
then solve it quickly via convex optimization such as semidefinite programming
(SDP). Unfortunately, the removal of non-convexity may yield too conservative
verification conditions so that the solution to the original BMI problem is invis-
ible to the derived LMI problem.

The paper focuses on quickly solving the BMI problem derived from SOS
relaxation by directly attacking the problem without relaxing it to a LMI one.
Taking advantage of the special feature of the problem, that is all bilinear terms
are cross ones between different parameter vectors, a sequential iterative scheme
is proposed. It treats the non-convex BMI problem directly so as to avoid the loss
of precision accompanied with non-convexity removing. Meanwhile, it provides
much lower computational complexity than the PENBMI solver. Hence, the
proposed method spends much less time in computation and has the potential
to find solutions beyond the reach of existing methods.

To be specific, a feasible solution to the BMI problem can be found by a dual
augmented Lagrangian iterative framework. At each iteration, the minimization
over the four sets of primal variables is divided into four sequential minimization
problems with respect to one set of primal variables by fixing the other three
sets. On the theoretical side, we show that our method returns the feasible solu-
tion in cubic time, while the PENBMI solver in quartic time. We have developed
a prototyping tool implementing the proposed method and compared it with the
PENBMI solver and the LMI solver: SOSTOOLS [22] over a set of benchmarks
gathered from the literature. The experiment shows that our tool is more effec-
tive than them and provides a much lower computational complexity than the
PENBMI solver.

The paper is organized as follows. Section 2 describes the connection between
safety verification and barrier certificate generation. Section 3 addresses how
to transform the problem of barrier certificate generation into a BMI solving
problem. In Sect. 4, a sequential iterative scheme is presented followed by a
complexity analysis. Section 5 contains detailed examples illustrating the use of
our method as well as the experiment on benchmarks. We compare with related
works in Sect. 6 before concluding in Sect. 7.
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2 Preliminaries

Notations. Let R be the field of real number. R[x] denotes the polynomial ring
with coefficients in R over variables x = [x1, x2, · · · , xn]T . Let Σ[x] ⊂ R[x] be
the space of SOS polynomials. Sn denotes the set of n × n symmetric matrices,
and the notation B � 0 means that the matrix B ∈ Sn is positive semidefinite.
〈A,B〉 denotes the inner product between A and B.

A continuous dynamical system is modeled by a finite number of first-order
ordinary differential equations

ẋ = f(x), (1)

where ẋ denotes the derivative of x with respect to the time variable t, and f(x)
is called vector field f(x) = [f1(x), · · · , fn(x)]T defined on an open set Ψ ⊆ R

n.
We assume that f satisfies the local Lipschitz condition, which ensures that given
x = x0, there exists a time T > 0 and a unique function τ : [0, T ) �→ R

n such
that τ(0) = x0. And x(t) is called a solution of (1) that starts at a certain initial
state x0, that is, x(0) = x0. Namely, x(t) is also called a trajectory of (1) from
x0.

Definition 1 (Continuous System). A continuous system over x consists of
a tuple S : 〈Θ, f , Ψ〉, wherein Θ ⊆ R

n is a set of initial states, f is a vector field
over the domain Ψ ⊆ R

n.

A hybrid system is a system which exhibits mixed discrete-continuous behav-
iors. A popular model for representing hybrid systems is hybrid automata [1],
which combine finite state automata modeling the discrete dynamics, and dif-
ferential equations modeling the continuous dynamics.

Definition 2 (Hybrid Automata). A hybrid automaton is a tuple H : 〈L,
X, F , Ψ,E,Ξ,Δ,Θ, �0〉, where
– L, a finite set of locations (or models);
– X ⊆ R

n is the continuous state space. The hybrid state space of the system
is defined by X = L × X and a state is defined by (�,x) ∈ X ;

– F : L → (Rn → R
n), assigns to each location � ∈ L a locally Lipschitz

continuous vector field f�;
– Ψ assigns to each location � ∈ L a location condition (location invari-

ant) Ψ(�) ⊆ R
n;

– E ⊆ L × L is a finite set of discrete transitions;
– Ξ assigns to each transition e ∈ E a switching guard Ξe ⊆ R

n;
– Δ assigns to each transition e ∈ E a reset function Δe : Rn → R

n;
– Θ ⊆ R

n, an initial continuous state set;
– �0 ∈ L, the initial location. The initial state space of the system is defined by

�0 × Θ.

Trajectories of hybrid systems combine continuous flows and discrete tran-
sitions. Concretely, a trajectory of H is an infinite sequence of states σ =
{s0, s1, s2, · · · } such that
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– [Initiation] s0 = (�0,x0), with x0 ∈ Θ;
Furthermore, for each pair of consecutive state (si, si+1) ∈ σ with si = (�i,xi)
and si+1 = (�i+1,xi+1) satisfies the following one of the two consecution
conditions:

– [Discrete Consecution] e = (�i, �i+1) ∈ E, xi ∈ Ξe and xi+1 = Δe(xi);
– [Continuous Consecution] �i = �i+1, and there exists a time interval δ > 0

such that the solution x(xi; t) to ẋ = f�i
evolves from xi to xi+1, while

satisfying the location invariant Ψ(�i). Formally, x(xi, δ) = xi+1 and ∀t ∈
[0, δ],x(xi, t) ∈ Ψ(�i).

If Σ is the set of all possible trajectories of H, the reachable set is defined by
R = {s|∃ς ∈ Σ : s ∈ ς}, i.e., R contains all states that are elements of at least
one trajectory ς.

In this paper, we focus on semi-algebraic hybrid systems, that is, the cor-
responding vector fields are polynomials and the sets Θ,Ψ(�), Ξe,Δe in H are
semi-algebraic, represented by polynomial equations and inequalities. The semi-
algebraic sets Θ, Ψ(�), Ξe, and Δe in Definition 2 are represented as follows:

⎧
⎪⎪⎨

⎪⎪⎩

Θ : = {x ∈ R
n | θ(x) ≥ 0},

Ψ(�) : = {x ∈ R
n |ψ�(x) ≥ 0},

Ξe : = {x ∈ R
n | ρe(x) ≥ 0},

Δe : = {x′ ∈ R
n | δe(x′) ≥ 0},

where � ∈ L, e ∈ E, θ(x), ψ�(x), ρe(x), and δe(x′) are vectors of polynomials,
and the inequalities are satisfied entry-wise. Suppose that Xu assigns to each
location � ∈ L an unsafe region Xu(�), defined by

Xu(�) := {x ∈ R
n | ζ�(x) ≥ 0},

where ζ� is a vector of polynomials. The safety specification is described over
the trace of state (�,x) w.r.t. unsafe regions Xu(�).

Definition 3 (Safety). Given a hybrid system H : 〈L, X, F , Ψ,E,Ξ,Δ,Θ, �0〉
and unsafe regions Xu(�), the safety property holds if there exist no trajectories
of H starting from the initial set �0 × Θ, can evolve to any state specified by
Xu(�), i.e., ∀� ∈ L∀σ ∈ Σ. s ∈ σ |= s /∈ Xu(�).

For safety verification of hybrid systems, the notion of barrier certificates [21]
plays an important role. A barrier certificate maps all the states in the reachable
set R to non-negative reals and all the states in the unsafe region to negative
reals, thus can be employed to prove safety of hybrid systems. However, the
exact reachable set R is usually intractable for most hybrid systems. In [21], a
sufficient inductive condition for barrier certificates is defined as follows.

Definition 4 (Barrier Certificate). A barrier certificate of hybrid system
H for safety w.r.t. unsafe regions Xu(�) is a set of real functions {B�(x)} such
that, for all � ∈ L and e = (�, �′) ∈ E, the following conditions hold:
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⎧
⎪⎪⎨

⎪⎪⎩

∀x ∈ Θ : B�0(x) ≥ 0,

∀x ∈ Ψ(�) : B�(x) = 0 |= 〈
∂B�

∂x (x), f�(x)
〉

> 0,
∀x ∈ Ξe,∀x′ ∈ Δe(x) : B�(x) ≥ 0 |= B�′(x′) ≥ 0,
∀x ∈ Xu(�) : B�(x) < 0.

(2)

Note that
〈

∂B�

∂x (x), f�(x)
〉

is the Lie derivative of B�(x) with respect to the vector
field f�(x).

3 Transfer to BMI

The problem of generating barrier certificates in Definition 4 is an infinite-
dimensional problem. In order to make it amenable to polynomial optimization,
the barrier certificate {B�(x)} should be restricted to a set of polynomials with
a priori degree bound. Putinar’s Positivstellensatz provides a powerful represen-
tation for polynomial positivity on semi-algebraic sets, which helps to transform
the problem of barrier certificate generation into solving a semidefinite program-
ming via SOS relaxation.

Arising from the second and third conditions of Definition 4, where the
parameters of {B�(x)} appear on the antecedent sides, the associated SOS rep-
resentations using Putinar’s Positvstellensatz form non-convex BMI constraints,
yielded from the polynomial products between the barrier certificate and its
polynomial multipliers.

In what follows, the procedure for transforming barrier certificate generation
into BMI solving is recapped in detail. Firstly, SOS relaxation is applied to
encode the entailment checking in condition (2) as an SOS program. In fact, all
the conditions of Definition 4 can be expressed as a unified type, say, a polynomial
is nonnegative (positive) on a semi-algebraic set, which can be characterized by
Putinar’s Positivstellensatz.

Let K be a basic semi-algebraic set defined by:

K = {x ∈ R
n | g1(x) ≥ 0, . . . , gs(x) ≥ 0}, (3)

where gj ∈ R[x], 1 ≤ j ≤ s. Given the finite family g = {g1(x), . . . , gs(x)},the
polynomial set defined by

M(g) =:= {σ0 +
s∑

i=1

σigi | σi ∈ Σ[x], 0 ≤ i ≤ s}

is called the quadratic module generated by g.

Theorem 1. [Putinar’s Positivstellensatz] Let K ⊂ R[x] be as in (3). Assume
that the quadratic module M(g) is archimedean, namely, there exists u(x) ∈
M(g) such that the set {x ∈ R

n|u(x) ≥ 0} is compact. If f(x) is strictly positive
on K, then f(x) can be represented as

f(x) = σ0(x) +
s∑

i=1

σi(x)gi(x), (4)

where σi ∈ Σ[x], 0 ≤ i ≤ s.
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Following Theorem 1, the existence of the representation (4) provides a suffi-
cient and necessary condition of polynomial positivity on a semi-algebraic set K
[23]. Although the number of auxiliary polynomials in the representation (4) is
only one more than the number of polynomials that define K, the degree bound
for σi(x) is exponential with n and deg(f). From a computational point of view,
the method for finding the above representation has some degree of conserva-
tiveness, say, by fixing a priori much smaller degree bound D for σi(x). Thus,
a sufficient condition for the nonnegativity of the given polynomial f(x) on the
semi-algebraic set K is provided as

f(x) = σ0(x) +
s∑

i=1

σi(x)gi, (5)

with deg(σi) ≤ D, σi ∈ Σ[x], 1 ≤ i ≤ s. The representation (5) ensures that
a polynomial is nonnegative on a given semi-algebraic set. At this point, all
conditions in Definition 4 can be derived as a unified type, i.e., polynomial non-
negativity on a semi-algebraic set. The representation (5) is used to characterize
the conditions of barrier certificate generation, for they are more tractable.

Theorem 2. Let the semi-algebraic hybrid system H and the unsafe regions
Xu(�) be defined as the above. Let D be a positive integer. Suppose there exist
polynomials {B�(x)} and {ν�(x)} with deg(ν�) ≤ D, positive numbers ε�,1 and
ε�,2, and vectors of sums of squares σ(x), λe,i(x), γe(x), ηe(x), φ�(x), μ�(x) with
the degree bound D, such that the following expressions:

B�0(x) − σ(x)θ(x)
B�′(x′) − λe(x)ρe(x) − γe(x′)δe(x′) − ηe(x)B�(x)〈

∂B�

∂x (x), f�(x)
〉 − φ�(x)ψ�(x) − ν�(x)B�(x) − ε�,1

−B�(x) − μ�(x)ζ�(x) − ε�,2

(6)

are SOSes for each � ∈ L and e ∈ E. Then {B�(x)} satisfies the conditions in
Definition 4, and therefore guarantees the safety of H.

Remark that a polynomial f(x) with deg(f) = 2d is a sum of squares if and
only if there exists a real symmetric and positive semidefinite matrix Q, called
as the Gram matrix, such that f(x) = vd(x)T Qvd(x), where vd(x) is the vector
consisting of all the monomials of degree less than or equal to d. In view of the
conditions (6) in Theorem 2, the problem of generating the barrier certificates
requires introducing the auxiliary (Gram matrices) variables. In fact, the decision
variables in the SOS program (6) are the coefficients of all the unknown polyno-
mials in (6), such as B�(x), σ(x), λe(x) and the associated Gram matrices. The
polynomial products, i.e., B�(x)ηe(x) and B�(x)ν�(x), derive some quadratic
terms of the products of these unknown coefficients, which occur in the second
and third constraints of (6). As a consequence, the problem for generating bar-
rier certificates in Theorem 2 derives a non-convex BMI problem. We now show
the transformation by a simple example.
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Example 1. Consider the system ẋ = −x with location invariant Ψ = {x ∈
R : x2 − 1 ≤ 0}. Suppose the barrier certificate B(x) with deg(B) = 1, we
predetermine its template as B(x) = u0 + u1 x with u0, u1 ∈ R and u1 �= 0. For
simplicity, here we consider the second condition in Definition 4, that is, to find
B(x) which satisfies

∀x ∈ Ψ : B(x) = 0 |= ∂B

∂x
· (−x) ≥ 0.

Following the SOS relaxation in (6), we need to find B(x) such that

φ0(x) :=
∂B

∂x
· (−x) − φ1(x) · (1 − x2) − φ2(x) · B(x) − ε (7)

and φ1(x) are SOSes, φ2(x) ∈ R[x], ε ∈ R>0. We assume that φ1 = u2 and φ2 =
v, with u2 ∈ R≥0 and v ∈ R. Then (7) yields φ0(x) = u2x

2 − (u1v +u1)x−u0v −
u2 − ε, and its Gram matrix representation φ0(x) = v1(x)T Qv1(x), where

Q =
[

u2 − 1
2u1 v − 1

2u1

− 1
2u1 v − 1

2u1 −u0 v − u2 − ε

]

and v1(x) =
[
x
1

]

.

Since φ0(x) and φ1(x) must be SOSes, we have Q � 0 and u2 ≥ 0, which is
equivalent to

B(u0, u1, u2, v) =

⎡

⎣
u2 0 0
0 u2 − 1

2u1 v − 1
2u1

0 − 1
2u1 v − 1

2u1 −u0 v − u2 − ε

⎤

⎦ � 0.

Therefore, the requirement that φ0(x) and φ1(x) are SOSes is translated into
the BMI constraint of the form

B = B0,0 +
2∑

i=0

uiBi,0 + vB0,1 +
2∑

i=0

uiv Bi,1 � 0, (8)

where all Bi,j ∈ S3 are constant matrices. �

As illustrated in Example 1, the problem of generating barrier certificates
satisfying condition (6) can be transformed into a BMI problem of the form

Find u ∈ R
p, v ∈ R

q

s.t. B(u,v) = B0,0 +
p∑

i=1

uiBi,0 +
q∑

j=1

vjB0,j +
p∑

i=1

q∑

j=1

uivjBij � 0, (9)

where all Bi,j ∈ St are constant matrices, u = [u1, . . . , up]T , v = [v1, . . . , vq]T

are parameter coefficients of the unknown polynomials occurring in the original
SOS program. Essentially, the BMI problem (9) is NP-hard. To simplify the
problem considerably, the canonical approach is to swap v, corresponding to
the polynomial multipliers ηe(x) and ν�(x), with the fixed vector. This strategy



590 X. Chen et al.

can reduce the BMI constraint into the associated LMI one. Unfortunately, the
resulting LMI problem is considerably more conservative than the original BMI
one. To be specific, the fixed ηe(x) and ν�(x) may result in too conservative
verification conditions that rule out barrier certificates satisfy the non-convex
conditions but not the stronger convex conditions.

By investigating (9), we can find a crucial feature of B(u,v), that is, all cross
terms between parameters of u and v are of the form ui vj . The feature motivates
us to design a more efficient approach for the specific type of BMI problems.

4 A Sequential Iterative Scheme for Solving BMI
Problems

The conventional approaches for solving the BMI problem typically employ the
augmented Lagrangian iterative framework, wherein each iteration involves two
optimization problems for primal and dual variables. Due to the existence of
nonlinear terms (quartic terms) in the associated Lagrangian function, the ana-
lytical solutions to the first problem do not exist. The iterative-based nonlinear
solving procedure is introduced to obtain the numerical solutions which results
in a time-consuming computing process.

Observing the BMI problem (9), we can see that all nonlinear terms are
the cross terms between u and v. As a result, the associated dual augmented
Lagrangian function is quartic for all variables, but is quadratic with respect
to each single variable. Having this crucial feature, if we choose one variable
as the independent variable and assign the others with fixed values, we may
get the problem of minimizing the quadratic function. According to the first-
order optimality condition, given a quadratic function f(x), the sufficient and
necessary condition that x̃ is a minimizer of f(x) requires that the gradient of
f(x) to be zero at x̃, i.e., ∇f(x̃) = 0. As a consequence, the analytical solutions
to our studied optimization problem can be easily formulated, since the gradient
of the associated Lagrangian function is affine.

The analytical optimal solutions can be obtained by calling simple matrix
computation, and thus are much more efficient than numerical solutions whose
computation relies on complicated nonlinear optimization methods. The com-
putational advantage is further demonstrated by a complexity analysis of our
scheme against the existing BMI solving algorithm that combines the (exterior)
penalty and (interior) barrier method with the augmented Lagrangian method,
presented later in this section.

To utilize the computational advantage of analytical optimal solutions, for
the first optimization problem (w.r.t primal variables) involved in each iteration
of the augmented Lagrangian iterative framework, rather than using the usual
joint minimization for all primal variables, we introduce a sequential minimiza-
tion scheme, that is, dividing it into four sequential sub-optimization problems
over one independent variable while keeping the others fixed. More concretely,
the sub-optimization problem with one single primal variable is constructed by
replacing the other variables with their optimal solutions obtained from the cur-
rent iteration (if available) or the last iteration.
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This section first introduces an iterative scheme to solve the BMI problem
and then illustrates how to derive analytical solutions to the sub-problems in
each iteration followed by a complexity analysis against the existing algorithm.

4.1 An Iterative Scheme

We start by presenting a straightforward reformulation of the BMI problem (9)
as follows:

⎧
⎨

⎩

λ∗ = min λ
s.t. Z = λ · I + B(u,v)

Z � 0.
(10)

Clearly, there exists a feasible solution (u,v) to the BMI problem (9) if and only
if the optimal value of problem (10) is non-positive, i.e., λ∗ ≤ 0. We try to build
an iterative scheme for dealing with the optimization problem (10).

The augmented Lagrangian function L associated with (10) is defined as:

Lμ(λ,u,v, Z, U) = λ + 〈U,Z − λI − B(u,v)〉 +
1
2μ

‖Z − λI − B(u,v)‖2F , (11)

where μ > 0, 〈·, ·〉 means the inner product operator, and ‖ · ‖F denotes the
Frobenius norm of a matrix. Let U ∈ St be the Lagrangian multiplier associated
with the equality constraint, the dual function is defined as

g(U) = inf
(λ,u,v,Z)

Lμ(λ,u,v, Z, U),

and the Lagrange dual problem associated with (10) is to maximize this dual
function g(U), i.e., max

U
g(U). Clearly, the dual function yields lower bounds on

the optimal value λ∗ of the problem (10), that is, g(U) ≤ λ∗ for any U .
Applying the dual ascent [17] to the augment Lagrangian function yields the

iterative scheme, consisting of the following updates

(λk+1,uk+1,vk+1, Zk+1) := argmin
λ,u,v,Z

Lμ(λ,u,v, Z, Uk),

s.t. Z � 0,
Uk+1 := argmax

U
Lμ(λk+1,uk+1,vk+1, Zk+1, U),

⎫
⎪⎪⎬

⎪⎪⎭

(12)

where the first step is the primal variables update, and the second step is the
dual variable update.

The first step in (12) consists of quartic terms and is lack of analytical solu-
tion. Thus, it requires jointly minimizing Lμ(λ,u,v, Z, Uk) with respect to λ,u,v
and Z, which can be directly solved by applying the iterative-based nonlinear
optimization procedure at the cost of a high computational complexity. Instead
of the usual joint minimization solving, we separate the minimization over the
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primal variables λ,u,v, Z into four steps, that is, λ,u,v and Z are updated in an
alternating scheme, that is, minimizing Lμ with respect to one primal variable
given the others fixed. In detail, the sequential iterative scheme consists of the
following new iterations:

λk+1 := argmin
λ

Lμ(λ,uk,vk, Zk, Uk), (13)

uk+1 := argmin
u

Lμ(λk+1,u,vk, Zk, Uk), (14)

vk+1 := argmin
v

Lμ(λk+1,uk+1,v, Zk, Uk), (15)

Zk+1 := argmin
Z�0

Lμ(λk+1,uk+1,vk+1, Z, Uk), (16)

Uk+1 := argmax
U

Lμ(λk+1,uk+1,vk+1, Zk+1, U). (17)

The above iterative scheme introduces a sequential minimization that treats
the four primal variables one by one. Benefited from the fact that the explicit
formulae for the minimizer or maximizer (13–17) are available, the analytical
solutions can be directly derived. Furthermore, as the computation of those
analytical solutions involves only simple matrix computation, such as eigenvalue
decomposition and matrix inverse, it will be very efficient.

4.2 Analytical Solutions for the Sequential Iteration

In this subsection, we focus on how to find analytical solutions to problems
(13–17) in terms of the first-order optimality conditions.

Theorem 3. The minimizer λk+1 of (13),i.e.,

λk+1 := argmin
λ

Lμ(λ,uk,vk, Zk, Uk),

has the following analytical formula:

λk+1 :=
1
t

t∑

i=1

(Zk
i,i − Bi,i(uk,vk)) +

μ

t
· (Tr(Uk) − 1), (18)

where Tr(Uk) denotes the trace of Uk.

Proof. The first-order optimality condition for (13) is

∇λLμ = 1 − Tr(Uk) +
t

μ
λ − 1

μ

t∑

i=1

(Zk
i,i − Bi,i(uk,vk)) = 0.

It follows that the specified λk+1 in (18) is the optimal solution of (13), which
concludes the proof. �
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The first-order optimality condition resembling Theorem 3 can also be
invoked to produce the corresponding analytical solutions to (14) and (15),
respectively.

Theorem 4. Let vk = [vk
1 , . . . , vk

q ]T ∈ R
q, and define X [i] = Bi,0 +

∑q
�=1 vk

� Bi,�

for 0 ≤ i ≤ p. Let uk+1 be the minimizer of (14). Then

uk+1 := S−1 · [r1, . . . , rp]T , (19)

where S = [sij ] ∈ R
p×p with sij = 1

μ 〈X [i],X [j]〉, and

ri = 〈Uk +
1
μ

(Zk − λk+1I − X [0]),X [i]〉, 1 ≤ i ≤ p.

Proof. The first-order optimality condition for (14) is

∇uLμ(λk+1,u,vk, Zk, Uk) = (∇u1Lμ,∇u2Lμ, · · · ,∇up
Lμ)T = 0,

and the i-th gradient function ∇ui
Lμ(λk+1,u,vk, Zk, Uk), 1 ≤ i ≤ p is

〈Uk,−
q∑

�=1

vk
� Bi,� − Bi,0〉 +

1
μ

〈Zk − λk+1I − B(u,vk),−
q∑

�=1

vk
� Bi,� − Bi,0〉.

Then we have

∇ui
Lμ(λk+1,u,vk, Zk, UK) = 〈Uk,−X [i]〉 +

1
μ

〈Zk − λk+1I − B(u,vk),−X [i]〉

for i = 1 . . . , p.
Thus, ∇uLμ(λk+1,u,vk, Zk, Uk) = 0 yields (19), which proves the claim. �

Theorem 5. Let uk+1 = [uk+1
1 , . . . , uk+1

p ]T ∈ R
p, and define Y [j] = B0,j +

∑p
�=1 uk+1

� B�,j, for 0 ≤ j ≤ q. Let vk+1 be the minimizer of (15). Then

vk+1 := T−1 · [w1, . . . , wq]T , (20)

where T = [tij ] ∈ R
q×q with tij = 1

μ 〈Y [i], Y [j]〉, and

wi = 〈Uk +
1
μ

(Zk − λk+1I − Y [0]), Y [i]〉, 1 ≤ i ≤ q.

Proof. Similar to the proof of Theorem 4. �

The theorems below demonstrate the analytical solutions to the Z-
minimization and U -maximization, respectively.

Theorem 6. Let Zk+1 be the minimizer of (16), and Uk+1 be the solution of
(17). Denote by P k+1 the matrix P k+1 := λk+1I+B(uk+1,vk+1)−μUk. Suppose
P k+1 = QΣQT is a spectral decomposition, namely,

P k+1 = QΣQT =
[
Q† Q‡

]
[
Σ+ 0
0 Σ−

] [
QT

†
QT

‡

]

,
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where Σ+ and Q† are the nonnegative eigenvalues and the associated orthogonal
eigenvectors, while Σ− and Q‡ are the negative eigenvalues and the associated
orthogonal eigenvectors. Then we have

Zk+1 := Q†Σ+QT
† , (21)

Uk+1 := − 1
μQ‡Σ−QT

‡ . (22)

Proof. The first-order optimality condition for (16) is

∇ZLμ(λk+1,uk+1,vk+1, Z, Uk) = 0. (23)

In view of the terms of (23), the problem (16) is translated to

Zk+1 = argmin
Z�0

‖Z − λk+1I − B(uk+1,vk+1) + μUk‖2F , (24)

which reads as
Zk+1 = argmin

Z�0
‖Z − P k+1‖2F .

According to the spectral decomposition of P k+1, the result (21) immediately
follows.

From (17), we have

Uk+1 = Uk +
1
μ

(Zk+1 − λk+1I − B(uk+1,vk+1))

=
1
μ

(Zk+1 − P k+1),

which yields the result (22). �

4.3 Algorithm and Complexity Analysis

From the above observation in Sect. 4.1 and Sect. 4.2, the detailed procedure for
the sequential iterative scheme is summarized in Algorithm 1.

Remark 1. At the beginning of Algorithm 1, u0 ∈ R
p, v0 ∈ R

q are selected
randomly, Z0 = M�

0 · M0 where M0 ∈ R
t is chosen randomly, and heuristically

U0 = δ · It with δ > 0.

Remark 2. There are several options for the stopping criterion of the loop in
Algorithm 1. That is, Algorithm 1 will stop and return the current result when
one of the following cases occurs:

– |λk+1 − λk| ≤ ε,
– ‖Zk+1 − Zk‖ ≤ ε,

where ε is a given tolerance. A reasonable value for the stopping criterion might
be ε = 10−6.
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Algorithm 1: Sequential Iterative Scheme for solving a BMI
(SISBMI)

Input: Problem (9); initial values u0, v0, Z0 and U0.
Output: A feasible solution (u∗,v∗) of (9).

1 while stopping criterion not met do

2 Compute λk+1 according (18);

3 Compute uk+1 and vk+1 according to (19) and (20), respectively;

4 Bk+1 ← B(uk+1,vk+1);

5 Get the minimal eigenvalue of Bk+1, denoted by λ̂;

6 if λ̂ ≥ 0 then

7 (u∗,v∗) ← (uk+1,vk+1);
8 return (u∗,v∗);

9 Compute Zk+1 according to (21);

10 Compute Uk+1 according to (22).

Complexity Analysis
We analyze the complexity of Algorithm 1 and further compare it with the algo-
rithm in PENBMI solver [14], which combines the (exterior) penalty and (inte-
rior) barrier method with the augmented Lagrangian method. The BMI problem
we study corresponds to a nonconvex optimization problem with quartic terms.
For the BMI problems of the special form, neither of the two algorithms can
guarantee to converge. A complete complexity analysis is not available as the
number of iterations is not predictable. Therefore, the computational complex-
ity of one iteration becomes a safe baseline for performance evaluation. In this
paper, we follow the same complexity analysis as that in [14], i.e. analyzing the
complexity in one iteration.

Recall that the dimension of the matrix B(u,v) in (9) is t, and the numbers
of variables u and v are p and q, respectively. We see that each iteration in
Algorithm 1 can be divided into five steps. Firstly, the step of updating λ costs
O(t) flops, which is carried out by 3t + 3 adds. In the step of u−update, the
complexity is clearly dominated by the computation of the inverse of Au ∈
R

p×p, which costs O(p3) flops [5]. Analogously, v−update can be done in O(q3)
flops. In the step of Z−update, the critical issue is to compute the eigenvalue
decomposition of matrix V k+1 ∈ R

t×t, at a cost of about 4
3 t3 flops. So the step

of Z−update requires O(t3) flops. Finally, the step of U−update requires about
O(t) flops by performing Uk+1.

Now, the complexity for the above steps in each iteration of Algorithm 1 is
summarized as follows:

– Calculation of λ → O(t);
– Calculation of u → O(p3);
– Calculation of v → O(q3);
– Calculation of Z → O(t3);
– Calculation of U → O(t).
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The total cost of each iteration in Algorithm 1 is then O(p3 + q3 + t3), while
the cost of the algorithm adopted in PENBMI is approximately O((p + q)t3 +
(p + q)2t2 + (p + q)3), as shown in [14]. Assume that p, q and t are bounded by
T ∈ Z, i.e., T = max{p, q, t}, the complexity of Algorithm 1 is approximately
O(T 3), whereas the complexity of PENBMI is approximately O(T 4).

5 Experiments

In this section, we first show our method by verifying a nonlinear continuous
system and then compare our Sequential Iterative Scheme tool: SISBMI solver
with the other two solvers: PENBMI and SOSTOOLS.

Example 2. Consider the following nonlinear continuous system [28]
⎡

⎣
ẋ1

ẋ2

ẋ3

⎤

⎦ =

⎡

⎣
10(x2 − x1)

x1(28 − x3) − x2

x1x2 − 8
3x3

⎤

⎦

with the location invariant

Ψ = {x ∈ R
3 | − 20 ≤ x1, x3 ≤ 20,−20 ≤ x2 ≤ 0}.

It is required to verify that all trajectories of the system starting from the initial
set

Θ = {x ∈ R
3 | (x1 + 14.5)2 + (x2 + 14.5)2 + (x3 − 12.5)2 ≤ 16}

will never enter the unsafe region

Xu = {x ∈ R
3 | (x1 + 16.5)2 + (x2 + 14.5)2 + (x3 − 2.5)2 ≤ 38.44}.

It suffices to find a barrier certificate B(x), which satisfies all the conditions in
Definition 3. Suppose that the degree of B(x) is 4, and the degree bound D = 6.
Firstly, we construct a bilinear SOS program (6), which is further transformed
into a BMI problem of the form (9) where the dimension of B(u,v) is 78, and
the number of decision variables is 396. By applying our algorithm, we succeed
to solve the BMI problem and obtain the following barrier certificate

B(x) = −0.0020x4
1 − 0.0013x4

3 − 0.0131x2
1x

2
3 − 0.0022x1x2x

2
3 + · · ·+ 0.0938x1 + 62.5702

︸ ︷︷ ︸

28 terms

.

As shown in Fig. 1, the zero level set of the barrier certificate B(x) (the
steelblue surface) separates Xu (the red ball) from all trajectories starting from
Θ (the green ball). Therefore, the safety of the above system is verified.

Alternatively, by applying the PENBMI solver to compute the solution of
the problem (9), we cannot find barrier certificates with degree less than 6. �
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Fig. 1. Phase portrait of the system in Example 2. (Color figure online)

Example 3. Consider the following hybrid system [20] depicted in Fig. 2, where

f1 =

⎡

⎣
−x2

−x1 + x3

x1 + (2x2 + 3x3)(1 + x2
3)

⎤

⎦ , f2 =

⎡

⎣
−x2

−x1 + x3

−x1 − 2x2 − 3x3

⎤

⎦ .

Fig. 2. The hybrid automata of the system in Example 3

The system starts in location �1 with the initial set

Θ = {x ∈ R
3 : x2

1 + x2
2 + x2

3 ≤ 0.01}.

Our task is to verify that the system will never enter the unsafe set

Xu(�2) = {x ∈ R
3 : 5 < x1 < 5.1}.

Applying our SISBMI solver, we obtain the polynomial barrier certificate
with degree 4:
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B�1 (x) = 0.0551x4
1 + 0.0392x4

2 + 0.0079x4
3 + 0.0696x2x2

3 + · · · − 1.1134x1 + 2.701
︸ ︷︷ ︸

35 terms

,

B�2 (x) = 0.0273x1
4 + 0.0541x3

1x2 − 1.098x1x
2
2 − 0.521x1x2x3 + · · · − 2.725x1 + 8.197

︸ ︷︷ ︸

35 terms

.

�

Our SISBMI solver was implemented in Matlab (2018b), and was compared
with two solvers PENBMI and SOSTOOLS over a set of benchmarks in the
literature on barrier certificates generation. Among these benchmark examples,
examples C1–C15 are semi-algebraic continuous systems and examples H1–H7
are semi-algebraic hybrid systems. The performance is reported in Table 1. All
the experiments were performed on 2.6 GHz Intel i5 processor under Windows
10 with 8 GB RAM.

Table 1. Algorithm performance on benchmarks

ID n |L| df BMI LMI

t N SISBMI PENBMI SOSTOOLS

ds Is Ts dp Ip Tp dl Tl

C1 from [33] 2 1 3 21 33 2 32 0.2189 2 24 0.9198 2 0.1949

C2 from [24] 2 1 1 30 58 4 73 0.5475 — —

C3 from [21] 2 1 3 21 39 2 29 0.2761 2 22 1.3353 —

C4 from [30] 3 1 2 32 72 2 44 0.4126 2 23 1.8237 2 0.3245

C5 from [26] 3 1 3 32 72 2 47 0.4761 2 28 1.5435 2 0.3362

C6 from [3] 3 1 2 78 396 4 83 4.3598 — —

C7 from [28] 4 1 3 50 145 2 72 3.9577 2 28 21.0502 2 3.8658

C8 from [9] 3 1 2 32 72 — 2 40 2.4555 —

C9 from [6] 4 1 2 31 86 — 2 42 4.6909 —

C10 from [13] 7 1 2 73 394 2 112 10.7156 2 44 108.5615 2 7.2807

C11 from [13] 9 1 2 102 908 2 264 20.6856 2 30 272.4551 2 15.8167

C12 from [8] 12 1 1 70 123 2 108 3.2712 — —

H1 from [25] 2 2 2 38 65 2 61 0.4899 2 25 2.1499 2 0.2074

H2 from [36] 2 2 3 42 69 2 77 0.6331 2 24 2.2786 2 0.2265

H3 from [15] 2 2 2 75 138 2 115 3.7394 — —

H4 from [2] 2 3 1 42 89 1 70 0.5326 1 21 0.9968 2 0.1856

H5 from [1] 3 3 1 67 64 2 112 1.0864 — —

H6 from [7] 4 6 2 840 2736 2 616 48.0548 — —

H7 from [20] 3 2 3 170 899 4 219 18.7912 4 32 243.9832 —
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In Table 1, n denotes the number of the system variables, and |L| denotes the
number of locations; df denotes the maximal degree of the polynomials in the
vector fields; t is the dimension of the matrix B(u,v), and N refers to the number
of decision variables appearing in the BMI problem (9), namely, dim(u)+dim(v);
ds, dp and dl denote the degrees of the barrier certificates obtained via SISBMI,
PENBMI and SOSTOOLS, respectively; Is and Ip are the numbers of iterations
used by SISBMI and PENBMI, respectively; Ts, Tp and Tl record the time spent
by computation in seconds; the symbol—means that the solver was unable to
return a feasible solution with the degree bound deg(B) ≤ 6.

Table 1 shows that for the 19 examples, our SISBMI solver can successfully
handle 17 of them while the numbers of successful examples of PENBMI and
SOSTOOLS are 13 and 9, respectively. Our SISBMI solver seems to provide the
best solving capability. There are 10 examples that can be treated by BMI solvers
(either SISBMI or PENBMI) unable to be solved by the LMI solver SOSTOOLS
due to the more conservative conditions in the corresponding LMI problems. To
evaluate the best performance of SOSTOOLS, we have tried some widely used
multipliers [16,20], such as 0,±1,±(1+x2

1+ · · ·+x2
n), as well as some polynomial

multipliers with random coefficients and the prior degree bound that guarantee
the degrees of the polynomials involved in the verification conditions (6) do not
increase. Examples C8-C9 show the case where the solver PENBMI performs
better than our SISBMI solver as a result of the fact that both SISBMI and
PENBMI solvers only find local optimal solutions to the BMI problems.

The above analysis on effectiveness can also be used to support that our SIS-
BMI solver is a necessary complement to the existing tools. As shown in Table 1,
PENBMI solver can cover 13 examples. To solve the remaining 6 examples, it
has to resort to the SISBMI solver.

Considering the efficiency, the solver SOSTOOLS performs the best for
almost all the successful examples because of the much lower computational
complexity for solving the relaxed LMI problems. The efficiency comparison
between SISBMI and PENBMI solvers can be made by examining the ratio
between the execution times of these two solvers in Table 1. For the 11 examples
that are solved by both tools, on average, our SISBMI solver costs 3.4 times than
PENBMI solver in the number of iterations while only costs 0.27 times than
PENBMI solver in time. That is for all the successful examples, our SISBMI
solver takes much less time than PENBMI solver even it spends more iterations,
which complies with the complexity analysis of the underlying algorithms. Both
the theoretical analysis and the experiments support that our SISBMI solver is
more efficient than PENBMI solver.

6 Related Work

In theory, the problem of barrier certificate generation is a quantifier elimination
problem. The verification conditions corresponding to a barrier certificate can
be encoded into a set of constraints on state variables and coefficients where
the unknown coefficients are existentially quantified and state variables are uni-
versally quantified. Hence, several symbolic computation approaches [11,19,29],
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such as cylindrical algebraic decomposition (CAD) or Grönber bases computa-
tion, have been directly applied to attack the associated quantifier elimination
problems. However, due to the high computational complexity, they suffer from
the scalability problem.

Due to the relatively low computational complexity, SOS relaxation based
methods become popular. Rather than directly handling quantified constraints,
they transform them to a non-convex bilinear matrix inequality. Z. Yang et al.
[35] relied on the BMI solver PENBMI to compute exact polynomial barrier
certificates. O. Bouissou et al. [3] applied interval analysis to handle the BMI
problem derived from the dynamical systems whose initial and unsafe regions
are restricted to the box form. G. Jessica et al. [10] presented an augmented
Lagrangian framework for the special case of bilinear programs that arise from
data flow constraints and correspond to the construction of numerical abstract
domains aiming at safety verification.

To alleviate its computational intractability, a convex surrogate has been
proposed that behaves fairly well. Specifically, once the multipliers are fixed,
the BMI problem is further transformed into a LMI problem that can be quickly
solved by convex optimization. S. Prajna et al. [20] had first put the idea forward.
A. Sogokon et al. [34] employed the comparison principle associated with the
convex verification conditions, to generate vector barrier certificates in safety
verification.

Inspired by the fact that it is the non-convex feature of verification condi-
tions prevents well-developed convex optimization to be directly applied, many
convex but stronger verification conditions are studied. H. Kong et al. [16] pro-
posed an exponential condition for semi-algebraic hybrid systems. Kapinski et
al. [12] diagnosed convex verification conditions to Lyapunov-based barrier cer-
tificates. C. Sloth et al. [32] considered convex barrier certificates associated with
compositional conditions for a group of interconnected hybrid systems. L. Dai
et al. [4] studied how to balance the convexity of verification conditions with the
expressiveness of barrier certificates. All these convex verification conditions are
equivalent forms of LMI problems. They facilitate problem-solving at the risk of
losing feasible solutions.

7 Conclusion

We have presented a sequential iterative scheme for solving the BMI problem
derived from the barrier certificate generation of semi-algebraic hybrid systems.
Taking advantage of the special feature of the bilinear terms, the proposed app-
roach is more efficient than the existing BMI solver. Furthermore, compared
with popular LMI solving based methods, the solving procedure does not make
the verification condition more conservative, and thus reduces the risk of miss-
ing solutions. In virtue of the two appealing features, our approach can produce
barrier certificates not amenable to existing methods, which is evidenced by a
theoretical complexity analysis as well as the experiment on some benchmarks.
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14. Kočvara, M., Stingl, M.: PENNON: a code for convex nonlinear and semidefinite
programming. Optim. Methods Softw. 18(3), 317–333 (2003). https://doi.org/10.
1080/1055678031000098773

15. Kong, H., Bogomolov, S., Schilling, C., Jiang, Y., Henzinger, T.A.: Safety verifi-
cation of nonlinear hybrid systems based on invariant clusters. In: Proceedings of
the 20th International Conference on Hybrid Systems: Computation and Control,
pp. 163–172. ACM (2017). https://doi.org/10.1145/3049797.3049814

16. Kong, H., He, F., Song, X., Hung, W.N.N., Gu, M.: Exponential-condition-based
barrier certificate generation for safety verification of hybrid systems. In: Shary-
gina, N., Veith, H. (eds.) CAV 2013. LNCS, vol. 8044, pp. 242–257. Springer,
Heidelberg (2013). https://doi.org/10.1007/978-3-642-39799-8 17

https://doi.org/10.1016/0304-3975(94)00202-T
https://doi.org/10.1145/1132357.1132363
https://doi.org/10.1109/CDC.2014.7039472
https://doi.org/10.1016/j.jsc.2016.07.010
https://doi.org/10.1007/s10440-014-9974-0
https://doi.org/10.1109/10.68209
https://doi.org/10.1109/10.68209
https://github.com/dreal/benchmarks
https://doi.org/10.1109/ACC.2014.6859330
https://doi.org/10.1109/ACC.2014.6859330
https://doi.org/10.1007/s10703-018-0323-1
https://doi.org/10.1007/978-3-540-70545-1_18
https://doi.org/10.1145/2562059.2562139
https://doi.org/10.1080/1055678031000098773
https://doi.org/10.1080/1055678031000098773
https://doi.org/10.1145/3049797.3049814
https://doi.org/10.1007/978-3-642-39799-8_17


602 X. Chen et al.

17. Nocedal, J., Wright, S.: Numerical Optimization. Springer, Heidelberg (2006).
https://doi.org/10.1007/978-0-387-40065-5

18. Platzer, A.: Virtual substitution & real arithmetic. Logical Foundations of Cyber-
Physical Systems, pp. 607–628. Springer, Cham (2018). https://doi.org/10.1007/
978-3-319-63588-0 21

19. Platzer, A., Clarke, E.M.: Computing differential invariants of hybrid systems as
fixedpoints. Formal Methods Syst. Des. 35(1), 98–120 (2009). https://doi.org/10.
1007/s10703-009-0079-8

20. Prajna, S., Jadbabaie, A.: Safety verification of hybrid systems using barrier certifi-
cates. In: Alur, R., Pappas, G.J. (eds.) HSCC 2004. LNCS, vol. 2993, pp. 477–492.
Springer, Heidelberg (2004). https://doi.org/10.1007/978-3-540-24743-2 32

21. Prajna, S., Jadbabaie, A., Pappas, G.J.: A framework for worst-case and stochastic
safety verification using barrier certificates. IEEE Trans. Autom. Control 52(8),
1415–1429 (2007). https://doi.org/10.1109/TAC.2007.902736

22. Prajna, S., Papachristodoulou, A., Parrilo, P.A.: SOSTOOLS: sum of squares opti-
mization toolbox for MATLAB (2002). http://www.cds.caltech.edu/sostools

23. Putinar, M.: Positive polynomials on compact semi-algebraic sets. Indiana Univ.
Math. J. 42, 968–984 (1993)

24. Ratschan, S., She, Z.: Constraints for continuous reachability in the verification
of hybrid systems. In: Calmet, J., Ida, T., Wang, D. (eds.) AISC 2006. LNCS
(LNAI), vol. 4120, pp. 196–210. Springer, Heidelberg (2006). https://doi.org/10.
1007/11856290 18

25. Ratschan, S., She, Z.: Safety verification of hybrid systems by constraint
propagation-based abstraction refinement. ACM Trans. Embedded Comput. Syst.
6(1), 573–589 (2007). https://doi.org/10.1145/1210268.1210276

26. Ratschan, S., She, Z.: Providing a basin of attraction to a target region of polyno-
mial systems by computation of Lyapunov-like functions. SIAM J. Control Optim.
48(7), 4377–4394 (2010). https://doi.org/10.1137/090749955

27. Roux, P., Voronin, Y.-L., Sankaranarayanan, S.: Validating numerical semidefinite
programming solvers for polynomial invariants. Formal Methods Syst. Des. 53(2),
286–312 (2017). https://doi.org/10.1007/s10703-017-0302-y

28. Sankaranarayanan, S., Chen, X., Abrahám, E.: Lyapunov function synthesis using
Handelman representations. In: The 9th IFAC Symposium on Nonlinear Control
Systems, pp. 576–581 (2013). https://doi.org/10.3182/20130904-3-FR-2041.00198

29. Sankaranarayanan, S., Sipma, H., Manna, Z.: Constructing invariants for hybrid
systems. Formal Methods Syst. Des. 32(1), 25–55 (2008). https://doi.org/10.1007/
s10703-007-0046-1

30. Sassi, M.A.B., Sankaranarayanan, S.: Stability and stabilization of polynomial
dynamical systems using bernstein polynomials. In: Proceedings of the 18th Inter-
national Conference on Hybrid Systems: Computation and Control, HSCC 2015,
Seattle, WA, USA, 14–16 April 2015, pp. 291–292 (2015). https://doi.org/10.1145/
2728606.2728639

31. Sibai, H., Mitra, S.: State estimation of dynamical systems with unknown inputs:
entropy and bit rates. In: Proceedings of the 21st International Conference on
Hybrid Systems: Computation and Control, pp. 217–226 (2018). https://doi.org/
10.1145/3178126.3178150

32. Sloth, C., Pappas, G.J., Wisniewski, R.: Compositional safety analysis using barrier
certificates. In: Proceedings of the 15th ACM International Conference on Hybrid
Systems: Computation and Control, pp. 15–24. ACM (2012). https://doi.org/10.
1145/2185632.2185639

https://doi.org/10.1007/978-0-387-40065-5
https://doi.org/10.1007/978-3-319-63588-0_21
https://doi.org/10.1007/978-3-319-63588-0_21
https://doi.org/10.1007/s10703-009-0079-8
https://doi.org/10.1007/s10703-009-0079-8
https://doi.org/10.1007/978-3-540-24743-2_32
https://doi.org/10.1109/TAC.2007.902736
http://www.cds.caltech.edu/sostools
https://doi.org/10.1007/11856290_18
https://doi.org/10.1007/11856290_18
https://doi.org/10.1145/1210268.1210276
https://doi.org/10.1137/090749955
https://doi.org/10.1007/s10703-017-0302-y
https://doi.org/10.3182/20130904-3-FR-2041.00198
https://doi.org/10.1007/s10703-007-0046-1
https://doi.org/10.1007/s10703-007-0046-1
https://doi.org/10.1145/2728606.2728639
https://doi.org/10.1145/2728606.2728639
https://doi.org/10.1145/3178126.3178150
https://doi.org/10.1145/3178126.3178150
https://doi.org/10.1145/2185632.2185639
https://doi.org/10.1145/2185632.2185639


A Novel Approach for Solving the BMI Problem 603

33. Sogokon, A., Ghorbal, K., Johnson, T.T.: Non-linear continuous systems for safety
verification (benchmark proposal). In: Applied Verification for Continuous and
Hybrid Systems Workshop (ARCH) (2016)

34. Sogokon, A., Ghorbal, K., Tan, Y.K., Platzer, A.: Vector barrier certificates and
comparison systems. In: Proceedings of the 22nd International Symposium on For-
mal Methods, pp. 418–437 (2018). https://doi.org/10.1007/978-3-319-95582-7 25

35. Yang, Z., Lin, W., Wu, M.: Exact verification of hybrid systems based on bilinear
SOS representation. ACM Trans. Embedded Comput. Syst. 14(1), 1–19 (2015).
https://doi.org/10.1145/2629424

36. Zeng, X., Lin, W., Yang, Z., Chen, X., Wang, L.: Darboux-type barrier certificates
for safety verification of nonlinear hybrid systems. In: Proceedings of the 2016
International Conference on Embedded Software (EMSOFT), pp. 1–10 (2016).
https://doi.org/10.1145/2968478.2968484

Open Access This chapter is licensed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, sharing, adaptation, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were
made.

The images or other third party material in this chapter are included in the
chapter’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the chapter’s Creative Commons license and
your intended use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright holder.

https://doi.org/10.1007/978-3-319-95582-7_25
https://doi.org/10.1145/2629424
https://doi.org/10.1145/2968478.2968484
http://creativecommons.org/licenses/by/4.0/

	A Novel Approach for Solving the BMI Problem in Barrier Certificates Generation
	1 Introduction
	2 Preliminaries
	3 Transfer to BMI
	4 A Sequential Iterative Scheme for Solving BMI Problems
	4.1 An Iterative Scheme
	4.2 Analytical Solutions for the Sequential Iteration
	4.3 Algorithm and Complexity Analysis

	5 Experiments
	6 Related Work
	7 Conclusion
	References




